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B kHure coGpan u o6o6lieH MartepHas, HeOGXOAMMEIH AJst MOCTpOe-
HHSl TAKHX Pa3jejioB COBpPeMeHHON KHOepPHETHKH, K4K TEOpHs 3JIEKTPOH-
HHIX UH$POBBIX MAaIUHH, TEOPHS AHCKPETHHIX aBTOMATOB H TEOPHH JHC-
KPETHBIX CaMOODraHHU3YIOUIMXCS CHCTEM, aBTOMATH3aLHs MBICAHTENbHBIX
[IpolLleccoB, TEOPHS pacro3naBaHusi o6pas3oB M Ap. M3sioxens ocHOBB
Teopuu GyseBbIX GYHKIUMEH, TEOpHs AJrOPUTMOB, JIOTHUECKHE HCYHC/EHHS
H JIOTHUECKHe CeTH, OCHOBHble BOMPOCHI TEOPHH AaBTOMATOB, MPHHLHIbE
MOCTPOEHHS SJEKTPOHHBIX LUHM(POBBIX MAIUHH M YHHBEPCAJbHBIX aJropHT-
MHMUECKMX SI3BIKOB, OCHOBHI TEOPHH IMepCENTPOHOB, HEKOTOpLIE NpHHLH-
MHaJbHbE BONPOCH TEOPHH CAMOOPTAHU3YIOIIMXCH CHCTEM.

Muorne @yHaaMeHTasnbuble pe3y/bTaTel [0 MaTeMaTHYECKON JOTHKe

H TEOPHH aJTOPHTMOB MOAaHb KOHCIEKTHBHO, Ge3 MOAPOGHBIX HOKa3a- -

TEJLCTB, a4 B Psjie CIyuaeB U BOBCe G€3 10KA3aTe/LCTB.

PaccynTana KHHra Ha IMpOKHe KPYIH MaTeMaTHKOB H Hay4HHIX pa-
GOTHHKOB MHOIHX CIHELHAJbHOCTEH, MKEeNAOLHX NO3HAKOMHUTECS C np06-
JieMaMH COBPEMEHHOH KHOeDHeTHKH. . -

|

Qe



corp B NG ey G My e

PN TE
: PACES o a0

Y NNPEOUCJIOBUE "

[lenb wacrodliedl KHHUCH 3akJiouaeTcss B TOM, 4TOGBl TO3HAKO-
MHTb YHTaTeJssl ¢ PALOM HOBBIX HAaY4HBIX HaOpaBJeHUH, COCTABJSAK-
X OCHOBY KHOepHETHKH B ee COBpPeMEHHOM NMoHUMaHuHd. B waunGo-
Jiee ofllleM TJIaHe BCe 3TH HANPAaBJEHHA MOXHO MOJAPas3iesJHTb Ha
ABe Go/bliMe TPYNNBl — Ha OGILYI0 TEOPHIO npeobpasosanus UH-
¢opmayuu v HA TEOPHIO M NPHHUHUNB MOCTPOEHHS PA3JIMYHOTO pola
npeobpasosaresett unpopmayuu. OgHaKo MaTepHall, KOTOPBII MOX-
HO OTHECTH K yKas3aHHHIM OOJIbIIMM HaNpaBJeHHSM, HAaCTOJbKO 06-
UINMPEH, YTO ero BPAJ JIH BO3MOXHO H3JIOXHUTh Aaxe KOHCNEeKTHBHO
B oaHoll KuHre. [Toatomy neo6xoauMo GBLIO MPOH3BECTH OTGODP Ma-
TepHaJa B COOTBETCTBHH C TeMH WJIM WUHBIMH OGIUIMMH NPHUHLHIIAMH,

Marepuan pas Hacrosillell KHHTH OToGpaH B COOTBETCTBHH
C IABYMSl OCHOBHBIMHM NMpHHUUNAMH. [lepBBIA NPUHUHUN 3aK/IOUAETCA
B Tpe6OBaHHM AOCTATOYHO CTpOroro odopMJieHHss MaTepuasna, Nos-
BOJISIIOLLETO H3JI0KHTb ero B BHIE HEKOTOPOH MaTeMaTHYeCKo# Teo-
PHH (XOTSl U C XapaxTepHBLIM [IJ/Is1 KUOEpHETHKH YKJIOHOM B CTOPOHY.
NPaKTHYEeCKOr0 MOJelHPOBaHusl). BTOpoll MpHHUMN COCTOHT B TOM,
4TO aBTOP OTPaHHMYHBAETCHA, KaK NMPAaBHJO, THCKPETHBIMH cnoco6amu
npeacTaBaeHNs] HHPOPMAUUU M NHCKPeTHLIMH TNpeoGpasoBaTessiMH
HH(pOpMALHH.

B pesyabraTe oT60pa B KHHIY BKJIOUEHB CJAEAYIOUINE OCHOBHbIE
pasienbl: Teopus aA20puTMO8 (BKJIOUas TNporpaMMHPOBaHHE M4
YHHUBepCaJbHbIX 9JEKTPOHHBIX UHGDPOBHIX MallHH M YHUBepcaJb-
Hble aJropUTMHYeCKHe S3bIKM [JI NPOrpaMMUDOBaHUs), Teopus
duckperHotx asromaros (BKJOuasi TEOPHIO GyJeBbIX GYHKUHE H
NOHATHE O NPHHUMINAX TNOCTPOEHHSI YHHBEDCAJbHBIX 3JeKTPOHHBIX
uH(ppPOBBIX MAIIHH), TEOPUR OUCKPETHBIX CAMOOPEAHUYIOWUXCS CU-
cTem (BKJIOUas 3JE€MEHTHl TEOPHH ONTHMAJbHBEIX DellleHHH) U, Ha-
KOHell, MATeMaru4eckas Aozuka (HCUNCIeHHe BHICKA3bIBAHUI, Y3KOE
HCUHC/IEHHe NpelHKAaToOB M (opMaJgbHass apudMeTHKa), paccMar- .
puBaemass xak G6Gasa [/ aBTOMaTH3aLMH IIpOLleCCAa TNOCTPOEHHUsR
NeIyKTHBHBIX (OCHOBAHHHIX Ha TOH HWJIM HWHON CHCTeMe aKCHOM)
TEOPHIL.

Crenerb nNogpoGHOCTH H3JIOMKEHHsT MaTepHaja onpegenseTcs
npexjae BCEro CTeNeHbi0 ero HOBH3HHL. DoJee HoBble paspjedibl, oT-
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HOCSIIIAeCs] K COGCTBeHHO KHGepHeTHKe, uanaraloTest Gonee noapob-
HO, GOPMy/NHpyeMble TeOpeMbl CHa(Xaip1cs A0CTATOUHO MOAPOGHEI-
MM [0KasaTeJbcTBaMu. B To xe BpeMs B TAKHX pasjenax, Kak
aGCcTpakTHas TEOpHst AJATOPHUTMOB H MaTeMaTHyeckasl JIOTHKa, KO-
TOpble Pa3sBHBAaJMUCh B PaMKax TPaJMUHMOHHOA MAaTeMaTHKH, Mare-
puan uajaraercs Gosee c¥aTo, AOKasaTeAbCTBa, KaK MpaBuJo,
OTyCKaloTCs.

ABTop crapaJjcs, OfHaKO, 1aTb NOHATHE 06 OCHOBHHX Haesix
¥ MeTOAax, ¢ MOMOIUbIO KOTOPBIX YCTaHaB/JIHBaeTCs CNpaBelIMBOCTb
TAKMX HPUHIUNHAJbHBIX C TOYKH 3DeHHS MaTeMaTHUecKO# JIOTHKH
npeaoXeHHnil, kak TeopeMa [é€aeass o HenojHOTe apH(pMETHKH
HAM TEOPEMHl, YCTAaHABJMBAIOUIME a/ITOPHTMHYECKYIO HEpa3pemH-
MOCTb TeX W/IM HHBIX TpobJseM.

Kuura ue nperesayer Ha To, 4ToObl 3aMeHHThb CNeLHaJbHbHE
MOHOTPAa@MH Mo OTAEJbHHM BKJAIOUEHHLIM B Hee pasfenaM. OcHos-
HOE ee Ha3HAUeHHWe COCTOMUT B TOM, 4YTOOBI MOMOUYb MIHPOKHM KDY-
raMm MaTeMaTHKOB M HHXXEeHeDPOB OBJajeTb TeM MHHHMYMOM 3HaHHH,
KOTODBIH Heo6x0AMM AJs1 paGoThl B 06/7aCTH TEOpETHUECKHX NpOG-
JeM COBPEeMeHHOH <«IHCKpeTHOH» KHGepHeTHKHM. XOpOWIO H3BECTHC,
YTO HaJH4He MOAPOGHBIX MOHOTpadHil Ha Ty WM MHYIO TeMY [a/leKo
He Bcerjga oGecleunBaeT BO3MOXKHOCTb O3HAKOMJIEHHS C NPeiMETOM
CTMelnHnaNbHO HE TOAroTOBNeHHbIX ynTatenaelt. ocratouno ybenntens-
HbIM fIBJsleTCS, HANpHMep, TOT ¢akT, YTO, HeCMOTPS Ha HaJUUHe
CleyHanbHbBIX MOHOTpaduh, TaKOH, HMEIOIIHA NPHHUNNHANBHOE 3HA-
yeHUe AJA BCcell MaTeMaTHKM pe3yJbTaT, Kak YIOMHHABIIAsCA Bhlllle
reopema ['€xensi, ocraercsl M3BeCTHHIM LIHDOKMM KpyraM Marema-
THKOB DasBe 4TO MNOHAC/IBILIKE.

UTo Ke KacaeTcs HACTOsIIEH KHHIH, TO OHa Npeanojaraer y uH-
TaTeRs (Aa M TO JMIIb OfHA, 4eTBepTas, rMiaBa) 3HaHHe JIUIIb TAKUX
3/IEMEHTOB MAaTeMaTHYeCKOTO aHajH3a W TeODUH BepOATHOCTEH,
KOTOpble HM3BECTHB! NPAKTHUECKH KaXKAOMY HHXKEHEpYy, He ToBOpA
yKe 0 MaTeMaTHKax. Menee HIMPOKO H3BECTHBlE MaTeMaTHYecKHe
pe3yJabTaThl, HeoOXOAMMbEIe [JIs TOHUMAHUS OCHOBHOTO COJEPIKaHus
KHHTH, BKJIOYEHB B Hee B KaueCTBe BCMOMOTATeNbHOTO MaTepuaJja.
TIpuMepoM Takoro poja BCHOMOTATENLHOTO MaTepHaja MOXKeT CIy-
JKHTb DPAN TIPEAJIONKEHHH ‘TEOPHH BEPOATHOCTEHN, H3JIOXKEHHBIX B
ra 1V, § 2.

Ha cayuaii, ecan unTatesnb mnoxenaeT yrayGHTb CBOM 3HaHUs
B TOM HJIH HHOM pasjetie HJIU TIO3SHAKOMHUTBHCA C MOJPOOHBIMH IOKa-
3aTeJbCTBAMH TeX TPeNJIOXKeHH, KOoTophle, XOTs H TNOMEIIEeHH B
KHHMTe, HO MOJAPOGHO B Hell He [OKa3hlBAalOTCH, NpoBeldeM 0630p
COepKaHHUsl KHUTM C yKa3aHHeM CneuMatbHblX Mouorpaduit (Ha
pycckoM s3bIKe) MO OTAeNbHBIM ee pasfenaM. K coxaneunio,
He TOo BCeM pasfesiaM KHHUTH MOXHO HalTH Takoro poja MOHO-
rpacun,

B nepsoil rsaBe 1aHO ONHCaHMe OCHOBHBIX TeOPETHUECKHX YHH-
BEPCANbHBIX AJrOPUTMHUECKHX CHCTeM (HOPMaJibHble AaJIFOPUTMEI
MapxkoBa, anropuTMuueckass cucrema KosMmoropoea — Ycnernckoro,
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pekypcusHble ¢yHKnuH, anroputMe [Tocta m maummabl Twiopunra).
[IpuBeneHbl TakXe OCHOBHBIE NPHHLHNBI [10Ka3aTeJbCTB AJTOPHT-
MHUECKOH Hepa3peIllHMOCTH HEKOTOPBIX NPOCTEHIINX MacCOBHIX
npo6JeM.

O6o6waiomell MoHorpaduu No Bcefi TEOPHH a/ITOPUTMOB B Le-
JIOM B Hacrosiee Bpems HeT. Boaee toro, me Bce M3 yNOMSIHYTHIX
BBILLIE BONDPOCOB CKOJbKO-HHOYAb NOAPOGHO H3JO0XKEHH B MOHOrpa-
¢uueckoni aureparype. Vs kanuranbuelx MoHorpacdufi no oriedb-
HbIM aJrOPHUTMHYECKHM CHCTEMAM Ha30BeM CJIeAyIoliHe: 10 1e0pHH
HOpMAaJabHBIX aNropuTMoB — «Teopust anropudmor» A. A. MapkoBa
[53]; mo Teopun pekypcHBHBIX (YHKuME W MaliMu TblopuHra -—
«Brenenne B Meramatematuky» C. K. Kuunu [42] n «Jlekuun o BHI-
yACAUMBIX dyHKUMAX» B. A. Yenenckoro (76}

Bo BTOpo# rnaBe u3naraiorcst Teopus GyseBblx QYHKUHA H ee
NPHJIOXKEHHSA K TEOPHM CXeM [HCKDeTHHX aBToMartoB. boaee mnon-
po6HO 3TH BOMpoOCH H3JoXeHbl B Monorpadum B. M. Taywxosa
«CunTes uupoBHXx aBroMartoB» [26].

Kpome Toro, Bo BTOpPOH rJaBe H3/1araloTcs OCHOBHL TEOPHH BbI-
ckaspiBaHu#. Bosee nogpo6HO ¢ MCUHC/IEeHHEM BLICKa3bIBAHHH MOXK-
HO TNO3HAKOMMTBbCH, Hanpumep, no Moxorpadun I[1. C. Hosuxkosa
«DJeMeHThl MaTeMaTHyeckoh Joruku» [61].

Tperbst raapa nocesiiieda abCTPAKTHOH U CTPYKTYPHOH TeopHH
JUCKPeTHHX (KOHeuHeIX) aBToMaTos. BoJsee JeTalbHO OTHOCSILHECH
K 9TOH TeMe BONDOCH pacCMOTPeHH B YNOMHHaBUIENCH BHIIE
mMoHorpadun B. M. I'nymikoBa. HeckoNbKo ¢ HMHBIX MO3HUHHA 3TH
BONpOCH paccMatpuBalorcs B MoHorpadwu H. E. KoGpmHcko-
ro 1 B. A. Tpaxresbpora «BsefieHue B TeOpHIO KOHEYHbIX aBTO-
MaToB» (47}

B uerBepTOfi IMIaBe H3/MaraloTCsl OCHOBBI TEOPHM NHCKPETHBIX
caMoopraHusyImuxcs: cucreM. Onpeensiercsd KoMYeCTBEHHAA Mepa
CaMOOpraHH3auMuH H caMooGyueHHs, HccJenyercsl NOBeleHHe Ciy-
UafHBIX aBTOMATOB M aBTOMAaTOB, DabOTAIOMHX B YCJAOBHSX CJY-
yaliHbIX BHemHuX BosaeficTBHi. Oco6oe MecTo yaeasiercs npobiaeme
pacnosHaBaHusi 06pa3oB U TEOPHH OJHOTO Kjacca ycTpoHCTB (Tak
Ha3blBaeMbIX Q-IEPCENTPOHOB), NpeJHa3HAueHHbIX MAAS pelleHHs
3TO# npob6aeMbl. PaccMaTpHBaIOTCA HEKOTOPBHIE BOHPOCHL MOJENH-
pOBaHHs YCJOBHBIX pedJ/IeKCOB, a TakxXKe NpoueccoB o6yueHHs pac-
NO3HaBaHUIO CMBIC/Ia ¥ BEIPaGOTKM HOBHIX NOHATHH. B KoHUe riaBH,
B CBSI3H C TOHATHEM CaMOHACTPOHKH H 3KCTPEMAJAbHOro pery-
JIUDOBaHHs, ONMHCHBaeTcd psAx OOIMX METOHAOB pEIIeHHs] 3KCTpe-
MaJbHHIX 3ajau (MeToJ HAaHCKOpellllero Cnycka H ero YTOUHeHHe,
CHUMIIJIEKC-METO/L pPellleHHsl 3a1ay JMHEeHHOro NpOorpaMMHPOBAaHHA H
TaK HAa3HBAE€MBIH METOX TNOCJAEA0BaTENbHOr0 aHalH3a BapHAHTOB
JNIA pellieHHs 3ajay AUHAMHUYECKOro NMPOrpaMMHPOBaHH#A).

O6o6maroime MoHorpaduu no MaTepHajaM deTBepTOA [VIaBH
noxa Her. BoJsiee TOro, MOWTH BCe H3sarawoil#ecs B Hell BONPOCH
(3a uckmoueHMeM MeTofa HauCKOpeHIIero CNycka H CHMIVIEKC-
Merona) A0 CHX NOpP He OCBelaJJIHChb B MOHOrpadHueckod Aurtepa-
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Type. Pan Bonpocos, GHM3KMX K TeM, KOTOpble pacCMaTpHBAIOTCA
B 5TOl rJ1aBe (HO He BIIOJIHE TOXIECTBEHHBIX C HHMH), OCBellleH B
«He#iponunamuke» @. Posenbnara, noka eme He NepeBejeHHON HA
pycckuil si3bk. MerogaM pemieHust sKcepUMeHTaNbHHX 3agad (Hc-
KJI04asi MeTOJ TIOc/1eloBATe/ILHOTO aHa/H3a BaPHAHTOB) TIOCBALIEHO
Gosbliloe KOJMMYeCTBO MoHOrpadui. OnHako He GyneM HX Tepeduc-
JISITh, NOCKOJIbKY 3TH BOTPOCH! HE MMEIOT HPAMOr0 OTHOUIEHHS K OcC-
HOBHOMY HAaNpaBJeHHIO HAacTosed KHHTH.

B nsaTtofi rmaBe M3naraioTcs OCHOBHble NPHHLMMB MMOCTPOEHHS
YHHUBEPCAJIbHBIX S/NEKTPOHHBIX LUH(POBBIX MaHIHH U NPOTPAMMUPO-
BaHHs 114 3THX MalluH. DTOMYy BONpPOCY B HacTosiulee BpeMs To-
CBSILIEHO TaK MHOTO Pa3sHOOGpa3HBIX MOHOrpadui, YTO NMepeyHCHHTD
HX Bce Ob1o Obl KpafiHe 3aTpyAHMTeNbHO. B wacTH, Kacawomeiics
porpaMMHPOBaHUs, MOXeT OHTb Ha3BaHa, Hanpumep, MoHorpadus
b. B. I'nenenko, B. C. Koposioka u E. JI. IOwenko «dnemMenTh
nporpammupoBanus» {31]. Uro ke Kacaercs NPUHUHIOB TOCTPOEHHUS
MallHH, TO, HECMOTPS HA HAJNHYHe MHOTHX XODOLIHX CleLHaJbHbIX
MoHorpagHi no 3TOMy BONpoCy, NOAPOGHOI'O H3JIOKEHHS MaTepHasa
B HYXHOM JJI Hac NJlaHe B HHX HeT: NPHHUHKMObI NOCTPOEHUs 3JeK-
TPOHHBIX HHGPOBHX MAalIMH HM3JaraloTcs, Kak NPaBulo, B OTphIBE
oT o6wel TeopHH ANTOPUTMOB. :

KpoMe ckasanHoro, B TaTOl raaBe NoApo6HO ONHCHLIBAETCH
VHHBEpCAJNbHBIA ajroputMHuecknuii asuk AJITOJI-60 u npusoaarcs
npuMepsl nporpaMmupoBanusg Ha AJII'OJle pasavunbix 3ajgau,
Npexae BCEro M3 TEOPHH CaMOOpPraHUsywolHxcsa cucreMm. PasobpaH,
B YaCTHOCTH, BONPOC O NPOrpaMMHPOBAHHH npouecca o6yueHHs nep-
CenTpoHa M YIPOUIEHHON MopeaH npouecca GUHOJNOTHUECKOH 3BOJIO-
uvu. C MoHOrpadHuecKo# MUTEepaTypoi MO 3TOMY BONPOCY AEJ0 TaK-
)Ke o6croutr mnoxo: «Coobiedne o6 aJropUTMHYECKOM SI3BIKE
AJITOJI-60» (nmop penmakuweii I1. Haypa), uspaunoe Briuncanrens-
ubiM yeurpoM AH CCCP (Mocksa, 1960 r.), HOCHT cnipaBouHbIl xa-
pakTep M MaJjo TNPUrOAHO [N TPAKTHUECKOTO OGyYeHHMS SI3BIKY
AJITOJI.

B nocnenneit (wecroft) ryiaBe gaeTcsl KOHCIEKTHBHOE H3JIOXKEHUe
OCHOB Y3KOrO HCYHCJ/IEHHS NPEeAHKaToB (BKaouast HOpMANbHYIO CH-
creMy [l'eHuena) u (opmanbHoH apudMeTHKH (BKAKYAA TeopeMmMy
IFénens o wenmoauore apudmernkr). [loapoGHBle nOKa3aTeNbCTBA
NpHBENEeHHHIX NPpeAJOXKeHH! MOXHO HAWTH B YIOMAHYTHIX Bblle MO-
Horpadusx C. K. Knunu u [1. C. HoBukoBa. B a1y rsnaBy BRJAIOUEHH
TaKXe 3JeMeHTH aBTOMAaTH3auWH A0Ka3aTelbCTB M (HOopMYyJAHDPOBOK
TeopeM B JeJyKTHBHBEIX TEOpHsX. 3aTPOHYThIe 3eChb BONPOCH JO CHX
Nop HE OCBELIANHCh B MOHOrpadHUECKok JIUTEparype.

Kak nokasmiBaeT mepeueHb HM3/71araeMOro B KHMTe MarepHaja, B
Hee He BKJIOUeHbl MHOIME HHTEPeCHble pa3fiesl coBpeMenHol Kubep-
HeTHKH. YUuTbIBas NpHBedeHHble BhIe KpHTepHn or6opa Marepua-
sna, MOXHO OblI0 OBl, HAapHMep, BKJIOUHTb B KHHTY H3JI0XKeHHe ocC-
HOB MaTeMaTHYeCKOH JIHHIBUCTUKH HJIH 5JE€MEHTOB TEODHH Wrp.
Oxauako H Ge3 TOTO 3HAUHTeJNbHHHA 06bEM KHHIH 3acTaBH/ aBTOpa
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OTKa3aThCsl OT MNOMNBITOK BKJ/IOUEHHS B Hee KaKOro-JHG0 AOMOJIHH-
TeJbHOrO MaTepHaja. BmecTe ¢ TeM colepaHHE KHHIM OXBaThI-
BaeT KPyr BONPOCOB, KOTOPble B HACTOsilllee BPEMsT IPHHATO CUUTATh
OCHOBO! TeopeTHYeCKOH KubepHeTHKH (C yJ4eTOM OFpaHHueHMs Ha
AMCKPETHOCTb). ABTOp HajeeTcCs M0O3TOMY, UTO KHUTa MOXeT 0Ka3aTh
NMomoUlk B OBJIAJEHHH MaTeMaTHYECKHM -ANnaparoM KHGepHeTHKH
u TMOATOTOBKe AJs1 paGoThl B TeOpeTHuYecKHX obJsactax Jojell, 3a-
HMMaUuxca Ku6epHeTHKOHA B OTAe/NbHBIX ee NPUKJIAAHBIX acneKTax,
a TakXe JHL, HHTEPECYIOUIHXCA TeopeTHYeCKMMM npob/ieMaMH KH-
GepHEeTHKH,

B Hacrosiimell KHUre WIHPOKO HCHOJb30BaHbl MaTepHaJbl JeKIUHHA
No pas/iUuHbIM pasfejaM KHGepHETHKH H MAaTeMaTHUYeCKOH JIOTHKH,
NPOUUTAHHBIX aBTOpoM B KueBCKOM YHHMBEpCHTeTe H B KHEBCKOM
Jome HayuHo-TexHHueckoil mpomnaraHas! B 1959—1962 rr. Yacre
3THX MaTepHa/noB (HampHUMep, TeOPHA anropHTMoB) G6bljla H3faHa
paHee aJs CJaYyKeGHOTO NOJb30BaHHA. Hacrofilmyio KHHTY MOXHO
paccMaTpHBaTh Kak NepBoe JOCTATOUHO MOJIHOE NocoOHe AJA H3Y-
YalolHX YKasaHHble pasjebl KHOePHETHKH.
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F'arasa I

ABCTPAKTHAS - TEOPHUS AJITOPUTMOB

§ 1. AndaButHbie OnepaTOPbl H AJATOPHTMBI

Anzopurmamu B COBpeMEHHOH MaTeMaTHKe NPHHATO HashIBaThb
KOHCTPYKTHBHO 3ajfilaBaeMble COOTBETCTBHS MeXIYy CNOBaMH B al-
CTPAKTHBIX aidaBUTax.

AbcTpakTHoin aagasutom HasuiBaercs Ji06as KOHewHas COBO-
KYNHOCTh OODBEKTOB, Ha3hBaeMHX Oyxkeamu naHHOro agadasura.
[Tpupona 3THX 06BEKTOB A5 HAC COBeplIeHHO (e3pasnuuHa. Byk-
BaMH alCTPaKTHBIX ajn(aBHTOB MOMHO CYMTaTh, Hanmpumep, GYKBHL
andaBuTa Kakoro-au6o A3blka (PYyCCKOro, JIATHHCKOrO, TPEuYecKoro
U T. 0.), uudpsl, mo6ble 3HAUKH, PUCYHKH H T. A. [lpH xenaunn
MOXHO BBecTH abcTpakTubifi asidasut, 6yKBaMH KOTOpOro GyayT
CUMTATbCA lesible CI0Ba TOr0 WJHM HHOTO KOHKDETHOTO sI3bIKa (Ha-
npumep, pycckoro). BaxHo auumb, uTo6bl paccMarpuBaeMblil anda-
BHT GblJ1 KOHEe4HbiM, T. €. COCTOS1] U3 KOHEYHOTO 4hcaa OyKB.

BBoas noHATHe (abGcTpakTHoro) andaBHTa, ONpEeINM CA08Q
B 3ToM andanuTe Kak JMob6ble KOHEUHble yNOPSJAOYeHHblE NOCAEN0-
BarenbHocTH GykB. Hanpumep, B andasure A=A (x, y), cocTosiem
M3 AByX OYKB X H Yy, C/IOBaMH CJeflyeT CUHTATh JioGble Moc/aenoBa-
TEJNbHOCTH X, Y, XX, XY, YX, Yy, XXX,... Hucjio 6GYKB B C/lOoBe Ha3bIBaeT-
cst 06BIYHO AJIMHOM 3TOTO C/10BA, TAK 4TO BHIMMCAHHBIE HAMM CJIOBa B
ajsdaBuTe UMEIOT COOTBETCTBEHHO AnauHH 1, 1,2, 2, 2, 2, 3,...

Hapagy co cnoBaMu noaoscureavuod Oaunvt (COCTOAIMMU HE
MeHee dyeM W3 OAHOH OYKBHI), B psje ciaydaeB uesnecooGpasHo pac-
CMAaTpHBATh TaKXKe NYyCTOe CJOBO, He COAepIKalllee HH OAHON OGYKBHL.
B uacrosimiell rnaBe gag o603HAueHHs TYCTOro cJoBa ynoTpeb.s-
eTcsi Manasi JaTHHcKas 6ykBa e. MHorpa, BnpoueMm, yao6Ho 0603-
HayaThb NyCTO€ CJIOBO B NOJHOM COOTBETCTBHH C €T0 ONpeleseHUeM,
He BBIMHCHBAf HAa COOTBETCTBYIOMIEM 3TOMY CJIOBY MeCT€ HH OJIHOMH
OGYKBHI.

3aMeTHM, uTO TpH TPHHATOM ONpeleseHHH TNOHsATHe CJAOBa B
pycckoM andraBuTe GygeT OTAHYATLCS OT NMOHATHS CJOBA, IPUHATOTO
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B 06bluHOM sisbike. [Ipn Haimem onpefeneHHH ClOBaMu clefyeT CuH-
TaTh MoOble couyeTaHHs GYKB, B TOM UYHC/Ie H GeCCMBIC/TeHHbIe: Coue-
TaHUsi OYKB «aJTrOPUTM», «<MATE€MAaTHKa», «bKJT», «LAA1> B PaBHON
CTeMeHH J[OJDKHBl CUHTAThCA CJAOBAMH pycckoro anidasurta (pac-
CMaTpUBaeMoro kKak abCTpakTHbBIN andasur).

IIpu pacwuperuu andaButa, T. e. NPU BKAIOYEHHH B €r0 COCTaB
HOBHIX OYKB, MOHSITHE CJIOBA MOXKeT NMPeTepHeTh CyllecTBeHHbIE H3-
menenus. Ecin, Hanpumep, paclinpHTh pYcCKHA aidaBHT «GyKBa-
MH» (< » — KaBHIYKH) H (, — 3ansitasi), TO BLITHCAHHLIE TOJb-
KO 4TO YeThlpe CJ0Ba B PyccKoM ajidaBHTe MOTYT pPaccMaTPHBaTh-
¢Sl KakK OJHO CJI0BO B pacCIIHPeHHOM TaKHM o6pasom aadasure.
Ilononusis pycckuit andaBHT 3HAKAMH NPENHHAHHS] U 3HAKOM pas-
Jena (NMycTbIM MECTOM, OCTaBJIEHHHIM MeXZY COCeAHHMH CJOBaMH),
MOXKHO NpH KeNaHHH Uenble dpaskl, aG3alubl H gake LEAble KHHCH
paccMaTpHBATh KaK OT/AEJbHblE CJOBA.

Touno TakuM Xe o6pa3om Beipaxenue 6972, npexgcrasasioniee
coboit xBa caoBa (69 u 72) B andasure A u3 10 uudp (0, 1, 2, 3,
4,5, 6,7, 8, 9), coelnHeHHbHe 3HAKOM CYMMBI, MOXHO PaccMaTpH-
BaTbh KaK 00HO 4080 B pacumnpenun andasuraA, Koropoe nmosyua-
eTcsl B pe3yJbTaTe NPHCOEAHHEHHS K HeMy HOBOH GOYKBHI «-+»
(3HaK CyMMBHI), ‘

Aagpasutnoim  onepaTopom uiu arpasuTHoim  0TOOpaXNCeHUeMm
Ha3blgaeTca B8CAKoe cooTeercTaue (Pynryus). conncrasagiowjee
CA08aM 8 TOM UAU UHOM GAasuTe caosa 8 TOM e CAMOM UAU
a8 HexoTopom Opyeom urcuposannom aspasure. [lepsold argaaur
HA36/8A€TCA NPU ITOM 8XOOHbBIM, & BTOPOL — BLIXOOHBIM QADABUTOM
danno2o oneparopa. B cayvae cosnadenus 8xo0H020 U 8bIX00H020
aipasuros 2080pAaT, 4T0 aapasuTwbil oneparop 3adaH & CooTseT-
cTayrowem arpasure.

B pajbuefilieM peub HAET B OCHOBHOM 06 0OHO3Ha4Hblx anda-
BHTHLIX OlEpaTopax, COMOCTABJSIOIIAX KaXKAOMY BXOOHOMY CAOBY
(cnmoBy BO BxomHOM ajdaBHTe onepatropa) He GoJiee ONHOTO 8bi-
xo0Hozo caoea (caosa 8 evixodHom aapasure oneparopa). Ecau
andaBUTHLIA OMepaTop He CONOCTABJSET NAHHOMY BXOLHOMY CJIOBY
P HHKAKOro BBIXOAHOrO Cl10Ba (B TOM 4HCJe H MYCTOTO), TO FOBOPAT,
YTO OH He onpedeaer Ha 3Tom caoge. COBOKYIMHOCTh BCEX CJOB, Ha
KOTOpHX andaBHTHLI OmepaTop ONpefefeH, Ha3biBaeTcs ero 00-
AQCTbIO onpedesenus,

Ha ocHoBannn ckasaHHOro B AajbHeHllleM NMOA TEePMHHOM <aJ-
¢aBuTHHH oneparop» GyaeM BCerjga NMOHMAMAThb (ec/JH HE OTOBOPEHO
TIPOTHBHOE) OJHO3HAa4HOe, BOoOOIIe roBops, YacCTHUHO ONpegeseHHOoe
oToGpaKeHHe MHOXKeCTBa CJ10B BO BXOAHOM andaBHTe oNepatopa
B MHOXECTBO CJIOB B ero BBIXOAHOM andaBuTe.

Baarogapsi BO3MOXHOCTH 3agaBaTh ajd(aBHTHBIE omepaTophl He
Ha BCeX CJOBax, MOXHO, He Hapyllasi OoOLIHOCTH, BCSIKMH pas CyH-
TaTh, YTO BXOAHOH # BhIXOAHOH andaBHTH oNnepaTopa COBNAaAaworT.
J.19 ®TOr0 A0CTATOUHO, OUeBHAHO, 0O BEAHHHTL BXOAHON H BBIXOJHON
andaBuTHl KAHHOro oneparopa ¢ B oguH o6uwi andaBHT A u
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paccMaTpPHBATL ONepaTop @ KaK onepatop B 3TOM OGbELHHEHHOM
andaBuTe, 3alaHHBI JHIIb HAa TexX CJOBaX, KOTOPble BXOAWJIH B
nepBoHayaJbHyI0 06J1aCTh ONpelelleHHs] OmepaTopa @. .

C kaxabiM andaBUTHBIM ONepaTopoOM CBS3LIBAETCS MHTYHTHBHOE
npeacTaBjeHHe o ero CaoXxHoctH. Haubosiee NMpPOCTbIMH SIBISIIOTCH
onepaTophl, ocyllecTsasomHe nobyxeensvle otoGpaxenus. [1o6yk-
BeHHOe OTOGpaKeHHe COCTOHT B TOM, 4TO Kaias OYKBa X BXOA-
HOTO CJIOBa p 3aMeHsIeTC HeKOTOPoH OYKBOH Yy BHIXOLHOro ajda-
BHTa ollepaTopa, 3aBHUCALleHd TONBKO OT GYKBHL X, HO He OT BhGopa
BxofHoro cjiosa p. IloGykBeHHOE oToOpakeHHe NOJIHOCTBIO OMNpe-
JelisieTcsi 3aflaHNeM COOTBeTCTBHS MeXJy GYKBaMHM BXOZLHOTO H BHI-
XOoAHOTO ajaBHTOB.

Hsis nocnenymomiero H3noxKeHHsi GoJblIoe 3HAYEHHE MMEIOT TaK
HasbHBaeMble Kodupyroujue 0TOOpajNCeHus, KOTopble AJS KPATKOCTH
6yneM HasbBaTh NPoCTa™ koduposarusamu. B HauGonee npocrom
cayyae cjoBa B OfHOM aJjdaBure, ckaxem B andasute A, Kogu-
pytoTcst croBaMu B Apyrom andasute — B cnenymoumum crnocobowm:
Kaxkaoh 6ykse a; andaButa A CONOCTABASIETCS HEKOTOPAsS KOHEYHasl
noc/len0BaTeNbHOCTb by,0;...014 OyKB B aiddasute B, HasniBaemas
KoGom COOTBETCTBYIOLIcH GYKBHI, TaK, 4TOOb pa3/jHYHbIM GyKBam
ajsdaBuTa A CONoCTaBASAJIMCh Pa3JHYHBIE KOJHI.

JIng MoCTPOEHHS] HCKOMOTO KOZMPYIOUIEro OToOpaXKeHHs: [ocTa-
TOUHO Ternepb 38MEHHTh Bce OYKBHI Jo6oro cinoea p B andasute A
COOTBETCTBYIOMIAMH HM KofaMmH. [losyuaeMoe TakiMm 06pa3oM CJIOBO
B ajdapuTe B HasoBeM k0dom HCXOJHOTO CJOBA p. YCJOBHMCS, 4TO
KOIUpYIOILee OTOOpaxKeHHe HOJKHO ObITh HENMPEMEHHO 00pamumsim.
Wnaue roBop#, pasJuuHbe C10Ba B aadaBdTe A JOKHLI MMETh pas-
JIHYHLIE KOJR. YCJ0BHE 06PaTHMOCTH KOAHPOBAHHS €CTh HE UTO HHOe,
KaK YCJOBHE 63QUMHOLU OOHO3HAYHOCMU COOTBETCTBYIOLUIETO KOAMPYIO-
ero oToOpaXkeHus.

Jlerko BHJeTh, uTO OOpPaTHMOCTb KOJHPOBAHHS He obecneunBaeTcs
OJHHM JIHIL YCJIOBHEM, YTOOBl KOABI Pa3/H4HBLIX OYKB (CJI0B gJHMHEL 1)
Obin  pasauunbl. JleficTBHTeNbHO, ecaH OYKBe @, COMOCTaBJseTCs
Kop, bb, a GykBe a, — kox b, T0 Koz bbb GymeT cooTBETCTBOBAThL, Ouye-
BHIHO, KaK CJOBY G, TaK H CJOBaM Q) H 0,0,4,.

“Hepr}IHO NPOBEPHTb, YTO KOgHupoBaHUE Oymer oOpaTHMbIM BCs-
KHil pa3, KOT[a BHIMOJHSAKTCH CJAeyloHIHe ABa YCJIOBHS:

a) xoOvl pasaudnsix Oyxs ucxoOHozo aapasuma A pasiuyre,

6) K00 obol bykswr arpasuma A He moocem coenadams HU ¢ KAKUM
U3 HO4aAbHOIX OMpe3Kkos Kkolos Opyeux Oyke dmoeo aapasuma*.

B camom gene, MpEAnoJioXHM, 4uTo 06a 3TH YCJOBHS BBIMOJIHEHBI,
M YCTb CJI0BO ¢ =b; by, . . . b; sBAsETCS KOAOM KaKoTo-au60 CJ10-

Ba p =a;a, . . .a;,B andasurte A. [Tokaxem, 4TO 10 KOAY § MONKHO

OJHO3HAYHO BOCCTaHOBHTL CJIOBO p. B cHay ycnoBHS «O» TONBKO OAHH
HayaJbHEIH OTPE30K CJI0Ba § MOXKeT COBMNajaTh C KOJOM KaKo#-in6Go

* CioBO p Ha3HBaeTcsi Haya/JbHBIM OTPe3KOM CJIOBa ¢, €CJH CJOBO g HMeeT
BHA g=pr, rae r — mo6oe CI0BO (B TOM 4HCJe, MOXKeT ObITb, H IYCTOE).
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6ykBHl andasuta A. SicHO, UTO TaKHM OTPE3KOM SIBJISETCS KOX GYKBhHE
aj,. OT6packBas 3TOT OTPE3OK, MOJYUHM KOJL 4, ClIOBA py =y, . . . Qj,, -
IIpuMeHsi K HeMY Te e CaMbple PacCyXK[EHHs, OJHO3HAYHO BOCCTa-
HOBHM cJenyomyio 6yKBy (a;,) cioBa p u T. A. TakuM cnoco6oM ofwo-
3HAYHO BOCCTAHABJ/IMBAIOTCS OfHA 3a JAPYroi#l Bce GYKBHI caoBa p. Cie-
ROBATEJNLHO, JIOOOMY JaHHOMY KOAY MOXKET COOTBETCTBOBATb JIMIIb
ofiHO CJoBO B andasure A, ueM JoKasaHa oOpaTHMOCTb (B3auMHas
OJIHO3HAUHOCTb) KOZHPYIOMIETO OTOOpaKeHHsl.

YenoBue «6» BLINONHAETCS, €C/HM KOl BCeX OYKB HCXOIHOTO aJ-
¢aBuTa A HMMeIOT OAMHAKOBYIO JJHHY. KomupoBaune B sToM Cayuyae
YCIOBHUMCSl HasbBaTb HOpMAAbHbiM. Mcnosb3oBanHe KOAHPOBaHHSA
NO3BOJIIET CBOAHTH H3y4YeHHE NPOM3BOJILHBIX ajhaBHTHHIX OTOGpaKe-
HHA K andaBHTHHIM OTOGPAXKEHHSIM B KaKOM-JM6O pa3 HaBCeria BhbI-
6pannoM craugaptHoM aidasute. HauGosee yacto B KauecTBe TaKoro
cra”japtdoro ajdaBuTa BHIOMDaeTCs TaK HaseiBaeMblil  Ogourrbil
angaBuT, COCTOSMMA M3 JABYX OYKB, KOTOPhI€ OGBIMHO OTOXKgecTBJIsi-
forca ¢ uudpamu 0 1 1. '

[Tycte A — npoussosibHbI, 8 B — cranpapTHuiil (Hanpumep, ABO-
HuHbé) andaBuTel, coctosimue 6osee yem U3 oaHOH OYyKBH. Ecan n—
yncio 6ykB B andasute A, a m — uncao 6yks B andasuTe B, To Bcerna
MOXKHO BbIGpaTh UHCAO £ TaK, YTOGHI YJOBJETBOPSIOCH HEPABEHCTBO

mt > n. (1

TTocKOJILKY YHCAO PasHHYHBIX CJIOB JJHHBL £ B m-GYKBEHHOM aJi-
¢asHTe paBHO, OYEBHAHO, mk, To HepaBeHCTBO (1) nokaswiBaer, 4TO
MOXKHO 3aKoAHpoBaTh BCe GYKBH B ajibaBHTE A CJIOBaMH JJIMHHL £ B
andasuTe B Tak, 4ToObl KOABI PasfMM4YHbIX OYKB GBIIH Pa3iHUHBIMH.
JlioGoe Takoe KoAMpoBaHHE OyNEeT HOPMAJLHEIM H HOPOXKIAET, B CHJY
CKa3aHHOTO BHIIE, OOpAaTHMOe KOJHpYOmee OToOparkeHHe CJIOB B
andasute A B cnoBa B andasute B. OG6o3HauuM 5TO OTOGpaxKeHmHe
yepes a, a uepes a—! GynemM oGosnauatb o6paTHoe eMy OTOGDaXKeHHe,
KOTOpOe NMEpPEeBONHT Kaxkjaoe CJOBO ¢ B andasute B, sBagiomieecs
KOJIOM HEKOTOpOro cjioBa p B ajdasHTe A, B C/IOBO p.

Ecan Tenepb @ — npou3BOJbHBEINA andaBHTHEIA omeparop B aJjda-
ute A, TOo oroOpaxkenue P = a~lpa, nojyyaemoe B pesyJbTare mo-
CJIEIOBATENBHOTO BHIMOJIHEHUS! oToOpaxeHH# a—!, ¢ H @, Oyxer mpen-
CTaBJATL COOOH, OYEBHAHO, HEKOTODHIA aJsipaBHTHBIA onepartop B CTaH-
naptaHoM andasure B. Hasosem 3sToT onepatop aagasumusim onepa-
mopom 8 aapasume B, conpaocennvim (npu nomouwju xoOuposanus a)
C aupasumrusim onepamopom Q.

Onepatop ¢ OJHO3HAYHO BOCCTAHABJIHBACICS MO CONPAKEHHOMY
eMy onepaTopy Y H COOTBETCTBYIOMIEMY KOAUPYIOIEMY OTOOpaKeHHIo o

P = mpa"'. (2)

C nomompio 3TO# GOpMyJibl, @ TaKXKe BHINHCAHHOR paHee JyaJb-

HOM el hopMYyJibl ,
v=alea 1 ©

riior AT,
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APOM3BOJIBHEIE aN(aBUTHLIE ONEPATOPHl CBOAATCS K aJipaBHTHEIM oOIre-
paropaM B craHfaptHoM andasure. Takoe CBeaeHue, pasymeercs,
MOXKHO MPOU3BECTH GECKOHEYHBIM UHCJIOM Pa3JiHuHBEIX CHoco6oB, moc-
KOJIBKY CYIIECTBYeT OECKOHEUHO MHOT® Das/IMYHBIX KOZHPOBAHHH
cJoB B J000M JaHHOM aJjdaBHTE CIOBaMH B CTaHAApPTHOM aJipaBuTe.

OnHcaHHOE CBEJEHHE MOXKHO OCYIIECTBJSTL M B Cly4ae ajdaBHT-
HBIX ONEPAaTOPOB, Y KOTOPHIX BXOAHOH M BEIXOLHOH a/haBHTHI Pa3/IMyHHIL.
Hanpumep, nyctb ¢ — NMPOH3BOJIbHHIH asdaBUTHLIE OMEPATOP C BXOJ-
oM andaBuToM A M BHIXOAHEIM andaButoM C, B — cranpapTHbIR
a/haBAT, o — Kakoe-1u6o (o6paTHmoe) KOpHPOBAaHHE CJOB B anda-
BuTe A CJIOBAaMH B CTaHAAPTHOM aJipaBUTE, a Yy — aHAJIOTHYHOE KOLH-
poBanHe cJioB B ajndasuTe C. '

JRrko BHIETh Tenepb, uTO OTOOpaxKeHHe Y = a~ !y npexcras-
JsieT co0o# andaBHTHHIE omepatop B CTaHjapTHoMm andasute B, no
KOTOPOMY MNPH YC/JIOBHH 3HAHHS KOAMPYIOIIMX OTOOPaXKeHHH o H y
OJJHO3HAYHO BOCCTAHABJIHBAETCS MCXOAHOE OTOOpaKeHue ¢.

[MousTue andaBUTHOTO onepaTopa SBJASETCS Upe3BbIYAHHO OOGIIHM.
K uemy dakTHYECKH CBOJSTCS HJH MOTYT ObITb B HEKOTOPOM CMEICJIE
CBelleHHl JioOple MpoltecCH npeobpasosanusn unpopmayuu. Tlox undop-
Mauvel 3ech M fajee 6yneM NMOAPa3yMeBaTb He TOJbKO OCMBIC/IEHHbIE
CcooOLIeHHs, HO M BoOOIlIe BCSIKHE CBeIEHHS] O MPOLECcCax H COCTOs-
HHsAX JI06Go# NpHpoapki, KOTOPBIE MOTYT BOCHPHHHMATBCS OPraHamu
YyBCTB YeJOBEKAa HJH NpHOOpaMH. .

st HEKOTOPHIX CHEelMaNbHBIX BHIOB HH(PODMALUMH, HampuMep

HHGOpMALHMH JIEKCHUECKOR HJIM 4HCJOBOH, andaBHTHLHIA cnocob 3ana-
HHS SBJSIeTCH CaMbiM €CTeCTBEHHBEIM H HOCTOSIHHO NPHMEHSIOLHMCH.
Ilpeo6Gpa3oBaHusl 5THX BHJOB HHQPOpPMALHHU CBOASTCSH K asdhaBHTHBIM
ornepaTtopaM CaMbIM HemoCpPE[CTBEHHBIM 06pasoM: KaK BXOJHasi, Tak
U BhIXOJHas HHpopmauuu B J060M npeobpasoBarene HHGMOPMALHH B
3TOM cJlydae MOTYT ObITh NpEACTaBleHLl B BHie CJOB, a npeobpasoBa-
HHe HHGOPMALHH CBOAUTCSA K YCTAHOBJEHHI0 HEKOTOPOIO COOTBETCTBHS
MexXay cioBamMu. HamoMHHM, 4TO NMpH pasyMHOM paclIHPeHHH anda-
BHTa CJI0OBaMH B JIEKCHYECKOH HH(OPMAIMH MOTYT CUHTATBLCS HE TOJBKO
OOLIYHBIE CJIOBa, HO H LeJBIe NMpesoXeHHsl H gaxke Jmobble mocneno-
BaTEeJbHOCTH NPEJIOKEHHH.
-7 OpHoit M3 XapaKTepHBIX 3a7au nmpeoGpasoBaHHs JeKCHYeCKOH HH-
dopmanuu gBJsIeTCSl NEPEBOJ, TEKCTOB C ONHOrO sI3bIKA Ha JAPYrofl.
Xopolo H3BECTHO, YTO 33jaua NepeBojia He CBOAMTCS K 3ajaue ycCra-
HOBJIEHHsI COOTBETCTBHSI MeXJy CJIOBaMH SI3IKOB, KOTOPHIMH OMNeEpH-
pyloT npu mepeBoje. EcaMm Xe cuHTaTh CJOBAMH ILieJible KHHTH HJIH
X0Tsi Obl OTAeNbHEIE ab3allbl KHH[H, TO 3ajada MepeBofia MOJHOCTBHIO
CBOJIHTCS K 3ajjaue YCTAHOBJIEHHSI COOTBETCTBHS MEXAy TaKHMH 00606-
EeHHbIMH cJoBaMH. TakuM o6pasoMm, npouecc nepesoga C OfHOIO
A3blKA Ha JPYTOft MOXKeT TPaKTOBAaThCSl KakK MPOLECC Peasn3altt HeKo-
TOporo anadaBHTHOTO OmepaTopa.

Crnenyer 3aMeTHTh, BIPOYEM, YTO BIOJIHE KAuyeCTBEHHEIA H I'DaMoT-
HBEIl TlepeBOj AONMYCKAeT, KAK H3BECTHO, BO3MOXKHOCTb H3BECTHHIX MO-
Judukauuil nepeBegeHHOT0 TeKcra. [losToMy npomecc mepeBoja OmnH-
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ChIBaeTCsi He OOBIMHBIM OOHO3HA4HbIM andABHTHHIM OMEPATOpoM, a
MHOTO3HAYHBIM, HJH TaK HAa3bIBAEMBIM GEPOAMHOCHMIHGIM, ajipaBUTHHIM
onepatopoM. Tako# onepaTop COnOCTaBJ/IsIeT KAaKIOMY BXOLHOMY CJOBY
u3 06JacTH CBOETO Ompefie/ieHHs] He OJHO BLIXCAHOE CJIOBO, a LENYIO
COBOKYMHOCTb BBIXOJAHEIX CJIOB. IIpH KOHKPeTHOM NDHMEHEHHH 3TOTO
ornepatopa K TOMY HJH HHOMY BXOJHOMY CJIOBY p NPOHCXORHT CAy-
yatinol 6b100p BLHIXOJHOTO CJ0BA H3 COOTBETCTBYIOLLEH CJIOBY p COBO-
KYMHOCTH BHIXOJHBIX CJIOB.

Kpome andaBHTHEIX omeparopoB AJsi nmepeBofia C OfHHX H3LIKOB
Ha J[pyrHe, MOXKHO MNOCTPOHTH aspaBHTHHIE OMEpaTOPHl, peIaiolne
U ApyrHe 3afaud npeoGpasoBaHMs JIEKCHYecKoR HHGDODMALHH, Ha-
npumep 3afauy peNaKkTHPOBAaHHsI TEKCTOB Ha TOM HJH HHOM S3BIKE,
3ajauy cocTaBJleHHs pedepaTtoB crtared M T. n. Herpyawo pacurupHTs
o6sacTh MpHMEHeHHs aj(aBUTHBHIX ONEPATOPOB, HCMOJb3ys aJda-
BHTHOE MpeJCTaBJEeHHEe He TOJMbKO [JIsi JEKCHUECKOH, HO U jJ1d JPYTHX
BHZOB HH(bopMauun. Hanpumep, HCMOJNB3ys M3BECTHBLIE MPHUEMBl 1IaX-
MATHOH. HOTAUHH, MOXKHO 3aMHCHIBATbH [IAXMaTHLIE MO3HIHH B BHJE
CJIOB, COCTOSIIIMX U3 OYKB PYCCKOIO M JaTHHCKoOro aJdaBHToB, Lubp
M 3HAKOB NpenuHaHusa (3ansToli). B TaroM ciyuyae npouecc 1axMaTHOH
HTpBl MOXKeT ObITb HCTOJIKOBAH KakK IPOIECC YCTAHOBJEHHS COOTBET-
CTBHSI MeXAy /060 JaHHOH no3uiued W MO3WIHeH, BO3HHUKAWOULEH
M3 Hee MoOCJe BHITOJHEHHS ouepefHoro xopa. TakuMm ob6pasoM, H B
5TOM CJy4ae peyb HAET O HEKOTOPOM aa(aBHTHOM onepatope (Boobume
TOBC{ A, BEPOATHOCTHOM).

AnanornysbpM 06pa3oM HEeTPYAHO NPEACTaBHTb B BHJE NPOLECCOB
peanu3anui andaBHTHLIX ONMEPATOPOB H MHOTHe JAPYTHE MIPOLECCH
npeobpasoBanus HHGMOPMAIHH, HAPUMED OPKECTPOBKY MEJIOLHH, pele-
HHE MaTeMaTHYeCKHX 3ajla4, 33auH NJaHUPOBAHUS IPOH3BOJICTBA U T. II.

Moxer nokasarbcsi cHauana, YyTo AJI XapaKTepHCTHKH mpeoGpa-
30BaHM{ HenpeprBHOU HH(OPMaIK (HanpHMep, 3PUTENbHLIX HJH MpO-
H3BOJIbHEIX CAYXOBHIX OILYIIEHHH) MoHSATHE andagHTHOTO onepaTtopa
OKaXercsi HegocTtatounbiM. OIHAKO 3TO He TaK WJHM, TOYHee, He CO-
BCEM TaK. )

Bocnpusitne 1 npeoGpasoBanHe HenpepbiBHOM HH(OPMALMH BCerna
NPOH3BOASITCS NPH NOMOIIH HeHjgealbHbIX NPHGOPOB, HE pearHpylo-
IHX Ha CJHIIKOM MaJjble H3MEHEHHs XapakTePHCTHK npeobpasyemoit
uudopMannu. B peanbupix npuGopax, BOCIPHHHMAIOIHX H npeobpa-
3YIOIHUX HelpeprBHYID MHGDOPMaLMio, BCErna CyLUlecTBYeT PSf OrpaHH-
4eHHH, KOTOPLIE NO3BOJISIIOT PAacCMaTpHBaTh 3Ty HHGOPMALHMI0 Kak anl-
dasuTHyo HHbOpManmio. s GoJbliell SICHOCTH pacCMOTPHM 3pHTE/b-
HYyl0 HubopMalHio (TO Ke CamMOe MPOUCXOZHT H C APYTHMH GHopMaMu
3ajaHus HeflpepuBHOH HH(OpMaLuH).

[TepBoe orpaHHdYeHHe — 3TO OrpaHHuYeHHe paspewarowjell cnocos-
Hocmu npubopa, BocmpuHAMAaiopiero uHbopMmauuio. ¥ KasaHHoe orpa-
HHYEHHe NPHBOJAMUT K TOMY, 4TO JAOCTATOYHO G/M3KHe Mexny CcoGodf
TOYKH y4acTKa NMPOCTPAHCTBA, Ha KOTOPOM pacrpefiesieHa paccMarpH-
Baemasl HHGMODManHsa (HampHMep, KapTHHA HJH PHCYHOK), BOCHDHHH-
MatoTCst MpHGOpOM (CKaXKeMm, vesioBeyeCKHM IJ1a3oM) Kak OflHa TOYKa.
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Orciofia BhITeKAaeT BO3MOXKHOCTb PacCMaTpHBaTh 3TY HHGOPMALHIO KaK
HHDOPMALIHIO, 3a[JAaHHYI0 He B GECKOHEYHOM, a JIHIIb B KOHEYHOM MHO-
JKECTBe TOUeK. "

Bropoe orpanvueHHe CBsi3aHO C OTPaHHUEHHOR 4yecmsumens-
Hocmoro npubopa, BOCHPHHHUMAIOLIETO HHGMOPMALMI. ITO OTpaHHYEHHE
OPHUBOJHT K TOMY, YTO NPHGOP MOXKET passnvarh (haKTHYECKH JHIIb
KOHEYHOE YHCJIO YPOBHeH BeJIHYHHEI, Hecyliell HHHOPMAIIHIO (HanpuMep
SIPKOCTH OTHE/bHBIX TOUEK DPHCYHKA).

Ha ocHOBaHHM ONHCaHHBIX OrDaHHUEHHH NPHXOAHM K BBIBOLY,
4yTO NPHOOp, BCJAEICTBHE CBOEH HEHEaJbHOCTH, MOXKET B KaXK[ulil faH-
HBIl MOMEHT BOCTPHHHUMATh JIMIIbL OfHY KapTHHY H3 KowedHoeo (a He
6eCKOHEYHOTO, KaK MOXKeT FI0Ka3aThCs Ge3 yueTa yKasaHHBIX OTpaHH-
YeHHH) YHCJA Da3/MYHbLIX KapTHH MTHOBEHHOTO pacnpelle/leHHsl pac-
cMaTpHBaemModl HMHGOpPMalLUH B MPOCTPAHCTBE.

Beolis 1719 KaX[oH M3 TaKMX KapTHH CHEUHaNbHOE GyKBEHHOE
0603HAUCHHE, NPHIAEM K KoHeuHomy aigasumy A, KOTOPHIH C yuYeTOM
YKa3aHHBIX OTPaHHYEHHH BNOJIHE [CCTATOYEH - [Jisi XapaKTEPHUCTHKH
nudopMaunyH, NOCTyHawilell Ha BXOJ paccMaTpPHBaeMoro HaMu (HeH-
JleanbHOTO) npHGopa B KaXKIwA JaHHbIA MoMeHT BpeMeHH. Ecan o6o-
3HAYUTh GYKBOM n 4HCJO TOYEK NPOCTPAHCTBA, BOCMPHHUMAEMBIX MPH-
60poM Kak OTAeNbHBIE TOYKH, a OYKBOH m—uHuC/I0 Pa3/HYaeMLIX OpH-
6opoM ypoBHEHl (H3HUECKOHR BeJHUMHBI, HecyimeR HHPoOPMaIH, TO
uncio GykB B ajdaBHTe A OGymer paBHO, KaK HETPYAHO BHOETh, m”
(Lns MPOCTOTHI MpEAnoJIaraeM YHCJO pasjiHuyaeMbX NPHOGOPOM YpOB-
Hell OJMHAKOBBIM /11 BCEX TOYEK NPOCTPAHCTBA).

Pasymeercs, TOJBKO YTO NOACYHTAHHOE 4yHCIO OYKB B andaBHTe A
MOJKeT OKa3aThCsi YPe3Brrdaiino GOJbIINM (B C/iyuyae BOCHPHATHA 3pH-
TeJIbHOW HH(OPMAIMH 4YeJIOBEYECKHM TIJIa30M OHO MOXKeT ObITh mpef-
NOJIOKHTENBHO OIEHEHO KaK €IMHHIA C HECKOJbKHMH THICSIYaMH HY-
qei). TeM He MEHEE OHO BCE XKe SIBJISETCsl KOHEeUHbIM, a ¢ abCTpakKTHO-
TEOPETHYECKOH TOUKH 3DeHHS! CYIIECTBEHHO TOJIbKO, KOHedeH HJIH
Gecxoneuen aJjparur A.

[Mpono/mKas nHalle HcCNENOBaHHe, 3aMETHM, YTO BCSKHH peasbHbIH
BOCHPUHHMAIOMINH H npeo6pasyiomui uubopManuio npubop HMeer,
Hapsily ¢ YKa3aHHbIMH JIBYMsi OTDaHHUYEHHSIMH, €ellle H TPETbe OTPaHH-
yenne. Peur Huer 06 OTpaHHUEHHOCTH no/0C6l nponyckanus nprbopa,
KOTOpasi He NO3BOJISIET €My pas/jiMuaTh CJMIIKOM ObICTPHIE H3MEHEHHs
BOCIPHHUMAaeMbIX BeJHuHH. B cuay uspectHoro npunuuna Koresp-
HHKOBa [46] orpanuyeHHe MoOJIOCH MPOMYCKAHHSI SKBHBAJEHTHO TOMY,
4T0 NMPH nepenade HHGOPMAUHH BMECTO OOBIYHOTO HeNmpepbIBHOTO Bpe-
MEHH BBOJUTCS YyCA06HOe OUCKpemHoe 8pems, COCelHHe MOMEHTH KO-
TOPOrO OTJIMYAIOTCS JPYT OT APYra Ha BroJiHe ONpenesieHHHN (XOTs
OOLIYHO M BeCchMa MaJblii) OTPe3OK BpeMeHH. ['py6o roBopsi, B KauecTse
TAKOTO 5JIEeMEHTAPHOTO OTPE3KA BPeMeHH BHIOHpaeTCss MaKCHMAaJbHBIN
OTpe30K, B TeueHHe KOTOPOro paccMaTpHBaeMblil mpu6Op OKasbiBaeTcs
HECOCOOHLIM Pa3JMUATh H3MeHEHH s BeJTHUHHBI, Hecymed HHDOpMauHio.

Tlocne BBemeHHsi Takoro JUCKPETHOTO BpeMenH HHGOpPMALHs, BO-
CIpHHHMaeMasi HAMUM npHOGOpOM 3a JI060H KOHEYHLI OTPesoK Bpe-
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MEHH f, €CTECTBEHHO NMPENCTABJISIETC s B BUIE CJI0BA BO BBENEHHOM BbIlIE
andasure A. Uncao OyKB B 5TOM CJIOBe DaBHSIETCSI YHCJY MOMEHTOB
Ty, . .., T, JHCKPETHOTO BPEMEHH, YKJAALBAOIIUXCT B JaHHOM OT-
pe3ke BpeMeHH {, a ero i-1 6ykBa (i=1, 2, . . ., k) npeacrasJser co-
Goit BeIpaXeHHYIO B BHJle OyKBHl andasura A HHGOPMALHIO, BOCIPH-
HUMaeMyio MPHGOPOM B MOMEHT BpeMeHH T;.

[ToCKOJ/ibKY aHAJOTHYHBIE DACCMOTPEHHUS NPHMEHHMEI He TOJBKO
KO BXOJHO#, HO U K BHIXOJIHO# HHGOpMaLHK, w060l peareHbil npeobpa-
306amess UHGOPMAYUL MONCEM PACCMAMPUBAMbCS (C Y4emom YKa3aH-
Hulx eblle ozpanudenull) kax npubop, pearusyrouwull Hexomopeul aagpa-
summuoil onepamop. AndaBHTHHEIA onepartop, peasiH3yeMmuiii mpHGOPOM,
NOJHOCTBIO (C TOYHOCTbIO O KOAHPOBaHHS HHGMOpPMAIHH) ONpenenser
UNGOPMAYUOHHYIO CYtHOCMb 3TOTO npHOOpa, HHBIMH CJIOBAMH, — BbI-
noJiHsiemMoe 3THM npHGopoMm mpeobpa3oBanve HHDOPMALHUH.

Hrak, HaMH YCTaHOBJIEHA 4pe3BHYalHO GoJibliasi OGUIHOCTD MOHS-
THsi andapuTHOTO omeparopa. Bemp K H3yueHHio andaBHTHHIX omepa-
TOPOB OKasasnach (PAaKTHYECKH CBEJIEHHOH TeOPHsl JoOhIX mpeobpaso-
Baresiell HHGopMauuH. A ¢ mpeo6GpasoBaTesisiMH HHGOPMALHH YeJIOBEK
BCTpeuaeTcsi B CBoeH MpakTHKe OyKBaJbHO Ha KaxnoM mary. IIpeo6pa-
30BaTeNssMH HHG(OPMALMH SIBJSAIOTCA PasjHuYHBIE NMPHOOPH M CPEACTBa
aBTOMATHYECKOTo ynpasseHus. Hakonen, oqHuM U3 HauGoJjiee BaXKHLIX
M CYLIECTBEHHBIX ACMEKTOB H3y4EHHs JEATEJLHOCTH CaMOro 4eJoBeKa
SIBJISIETCS] acleKT, CBSI3aHHBIH C PacCMOTPEHHEM uesIOBEeKa KaK BeChbMa
CJIOXKHOTO M COBepIleHHoro npeo6pasoBarensi uudopmanuu. Bee sto
[IO3BOJISIET CUHTATh TEOPHI0 a/aBHTHBIX OMEPATOPOB ONHOH H3 HaH-
0oJiee BaXKHBIX COCTABHLIX 4acrel KUOGEPHETHKH.

OcuoBoit TeopuH asaBUTHEIX ONEPATOPOB SIBJASAIOTCH cnocobbt
ux sadaxnusn. B caydae, ecau obaacTb onpenenends andaBHTHOTO Ome-
patopa KoHeyHa, TO BOIPOC O €ro 3aaHHH, MO KpalHel mMepe B Teope-
THYECKOM IJIaHe, pelIaeTcsl 4pEe3BbIYaiHO MPOCTO: OMEPaTOpP MOXKeT
6LITh 3a1aH npocToil mabauyeidl coomsemcmeus. B neBoii yacTH Takoi
TaGAHIBl BHITHCHIBAIOTCS BCE CJIOBA, BXOAsillHE B 06JacTb ompefese-
HHMsI DacCMaTpHBaeMOTo omepartopa, a B NpaBofi 4acTH — BbIXOJHHIE
€J/I0Ba, HOJydalolHecss B PE3yJbTaTe NMPHUMEHeHHS omepaTopa K Kax-
JIOMYy CJIOBY H3 JieBOH 4aCTH TabJHLBbl.

Pasymeercs, ecan o6aacTb onpefie/ieHHst ajpaBHTHOTO omepaTropa
JIOCTATOYHO BEJIHKA, YKa3aHHBA crmocof 3ajaHusi MOXXET OKa3aThCs
4pe3BLIUAHHO T'POMO3JAKHM H MOSTOMY HEMPUMEHHMBIM Ha MPAaKTHKE.
Onuako He GyJeM NPHHHMATL NOKa BO BHUMaHHe CooOpakeHHs nojo6-
HOTO pojia, OFDAHHYMBAsICh KaXKAbli Pa3 yCTaHOBJEHHeM JHIIb NMPHH-
IATHANBHOR BO3MOXHOCTH 3aJ]JaHHs Te€X HJIH HHBIX aj(paBHTHLIX Olle-
partopos.

B cayuae 6ecKOHEUHOCTH o6JacTH onpenesenust andasBUTHOTO ome-
paropa 3ajflaHHe €ro ¢ MOMOIbI0 MPoCTON TabJUILl COOTBETCTBUA OKa-
BBIBAETCSl YK€ NPUHUUNUAADHO HEBOSMONCHBIM, TIOCKOJILKY B pacro-
NSXKEHHU 4YellOBEKa HeT CPeACTB, MO3BOJISIIOIIMX eMy (aKTHYEeCKH Bbl-
MHCaTh WJIH BOCHPHHSTH OECKOHEYHOE MHOXKECTBO CJIOB. XOpOLIO H3-
BECTHO, OJHAKO, YTO YeJOBeK [aBHO HayuWJCd 3aJaBaTb OMEPaToOPhl
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fa GECKOHEUHBIX MHOXKECTBaX CJIOB, HE BHINHCHIBAs gcer TabJHIbl CO-
orsercTBUsi. C 3TOR LEJIbI0 JOCTATOYHO DPacCMOTPeTb, HampHUMep, aJ-
¢aBUTHBIA omnepaTop, 3ajfaBaeMblii (HOPMyJiOH

XX...X>Yyy...Y (n=1,:2,...). (4)
ﬁp?/ n+1 pas

IlpuBenennasi dopmyna onpenessieT COOTBETCTBHE Ha GeCKOHEYHOM
MHO2KeCTBE CJIOB, JOCTHTHYToe 0e3 (aKTHYECKOro BHITHCHIBAHHS Bceil
TaO/HIbl COOTBETCTBHS (Y4TO, pasyMeercsi, ClesaTb B 3TOM CJyyae He-
BO3MOXKHO). BMecTo camo#l Tab/inubl cCOOTBercTBHSA 5Ta dopMyna paer
npasuso, € TMOMOIIbI0 KOTOPOrO 3a KOHEYHOE UYHCJO INAroB MOXKeT
6biTb YCTAHOBJIEHO BHIXOfHOE CJIOBO, COOTBETCTBYIOmEe JIOGOMY Ha-
nepen 3ajaHHoOMY BXOJHOMY CJOBY H3 06GJacTH OMpefeseHHs paccMa-
TpuBaeMoro andhaBHTHOIO omeparopa.

AHanornuyHas CHTyauusi BO3HHKaeT BCSIKHH pas, Koraa IpHXo-
JUTCA 3ajnaearb andaBHTHHIA oOmepaTop ¢ GECKOHEYHOH 006.1acTbio
ONpeNeNeHH s ; BMECTO CaMOM TaGJHILI COOTBETCTBHS 3a/aeTcst KOHeu-
HO€ 4YHCJIO MPaBHJI, NMO3BOJFIOIIHX 32 KOHEUHOE YHCJO IIaroB HadTH
Hanepeq 3ajaHHYIO CTPOKY 3Toif TabGaHub (3HaueHHe andaBHTHOrO
oneparopa Ha Ji1060M BXOJIHOM CJIOBE, BXOfsimieM B o6JacTb ero ompe-
JIEIeHHusT).

Anpasumnsie onepamopel, 300a8aemble € NOMOUIO KOHEHHOIX CuC-
mem npasus, NPUHAMO HA3LIEAMb AA20PUMMAMU.

Ha ocHoBaHMM CKa3aHHOTO BbIllle JIETKO MOHSITb, YTO BCAKHH al-
(aBUTHBIA oOmepaTtop, KOTOPHIH MOXHO (DaKTHUECKH 3a1aTb, HABJS-
€TCSl HEeNmPEeMEHHO aJrOPHTMOM. AJITOPHTMAaMH, B YacTHOCTH, OYEyT
Bce andaBHTHBIE ONEPaToOpbl C KOHEYHHIMH 0O/IaCTSMH ONpe/eeHus,
3ajaBaeMble (KOHEUHBIMHM) TabsnuaMud cootBerctBusi. Popmyna (4)
TaKXke 3ajaer HEKOTOPHIH aJropHTM.

Herpynno noctpouth M gpyrie npumepsl ajiroputMos. Comocras-
Jisis KaXK[oMy IeJIOMY TIOJIOXKHTEJBbHOMY YHCIY €ro KBafpar, MOJy4YHM
aqdaBUTHEI onepaTtop B ajdaBHTe, COCTOSANIEM H3 BCeX HHU(P CHCTEMbI
CUHCJIEHHsI, TNpHHHMaeMOdl xJg MpeACTaBJIeHHS 5THX 4Hcea. [lo-
CKOJIbKY INpaBHJia BO3BEJEHHS B KBagpaT NMO3BOJISIIOT 38 KOHEUHOE 4H-
CJI0 INaroB MOJYYHTL KBajpaT Jw0oro Hamepel 3aJaHHOTO IEJIOro
YHC/la, YKa3aHHBIA OMmepaTop MOXKHO paccMaTPHBaTb KakK ajifOPHTM.

Bce koHKpeTHble andaBHTHbIE OmepaTophbl, PacCMATPHBAEMLIE B
HacTosimell ryase (B TOM YHCJIE OnepaTophl NepeBofia C OfIHOTO SI3bIKA
Ha JApYTOi, UTPHl B LIAXMATHI ¥ T. JI.), TaAK:Ke MOXKHO 3a[aTh C NIOMOILBIO
KOHEUHBIX CHCTEM NPaBHJ H MOXHO, C/eJ0BaTe/]bHO, PacCcMaTpHBaTb
KaK anropuTMsl.

Heo6xo0auMo nofuepKHyTh ONHO pasJiMuHe, CYIECTBYIOLLEE MEXAY
NOHSATHAMH anhaBHTHOTO omeparopa M anroput™a. B momsTuu anda-
BHTHOTO OmepaTopa CYIIECTBEHHO JIMINb CamMoO COOTBETCTBHE, YCTaHAB-
JINBaeMO€ OMepaTopoM MeXJY BXOOHLIMH H BLIXOJHHIMH CJIOBamH, 2 HE
CNOCO6, KOTOPHIM 5TO COOTBETCTBHE YCTaHABJHMBaercsi. B moHsaTHH
aIropuT™Ma, Ha0B0POT, OCHOBHOH ymop HeJaercs Ha cnocob 3a0anus

21302 7



COOTBETCTBHS, YCTAHABJMBAEMOTO a/JrOPUTMOM. Taxum o6paszom, aa-
20pUMM eCIb RE 4IMO uloe, KaK aipagumubll onepamop emecme ¢ npa-
suaamu, onpedeisrowumy exo oOedcmaue.

B COOTBETCTBHH CO CKa3aHHLIM OIpefesisieTcsl NOHSATHE pageHcmed
ans andaBYTHLIX OMeEPaTopoB H anropkTMOB. JBa a/iaBHTHBHIX ome-
paropa CYHTAIOTCS PABHBIMH, €CIM OHH HMEIOT OfHY H Ty K€ 006JacTb
OMpefie/ieHHsi H COMOCTABJASIOT JIOGOMY Hamepes 3aiaHHOMY BXOJI-
HOMY CJIOBY H3 3Toll 06J1aCTH OJMHAKOBbIE BbIXOfHBE cJoBa. llonstue
paBeHCTBA MJisi aJTOPHTMOB BKJIIOYAET YCJOBHSI paBeHCTBa A/ CO-
OTBETCTBYIOUMX MM ONEPaTOpPOB, HO NpEeIyCMaTpPHBAeT TaKiKe COBa-
JIeHHe CHCTeM MPaBHJl, 3aJallIHX AeACTBHE 3THX aJTOPUTMOB Ha BXOJ-
HHIE CJI0Ba. AJTOPHTMEL, ¥ KOTOPHIX COBNAJAOT TOJbKO ONpefense-
Mbie HMH andaBHTHEE OTOOpaXkeHHs1 (onmepatophl), HO, BOOGIE rOBOPS,
He crecoOul 3aganus, GVaeM Has3biBaTh IKBUEAAEHITIHbIMY ANTOPUTMAMH,

O6riuno B aGCTPaKTHON TEOPHH aJrOPHTMOB PacCMaTPHBAIOT JHILb
TakHe aJrOPUTMH, KOTODHIM COOTBETCTBYIOT OJHO3HAuHble ajhaBUTHbIE
onepatoprl. Besiknii anroput™ A Takoro poja OT/IMYAETCS TEM,- 4TO
JM0G0MY BXOJIHOMY CJIOBY p H3 06JaCTH CBOero ONpejesleHHsi OH OT-
HOCHT BIOJIHE ONpefieJieHHOE BHIXOIHOe C/oBO ¢ = A(p) He3aBHCHMO
OT YCJIOBHH, B KOTOPhIX paboraer anroput™ A. Tlogo6ubie anroputmel
H COOTBEICTBYIOUIME MM andaBHTHble omepatopbl OygeM Ha3bBaTb
OemepmMURUPOBAHHbIMU.

B psie ciyuaeB 1enecoo6pasHO DACHIHPHTL TIOHSATHE aJrOPHTMA,
BBOJs! B CHCTeMBl NPaBHJ, OMHUCHIBAICIIMX AJAFOPHTMEI, BO3MNXKHOCTH
caydaliHOTO BHIGOpPA TeX WJIH MHBIX CJIOB HJIH TeX HJH HHBIX HpaBHJIL.
[Ip¥ 5TOM BEPOSTHOCTH TOTO HJIM HHOTO BHIGOpA NOJIXKHEI THGO GHKCH-
poBaThCsi 3apaHee, JHGO OMpPENesITLCS B MPOIECCE peanH3alHH aJjro-
putMa. INopoGnnie anropuT™el, 6yjeM HasbBaTb MX CAytaiHbiMU, TIPH-
BOAST K MHOTO3HA4YHLIM a/daBUTHEIM oneparopaM. DoJee Touno, anst
JMoGOro BXOAHOTO CJOBA p, BXOASIIEr0 B 06GJacTb OnpefeseHHsi Cay-
YafiHoro anroputma A, 3TOT ajAropHTM ONHO3HAYHO OTpefessieT Be-
POSITHOCTH a,(g) MOsBJIEHHS Pa3JIRYHLIX BBHIXOZHHLIX C/JIOB ¢ B KauecTBe
OTBeTa Ha BXOJHOe cJOBO p. BeposTHOCTH w,(g) B ciaydae OGHYHOIO
CayuyallHOro ajJropuTMa He JOJIKHEI U3MEHSIThCS B rpoliecce ero ¢yHK-
IIMOHMPOBAHHS, XOTS CaM AaJIrOPUTM NPH HECKOJbKHX €ro NpHMeHe-
HHSIX K OJIHOMY H TOMYy K€ BXOJHOMY CJIOBY p MOXET, pasyMeercs,
JlaBaTh pasJjiM4YHEIE OTBETHI.

Ham npupercsi paccMaTpuBaThb €me Tak HasnlBaeMble CAMOUIMEHSA-
Iowuecs aarOpUTMEL, T. €. TaKHe aJTOPHTMBI, KOTODHIE HE TOJBKO e-
pepabaThLIBAalOT TOJiaBaeMble HA HUX BXOJHLIE CJIOBA, HO M CaMH H3Me-
HSIIOTCSl B [pOLIECCe TakoH nepepaGoTKu. Pesyabrar pneficTBHsl camo-
U3MeHsiomerocs anroputMa A Ha TO MJIH HHOe BXOAHOE CJIOBO p 3a-
BHCHT HE TOJIbKO OT 3TOTO CJIOBA, HO M OT ucmopuu npedoidyuied pa-
bomoer anropHTMa, T. €. OT (KOHEUHOM) MOCJeNOBaTeLHOCTH BXOJHEIX
CJI0B, mepepaGoOTaHHBIX aJrOPHTMOM A [0 NMOCTYNJIEHHS HZ €r0 BXOR
paccmaTpuBaemMoro cJjoBa p.

OGo6lienne MOHATHS aNropuTMa 3a CYeT BBEJeHHS BO3MOXKHOCTH
CaMOM3MEHEHHsi NPHUMEHHMO KakK K JeTepPMUHUDOBAHHEIM, TaK H K
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cayualiHbIM aBTOMaraM. B nocnenHeM ciyuyae B 3aBHCHMOCTH OT HC-
TODHH TIpefbiaymedl padoThl anrOPUTMAa MEHSITCS BepPOSTHOCTH a,(q)
pasMMYHbIX BBIXOAHBIX CJOB §, COMOCTaBJsieMbIX aJropuT™MoM A Jio-
6oMy JAaHHOMY BXOJHOMY CJIOBY p. DTa 3aBHCHMOCTb MOXKET, BIIpOYeM,
TaKXXe BhIPAXKaThCH He NeTePMHHHPOBAHHOH, a cay4aiiHo# dyHkiueil.

CaMOH3MEHAIOMMACA aJiTOPHTM YIOOHO NpEACTaBJAsITH Cebe B BHIe
CHCTEMBl [IBYX aJTODHTMOB, M3 KOTODBIX MeEpPBBIH, TaK HA3LIBAeMbIi
paboquil, OCyeCTBAsieT nepepaboTKy BXOZHBIX CJIOB, & BTOPOH, HA3bl-
BaeMblil KORMPoAUPYOWUM RN YNpAgAAIOWUM, BHOCHT Te MJH HHBIE
U3MeHEeHHsl B NepBHiH, pabounit, aaroput™. B ra. IV nokasano, uto
CBOHCTBO CaMOM3MeHEHHs aJrOPHTMa ONpelessieTcs He CTOJIbKO CTPYK-
TYpOH peaJM3YIOUIET0 COOTBETCTBYIOIMH aITOPHTM YCTPORCTBA, CKOJb-
Ko cnocoboM npobneHHd BXOAHOH HHGMOPMAlHMH Ha OTHe/bHHE CJI0Ba,
KOTODBI#, KaK OTMeuYasoCh Bbilie, B C/aydae aGCTPaKTHHIX audaBuTOB
JI0 H3BECTHOH CTEemeHH NpoH3BoJieH. Tak YTo B 3aBHCHMOCTH OT BuiGopa
3TOro €noco6a OgHO M TO XKe YCTPOHCTBO MOXKET B OJHHX CJAydasx pe-
a/M30BaTh CaMOH3MeHSIONIHICS, a B JPYTHX — HeCaMOH3MeH SIOMINKCS
aJTOPUTMHL.

Ha npoTsikeHud nmepBHIX TpeX TJiaB peub HieT JHIIL 06 OGBIYHBLIX
(1eTepMHHUPOBAHHBIX, HECAMOH3MEHSIIONMXCS) aArOPHTMAX, H 3TO 06-
CTOSITENIBCTBO He OrOBAPHMBaeTCs KaXKAbH pas ocoGo. B nocaenyommx
r/1aBax ynoTpebasioTCsl TaKxkKe BBeleHHble Bhilie 0000WEeHHsT MOHATHS
anropuTMa,.

§ 2. HopmaneHbie aaroputmel

B stoM w B psge nmocaenyiomux naparpadoB HCCAEYHOTCS He-
KOTopble ofriHe cnocobbl 3ajaHHs aJropHTMOB, XapaKTepH3VIoLHec s
ceolicmeom  yHueepcasbHocmu, T. €. TaKHe CHocobbl, KOTOpbe MO3BO-
JSIIOT 3aJjaTh aJTOPHTM, SKBHBAJIEHTHHIH JI0GOMY Hanepes 3ajanHHOMY
anroputmy. B 3Tofi rniaBe pasnnuHbie YHUBepCaJbHble CMOCoGnl 3a-
JaHHsI aJITOPHTMOB H3J1aralTcsl He B HCTOPHUECKOH NOC/IeIOBaTE/IbHOCTA,
B KOTOpPOH OHH (akTHUeCKH BO3HHKa/lH, a B TakOM TMOPSKE,
KOTOpPEHIH siBAsieTcsi GoJlee yOGHBIM C TOUKH 3PEHHS 3ajau HACTOsIIeR
Kuurd, HauneM wuaule H3JoKeHHe € TaK HA3BIBAEMBIX HOPMAAbHBIX
aizopummos, NPEIJIOKEHHbIX ¥ H3yuyeHHnX A. A. MapkoseiM [53].

Besikuii obmuit cnoco® 3ajaHHs aAropuTMOB Ha30BeM aJITOPHT-
MH4eCKON cHCTeMolt. Aseopummudeckas cucmema BKIO4YaeT B cebs
06LIYHO OGBEKTHI ABOSIKOM NMPHPOJL, KoTophie, caeays JI. A. Kaayx-
uuny [37], Gynem waswiBaTh onepamopamu (uaM, GoJiee TOYHO, 3.e-
MEHMAPHHIMU ONepamopamu) 1 pacnosnasameramy (TouHee, 31eMeHmap-
HolMU  pacnosnasameanmu). DlleMeHTapHble ONEepaTophl NPENCTaBJIsAoT
coBo#l JOCTaTOuHO MPOCTHIE (MPOCTO 3afaBaeMble) ancdaBHTHble omepa-
TOPHI, € MOMOIbIO TOCJEN0BATENbHOTO BLINONHEHHS KOTOPBIX peasu-
3yioTcsi oGhie aJrOpUTMBEl B paccMaTpPHBaeMoil alropHTMHUECKOH CH-
CTeme. PacnosHaBaTesnn caykKaT AJs pacno3HaBaHHS HaJH4HS TeX HJH
HUHBIX CBOMCTB mepepaGarhiBaeMOll ajJrOpHTMOM HHGDODMAUHMH H I
H3MeHeHH$, B 3aBUCHMOCTH OT P€3yJbTaTOB PacNo3HABaHHSA, MOCJENO-
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BATEJILHOCTH, B KOTOPOH ClIeRYIOT APYT 32 APYIOM 3I/IeMEHTAPHEIE Ome-
paTtopHL.

Jnsi ykasauusi HaGopa 5JIeMEHTAapPHLIX ONEepPaTopoB H TOPSAKA HX
cJefoBaHKsi JPYT 3a JPYTOM IpH 3afaHUH TOTO HJIH HHOTO KOHKpET-
HOTO aJTOPHTMA YIOOHO HCIOJIb30BaTh HANpaBJieHHbie rpadbl 0co60To
pona, xoropsle, caefyst JI. A. Kanyxuuny [37], Gynem uassisats
2pag-cxemamu COOTBETCTBYIOUIHX aJTOPHTMOB.

Ipag-cxema ajropuTMa npeAcTaBisieT coGofl KOHeYHOe MHOMKe-
CTBO COEJMHEHHbIX MEeXIY COGOH CTpesikaMH KPYXOUYKOB (HJH JPYTHX
reoMeTpUuecKux (PUTYp), Ha3bBaeMbIX y3naMH rpad-cxemol. Kaxpomy
y3Jy, KpoMe ABYX OCOObIX Y3JIOB, Ha3bIBaeMbIX 8XOOHbIM U BbIXOOHbIM,
COMNOCTABJISIETCS KAKOH-NHOO0 3JeMeHTapHE onepaTop HJH pacnosHa-
BaTesib. M3 Kaxoro ysJjia, KOTOPOMY COIOCTABJIEH ONEPaTop, a Takxe
H3 BXOJAHOTO Y3714 BBIXONHT TOYHO IO OJHOH CTPEJKe; H3 KaXK[oro
y3/1a, KOTOPOMY CONOCTABJIeH Pacno3HaBaTeslb, — TOYHO IO BE CTpe-
KM, H3 BLIXOJHOTO y3/1a HE BLIXOJHUT HH OfHOH cTpenxu. YUucio cTpe-
JIOK, BXOASIUMX B y3es, MOXeT OHTb JOObIM.

Anroput™, KOTOpPHIH onpepedsiercsi Jio60#l JaHHOH rpad-cxemoil,
pabotaer cienyiomuMm obpa3oM. BxopHoe cnoBo mocTymaer cmayasa
Ha BXOZHOH y3es] W JBHTAeTCs TO HANpaBJEeHHSM, YKa3aHHLIM CTpell-
KaMH, npeobpasysick NPH TIPOXOXKAECHHH ONnepamopHelx Y3408 omepa-
TOpaMH, COTIOCTABNEHHEIMH 3THM y3naM, IIpH nomajaumu cjoBa B
pacno3nasamenshsili yses OCYLIECTBISIETCS IIPOBepPKa CONMOCTABJIEHHOTO
3TOMY Yy3Jly YCJOBHSL (NIPHMEHeHHe pacmo3Haparejsisi ycioBusi). IlpH
BBITIOJIHEHNH YCJIOBHSi CJIOBO BHIXOAHT H3 y3/a IO ONHOH H3 CTPENoK
(ormeuaeMoii 0BLIYHO 3HAKOM « -+» ), a4 TPH HEBHIIOJHEHHH YCJOBHSI —
no Ipyrofi crpesnke (OTMeYaeMOM 3HAKOM «—b»).

B pacnosuaraTenbHEIX Y3/laX CJIOBO He H3MeHsieTcsi. Ec/iH BXOJ-
HOe CJIOBO p, NMOJAHHOEe Ha BXOAHOH y3en rpad-cxemsl, MPOXOAs yepes
y3Jibl CXeMbl W IIpeofpasysiCh, TONAJAET Yepe3 KOHEUHOE YHCJIO Iua-
TOB B BHIXOZHOH y3eJ, TO CUHTAETCsi, UTO aJIFOPHTM NPUMEHUM K CJIOBY
p (cioBO p BXOHLUT B 064acme onpedeieHus 3TOTO aJTOPUTMA), IpHYEM
pe3yJbTaToM BO3JAEHCTBHSI AJNrOPHTMA HA CJIOBO p GyleT TO CJIOBO,
KOTOpOE OKa3blBaeTCsi B BHIXOJHOM Yy3Je cxemul. Ecau mocse nopauu
CJIOBAa p Ha BXOJHOH yaen rpag-cXeMs ero npeo6pasoBaHue H JBHKe-
HHe TIo rpad-cxeme Tpoposixaercsl GeCKOHEUHO JO0JIro, HE IPUBOASI B
BBIXOJHOH y3el, CUHTAeTcs, YTO AJITOPUTM He NPUMEHUM K CJIOBY p,
WHBIMH CJIOBaMH, CJIOBO p He BXOJUT B 06JiaCTh ONpefeNieHusi aljro-
puTMa.

B HOpMasbHBIX aNropUTMax HCIONB3YETCsT TOJLKO OfMH THI 3Jie-
MEHTapHbIX ONePaTOpOB, HAa3LIBAEGMBIX ONepamopamu nOOCHAHOBKU, R
OJIMH THIl 3JIEMEHTapHHIX pAacHo3HaBaTesiell, HA3LIBAEMBIX PACHO3HA-
eamenamu 6xoscOenus. OIHIEM 3TH Pacro3HABATEIM H ONEPaTopbl
GoJiee mofpo6HO. JLJist 3TOTO TIO3HAKOMHMCSI MPEX/e BCEro C TMOHATHEM
6x00ic0eHus OHOTO CJOBA B JApPYTOE.

Ilycmo p u q — 0ea NPOU3BOALHLIX CA0BA 8 MOM WAL UHOM aipa-
eume. I'osopam, umo ca080 G 6xodum 6 cA080 D, ecAu cA080 D Modcem
Gbime npedcmageno 6 sude p = pigps, 20e py U Py — HEKOMopble CA08a,
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buims modicem, u nycmoie. Haiidennoe exoscOerue ciosa q 8 cAo6o p Ha-
soieaemcs nepsoim cae8a (UAU NPOCMO Nepssim) BX0iCOeHuem, ecau 8
PACCMOMPEHHOM NpeOCmaBAeHUl CA08a P 8 8ude p = piqP; CA0BO P,
UMEEM HAUMEHLUIYIO B03MONCHY0 OAuny cpedu 6cex no0obHbix nped-
cmasaenull caoea p.

PacnosnaBarens BXOXJIeHHSs 3aaeTCsi YKa3aHHEM HEKOTOPOro (pHK-
CHPOBAHHOIO CJIOBA ¢, & CMEICJI €0 IIPHMEHEeHHusl COCTOMT B TOM, 4TO
J/15 iobOTO 3aaHHOTO CJIOBA p IIPOBEPSIETCH YCJIOBHE — BXOJMT HJIH
He BXOJHT ClJIOBO ¢ B cjioBo p. OmnepaTop MOACTAHOBKM 3a13eTcsi 00bIu-
HO B BHJE ABYX CJIOB, COeMHEHHbIX CTpenkoit,—q,—¢q,. Pabora onepa-
TOpa COCTOHT B TOM, YTO OH OCYILECTBJISCT TOJCTAHOBKY CJIOBA ¢y
BMECTO IIePBOTO ClieBa BXOKJEHHSI CJioBa ¢, B JiI060e 331aBaeMoe CJIOBO
p. Tlpn >ToM, ecqM BHIAENHTb ABHHIM 00pasoM INepBoe BXOXKJeHHE
CJIOBa ¢; B CJIOBO p, 3aNHCHIBAS CJIOBO D B BHAE pPyg,Py, TOCJE IPHMe-
HeHHsi PacCMaTpHBaeMOTO OllepaTopa OHO NMpeobpasyercsi B CJOBO Pyg,Ps.

Ilpu nmpuMeRenuH pacrno3uaBareseli BXOXK/EHHSI YCJAOBHMCSI BHI-
JeNATh HalifieHHoe ([epBoe ciieBa) BXOXJEHHEe PaClo3HaBAeMOro CJioBa
B 3aJjaHHOE CJIOBO C NoMoubio ckobok. Hanpumep, npuMeHsist K CNOBY
P = XXyxyxx Paclo3HaBaTesib BXOXKJEHHS CJI0OBa ¢ = Xy, BHAeJiseM
TiepBO€ BXOXKJI€HHE CJIOBA ¢ B CJIOBO P ClefylomuM obpasoM: p =
= x(xy)xyxx.

Aneopummel, romopele 3alarmcs epag-cxemamu, CoCMaBACHHOLMU
UCKAIOYUMEAbHO U3 pacno3nasameneti 8xoic0eHus CA08 u onepamopos nod-
CMaxoeKu, Ha308em 0006UeHHbIMU HOPMAAbHbIMU aszopummany. Tlpu
smom npednoiazaemcs, 4mo K KaxcOomy onepamopy nodcmaroéKy euda
G113 noOcoeduHsaemcs mMoAbKo OOHA CMPeaKa: CIPeAKa Co BHAKOM &+,
86LX00AAS U3 PACNOSHABAMENR gy.

IIpumep rpad-cxemsl 06006EHHOTO HOPMAJIBHOTO aJropuTMa H300-
paxken Ha puc. 1. PacrnosnaBartesn Ha 3TOM PHCYHKe H300PaKeHbl B
BHJE KPYXKOB, a ONePaTopbl -—— B BHAE NpPsIMOyrodnHukoB. Oneparop
Xy—- O3HAYaeT MOACTAHOBKY BMECTO NEPBOTO BXOXIEHHS CJIOBA XY
IYCTOTO CJioBa. B COOTBETCTBHH C NMPHHSTHIM B TpenpaymeM laparpade
0603HaYeHHeM IIYCTOTO CJIOBA 3TOT ONEpaTop MOXKeT GuITh 3alHCAH TAKKE
B BHJIE Xy—e.

PaccmarpuBasi paGory anropurMa A, 3agannoro rpad-cxeMoii
puC. 1, 3aMeTHM, uTo MepPBHIil CBEPXY ONEpaToOp OCYHIECTBJSIOT TepecTa-
HOBKY X B JIeBy10, a y B IPaBYI0 YacTb CJOBA [O TeX NOp, MOKA CJOBO
He npuobpeTeT BHA XxX. .. Xyy ...y (Bce X NPEAIECTBYIOT BCeM Y).
Jlnwres nocsie mpHBefieHHsi CJOBa K YKA3aHHOMY BHAY BCTyIaeT B JeH-
CTBHE BTOPO#H ollepaTop, KOTOPHI YHHUTOXKAeET Iaphl X4 0 TeX I0P, NoKa
B CJIOBE He ocTaHyTcs OfHH x nubo opHu y. Ecam B nepsoHavasbHO
3aJJaHHOM BXOJOM cJjioBe p OblJio m x-0B H n y-0B, T0 B pe3ylbTare
HefictBHsi anroputmMa A OHO mpeobpasyercst B cioso g = A(p), uMe-
Iomee AJHHY |m—n) B COCTOsIEe W3 OfHHX Xx-OB (ecam m>n) HAH
H3 OflHHX y-0B (ecam n>m).

PaccMoTpes 0606imieHHEIE HOPMANbHLIE aJITOPHTMBL, INepeiiieM K
XapakTepHCTHKe COOCTBEHHO HOPMAaJbHLIX aJITOPHUTMOB. HopmarbHeimu
Qr20pumMmamy HasbiBalomcs maxue 06obueHHbIE HOPMAALHIE AA20 PUMMbL,
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epath-cxemol  KOMOpPbLX umeziom Hexomopouwl cneyuansvroul  8ud. Insi
TOr0 uyToOH OMHCATbH 3TOT BHA, 3aMETHM, YTO, B CHJY IIPHBEIEHHOTO
Bolllie ONpefeseHnst 0GOOIMEeHHEX HOPMAJIbHLIX ajropTHMOB, B rpad-
cXembl TaKMX ajTOPHTMOB ECSIKHH ONEpaTtop ¢,—>¢: BXOZHT B mape
C pacnossaBaTeseM ¢;.

ObbeguunM Ha rpad-cxeMe KaxAyO Takyio Napy ys3JjoB B OfHH
y3esq, coxpaHsisi 3a HAM 00O3HAUeHHe COOTBETCTBYIOLIEro onepaTopa.

Puc. 1. Puc. 2.

M3 xkaxporo obbepmHeHHOro yaja OyAyT BHIXOAHTBL [BE CTPEJKH:
CTpesika cO 3HAaKOM «+», [0 KOTOpPOH HalpaBlisieTCsi CJIOBO, MOABEpT-
HyTOe JeHCTBHIO OIlepaTopa JAHHOTO y3Ja, W CTP&JIKA CO 3HAKOM «—»,
110 KOTOPOH HANpaBJsieTcsi CJI0OBO B cJyydae, eCJH Olleparop ysfa K
HeMy He npumexum. HenpHMeHHMOCTb oneparopa NOACTaHOBKH K CIIOBY
03HAUAeT OTCYTCTBHE BXOXKJIEHWH Jeeolf wacmu onepatopa (crioBa
¢, B oleparope ¢,->¢;) B JaHHOE CJIOBO.

Hcnonbaysi onucaHHell npueM OOBEAMHEHHsI Y3JOB, Tpadg-cxemy
aNropuTMa, H306paXKeHHYI0 HA puC. |, MOXXHO NPEACTaBHTL B BHJE
cxeMsl, MokasanHo#d na puc. 2. [Nopobuas rpad-cxema ¢ ob6seduren-
KoMUY Y34aMyu B CJIy4ae HOPMAaJbHBIX aJTOPHTMOB AOJIXKHA YAOBJET-
BOpSITH CJIEAVIOWHM YCJOBHSM:

a) gce obveduHernsle (onepamopHo-pacNo3HABAMEAbHbIE) Y346l 2pag-
cxembl ynopsdouuBaIOMCa ¢ NOMOWBI0 NPUCBOEHUSL UM NOCAeG08amelb-
Hotx Homepos om 1 Jo n, npuuem ompuyamensHoul 6vix0d (cripeaxa co
BHAKOM «—>) i-20 y3aa nodcoedunsemcs Kk (I + 1)-my yzay (i =1, 2,

., n— 1), a ompuyamenerolii goixod n-z20 yzra nodcoedunsiemcs K
8bLXO0HOMY Y3AY 2pag-cxemyl;

6) noaoscumensrsie sotxodol (CmMpeaxu co 3HAKOM «-1-») 8cex 06Bedu-
HeHHbLX Y3108 nodcoedunsiomest aubo k nepéomy, aubo K 6uixo0HoMYy
ysay epag-cxemot. B nepeom caywae no0cmanoeka onepamopa coomsem-
CMBYIOLe20 Y3AQ HA36I6ACMC 0DbIMHOU, 4 80 8MOPOM — 3AKMO4UMEAbHOLL;

B) 8x00Holl y3esr noOcoedumsnemcsi cmpeakoli K nepsomy o6vedureH-
Homy (pacnosnasamensHo-onepamopHomy) Yyany.

OTH yc/iOBHSsi BJISIOTCS: HEOOXOJAMMBIMH H IOCTATOYHBIMH JIsi TOTO, |
uToObl yIOBNETBOPSOmAsi HM Trpad-cxeMa 3agaBana He 0OOOILEHHBIH |
HOPMaJibHEIA, a OOblYHLIE HOpMaJsbHLIA AJNTOPHTM. Jlerko MpoBepHTS, '
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yro rpag-cxema, H3oOpa)keHHas Ha PHC. 2, He ABJseTCs rpad-cxemol
HOPMAJILHOTO aJIFOPHTMA, NOCKOJIbKY AJIl Hee He BBLIIOJHSIETCst BTopoe
M3 TOMbKO 4YTO C(hOPMYJIHPOBAHHEIX YCJOBHH (ycJOBHE «O»).

Hopmanbeble asiropuTMBI NPHHSATO 3ajaBaTh He rpad-cxemamH,
a IIPOCTO YNOPSIAOUEHHBIM MHOMKECTBOM NOACTAHOBOK BCEX OMNeparopoB
JAAHHOTO aJTOPHTMa, Ha3blBaeMbIX cxemod JaHHOTO ajroputma. [lpu
TOM OOBIUHBIE MOACTAHOBKH 3aNHCHIBAIOTCS, KAK IOKA3aHO BHIIE, B
BUJle ABYX CJIOB, COEJHHEHHHIX CTPENKOH (g, — ¢,), a 3aKJIOYATE k-
Hble TOJCTAHOBKM OOO3HAYAIOTCSi CTPeNKOH ¢ TOUKOoH (g, — - q,).

[MopsinoK BHINOJNHEHHs NOACTAHOBOK IIONHOCTBIO OIpelensiercs:
IocJie 3TOTO YCIJIOBHSIMH «a», «6», M «6». J[[eHCTBHTENILHO, B CHJIY 3THX
VCJIOBHI TIPOH3BOJIbHASL (7)-asi MOJCTAHOBKA CXeMBbl aJTOPHTMA JOJKHA
BBIIIOJIHATLCST B TOM H TOJILKO B TOM CJjiyyae, eCJiH OHa SIBJIsieTCsi epBOii
U3 NMPUMEHHMbIX TOACTAHOBOK (BCe MOACTAHOBKH OT 1-0ff g0 (i—1)-0it
HerpuMmenHMMbl). [lpouecc BeIMOJHEHHS TIOACTAHOBOK 3aKaHYMBAeTCs
JHIIb TOTHA, KOTAAa HH OfHA M3 IOACTAHOBOK CXEMH He NPHMEHHMAa K
TIOJIYUEHHOMY CJIOBY WJIH KOTZAA BhINOJIHeHa (nepBuilf pa3) kaxasi-nu6o
3aKJIIOYUTENIbHASI TOACTAHOBKA.

B xauecTse nmpHMepa paccMOTpHM pabGoTy HOPMAJIBHOFO aJIrOpHTMa
A, 3ajaHHOro CxeMmof

yyx — y,
XX =y,

yyy — - x.

IlycTb Ham 3agano BXopHoe clioBO p = xyxxxyy. Ilepas mopcra-
HOBKa anroputma A x 3TOMY CJIOBY He NPHMEHHMa, JJisi NpUMEHEeHHs
BTOPOH MNOACTAHOBKH BHIJIe/IsieM I1epPBOE BXOXKJeHHe ee JieBoH UacTu
(xx) B cnoo  p:p = xy(xx)xyy. Ilocsie BrimoNHeHHS! BTOpOi NOACTa-
HOBKH aJrOpPHTMAa MOJyYaeM CJIOBO p; = Xyyxyy, K KOTODOMY OKas3H-
BaeTcst IPMMEHMMO NepBasi MOACTAHOBKA aJIfOPUTMA: p; = x(yyx)yy -
—Xyyy = p;. K mosyueHHOMy cJ/IOBY NpHMEHMMa JHIIb TPeTbsl IOJ-
CTAaHOBKA: P, == x(yyy) — XX = p;, @ TOCKOJNLKY OHA OTMeyeHa KakK
3aKJIIOYHTENILHAS, CJIOBO pg IIpeCTaBJisier COOOH OKOHUATesbHbIA pe-
3yJ/IbTAT BO3JCHCTBHS anropuT™Ma A Ha HCXOAHOE CJIOBO p, T. e. ps =A(p).

Ecnu 6n Tperbsi moicraHoBka asnroputMa A He Oblia  3aKJOuM-
TelibHOW, TO MIPOLeCC MOACTAHOBOK MOT Obl OBITh IPOJOJIKEH U BMECTO
CJIOBa p3 == XX B KaueCTBe Pe3yjibTaTa NeHCTBHUS aJITOPHTMA Ha HCXOJ-
HOE CJ0BO p ObIJIO Op MOJIYUEHO CJOBO Py = Y.

[TpumeHeHHe B cXeMaXx HOPMAJbHEIX aJrOPHTMOB Hapsay ¢ oObY-
HBIMH 3aKJIOYHTENbHLIX INOACTAHOBOK SIBJISieTCsi 00s3aTesIbHbIM JJis
BO3MOKHOCTH peaju3alMil B TaKHX CXeMaX IIPOH3BOJIbHBIX KOHCHLDYK-
mugHbix andaBUTHLIX ONEPaTOpoB, T. €. TAKUX andaBUTHLIX Olepa-
TOPOB, KOTOPbIE ONPEesIIOTCS C NOMOIILI0 KOHEYHOro YHMcJ/ja I[1PaBHJl.
HefictBurenvro, mo6oi HOPManbHLIA anroputd A, B CXeMe KOTOPOro
HET HH OJHOH 3aK/IOUHTENbHOH INOACTAHOBKH, MOMKET OKOHYHTb CBOIO
paboTy TOJIbKO TOTja, KOTJa HH OfHA M3 €ro MOJCTAHOBOK jajiee He-
npuMenrMa. OTCIoZa HeNOCPeACTBEHHO CliefiyeT, 4TO MOBTOPHOE BO3-
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zefictBue anroputmMa A ma cjoso A(p), mMosyuennoe B pesysbrare
ero NpUMeHeHHs! K J000My BXOJHOMY CJOBY p, YiKe HE MOMKET H3Me-
HHTb 3TOro cjoBa. MubiMd clioBamu, fJsi anroputMa A BLinosiHseTcs
Cliefyiomee TOXAECTBEHHOe (CIpaBeiiMBoe ISl J1060T0 BXOZHOTO
cnoBa p) cooTHomenue (cm. A. A. Mapkos [53]):

A(A(p) = Alp). (5)

DTOMY COOTHOILIEHHIO YROBJIETBOPSIET JAJIEKO He BCSIKMH KOHCTPYK-
THBHbIA angaBuTHHIA onepatop. IIpuMepom andasuTHOTO omeparopa,
AN KOTOPOIO COOTHOUIEHHe (5) He HMeeT MecTa, siBJIsieTcsi oneparop B,
JeHCTBHE KOTOPOr'o Ha Jiloboe CJIOBO p 3aKJI04aeTCsl B JOTIHCHIBAHHH K
5TOMY CJIOBY CJieBa KAakoil-iubo PuKCHpOBaHHOH OYKBH X: B(p) = xp.
M3 cxasaHHOrO Bhlilte S$ICHO, YTO 3TOT ONEpaTOp He MOXET ObiTh pea-
JIM30BaH C TIOMOIIBI0 HOPMAJIbHOTO aJrOpHTMAa, B CXeMe KOTOPOTO HeT
3aKJIIOUHTEBHEIX TMOLCTAHOBOK.

B To e Bpemsi nerko NIPOBEPHTb, YTO 3TOT ONEpaTop peanusyercs
HOpMaNbHOH CXeMOMH, COCTOSIIIeH M3 OJHOH 3aKJIIOUHTENbHOH MNOACTA-
HOBKM —-x (MNM, 4YTO TO e caMoe, e —-.x). JlelicrBuTensno,
B CHJIy IPHHSITOTO BHILLE ONpEfeJieHHsI BXOXKAEHHS TYCTOE CJIOBO BXO-
JIUT BO BCSIKOE CJIOBO p, NPHYEM TIepBOe ero BXoxJeHne He GyAeT HMeTh
cnieBa OT cebst HU ofHOl GyxBrl. OrCiofa JKe HelloCpPeNCTBEHHO CIENYET,
UTO NPHMEHEHHe YKa3aHHOH MNOACTAHOBKHM K NPOH3BOJILHOMY CJIOBY p
TIepeBefieT ero B CJOBO Xp.

He Menee oueBHAHO, YTO TIPH TIOCTPOEHHH TEOPHH HOPMAJbHBLIX
aJITOPUTMOB HeJib35i OTPAHUUUTHLCS U OJHHMH 3aKJIOUUTENLHLIMH TI0J-
cTaHoBKamHU. [[eficTBHTENbHO, HOPMAJIbHEIA aJITOPHTM, CXeMa KOTOpOTO
COCTOHT JIMIIb H3 3AKJOUHTENbHBIX TIOACTAHOBOK, NEHCTByeT Ha Ka-
}A0e BXOMHOe CJIOBO p He OoJiee yeM OJHOA M3 5THX NOJACTAHOBOK,
mocnie yero cpasy moJiydaercsi Tpefyemoe BuixojnHoe ciioBo A(p). Bsu-
Iy KOHEYHOCTH CXeMbl aJrOpPHTMa MOAYJM PAa3HOCTeH IJIHH CJIOB p
u A(p) orpannueHnl B COBOKYNHOCTH (IpH Jio60M Habope BXORHOTO
CJIOBA p) OfHHM M TeM Ke uuciom N (MakCHMyMOM MoAayJeli pasHo-
CTell JJIUH CJIOB B JIEBHIX U IPABHIX HACTSX MNOACTAHOBOK anropurMa A).

CyuiecTByIOT, OfHAKO, IPOCTHIE KOHCTPYKTHBHBLIE OIlepaTopl!, ¥
KOTOPHIX MOAYJH pa3HOCTell JJIMH BXOAHLIX H COOTBETCTBYIOIHMX HM
BHIXO/IHHIX CJIOB HEe OTpaHMYeHH B COBOKYyNHOCTH. Ilpumepom Takux
OllepaTOpPOB MOXKET CJAYXHTL onepatop D yjaBoeHHsi BXOJHBIX CJIOB,
JeficTBHe KOTOpPOro Ha Jiio6oe BXOJHOE CJIOBO p ONpenesisieTcsi paBeH-
ctBoM D(p) = pp. U3 ckasaumHoro Bbille SICHO, YTO IpeACTaBJieHHE
3TOT0  OmepaTopa B BHJE HOPMAJILHOTO AJIOPHTMA, B CXEME KOTOPOro
COAepKarcsi ML 3aKJIOUNTEJIbHBEIE [OACTAHOBKH, 3aBEJOMO He-
BO3MOKHO.

Hrax, ecnu mpemssiBiisiTh K aqropHTMHYeCKOH cucreMe, OCHOBaH-
HOH HA HCNOJIL30BAaHHH HOPMAJIbHLIX aJITOPHTMOB, TpefOBaHHE YHH-
BEepPCaNbHOCTH (BO3MOXHOCTH NOCTPOEHHSI HOPMAJIbHOTO aJropuTMa,
3KBHBAJIEHTHOTO J106OMY Hamnepes 3aiaHHOMY ANTOPHUTMY), TO HeoOXxo-
JHMBIM YCJIOBHEM AJiS TAKOH YHHUBEPCAJBHOCTH SIBJSIETCS HCIIOJB30BA~
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pHe 000MX BHJIOB MOACTAHOBOK ~— KaK 3aKJIOYHTENbHHX, TaK H OOBIU-
HHIX. OTO yCJIOBHE SIBJIAETCH TaKXKe JOCTATOYHLIM, T. €. MOXHO chopmy-
JMPOBaTh NPHUHLHMN HopMasu3auud (cM. [53]).

Mpusnun Hopmaausauuu. [as aobo2o ascopumma (KoHcmMpyxmue-
KO 3a0a8aemoz0 AMPABUMHO20 OMOOPANCEHUAY 8 NPOUIBOILHOM KOHEUHOM
ampasume A MONCHO nocmpoums IKBUBANCHMHGIL €My HOPMANbHbIL
areopumm HAO anpasumom A.

Ynortpebasiemoe B (OPMYNHpPOBKE NPHHIHKIA HOPMAJIH3alMH 1O-
HATHE HOPMAJIbHOTO aiATOpHTMa Hal aapasumom 03HAYAET CICAYIOLLee.
B psine cayuaeB He yjaaercsi NOCTPOUTb HOPMAaJbHEIA alrOPHTM, 3K-
BHBAJIGHTHBIl JJaHHOMY anropurmy (B aindasute A), eciM HCIOJB3O-
BaTh B NOJCTAHOBKAX aJFOPHTMA TONbKO GYKBH ajidaeuta A. OnHako
MOXHO IIOCTPOHTh TpeOyeMbli HOpPMasIbHHIA anroput™, pobaBisia K
angasutTy A HeKOTOpOe KOJIHYeCTBO HOBHIX OYKB HJIH, KaK OOLIYHO
TOBOPSIT, NIPOU3BOAA pactuuperue anpasura A. B aTom caydae npuusito
TOBOPHTb, YTO MOCTPOCHHBIH (HOPMANbHBIH) ANFOPHUTM SIBJISIETCST ANro-
pHUTMOM ~a0 ampasumom A. YcnoBuMcsi, OJHAKO, YTO, HECMOTPS Ha
paciuupenne ajiaBuTa, AJTOPHTM HO-IpeXHeMmy OYAET NPHMEHSTHCS
JMLIL K CJOBaM B HCXOZHOM ajdasute A.

Kak nokaszanun A. A. Mapkos [63] 1 H. M. Haropuuit [58], ecan
MOXHO IOCTPOHTb HOpPMA/IbHHIA ajrOpHUTM, 3KBHBaJIEHTHHH AaHHOMY
anropuT™y B andasute A, mpucoegunssi ¥ ajdasuty A Kaxoe-HHOyAb
(66T MOXKeT, oyeHb GOJIBIIOE) KOHEYHOE YHCJO GYKB, TO MOXKHO IO-
CTPOMTb S5KBHMBAJICHTHHIH €My HODMAJIbHEIH aJrOPHTM, IPHCOERHHsIs
K andaBuTy A JHIIb OJHY AONONHHTENbHYIO GYKBY.

HeBo3moXHO naTh CTPOroe MaTeMaTHYeCKOe JOKAa3aresbCTBO NPHH-
IlMIIa HOPMAaJH3alUK, TOCKOJbKY IOHATHE NnpoussoAvHo20 AJTOpHTMA
HE SIBJISIeTCS] CTPOTO ONPejesieHHbIM MareMaTHueCKHM NOHsiTHeM. [lo-
3TOMY K ero O0OCHOBAaHHIO CJefyeT MOAXOAHTb TaK, Kak NOAXOANAT K
0BOCHOBAHHIO BCSIKOTO €CTeCTBEHHOHAyYHOTO 3aKOHA HJIH IIpHHIMOA.
O6ocHoBaHKMe, KOTOPOE MOXKHO JaTh B 5TOM IjiaHe NpHHUHIY HOPMa-
JIM3alMH, NaeT BO3MOXHOCTb CYUHTATH 3TOT NPHHIHI B BbICIIEH CTeneHH
NpPaBAONOAOOHEIM. YKaXKeM OCHOBHBIE MYTH Takoro obochoBanMsi. [lns
ynpouieHust (GopMyJHPOBOK ycJjioBuMcsi Beslen 3a A. A. MapkoseiM
[63] Ha3biBaTh TOT HJIM HHOH AJTOPHTM HOPMAAUSYEMbIM, €CJH MOMKHO
TIOCTPOHTHL SKBUBAJIEHTHbII €My HOPMAaJbHbIl aNropuT™M (HCIoNbL3ys
IpH 3TOM, OLITb MOXKeT, paciiupenue anidasuTa), H HEHOpMAJH3ye-
MbIM — B IIDOTHBHOM cJiyuae. [IpUHIMI HOpMaJsiH3alHH MOXKeT ObiTb
Terepb BLICKA3aH B HECKOJILKO BUAOH3MEHEHHOH dQopme.

Bce anzopummor Hopmasusyemoi.

CnpaBeqJiuBoCTh 3TOTO NPHHIMIA OCHOBAaHA MPEXAE BCEro Ha TOM,
UTO BCE H3BECTHHLIE B HACTOSIIIEE BpeMsi AJITOPHTMbI SBJSIOTCH HODMa-
Ju3yeMbiMH. [TOCKOJIBKY B TeueHMe HOJIFOfl HCTOPHM Pa3BHTHSI TOYHBHIX
Hayk Obli0 MPUAYMAHO HEMaJjio PasJHYHLIX AJTOPHTMOB, NPHUBEAEHHOE
coobpaxenne siBAsieTcs yOequTeNbHBIM caMo To cebe.

B neficTBUTENILHOCTH OKasbBaeTcsi HeuTo GoJbliee. MoXKHO mnoka-
3aTh, YTO BCE H3BECTHLIE B HACTOsIee BpeMsi cHocobbl KOMNo3uyuts
an20pummos, TO3BOJIAIOUIHE CTPOUTL HOBBIE AJITOPHTMH H3 YK€ H3BECT-
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HbIX, HE BHIBOAST 32 Mpefesbl KJjacca HOPMaJH3yeMulX aJITOpHTMOB.
WMHbIMM CIOBaMH, eC/ii HCXOAHble AJTrOPHTMbI ObIH HOPMAaJiH3yeMwl,
TO HOpMaJiM3yeMoii 6yner u JioGasi KOMIIO3MIMA 5THX aJrOpHTMOB (H3
YyHCcsia HM3BECTHHIX B HACTOsiuiee BpeMs BHJOB KOMIO3HUMH). ks cka-
33aHHOTO BLITEKAeT, UYTO JJisi NOCTPOEHMSI NpHMepa HeHOPMAaJH3yeMoro
aJropuT™Ma HeoOXOZUMO IIPUMEHSITL NpPHEeMbl, KAYeCTBEHHO OTIIMYHLIE
OT BCEro TOTo, C YeM MAaTeMATHKH CTaJKHBAJHCL A0 CHX HOP.

Opnako u 3ToTO0 Majo. llenniM psaOM ydyeHbIX NPEANPHHSTH CIe-
IIHAJIbHBIE TONLITKH NOCTPOEHHS aJiTOpHTMOB Haubojiee obliero BHAA,
H BCe 5TH NONBLITKH He BHIBeJH 32 Mpejesisl KJacca HOPMAajin3yeMbiX
anaroputMoB. C OfHOR M3 TaKUX INONHITOK (AJTOPHTMHYECKasi Cxema
KoaMoropoBa — YcCHeHCKOro) mo3HakoMumcsi HHXKe. Heynaua stux
MONBITOK KakK pa3 M spjisieTcs HauboJiee SIPKHM CBUAETENLCTBOM B
NOJib3y CHOPaBeAJIUBOCTH TPHHUMIA HOPMAJH3AlUMH.

Wtax, OpuHUHI HOPMAJHM3ALMH CJAefyeT CYHTaTb JOCTATOYHO 000-
CHOBAHHBLIM, XOTsI 5TO OOOCHOBaHME M He HCKJIOUaeT NOJHOCTBIO BO3-
MOJKHOCTH €ro onposepxxeHHsi B GyAyiueMm ([OCTpPOeHHS IpHMepa He-
HOPMAaJIU3yeMoro ajropuTMa). Bo BcsSkoM ciyuae, HOPMaJsM3yeMble
allTOPHTMBl OXBATHIBAIOT 3HAYHTENBHYIO 4aCTb AJTOPUTMOB (ecnd He
BCe), NOITOMY CHCTeMY HODMAJbHLIX aJirOPHTMOB MOXKHO CUHTAaTh
NIPaKTHUeCKH YHHBEpPCasibHOA anropHTMU4eCKOl CHCTEMO.

PaccMoTpuM Telleph HEKOTOpble H3 YIOTPeOHTENbHBIX BHJAOB KOM-
NO3HIMH AJTOPHTMOB, KOTOpHIe YIOMHMHajuch Buue. Dymem ompe-
JeJSiTh He KOMIO3HIUHUI0 CAMHX QJITOPHTMOB, 8 KOMIIO3HLHIO COOTBET-
CTBYIOUHX MM an(aBUTHLIX OTOOpa)eHHi, OJHAKO, Kak OTMeuajioch
Bble, BO3MOXHOCTb HODMAaJjM3alluM pPe3yjibTaTa KOMIO3HIMH HOD-
MaJIbHEIX 4JITOPHTMOB CO3J2€T BO3MOXKHOCTL (MO KpadHeH wmepe, B
KJacce HOPMAJIbHLIX aJiTOPUTMOB) JOONpPENeNiuTh KOMIIO3UIHUI OTO-
6paxeHnii A0 KOMIO3HIHH CaMHX AaJiITOPHTMOB.

OpnxuM H3 Haubosiee PacnpOCTPAaHEHHLIX BHAOB KOMIIO3HMIHH aJjro-
PUTMOB (0TOOpaKeHHH) SIBJSIeTCH cynepnouyus ascopummos. IIpH
CYNepHo3nIUH JBYX airoputMos A W B BHIXOJHOE CJOBO I1€PBOrO
anroput™Ma (A) paccMaTpUBaeTCs KaKk BXO[HOe CJOBO BTODOTO aJjro-
putMa (B), TaK 4TO pesysbTaT Cymepnosunuy aaroputma A u B MOXHO
npezicrasuTh B Buae D(p) = B(A(p)). D10 onpenesenne pacmpocrpa-
HSIeTCSt Ha CYIepro3HIMH KAKOTO YTOJHO KOHEYHOTO yucsia aJropHTMOB.

Cyneprnoanuuio 0600MIeHHBIX HOPMAJIBHLX aJIFOPHTMOB MOXHO pac-
cMaTpHBaTh XKak o0OOHmIeHHBIH HOpManbHuIi anroputM. [Lasi sTOro
JOCTATOYHO BLIXOZHOH y3es rpad-cXeMbl KasJoro mpeisyniero ajro-
PHTMa COBMECTHTbL C BXOJHBIM Y3JjIOM IIOCJefyioiiero anropurma. Hop-
MajiM3alMs CYNepro3niMH HOPMAajbHHX aJTOPHTMOB TPebyeT yKe H3-
BECTHBIX YXHHIPEHHH, OJHAKO TOMe MOXeT GHTb BCErna OCYyiecTBJie-
ua [53].

YKaxeM ellle HEKOTOPbie BHIL KOMIO3HUHMH aJITOPHTMOB.

O6vedunenuem anroputmoB A ¥ B B ofiHoM H ToM XKe andasure ¥
HassiBaercsi anaroput™ C B ToM xe andasute, npeobpasyiomuii moboe
BXOJHOE CJIOBO p, COJepIKamieecs B IIepeceyeHHy ofsacTedl olpepnese-
HHsi anroputMoB A ¥ B, B 3andcanunie psjom caosa A(p) 1 B(p); Ha
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BCEX OCTaJIbHBIX BXOJHBIX CJIOBaX 3TOT aJTOPHTM CUHTAeTCsi HE olpe-
JeJIeHHbIM.

Paseemessenue anropuTMOB INpeiCTaBlisieT CO60H KOMIO3HLHMIO Tpex
anroputmMoB A, B u C. Ofo3snauasi pe3ysnbTaT 3TOH KOMNO3HUHH OGYK-
Boit D, Gymem cuuTarth, 4TO O6JIaCTh ONpexeNeHusi ajroputmMa D cos-
najaer ¢ mepecedenneM oGsacTell onpenenieHHsi BCeX Tpex aJiropur-
MoB A, B u C, a pna moboro cnoBa p U3 3Toro nepecedeHus D(p) =
= A(p), eciu C(p) =e, u D(p) = B(p), ecmu C(p) + e.

IlogsTopernue (uTepauHs) nNpeacTasnsieT co60H KOMIO3HIHIO
nByx anroputMoB A u B. O6o3Hayasi pe3ysabTaT 3TOf KOMIO3HIHH
uyepes P, onpefesnuM, 4T0 Aisi J06Oro BXOAHOIO CJioBa § COOTBET-
CTBylOIllee eMy BBIXOAHOe ciioBo P(q) onpepensiercs cielyromHuM
yC/IOBHEM: CYLIECTBYET TAaKOH PSiil CIOB §=qq, Gi, G2, .., ¢n=P(q):
uro aas Beex i=l, 2,.., ng;=A(qi—1), nast Bcex i=1, 2,.., n—I
B(g;) # e, a B(g,) = e. VIHpiMH cloBaMH, anroputm A mnpuMme-
HSIeTCS 110CJieIOBATeLHO HEeCKOJNbKO pa3 o TeX Nop, NoKa He Hoay-
YHTCH CJIOBO, NlepepafaTbiBaeMoe ajrOpHTMOM B B IycToe CjioBO €
(MOXHO, pasymeeTcsi, BMecTo ITycTOro cJioBa Bui6paTs joboe gpyroe
(uKCHpPOBAHHOE CJIORO).

Bce onucaHuble cnocoObl KOMIO3HMIMH HOPMAaJbHEIX aJrOPUTMOB
TPUBOASIT K HOPManu3yeMbiM ajroputMam [53].

OueHb BaxHOe 3HayeHHwe JJisi HODPMAJIbHBIX aJITOPHTMOB, KakK H
Jiis BCSIKOH YHHMBepcasJbHOH aJTOPHTMHYECKOH CHCTeMB, HMeeT 3a-
Ja4ya TIOCTPOEHHSI TaK Ha3bIBAEMOTO YyHueepcaavrozo aropumma. Pac-
CMOTPHM VHHMBEDCAJNbHLIH AJIFOPUTM NPHMEHHTENbHO K HOPMAaJibHBIM
aJITOPHTMAM.

Heo6xopuMo NMOCTPONTL HOPMANBHBIA ANTOPHTM, KOTOPbLIH OBl BHI-
TIOJIHSIA paboTy MoGOro HOPMAJBHOTO AJTOPHTMA, €CJIH 3ajaHa cxemd
(#abop TNOJACTaHOBOK) 3TOTO I[OCJENHEro aJrophUTMa.

Tounasi mocranoBka 3ajaud 00 YHHBEPCAJbHOM AaJirOPUTME MOXeT
6LITH OCYILECTBJICHA DA3JHYHLIMU criocofamu. OIUileM OJHH H3 CaMbIX
€CTeCTBEHHHIX CIOCOO0B TakOR MOCTaHOBKH. JIasi 3TOro (HKCHpyem
npexae BCero HeKOTOpuifi CTaHaapTHuil andasutr X (Hanpumep, ABO-
HuHblf). JIJif BCeX NPYTHX BO3MOXKHBIX a/(aBHTOB (HKCHDYEM HeKO-
TOPLIH ONpee/eHHkH crnocof6 KoAHPOBaHHsi OYKB 3THX a/daBHTOB B
BLIOPAHHOM CTaHIAPTHOM ancdasure. B ciyyae JBOMYHOTO CTAHJAPTHOTO
angaBuTa 3TO MOXKeT ObITh CIe1aHO, HAIpHMED, CJefyiouuM o0pasoMm:
O6yKBbl M00Or0 JAHHOTO aJaBUTAa HYMEPYIOT MOC/e0BaTe/AbHLIMH Ha-
TYPaJbHBIMH YHCJIAMH, IIOCJ€ Yero {-oi OYKBe MPUCBAHBAIOT ABOHUHBIH
KOA, HAYMHAIOUIMHCS W KOHUAlouwMHACA HyJeM H HMEIOmHH MeXxay
STUMH HYJSMH POBHO | envHHll. Ecim obuiee uncjio 6yKB B JaHHOM
andaBuTe paBHO n, TO BBOJAT emie JONOJHHMTENbHBE ((n 4 1)-yi0,
{(n +2)-yio u T.1.) 6ykBbl Asisi 0603HAUEHUS] 3HAKOB, YNOTpebJsio-
IUXCS B CXeMax HOPMAJbHHIX aJTOPHTMOB (CTpenok, ToYeK, 3HaKa
pasgena Mexay QopmynaMu), a TaxKe CIelNHaJbHOTO KOHYee02o
3HaKa, CTABSINETOCs B HayaJe H B KOHIE CXeMbl aJirOpHTMA.

3anucniBas CXeMy aJTOPUTMa OJIHMM CJIOBOM M KOJupysi OYyXBol
STOTO CJIOBA NIPHHSTHIM Bbillle CocofoM, NMOJIYUHM CJIOBO B CTaHAApT-
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HoM aJspaBuTe, KOTOPO® HA3LIBACTCS w300DANCEHUEM JAHHOTO aJro-
putMa, Hampuwmep, st HOpMaNbHOTO aJNTOPHTMA, 33JaBaeMOrO Cxe-
Mo

Xy > X

y—>.,

usobpaxenue A* anroputMa A B [BOHYHOM andaBUTE MOXKeET ObITb
MOJIYUEeHO CJIEIYIOMMM nyTeM: GHKCHpYeM HyMepauHio 6YKB, CUHTAs X —
IepBo#l, y — BTOpPOH, CTPEIKY — TpeTbeHl, TOUKY — UYeTBepToi, 3HAK
pasgena — OATOH, a KOHILEBOH 3HaK — wecToil O6ykBoil. Torma u3o-
6paxenne A anroputma A 3anumercsi: 060 010 020 030 010 050 020
030 040 060. Ina KpaTKOCTH 34eCh BMECTO BhLITHCHIBAHHS MOAPSA
/06070 MOJIOKHUTENBHOTO YHCJIA 1 eIMHHI BHITHCAHO CaMO 3TO YHCJIO N.

Hapsiny ¢ usobpaxennem ajroputmMa A, MOXeT ObTb IIOJIy4eHO
TakKe C MOMOIbI0 ONHMCAHHOTO Bhilllé KOZMPOBAaHHS B CTAHAAPTHOM
angasute ¥ H3oOpakenHe p* Jjio6oro BXOJHOTO cJl0Ba p 3Toro aaro-
purTMa.

CrnpasenauBa cjefywooiias teopema o6 yrusepcaorom HOpMCl/leOM
arecopumme (cm. A. A. MapxoB [53]).

Cywecmeyem maxoti Hopmasvrewl arzopumm U, Hazvisaemoul yHu-
8ePCANbHOIM HOPMANLHOIM QA20PUMMOM, KOMopbili 045t A06020 HOpMaAL-
Hoeo aszopumma A u mobozo 8xo0Hoz0 caosa p u3 obiacmu onpede-
AeHUs 3Moeo nocieOrezo arzopumma nepesooum caoso A“p“, noayuen-
HOe NPUNUCHIBAHUEM U30DDANCEHUS CA06a P K U300PANCEHUIO Qi20pumma
A, 6 croso, ssrsouieecs u3o0PANCEHUEM COOMBENMCMBYIOUE?0 BbIXOOHOZ0
caosa A(p), 8 komopoe arzopumm A nepepabamvisaem caogo p. Ecau sce
CA0B0 P BbIOUPACMCA MAK, 4MO arcopumm A K Hemy He Npumenum, mo
yHusepcaoHbui arzopumm U 0KA3b180eMCA He NPUMEHUMbIM K CA08Y A%p*

Jra TeopeMa HMeeT OTPOMHOE 3HAYEHHE, MOCKOJILKY H3 Hee BhiTe-
KaeT BO3MOXKHOCTb MOCTPOEHHS MAUIMHBI, KOTOpPasi MOXKeT BLIMTOJHSTh
paboTy M:060ro HOpMAaJbHOTO aNrOpHTMA, @ 3HAYMT, B CHJY IPHHIMIA
HOpManu3anun,— paboTy NPOH3BOJIBHOTO ajroput™a. s sTofl uenu
B MallMHY JOCTATOYHO BJIOXHTh MpOTPaMMy, T. €. H3o0paxeHue
TOTO HOPMaJbHOTO (HOPMANIM30BAHHOTO) ajropurMa, pabdoTy KoOTo-
pOTO MAIIMHA JOJXHA BHIIOJHSATS.

OnHako, XOTsi B IpHHIHIE JOKa3aHa BO3MOXHOCTb HOpPMalH3a-
MM JJISi BCEX M3BECTHHIX B HACTOfLEe BpeMs ajTOpPHTMOB, (akTHue-
CKOE BLINOJIHEHHE HOPMAJIM3AIHH JaXKe AJisi OTHOCHTENbHO MHPOCTHIX
aJTOPHTMOB (HANpHMep, HJis AJITOPHTMA YMHOMXEHHMSI JBYX LeJbIX
yHpCei) sIBJISIeTCst BECbMa HeJIeTKHM Je/ioM. DT0 03HAyaer, 4To IporpaM-
MHPOBaHHE JJisi MAIIHHBEI, MOJENHpYIOUmell YHMBEPCANbHLIH HOPMalb-
HbI aJropHTM, Ohijio Obl Upe3BbIYAHHO I'POMO3JAKO H  HENpaKTHYHO.
[TosToMy Ha npaxkTHKe MAalIHHH, AAKOMHe BO3MOXKHOCTH Deasii30BaTh
paboTy Jo00TO alNropUTMa, CTPOSITCS HA OCHOBAHHMH HCIOJIb30BaHHSA
JIPYTHX aJITOPUTMHYECKHX CHCTEM, OTJIHUHBIX OT CHCTEMBI HOPMaJib=-
HBIX aJTOPHTMOB. DTH CHCTEMBbI OMMCAHBI B T, V.
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§ 3. Aaropurmuueckas cxema Kosnmoroposa — Ycnenckoro

B macrosimem maparpade uanaraercst npeasioxennnii A. H. Koa-
moropoBuiM H B. A. Ycnenckum [43] crioco6 onpenenenust anroputMos
Haubosiee obuiero Buja. J[Js THOCTPOEHHS COOTBETCTBYIOHIEH aJiro-
PUTMHUECKO# CXeMbl H30HpPAOT TAKOH IyTb, “4TOOBI ONMpPATHCH JHMLIb
Ha TakHe CBOHCTBA, KOTOpbie, O€3yCJIOBHO, IPHCYILH JOOOH ajro-
PHUTMHYECKOH CXeme, ¥ BOIJIOWIATH 5TH CBOHCTBA B Te HJH HHblE KOH-
KpeTHbie (OpMH, He JOMyCKas MPH 3TOM HHMKAKOH MOTepH OOILIHOCTH.

[lpn nocTpoeHHH NOROOHOH OOIEH aNTOPUTMHYECKOH CXeMbl I0-
JIE3HO MPEACTaBJsiTb cefe B KaueCTBE HATJISIHOH MOJENH YesioBeKa,
[IDOM3BOJASILEr0 BHUHC/EHHST HJH Apyryio o6paboTky HHbopMauuH B
COOTBETCTBHU C TOH HJIM MHOH TOYHO NDEANUCAHHOH CHCTeMOH NpaBHJI.
YesioBeK BHIMOJHAET PoJib npeobpasosamers WHQOPMAaLHH, cama XKe
npeoOpasyeMasi HHGOpMallMs HaXOAUTCs BHe uenioBeKa. Dynem mpen-
[OJIaraTh JIJisi ONPeNeseHHOCTH, YTO 3Ta HH(GOPMAUHUs 3aNHCHIBACTCS
Ha JHCTKax Gymaru, mpuueM B paclopsiKeHHH YeloBeKa — HeorpauH-
YeHHBIH 3amac YHMCTHIX JIMCTOB H HEOTPaHHYEHHHIH pe3epB MecTa JJisi
XpaHeHHMs] MCIMCaHHHX JHcToB. [Ipeo6pasoBanue HHQopMauud, pea-
JM3yeMOe YesiOBEKOM, PasbUBaercsi Ha OTHeNbHLIE Juckpemuovle wazu.
Ha xaxpnoM TakoM Iare yejioBek o603peBaeT HEKOTOPOe YHCJO HCIHU-
CaHHBIX JIUCTOB, U, B 3aBHCHMOCTH OT COMEPXKAaHHMs 3THX 3amucefl, 1o
HaxojsAmelicsi B €ro NMaMsiTH cmpoz2o onpedeseHHoll 1 He MeHsrowelics ¢
meueHuem 8pemeHy CHCTeMe NPaBHJ OH NPOM3BOAHT Te HJIH HHblE H3-
MeHeHHsl B ofo3peBaeMoil HHGMOpPMalMH. DTH H3MEHEHHS MOTYT OBITb
Tpex BHAOB: cmuparue (yHHUUTOXKEeHHe) Bceli obospeBaeMoil HH(OpPMA-
UMM MJIH HEKOTOPOM ee YacTH, 3anuct Ha 0003peBaeMbiX JIHCTaX HO-
BOoHl HMHMOpMAIMH, USMEHEeHue COBOKYTHOCTH 0003peBaeMblX JIHCTOB,

Ha nepsoiii B3risin Kaxercsi, 4To TpefOBaHHe HEH3MEHHOCTH BO
BpeMEeHH CHCTeMbl NPABHJI, MO KOTOPHIM IIPOH3BOJHTCS NepepaboTka
HH(pOPMAIlHK, 3HAUHTEJILHO CyXKaeT KpyTr paccMaTpHBaemblx 3ajau Io
CpPaBHEHHIO C 3ajJayaMM, KOTOpnie B AEeHCTBHTEJNLHOCTH MOTYT pelna-
TbCS HEJIOBEKOM, TIOCKOJILKY YeNoBeK crnocobeH H3MEeHsSITb NpaBHnia B
npoulecce paboTel. B JeficTBUTENBHOCTH YKa3aHHOe OrpaHHYeHHe He
CYLIECTBEHHO, IIOCKOJIbKY XapakTep H3MeHeHHst HHQOPMalMH Ha KaX-
JOM Iare npeoOpasOBaHHsi 3aBHCHT He TOJMBLKO OT NpaBHil Tnpeobpa-
30BaHHs, HO U OT camoil 3Tod HHpopmauuu. B cBsian c 3THM OKa3bl-
BaeTCsi BO3MOXKHBLIM B cliyyae HeOOXORMMOCTH BapbHPOBATb Xapakrep
npeobpaszopanusi MHGOpPMAUHH C TeueHHWeM BPEMEeHH, BHOCHTb COOTBET-
CTByIOIIME H3MEeHeHHsi B caMy HHAOPMAUHKIO, a He B MpaBHJa, XpaHs-
LIHecsi B MaMsiTH TpeoOpasoBaTesisi, HHLIMM CJIOBAMH, 3anmHchiBaTbh B
IpaBullax Ha JHCTKaX OyMarn HeoOXOJHMHIE H3MEHEeHHs, a He 3aro-
MHHaThL HX.

CoBepirenno Heo6XOAMMbIM OTPaHHUYEHHeM TIPH MOCTPOEHHH Jli0-
60l aNropuUTMHYECKON CHCTEMH SIBJISIeTCS CNOCOOHOCTH npeobpaso-
Barenst uHGOPMAIMY BOCHPHHMMATL B Ka*KJbl AAHHLIH MOMEHT JIHLIb
orpaHuueHHoe KoJudyecTBO uHpopMmanuu. Ecnnm obmuii obpeMm mnepe-
pabaThbiBaeMoil MHGOPMAIMM MPEBOCXOZHT O0OBEM 3TOH AKMuBHol 30Hb
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npeobpasoBaresis, TO UHGDOPMALMA LOMKHA BOBJEKaThCsl B Tpeobpa-
30BaHUe IIOCTENIEHHO, LAl 3a UIATOM.

Tlocne mpensapuTeJhbHEIX 3aMmedyaHuil nepefiieM HeNocpeCTBEHHO
Kk onucanmio cxemul KosmoropoBa — Ycnenckoro. Hudopmanua B8
9TOH CXeMe, KaK U Booluie B cnydae andaBHTHHIX IIpeobpasoBauui, 3a-
MUCBIBAETCS C IIOMOLIBID KOHEYHOrO 4HCJIA CHMBOJOB — OYKB, KO-
tophle 6ynem obo3nauars Ty, Ty, ..., T,. Las JOCTHKEHHS BO3MOXKHO
GoJplieil OOUIHOCTH YCTAHOBUM €lie HEKOTOPhHE CBSA3H MEXAY CHMBO-
JlavH, TIPHHAAJeXamue K OfHoMy H3 THHOB R,, R,, ..., R,,. In4 xa-
JKJOTO TUIA cBA3M R; QUKCUpyeM UYUCHO k; CBA3LIBAEMHIX CHMBOJOB
(6ykB). MakcumannHoe cpead uucen k,, ..., k, oGosuauum K. Cessu
MexJy CHMBOJAMH BBOZATCA C TOf Heablo, 4ToObl yuecTb cayuail
C/OXKHBIX OykB, o003HAualOmMX, HanpuMep, uensle ¢Gpassl. B oOGLIY-
HOM sisbiKe. B TakoM cuydae B cocras ¢passt (GyKBs) MOTYT BXOJRHUTH
yKasaHus OTHOCHTEJLHO pacnoJioxeHusa HHbopmauuu (apyrux Gyks),
UMeIOIIel HerocPeJCTBEHHOE OTHOLIEHUE K paccMaTpuBaeMoll GyKme
(ckaxeMm, Takofl, kKotopas JOMKHA ObITh BOBJEUEHA B PacCMOTpeHHE
Ha crefyomeM mare ajaroput™a). OrpanHueHde uMc/ia CBA3BIBAEMBIX
CHMBOJIOB 3aBHCHT OT OTPaHdueHHOCTH MHOpPMalMH, cojepKauefcs
B KaxJ10il 6YKBe (B IIPOTHBHOM cJyuae 6yKBa Hé Morsia Gbl OMEImaThCst
HEJUKOM B aKTHBHOIH 30HEe M €e IIPUILIOCL Ohl pacuJieHdATh Ha OTheNb-
HEle YacTH).

TlpeanonoxumM, yto Bce CBSI3H, B KOTOPLIE MOXKET BXOAHTH JioGas
IaHHasa OYyKBa, YHOPSALOUYEHBl TEM HJH HHLIM CIIOCOOOM M 3aHYMepo-
BaHHl, a O0mee YUCJIO TAKUX CBsA3€l OTPaHMUEHO OZHUM U TEM XKEe uH-
cnoM s. YcnoBuMcs o6o3Hauathk GYKB KPY:KKaMH, BBOAs B cjyuae
HEOOXOJHMOCTH HYMepaLMIO 3THX KDPYKKOB UHCIAMH, KOTOPbE GYLEM
AMCaThL PAJOM € COOTBETCTBYIOIIMMH KPYAKKaMd. JTH HOMEpa He UMelOT
HHKAaKOTO OTHOLIEHHA K THIY
cuMBoJia (6ykBel), ofo3nHayaemMoro
JaHHBIM KpYyXKoM. B cnyuae ne-
06XOUMOCTH CHMBOJI  COOTBeT-
crBytomell GYKBbl NUILIETCH BHYT-
pH 0003HAUAOLEr0 ero KpyxKKa.

[IpousBosibHAsT CBSA3b MEXKLY
cuMBOJIaMH (6YKBaMH) MOXKeT OLITh
u3obpaxeHa TemnepsL Tak, Kak IIO-
Kasano Ha puc. 3.

Hunekewl  py, Py, ..., p, HA
5TOM PHCYHKE [IOKa3LIBaOT, KaKue

Puc. 3. MecTa 3aHMMaeT paccMaTpuBaeMast

CBSI3b B YyIOpsifoueHHOM Habope

cBa3ell [Js COOTBETCTBYWOIIMX (0003HAUEHHLIX 3aHYMEPOBaHHLIMH
KPYXOUKaMH) OYKB. DTH HHJEKCHl (HE3aBHCHMO OT Bul6opa OYKB H

BUJa CBSI3W R) MOr'YT IIpUHUMMATh JHmb 3Hauenus 1,2, 3, ..., s.
MoXHO cyIecTBEHHO YIpPOCTHTH, 3anuch HHGOpMauud B  pac-
cMaTtpuBaeMoll cxeme, no6GaBuB K uucay 6YKB Ty, Ty, ..., T, eme s +

-4 K 4+ m 6ykB: s 6yKB gas ofo3HaueHHsl HOMEPOB CBA3H B JIOGOM
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JAHHOM 3JeMeHTe (KBagparsl Ha puc. 3), K 6YKB aas o6o3HAueHHs
HOMepOB CBA3ed ¢ OykBamu st M0G0 naHHOH cBA3M R (TpeyroJb-
HHUKH Ha pHc. 3) # m OYKB 1451 0603Hauenus camux cesaseil R, R,, ...,
R,,. Ecan o6o3pauaTh Bce HOBHIe OYKBBI KPYXKOUKamd, To WHQopMa-
UMsi OpUMeT BHA Halopa KPYXKOYKOB, COEIMHEHHBIX MEXKAY coboil
napueMi cBa3aMu. [Ipu sToM He Tpefyerca kakoil-iubo crnenranbHoil
HyMepauHuu AJs NopAAKa BXoXIeHus OYKBHl B T€ HJM HHblE CBA3H,
MIOCKOJIEKY, K4K TI0KA3aHO Ha pHc. 3, BCe GYKBH, CBA3aHHbLIE C KAKOH-
mbo onHo#l OykBoil, OYAYT HENPEMEHHO pas3JuuHbMH. TeMm caMbiM
CBS3H, B KOTODPbIe BXOAMT JlaHHblll cMMBOJ (6yKBa), HYMEpYIOTCA aBTO-
MaTHYeCKH — HOMepaMH cUMBOJIOB (6YKB), C KOTODHLIMH CBS3bIBAETCS
JIAHHBLIA CUMBOJI,

Takum 006pazom, OKOHHAMEABHO UHPOPMALUS 8 BANUCHIBAEMOL A120-
pummueckoll cxeme u306pAXCAEMCs NPOUIBOAbHIM KOHEUHbIM MHOvCe-
cmeom M, asemenmamu KOmMopo2o ABAUOMCA purcuposarmsie Gykeol
Toy Ty, ooy Tn (N=1), npuuem 8 muomecmso M rkamdas u3 6yke

e T3, ., Ty Moxcem exolume aw0boe wucao pas, u, Kpome moeo,
‘kaocObil pas 8 Heeo 6xo0um 00Ha u moavko 00Ha u3 6yxe Ty uau T,. Ha
3MOM  MHOdCECMEe YCMAHABAUBAEMC S NApHOe OMmHoweHue (HeKomopole
6yKBbL «COEOURMIOMEAY nonapro mexcly cobod) mak, umo y0o8emeo-
paemca caedyioujee ycrosue «ay; 8ce OYKBbL, coeduHeHHble € KaKol-aubo
00noll Gyxsotl muoocecrnea M, nonapro pasauunst mexcly cobol.

HMuriMu  coBamu, uHGOpManusl IpefcTaBisfeTcsl B BHAE HEKOTO-
pOro OIZHOMEDHOTO KOMILJIEeKCa (JMHEHHOTO HeHampasJjeHHOTo rpada),
BEPUIMHEI KOTOPOTO (0603HauaeMeple KPYKOUKAMH) OTOXKAECTBJISIOTCS
¢ 6ykBamu Ty, Ty, ..., T, a (HenanpasJieHHbI€) Ompe3ku, COEIUHA-
IOIHe HEKOTOPLIE Iapsl BepUIMH, — C OIMCAHHBLIMH BHIUIE TIAPHLIMH
CBA3AMH MEXAy OyKBamH.

TpeGoBaHne BXOMXIEHHS B pacCcMarpuBaeMblil KOMILTEKC (MHO-
KecTBo M) 00nold 1 moabko 00HOU BePIIUHBLL, OTOXIECTBJEHHOH JIH6O
¢ 6yksofi Ty, Jubo ¢ 6ykBoit T, cCBA3aHO ¢ HEOOXOQUMOCTBLIO YyCTa-
HOBJIEHHS Hauaaq omcuema uudopMauuu (UeHTpa AaKTHBHOH 30HLI),
IpHueM ofina U3 3THX OYKB (IIpuMeM, uto ew fABagercs GykBa T)
yniotpebJisieTcss AN KOMIUIEKCOB, 0603HAYalOMUX HHPOPMALHIO, Ilepe-
paboTka KOTOPOH emie He 3aKOoHueHa, a Bropas (B ZaHHOM cayuae GYK-
Ba T,) — And KOMILTEKCOB, 0003HAUAOMHNX 3aKJIIOYHTENIbHYIO uHpop-
MalHio, U3 KOTOpOH Jo/KeH ObTh H3BJIeUeH oxouaneanun pesyJib-
TaT paGoThl aNTOPHTMA.

Bepuminy WH(OPMALMOHHOTO KOMILIEKCa S, OTOXKLECTBJCHHYIO C
6ykBoit T, unu T, HasoBeM HaA4yaJbHOH BepuIMHOH KoMilnekca. Axmus-
KOl 30HOU KOMILTEKCA S HasbiBaeTcsl IIOAKOMILIEKC KomILiekca S, co-
crosimuii U3 BepmidH (GYKB) M OTPE3KOB (CBfI3eH), IPHHALIEKAMLMX
COAepKAalUM HAualbLHYIO BEPUIMHY LeldaM JiuHbl A < P, tae P —
onpenesenHoe, (GUKCHPOBAHHOE AJsA JAAHHOIO aJropuT™Ma  4MCJIO.
Llenvio 3pech 1 HMXKe HA3HIBAeM TaKyl0 06y KOHEuHy1o IocJiefoBa-
TeNbHOCTL Bepmud B,, B,, ..., By, UTO mpoM3BOJILHEIE JBe CocenHue
B 3TOiH NOCJAEN0BATENLHOCTH BEPLIHHBI COEJHHEHH MeXaLy coboit orpes-
KOM; 4MCJIO BCEX 3THX OTPe3koB (paBHoe p — 1) HasbiBaeTcs AJMHOH
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LemH, a4 CaMH 5TH OTPE3KH TaKKe BKJIOYAIOTCS B PacCMarpHBAEMYIO
Hellb,

Tpauvpeil axkTUBHOH 30HEI HHOOPMAUHMOHHOTO KOMILJIEKCA HAas3bl-
BaeTcsl COBOKYIHOCTH BCEX €ro BEePIIHH, COEIHHHMBIX € HayajbHON
BEPIIMHOM LenaMd JJMHEL P U He COETHHUMBIX C HEl0 LensIMH MeHbuiel
anaugsl. KoMIuieke HaswiBRercs ¢8A3HbIM, €CaH JIIOOBIe IBE ero BepUIMHLI
MOXHO coeiuHUTL Henbio. COBOKYIHOCTL BepUIMH M OTPE3KOB, Je-
Kamyux 3a TpefesiaMM AKTUBHOH 30HHL KOMILIeKca S, HasHIBaeTcs
BHeELIHEH 4YacThio KoMILIeKca,

JIBa KOMIIJIeKca HAa3BIBAOTCst H30MOPOHBIMH Mexnay coboi, ecau
MEXJly HX BepUIMHAMH MOXKHO YCTaHOBUTh B3aHMHO OJHO3SHA4YHOE CO-
OTBETCTBHE, MPU KOTOPOM COOTBETCTBYIOWIME APYT APYTY BepIIMHH
o603Hauenbl ONUHAKOBEIMH GykBamu 1y, Ty, ..., Tn, @ COOTBETCTBYIO-
mye APYT APYrY Iapsl BePUIMH ABJIAKTCS JU60 OZHOBPEMEHHO COERH-
HEHHBEIMH, JUG0 OJIHOBPEMEHHO HEe CO8NMHEHHBIMH MeXny coboil. HM3o-
MopdHble MeKIY coB0ll KOMIJEKCH IO CYILECTBY OLMHAKOBH H pasiu-
YaoTCsl pasBe JIMIIL CIIocofOoM CBOETO n306pa>xeﬂna (nanpumep, pac-
HOJIOXKEeHHeM BEpUIMH Ha MJIOCKOCTH).

BBHy OrpanuueHHOCTH OOMEro Yuc/ja BEPUIMH B aKTHBHOH 30HE
HH(POPMALMOHHOTO KOMILJIEKCA JIIO60T0 JAHHOTO AJropHTMa U OTrpaHu-

werHoctd uyucna 6yke Ty, T, ..., Ty AAs moGOro JaHHOTO afrOpUTMa
A cymecTByeT JUILIL KOHEYHOE YUCJO PA3NUUHBIX (MOMAPHO HeH30MOpPh-
HBIX) aKTuUBHbIX 30H U,, U,, ..., U,. Hcxons 43 storo, mpaeuja HX

nepepaboTKY MOXKHO 33JaThb NpoCTodl Tabmuuell cootBerctBus U; —
- W, (i =12 ..7r. .

KoMmmnekcrl, crosimue B mpaBofl wacTd 3TOH TaGJWIbl, JOJRKHEL
HMETh MOJKOMILJIEKCHI, H30MOpQHEIe TPAHALAM COOTBETCTBYIOMUX AKTHB-
HBEIX 30H U;, ipuyeM 3TH H30MOPGOHU3MEI JOJIKHLL OLITH Pas H HABCETHA
tdukcupoBaHHLIMH. MHBIMM CJlOBaMH, KaxJoH BeplIHHe, Jexamed Ha
rpaunne L(U,) aktuBHo#l 30K U}, go/mKHa GbITh COMOCTABJIEHA BIOJ-
He omnpefesieHHas BepuiHa kommgekca W; (i =1, 2, ..., r). Kaxnpii
U3 KoMijiekcoB W; noJiKeH YIOBJAETBOPATL BCEM YCJIOBUSIM, HAJIOXKEH-
HBbIM BHIIIEe HA HHPOPMALHOHHBIE KOMIJIEKCH; OH JOJIXKeH, B 4aCTHOCTH,
HMETh OLHY U TOJILKO OZHY HayaibHYIO BepLIMHY, 0603HaueHHYIO OYK-
Boit Ty unu 6yxeoit T,.

C noMopio NOCTPOeHHON TaGJMIBL COOTBETCTBUS ONpesesisieM ore-
paTop R,, OCYMECTBJSIOMUA HEIOCPENCTBEHHYIO mnepepaboTKy HH-
(OPMAMOHHOTO KOMILJIEKCa HA KaxKjioM Imare paGoTHl LaHHOTO aJjro-
putmMa A. B paccMatpuBaemom undopmanuoHnoM Komiiekce S (Ha-
9ajbHOM M NPOMEXYTOUHOM) HAXOJMM HauanbHYio Bepuduy. IlpoBogs
OT Hee BCE BO3MOXKHEIE UenH JJUHE P, CTPOMM aKTHBHYIO 30HY H orpe-
penaeM ee rpanuny L(U).

Hanee, HaxonuM Ty (€IMHCTBEHHYIO) AKTHBHYIO 30HY M3 JIEBOH 4acTH
TabJMIE COOTBETCTBHS, KoTopas H3oMopdHa HafeHHOH AaKTUBHOH
sone U. BcnencTBue onpeneneHHBIX Bullle CBOHCTB HH(OpPManMoH-
HBIX KOMILJIEKCOB (B 4acTHOCTH, CBOMCTBA ¢a») W CBSI3HOCTH OGOHX
koMnsekcos U; u U MeXLy HUMH BOSMOMKEH TOJBKO OLHH U30MODPHU3M.
2T0 NO3BOJISIET OJHO3HAYHO OTOMKAECTBHTh BEPLIMHBI, JEXKamye Ha
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rpanuue L(U) axtusrofi 30Hel U, € COOTBETCTBYIOMMH UM NPH H30-
mopthusMe BepuIMHaAMHM, JexamuMu Ha rpauuue L(U;), akTuBHOH 30HHI
U;, a UCToNB3ys OTOXKIECTBJIEHHE BepIuuH, NpUHAToe B Tabjaupe co-
OTBETCTBHA, — M C HEKOTOPHIMH BepHIMHAMH KoMijekca U;.

Tenepb Jierko y6pare BCIO BHYTPEHHION, T. €. HE JeXamywo Ha
rpannue L(U), yacTb akTUBHON 30Hbl U W THOAMEHHUTHL €€ IIOfKOMILIEK-
com W; xommnekca W;, BKIIOYAIOMHUM BCe 3JIEMEHTHI 3TOTG KOMILIEKCa,
KPOMe panee OTOXKIECTBJIEHHBIX €ro BepiuH. TakuM 06pasoM, NPoU3Bo-
JUTCA  «BKJefika» B paccMarpuBaeMslli MHOOPMAUHOHHEIN KOMILIEKC
BMECTO BHYTPEHHEH 4acTH €ro aKTHBHOH 30HBEI HOBOI'O KOMILJIEKCA W,
fIpH COXPAHCHHH B HEH3MEHHOCTH T'DAHHILI AKTHBHOH 3OHHI.

Iockoneky B koMmmnniekce W) nadanbhas BepUIMHA 3aHUMAET HOBOE
NOJIOXKEHHE M0 OTHOLIEHMIO K TpaHule NpeXHeH aKTUBHOH 30HBI, TO
HOBas aKTHBHAA 30HA, olpeje/sieMast Iocje BKJeHKH, OyieT UMeTb
apyryio rpanuny. IlonyuuBmmuiica mnocse NomoGHOH <«BKAEHKH» HO-
B HHQOPMAIHMOHHEIA KoMIUIeKe S’ H 6ymeT npeacTaBisTh co6oil
pe3yJbTaT NPUMEHEeHHs ollepaTopa HenocpeacTBenHoil nepepaboTku R4
paccMaTpHBaeMOro ajroputMa A K MCXOZHOMY HH(DOPMAUUOHHOMY
koMmyiekey S. Onepatop HemnocpenCcTBEHHOH MepepaGoTKM MpHMe-
HfIeTCS K NIONIYYCHHOMY HH(OPMAUMOHHOMY KOMILIEKCY JI0 TNOJYdYeHHs
KOMILJIEKCA, HadajbHas BepIIMHAa KoToporo obosnavena Gyksoit T,
a ne 6yksoit T.

ITonoOHEIH KOMIIJIEKC HOCUT HAa3BaHUE 3aKAOYUMENsH020, A eTo
MaKCHMaJIbHBIH CBA3HBIA MOAKOMILIEKC, COACPKAHH HauaNLHYIO Bep-
muuy 7, cudTaercss peweHuem, T. €. UH(POPMAUMOHHLIM KOMIlJie-
KCOM, MOJIYUEHHHIM B pesyJibTare Bo3felicTBHst ajaroputva A Ha Ha-
yanpHuIi (BXogHoO#H) MH(opManHOHHBIA KoMIUiekC S,. Ecau ke anro-
PHUTM TpPOJOJKAeT CBolo pabory Ge3 KoHLla, He MoJydas HM HA KAKOM
[mare 3ak/IOUHTEJBHOTO KOMILJIEKCA, TO, KaK W B CJyuae HOPMAaJbHBIX
aJTOPHTMOB, IIPHHMMAETCS, YTO K JAHHOMY HauaJLHOMY KOMILIEKCY S,
paccMaTpUMBaeMblil  aJrOPUTM HE INPHMEHHM.

MOXHO pacuIMpHTEL OIIpeleNieHHe aNTOpPUTMa TAKUM 00pas3oM, YTO-
6el LOTIyCKaTb B MNPaBOH 4acTH TAGNHUL COOTBETCTBHH KOMIIJIEKCHE
Ge3 HauanbHoil BepmuHul. TIpuMenenye MoACTaHOBKU ¢ Tako#l npasoR
YyaCThio I[IPUBOAUT K €CTECTBEHHOMY OKOHYAHHIO AJIFOPHTMHUECKOTO
nmpouecca, MOCKOJBKY oOnpefeNieHde akTUBHOH 30HH M jafbHedInHe
MOACTAHOBKHM OKAa3bIBAOTCH HEBO3MOXKHLIMH.

~ OnHAaKo TaK KaK 3aK/MOUHMTeNbHEIH KOMIUIEKC (B ONPEJLe/IeHHOM BhllIe
CMBICJIE) HE BO3HHUKAET, TO H B 3TOM CJiyuade aJTOPHTMHUECKHH TIpoiecc
cjefyeT CUMTATh 3aKOHUUBIIMMCH 6e3pe3yJLTaTHO, a aJropUT™ —
He TPUMEHHMBIM K COOTBETCTBYIOMEMY Ha4YaNbHOMY HHGPOPMALHOHHOMY
KOMILTIEKCY .

BosMmoxeH emme OffH THII 6e3pe3yJIbTaATHOH OCTAHOBKH aJTOPUTMH-
YeCKOTO 1npomecca, Korja Taliuna COOTBETCTBHSI COJEPKHUT He BCe
BO3MOJKHBIE [JI1 JAHHOTO aJiTOPHTMA BHABI AKTHBHHIX 30H. B ciaygae
JOCTHKeHUs UH(POPMALHOHHEIM KOMIJIEKCOM COCTOSIHMSA, IIDH KOTOPOM
XOT H eCTh HadajbHAad BeplIXMHA, o6Go3HadeHHast GYKBOH Ty, HO HH
OfHA M3 MOACTAHOBOK TaGMMILI COOTBETCTBUS _HENIPHMEHUMA. TaKKe
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CuyTAeTCS, YTO AATOPHTM HE IIPUMEHHM K COOTBETCTBYIOUIEMY Hadallb-
HOMY HH(OPMAUMOUHOMY KOMILJIEKCY.

Heo6xogumo cpenath eme OJHO 3aMevaHHde, Kacamomeecs Xxapak-
Tepa MOACTAHOBOK B TaGJAMIE COOTBETCTBHS, EC/IH He NPHHSATH Crenuallb-
HHIX Mep, TO B pe3yJbTaTe [OJCTAHOBKH MOXeT OHTb HApYLIEHO BBe-
JIEHHO® BHIIIe YCJOBHE «a», KOTOPOMY JOJDKHBI YAOBJIETBOPATL BCE pac-
cMaTpuBaeMble HHQopMauvoHHble KoMmiekchl. st Toro 4to6bl U3-
6exxaTb MOROOHOTO MCKaXKeHHs HH(pOPMalHM, JOCTATOYHO, OUYEBHIHO,
npexnojaraTe, 49ro Jwo6asi BepUIMHA NPOU3BOJALHOTO KoMiuiekca W,
U3 npaBofl yacTH TabJuLLL COOTBETCTBHS, KOTOPasl B IIpoliecce «BKJei-
KH» OTOXKJECTBJSIETCSl C KaKOH-NHO0 BepUIMHOR ¢ TPaHULLl aKTHBHON
30HH, B KoMmiyiekce W; MoxeT GHIThL COElMHEHA OTPe3KaMH JIHIIbL C Ha-
9ajbHOH BEpUIHHON H ¢ BepIIHHAMH, 0603HAYEHHEIMH TeMH Xe OGYyKBa-
MU, YTO M BEPUIMHE], C KOTOPBIMH COENHHEHA OTpe3KaMH B KOMIlJIeKce
U, BepummHa, COOTBeTCTByOImAs BepLIHHE .

IMopo6Hoe ycnoBhe (HazoBeM ero «6») He HapymaeT OOMHOCTH
HaluX paccMoTpenuil. I'paHunia, ¢ IIOMOIIBIO KOTOPOH MPOH3BOLHTCSH
onepanus «BKJEHKU», ONpefeseHa JOCTATOUHO YCJIoBHO. Ecau O MH
BKJ/IIOUHJIH B TPAaHULY HE TOJBLKO Te BEPIIHHH, KOTOPBLIE OTCTOSIT OT
HauyaJbHOH BepHIMHEI HA paccTostHHd P (coenuHeHn € Hell uenmsamu
ANMUHE P, HO He UeNnsMH MeHbUIEH NJMHEI), HO ¥ BEpIIHHH, KOTOPHIE
OTCTOAT OT Hee HA paccToanHu P — 1, To, ycTaHaBauBass usoMopdhusm
rpanun B Kommnnexkcax U; u W;, Mbl nonyuunu Gbl, KaK HETPYAHO BU-
JeTb, OoJjiee CUJIBHOE OTrpaHuueHHe Ha TalJIMIy COOTBETCTBHS, 4YeM
OTDAHHUEHHE, HAKJAIbIBaeMOe YCJIOBHEM «0».

BuuMaTeAbHBIA aHaNd3 OMUCAHMS ANTOPUTMHUecKOH cxeMul Koua-
MOTOpOBa— Y CIIEHCKOTO II0KA3LHIBaeT, UTO 3Ta CXema Mo ¢opMme B BeCh-
Ma 3HAYHTENILHOH CTeneHd HamnoMmuHaer paboTy, GAKTHUECKH BHIMNOJ-
HSEMYIO YeJIOBEKOM, KOTJa OH TNpeo0pasOBLIBAET 3a7laBAaeMyl0 €My
H3BHEe HH(OPMaNUIO B COOTBETCTBUU C TeMH UM HHBLIMH NPaBHJIAMHU 3a-
NIOMHHAEMOTO UM aJropuTMa. ABTOPH 9TOM CXeMB IIPeANpUHHMANIH Crie-
HHAJbHEIE MeDPbl, YTOOH He noTepAThH OOGMHOCTH B XapakTepe BHIOJ-
HSeMEIX TnpeoGpasoBanuil. TeM He Menee OHHM TIOKA3a/M, 4TO ONHCAaH-
Hasg WMH CXeMa JaeT BO3MOXKHOCTb CTPOMTEH JIMIIL HOPMaJH3yeMsle
aJropUTMBl. JTOT Pe3yJIbTaT MOMKHO PacCMaTpHBATL KaK IOATBEpIKie-
Hue chopMYNUPOBAHHOIO B § 2 MPHHIHIA HOPMaau3aluy.

§ 4. llpyrue TeopeTHYECKHE AATOPUTMHYECKHE CHCTEMBI

Hcropuuecky nepBoil aqropUTMHYECKOH CHCTEMOH, MOJyYHBLIeR 10-
CTATOYHO IOJIHOE H BCECTOPOHHEE DasBUTHE, OblJla CHCTEMA, OCHOBAH-
Hasg HA HCMOJb30BAHMH KOHCTPYKTHBHO OIIpenensieMsix apudmeTu-
YeCKHX (LeNOUMCNIeHHEX) OGYHKUMA, MOJAYYUBIIMX CHENHaJbHOE Ha-
3Banue peskypcusroix Gyuxuui. Ilpumenenue mopoGHpx (yHKuHi B
TEOPUH aNTOPHTMOB OCHOBAHO HA MJee HyMepaluu CJOB B IIPOU3BOJib-
HOM aJipaBuTe NOC/EIOBATENbHEIMH HATypaJbHLIMU yucaaMu. HauGonee
IPOCTO TaKyo HYMEPAIHIO MOXHO OCYIIeCTBHTb, pacrnosarasi cjoBa B
AOPsiKe BO3pACTaHWs UX JJHH, a CJAOBA, MMEIOHINE OZHHAKOBYIO AJH-
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HY, — B TPOH3BOJbHOM (Hampumep, B JIeKCHKOrpadHUeCKOM) Mo-
psnke. .

ITocne nyMepaunu BXOAHBIX M BBIXOJHLIX CJIOB B NPOH3BOJILHOM
andaBUTHOM oOIleparope 3TOT omepaTop HpeBpallaercsa B (YHKUHIO
y=[(x), B KOTOPO# KaK apryMeHT X, TaKk U caMa GYHKUMA y TIPHHH-
MaioT HeOTpHilaTe/lbHEle LeJoudcaeHHble 3HadeHus:. Dyuxuua f(x),
pasyMmeeTcs, MoXKeT ObITb OHmpefesieHHOH He HJs BCeX, a JHIUb AN
HEKOTOPHX 3HA4YeHHH apryMeHrta X, COCTaBJAIOMUX 06JaCTh onpese-
neHus: 9Toft Gyukuuu. Ilogo6Hble YacTHUHO ompeneeHHble [IeJoyHC-
JICHHBIe U [eJ03HauHble PYHKIMY A/ KPATKOCTH HA3LIBAOT OGHIYHO
apumeruneckumu QYHKYUAMU.

Cpenu apudmerHueckux OGyHKUHMHA BeIZENMM caelytomue 0co6o
npocToie QYHKLHHU, KoTophle 6yneM HAa3LIBATEL 9AEMEHTAPHbIMU apup-
MeTudeckumy pynkyuanu: GYHKUHIO, TonOECTEEHHO PABHYIO HYAIO
{onpegeneHdyo AN BCeX UE/NbIX HeOTpHUATENbLHBIX 3HAUEHHH apry-
MEHTOB); ToxJecTBeHHble GyHruuu f(x;)=x; TmOBTOpPAIOLIUE 3HA-
YeHHs! CBOUX apryMeHToB; GYHKUHUIO HenocpedcT8ennoeo caedosanus
f(x) =x+1, TakKe omnpemesNeHHy0 AJs BCeX HLeJBX HeOTpHUIATelb-
HBIX 3HAYeHUH CBOEro apryMeHra.

Hcnonb3yss B KauecTBe HCXOAHLIX (QYHKIMH MepeuucseHHbe 3Jie-
MeHTapHble apHpMeTHueckMe (QYHKUHMH, MOXHO C HOMOLIBLIO HeBOJb-
mIor0 yuc/ia oO6WHMX KOHCTPYKTUBHBIX IIPUEMOB CTPOHTH Bce Gojee U
Gonee cloXKHble apupMerHuecKHe (yHKUMH. B TeopuH peKypCHBHBIX
(KOHCTPYKTHBHBIX apupMeTHueCKHX) (PYHKIUA 0co60 BamHoe 3Haye-
HHe HMEIOT TPH ONepauuH: ONepalHH cynepnosuyuu, nPUMUMUSHOL
pexypcuu U HAUMEHbUIL20 KOPHA.

Onepayus ‘cynepnosuyuu GHyHKUUA 3aKM0YAETCA B IIOJCTAHOBKE
OIHUX apudmernuecKux YHKIMHA BMECTO apryMeHTOB LPYTHX apud-
MeTHuecKUX ¢yuKumil. Takum o6paszoM, H3 yxKe H3BECTHHIX (YHKLIHH
MOXKHO CTPOUTHL HOBhle apudpMernueckue cdyukuuu. Hamnpumep, ocy-
IeCTBASI cyneprno3uiyio ¢pyukuuit f(x) =0 ¥ g(x) =x + 1, npu-
deM K ¢yukuud A(x) = 1. Tlpucynepriosunuu ¢yHKIuH g(x)c caMoft
coboit Bo3HUKaeT Qynkuus p(x) = x 42 U T. 4.

Onepayusa npumumueHoll pekypcuu TIO3BOJIAET CTPOUTH N-MECTHYIO
apud tetnueckylo Pyuruuo (pyHKHUMIO OT A aPTyMEHTOB) MO JBYM
3aJaHHLIM (QYHKUHMAM, OfHA M3 KOTOPbIX sBaserca (n — 1)-mecTHoi#,
a ppyraga — (n + 1)-mectuoii. Croco6 Takoro IOCTpPOeHHs1 olpepe-
JIIeTCsl CJIEAYIOUMMA JIByMsl COOTHOIICHH SIMH :

flxn..ovx,_,0) =g(xy ..o x, ) (6)
flen Xee oo %, %, + 1) =h(x, X0, X, ) Y]
rie y =f (% ...,%,_,, %), [ onpefiendemad, a g ¥ h— 3ajauHble

byHKuMH.

Hng npaBuJLHOTO NMOHMMAHMS ONEPAalMd INPUMHTHBHOH peKypcHu
HEO6X0AMMO 3aMETUTH, YTO BCAKYIO QYHKIHIO OT MEHLIIEro 4ucna me-
PeMeHHBIX MOXKHO PacCMaTpHBaTh Kak (QYHKIHIO OT JiOGOro 6oJjbLIero
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qycJa nepeMeHHbIX. B gactHocTH, QYyHKIMH-KOHCTAHTH, KOTOPHE ecre-
CTBEHHO paccMaTpHBaTh Kak (DYHKUMH OT HYJs apryMEHTOB, MOXKHO
NP XKeJaHHH paccMaTpHBaTh Kak (yHKUMH OT /MoOGOro KOHEYHOro
yHcJa apryMeHTOoB.

B kauectBe mnpumepa IpUMEHEHHs ONEPauMH NPUMHTHBHOH pe-
KYPCHH TOKa:KeM, KakuM oOpa3oM IPH IIOMOIH 5TOH omnepamuu H3
3jeMeHTapHbIX apudMeTHuecKHX (YHKIMHA MOXKHO IIOCTPOHTH JBYX-
MecTHY©0 (YHKuUMIO CyMMHUpoBaHHA f(x, y) = x -+ y. IDra ¢yuKuus
onpenessercs ¢ IOMOIbIO TOXKASCTBeHHON DYHKuMH g(x) = x U PyHK-
IMH HEeMNOCPeNCTBeHHOro cJenoBanud A(x) = x -+ 1

[(x,0) =x=g(x)
fEy+)=Kx+yp+1=r{kxy)

AHaJIOTHYHO MOXKHO TIOCTPOUTL (YHKUMM TPOH3BEICHUs, NMOKasa-
TeJbHYIO, CTENeHHYIO M JPyrHe LIHPOKO H3BeCTHbIE apupMeTHuecKue
byHKUMH.

Dynrkyuu, Komopsle moeym Obume NOCHIPOEHb. U3 SNEMEHMAPHLIX
apugpmemuseckux GyHKYUL ¢ NOMOWBIO onepayull cyneprosuyuL u npu-
MUMUBHOU pexypcull, NPUMEHERHbIX 1060e (KOHeYHoe) 4ucio pas 8 npo-
U3604bHOU NOCAC00BAMEABHOCTIU, HA3bIBAIOMCA NPUMUIMUEHO DPeKYyOCuUs-
HaMU YRR UAMLL

DOJILIWIHHCTBO  apubMeTHueCKUx (MYHKIUA OTHOCHTCA K NPUMH-
THBHO PeKYyPCHBHbIM OGYHKIMAM. TeMm He MeHee IIPUMMTHBHO PeKyp-
cHBHbIe (QYHKIMHM HE OXBATLIBAIOT Bcex apudmervueckux (QyHKUME,
KOTOphle MOTYT OHITh OnpeseseHbl KOHCTPYKTHBHO. IIpu moctpoenuu
Bcex 3THX OYHKUMA WCHONB3YIOTCH APYyrue olepamyd, B YacTHOCTH
ollepaliisl HauMEHBIIEro KOpHS.

Onepayus naumerouie2o KOPHA TIO3BOJISET ONPENENATL HOBYIO apHd-
METHUeCKYl0 ¢yHKIHIO f(Xy, ..., Xn) OT 7 TNEPEMEHHHIX C IIOMOMLbIO
panee NoCTPoeHHOH apudMeTHueCKONH DYHKUUH g(xy, ..., Xn, Y) OT n41
nepemenHuix. [na mo6oro 3aganHoro HaGopa 3HaueHUd IepeMeHHHIX
X, =0y, ..., Xn= 0, B KaueCTBE COOTBETCTBYMOLIEIO 3HaueHusd f(a,,
oy, ..., 0,) Onpenensaemoil pyukuuu f(x,, X,, ..., X,) OPUHHUMAeETCs Ha-
MMeHbINMIl Le/Ll HeOTPULATENBHEIH KOpeHb y = P ypaBHenus g(a,,
ceey On, ) = 0. B cayuae HecymecTBOBaHHMS LEJHX HEOTPUIATENb-

HBIX KOpHeil y 3Toro ypasHenust oyuxuusa f(x,, x5, ..., Xs) CudTaeTCH
HEONIPENIC/ICHHOH IIPH COOTBETCTBYIOImIEM Habope 3HAUGHHWI mepPeMeH-
Huix. OOGLIYHO NpUHUMAaeTcst TakXKe, uTo GyHKuMA f(xy, Xi, ..., Xp) He
onpenesnesa Ha Habope x, = Oy, X, = Oy, ..., Xy = G, €CJU IIPH CYy-

{eCTBOBAHHM HaHMMEHBIIEro KOPHA y =P ypaBHenus g(a,, o, ...,
@n, y) =0 xora 6bl IPH ONHOM LeJOM HEOTPULATEJNbHOM 3HAYCHUU
Yy =1y, yRosjeTsopsawonieM cooTHomenuww 0 < vy < f — 1, ¢yHKmus
glay, 0, ..., 0y, §) OKA3LIBAETCH HEONPENENIEHHOI.

Apupmemuneckue pynkyuu, Komopoie mo2ym Oblme NOCMPOEHbL U3
saeMenmaprolx - apupmemuneckux pynkyull ¢ nomowpio onepayull cy-
nepnosuyuu, APUMUMUBHOL peKYypcul U« HAUMEHbUILS0 KOPHA, HA3bL-
saomea wacmuyHo pexkypcusromu ‘pynkyuamu. Ecau maxue pynxyuu
0KA3BIBAIOMCS K MOMY dice 8CI00Y ONpeCeseHHbIMIL, MO OHIU HA3bIBAIOMCA
obujepekypcusroImy  PYHKYUAMU.
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B aTOM ompepnesenud, Kak M B OIIPeNeNeHUH IIPHMHTHBHO DPeKyp-
CHBHHIX DYHKUMHA, npenyCcMaTpUBaeTcsi BOSMOXKHOCTS BLINOJIHEHHS BCEX
JONYCTUMHIX OIlepauuii B /060 IoC/eIoBaTe/LHOCTH U Jo6oe KoHeu-
Hoe uucno pas. Cymectsyer, ofnako, npunanniexamuii C. Knunu [41]
pe3yanTaT, TO3BOJISIOMMUA [I0Jy4aTh NPOU3BOJBLHYIO UaCTHUHO peKyp-
CUBHYIO (GyHKUHIO U3 ABYX IIPUMHMTHBHO PeKYPCUBHbIX QYHKLHMi ¢ mo-
MOILLIO TIOC/IEZIOBATENLHOTO IIPUMEHEHUs K HHMM ORHOH  onepauuy
HaHMeHbIIero KOPHA W OJHOH omnepauuu cyneprosutud. bosee Ttouxo
3TOT pe3yJbTaT MoxkHO CHOPMYJMPOBATHL TaK:

048 awbod uacmuuno pexypcueHold Gyrxyuu f(x,, ..., x5 cywe-
cmeyom 0se NPUMUMUGBHO peKypcusHole dynkyuu g(x,, ..., Xn, Y) H
h(x) maxue, umo pyuxyus f(xy, ..., X,) Moocem Goumb noayueHa u3

Hux 6 8ude f(xy, ..., xp) =h (u,lglxy, ..., xn, y) = 0l), 20e p, — one-
pamop Haumerovuieeo kopra. Tpu smom ¢ynxyus h(x) moocem 6Gbimo
golbpana pas u Hascee0q, He3a8UCUMO O 8bi6Opa GyHKyuL |.

HacTuuHo pekypcuBHble QYHKIMH TIpeAcTaBaAdioT cofoii naubGosee
06K KJacc KOHCTPYKTUBHO ONpeieNiieMblx apupMETHUECKHX (PYHKIUH.
OHH OXBaTbIBAlOT, B YaCTHOCTH, BCe apudMerHueckue (PyHKIHM, KO-
TOpble MOXKHO 33/1aTh B BHJe KOHEYHBIX PEKYDPCHBHBIX CXEM IIPOU3BOJIb-
noro Bupa. Ilon xoweunoli pexypcuBHOM Cxemolt 3jech NOApasyme-
Baercs JI06asg KOHeuHas CHCTeMa PaBEHCTB F =s, e 7 U s — Mo0se
KOHeuHLle (ConepiKamye KOHEYHOe YHCJO CHMBOJIOB) BHIpaMeHud, IIo-
CTPOEGHHLIE W3 H3BECTHLIX IIPUMHTHBHO PEeKYPCHBHHIX (YyHKUMH He-
H3BECTHLIX (PYHKIMH € 4MCJIOBLIMU H GYKBEHHLIMM apryMeHTaMmH, IpH-
uyeM 3HaueHHs HEH3BeCTHHIX QYHKUHMHA AJs MOOHIX 3aJlaHHBIX 3Hade-
HUH apryMeHTOB JOJIKHBLL ONPEnesAThLCS OLHO3HAYHO 32 KOHeYHoe
YHCJIO MAroB (3aBucHee OT BLIGOPA 3HAUEHUIl apTyMEHTOB) B Pe3yJib-
TaTe HpUMEHeHUs NBYX npasua. [lepBoe mnpasugo (mpasusio mnopcTa-
HOBKH) COCTOMT B noJCmaroske B KaKoe-HHOYIL U3 3alaHHbIX PaBEHCTB
BMECTO OZHOTO M3 apryMeHTOB KaKoro-Jii6o ero uucJIOBOTO 3HAUEHHS.
Bropoe mpaBuso (npaBusio 3aMeHnl) [O3BOJIAET HCIOJBL3OBATH' HEKO-
TOpoe PaBEeHCTBO BHAA X == f(x,, X3, ..., Xn), TO€ X, X1, X2, ..., Xn— UH-
cJa AN 3ameHs. HEKOTOPOTO BXOXKIEHHHA BeJUUHHBl [(Xy, X5, ..., Xn)
B OJHO M3 PaBEHCTB r == § BEJHUHHOMH X.

OxkaspiBaercs, yro NOROGHHIM 06pasoM MOTYT ObITb 3ajaHBl BCe
o6mepexychBHbIe GYyHKIMH ¥ ToJbKO Takue dyuKuuH. I10 06CTOA-
TEeJBCTBO M03BOJISIET, caenyst Dp6pany u [énemo, onpenensits obre-
pekypcuBHple QYHKUHMH Kak (YHKUMH, 3ajaBaeMble KOHEUHEIMH De-
KYPCUBHEIMH CXE€MaMH OIMCAHHOTO BHIIIe BHJA.

Ecnu, coxpauuB ycioBHE OJHO3HAYHOCTH, He TpeGoBaThL oOIpe-
ASIMMOCTH 3HAYeHUH BXOASMHX B cxeMmy GYHKUMH nnas 6cex 3Haue-
HUH apryMeHTOB; MOXHO 33[aBaTh IOJOGHLIMH CXEMaMH YacTUYHO
PexypcuBHnie OyHKuuHM. CYIECTBEHHO, YTO HUKAKUMU PEKYPCHBHEI-
MH ONpeneseHHsAMH (C IIOMOMILX0 KOHEUHBIX CX€M) He yLaeTcd BbIATH
33 mpegessl KJacca YaCTHYHO PEeKYPCHUBHLIX (DYHKUUI.

Tlocae OCYIIECTB/IEHHS1 HYMEPalMH BXOJHBIX H BLIXOJHBIX CJIOB JIO-
6ot HOpMaNLHBIH aNTOPHTM MOXKeT OHThL peanu3oBaH B BHIE YACTHUHO
PexypcusHoil dyukuun. Haobopot, moboil anroput™, peanusyemsiii ¢
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MOMOIBIO YAaCTHUHO peKypcuBHOH (YHKIHH, OKaspiBaeTcsl SKBHBA-
JIEHTHHIM HEKOTOPOMY HOpMasbHOMy ajroputMy. Takum o6pasoM,
MOXKHO CJieflaTh CJELYIOIHH BaXKHHIH BRIBOL,

Ancopumm moeda u moavko moeda Hopmausyem, Ko20a OH MOdCemm
Goumb peasusosan ¢ NOMOWpIO HACMUYHO peKypcusHod (yrRKyuu.

ChopmympoBanHoe [pPEIJOXKEHHME [OKa3hiBaeT, 4yTo ¥ Ha Gase
apupMeTHYeCKoro {UHc/0BOTO) MOAXOAA K TEOPUH aJrOPUTMOB HeE mpo-
HCXOMHT BHIXOLA U3 KJaCCa HOPMAJIH3YeMBIX aJTOpPHTMOB.

H3yyuM eme 7Ba MOAXOAA K TEOPHH aJrOPHTMOB, IIPeNJOKeHHbIe
B 1936 r. 2. ITocrom [63] u A. Tuiopuurom [73].

B anroputmuueckoil cucreme, npegJoxenHoil ITocrom, Bxopnas
¥ BuixogHas MHGOpPMauUH INPENCTABJAIOTCS B CTaHIAPTHOM JIBOMYHOM
aadasuTe, a aJropHTM — B BHJE KOHEUHOIO YIOPAJOYeHHOro Habopa
[PaBUJ, HA3bIBAEMBIX IIPHKasaMH. [l 3anMcH BXOJHOW, BBIXOXHOH
H TPOMENKYTOUHON HH(MOPMAUUH HCHOJB3YeTCsl THIOTeTHUECKAst HecKo-
HeUHas uHMOPMAYUOHRAS AeHma, Pa3fesieHHasi HA OTAe/bHble TuefiKH,
B KaXJOH M3 KOTOPHIX MOXKHO NOMECTHTL JIHUIbL OfHY 6YKBY (uudpy 0
unu 1). Te siueliky, B KOTOPHIX 3aNUCAHBI €AMHMILI, HA3LIBAOTCH onl-
MeyeHHbiMY, 3 Te, B KOTODBIX 3alHCAHBl HYJH, — HEOMMEYEHHbIMU.
B moGoit mMoment paGoTsl aJIrOPHTMA JIMIIL KOHEYHOE YHCJO0 gYeeK
MOKEeT OHITL OTMEUEHHBIM.

PaGora ajropurMa OCYUIECTBJSETCH JUCKPETHBIMM lIAaraMu, Ha
KaXJIoM M3 KOTOPHIX BBITIOJIHAETCS OAUH H3 COCTABJISAIOMUX AJTOPHTM
npukasoB. Kaxgomy miary cooTBETCTBYeT ONpeneNieHHas aKMusHas
styefika Ha uudopMatHoHHol fenrte. {19 nepBoro npukasa ajropurMa
thHKCUpYyeTCs B KAueCTBE aKTUBHOH HEKOTOpas HawaapHaa suefika.
Janbpuefitiye U3MEeHEHUs MECTOPACIOJIOKeHUS! AKTHBHOH fAYelkd HAa
JIeHTe JOJIKHBI OLITb NIPELYCMOTPeHH B caMoM ajaropurMe. CocTaBidio-
[He aNTOPHTM NPHKA3bl MOTYT IIPHHANJEKATL K ONHOMY H3 CJenyio-
IIMX IUECTH THIIOB.

Ilepsoui mun. OTMETHTL aKTUBHYIO SIuefiKy JIeHTHl (3amucarb B Hee
enMHUIY) ¥ NePedTH K BHINOJHEHHIO (-I'o MpUKas3a (i MoxeT OHITh Jro-
OBIM YMCJIOM M3 YHCeJl, UCIOJIL30BAHHBIX A9 HYMEpPanud NMPUKAa30B af-
TOpUTMA).

Bmopod mun. CrepeTb OTMeTKY aKTMBHOH siyeiiKH (3amucaTh B Hee
HYJIb) ¥ IIePedATH K BLIIOJHEHHIO i-TO NMpHKasa.

Tpemuii mun. CMeCTUTL aKTUBHYIO A4efiKy HA OJMH IIAT BIPABO
U IepeHTH K BHIIOJIHEHHIO {-ro MpHKasa.

Yemeepmouwi mun. CMeCTUTL aKTHBHYIO sTuefiKy HA OJMH WIArT BJie-
BO U MepeiTH K BHIMOJHEHHUIO i(-T'0 IIPHKa3a.

[Tameul mun. Ecnn axTHBHAs Auelika oTMedena (ecjiM B HeH 3alu-
caHa efMHHLA), TO MNepedTH K BBINOJHEHMIO j-IO TpPHKa3a, a ecId
aKTUBHAA siuefixa He oTMeueHa (ecad B Hell 3anucaH HYJb), TO IepeiiTy
K BLINOJIHEHHIO (-TO IIpHKa3a.

[lecmoti mun. OcraHoBKa, OKOHYaHWe PabOTHl aJIrOPHTMA.

ANropuTMbl, cocTaBjisieMple U3 JOGOTO KOHEYHOro YHCJA IIPaBHJl
ONIMCAHHBIX THIIOB, HA3LIBAIOTCA aseopummamu [Tocma. [JokasaHo, uto
anaroputMsl [Tocra cBogsiTc K anropuTMam, peasu3yeMsiM € FOMOILBIO
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YACTHYHO PeKYPCHBHBIX OGYHKIHHA, W, HaA060pOT, Jo6ast YacTHYHO
peKypcuBHAA (YHKUHSA MOXeT ObITh NpeicTaB/eHa aJTOPHTMOM CH-
cremel Ilocta. Takum o6pasoM, MOXKHO COPMYJIMPOBaTh CJELYIOILEE
npenJioxKeHue. _

Kaacc scex aszopummos, axsuearenmroix aszopumman ITocma, cos-
nadaem ¢ KAQCCOM 6CEX HOPMAAUSYEMbIX GA20PUMMOB.

K onucansoil anropaTMuuecKoi cxeMe o4yeHb G/M3Ka cxeMma, Npel-
Joxennast ognospemenno ¢ . I[Tocrom A. Toiopunrom [73]. B cxeme
Tolopunra, KOTOpy1o NPUHATO HA3LIBaTh Mauwiutoi TLIOPUHTA, TaKKe
NPOH3BONHUTCS 3aliich MHPOpMAlLMU HA GeCKoHeyHoH B 06e CTOPOHHL
HHGOPMALHOHHON JieHTe, PasfesieHHoH Ha oTnesbHble Aueiikd. Onuaxo,
B oTaMyue oT anroput™a [locra, 3pech ass 3anucy undopMalHu yro-
Tpe6JsieTCA MPOU3BOJIbHLIH KOHeyHHH angabur. Kakpas sigeiixa un-
(bopMatMOHHON JNEHTH CAYXKHT JJs 3anHMCH OAHOH GyKBeL. Dra OyKBa
MOXeT 0003peBarsCsl CIeHUAaNLHRM YYBCTBUTEJBLHBIM 3JIEMEHTOM TaK
HasuBaeMoll 20406Kku MAmMub! ThlopuHra, CrnocoGHOH mepeMearhses
BAOJML HHGDOPMANUOHHOH JieHTH B 00e CTOpPOHE. [OJIOBKA MAUIMHEL
Trlopunra MOXKET HAXOJHUTLCS B KOHEYHOM UHCJE Pa3jHYHLIX COCTOS-
HUH ¢y, §s, ..., §n, [I€UATATb B 0603peBaEMyIO AdelKy JOGYI0 GYKBY
Xy, X35 .oy Xm W COBUTATbCS  BIPABO HJH BJA€BO BAoJb HH(opMa-
IIHOHHOH JIeHTBl HA OJHY s4YefiKYy.

3anuce anaroputMa, peanusyemoro Mamuuo#i Twiopunra, mnpo-
H3BOAUTCS C TMOMOIIBI) NMPOTpaMMmbl PaboTHl 3TOH MAIIMHB, NPEACTaB-
Jsomeil coGoit HaGop MATEPOK CHMBOJIOB BUAA Xi §; Xk §r Sp. DHIIUCAH-
Hasd [ATePKAa CHUMBOJIOB O3Ha4aeT, YTO TOJIOBKa MauiHel THIOpHHTA,
HAXOAACh B COCTOAHHH ¢; U BOCIIPHHMMAs 3alIMCAHHY!IO HA JIeHTE OYKBY
X}, mevartaer Ha MecTe 9TOH GYKBHl HOBYH) GYKBY X, (KOTOpas MoXeT
B YACTHOM CJIydae COBMAcTb C paHee 3amucaHHOH GykBoil x;), mepe-
XOUT B HOBOE COCTOSIHUE g, (KOTOPOE TaK¥Ke MOXKeT COBMACTh C INpex-
HUM COCTOSIHHEM) M OCYIIECTBJISIET CABHT BJOJb JIEHTH HA BEJIHUUHY S,
paBuyio =+ 1.

TlepBonauanbnas cxeMa maumMuel Toiopunra Obiia npeqHasHayeHa
IJisl BHIIMCLIBAHHS 3HAYEHHH, NPHHHUMAaeMbIX INPOH3BOJILHOA ORHO-
MECTHO/ YaCTHYHO PeKypCHBHOH (YHKUHEH NPH SHAYEHHAX APTYMEHTa,
paBueix 0, 1, 2, ... [Ipu sToM, pasymeercsi, Mamuua TrIOPHHTA JOMKHA
pa6orath GEeCKOHEUHO JOJIro. MoXHO mocTpouTh Maumuy TeiopHHTa,
BBIYUC/ISIIOILYIO 3HAYeHHsl Jo60H Hanepex 3aJaHHOH YacTHYHO PeKyp-
cuBHoit ¢ynkuun. Ilenecoo6pasHo, OFHAKO, BUAOH3MEHHTb OIHCAH-
HYIO BRLIIIE NMEPBOHAUYANLHYIO cxeMy MaumHuel Toiopunra. IlpumeM, uro
rnoc/iefHuil CUMBOJ Sp IHATEPOK CHMBOJIOB, ONHUCHBAIOMIMX DPabGoTy
Mamuae THIOPHHTA, MOXKET IPHHHMATh, KPOMe BBeleHHHX BhIIIe 3Haye-
Hufl 4 1, ¥ TpeThe 3HaUYeHHe—«OCTaHOBKA MammHe. C TaKHM JOMNOJA-
HenreM Mamu#a ThlOpUHTA npeBpamaercs B OOLYHYIO aAJFOpUTMH-
deckyio cucreMy. Oua Jaubo npeo6pasyeT NepBOHAYAALHO 3arHCaH-
HOE Ha JIEHTY BXOJIHO€ CJIOBO p 6eCKOHeyHo HoJiro, nubo Iocje KoHed-
HOTO YMCJa IIaroB IpeofpasoBaHuil OcTaHoBHTCA. B NepBOM ciydace
NPHHMMaerca, KakK OGBLIYHO, YTO peaU3yeMbli MamMHOH aJropuT™
HE IIPHMEHHM KO BXOJHOMY cJjioBy p. Bo BTOpOoM ciyuae ocrawomascs

39



HA JieHTe B MOMEHT OCTAaHOBKH MamHHb HuQOpMauus NpPHHUMAETCs
33 BLIXOfIHOE CJIOBO, B KOTOpOe MamuHa npeofpasyeT 3afaHHOE BXOA-
Hoe caoBo p. Ilpu 3Tom, pasymeercsi, HeoOXOAHMO HMeETh B ajidaBHTE,
HCIIOJIb3YEMOM JIJisi 3amicH HHQOpMALMH Ha JIeHTe, CHelHaJbHYIo
nycmyo GyKBY AJsi 0003HAYEHHS TeX AUeeK, B KOTODHIE HE 3amHcaHa
HHKaKass HAGopMalHs.

MoXHO MOKasaTb, YTO BCE€ aJTOPHTMbI, pealH3yeMele C MOMOILbIO
ONMMCAHHBIX BHIOH3MEHEHHLIX MAIIMH TBIODUHIE, HOPMAJH3YyeMbl H,
Hao6opoTr, J000il HOPDMaJH3YyeMBIH aJrOPHTM MOXKeT ObIThb PeaJjiH30-
BaH C I[OMOILbIO CIEUHAJBbHO MMOCTPOEHHOH JJisl 3TOH IeNH MAaiiHHBL
Toiopunra. Hcnoan3ys 3anuch mporpamm paGoThl MamuH T bIOPHHTA
H HX BXOJHLIX CJIOB B HEKOTOPOM CTaHLAPTHOM aJjaBHTE, MOXKHO
MOCTPOUTL YHUBepcalbHyrd MAIMIHHY TBIODHHTa TOYHO TaKHM Xe My-
TeM, KaK M YHHBepCaJbHBIH HOPMaJIbHEI ajaropHt™ (§ 2). 3apaBast
yHUBepcaJbHOH Mamuee TblopHHTa w3cbpascetue NporpamMel JoGoH
NanHoil Mammeel Teiopura M W usobpaxenHe Mo6oro ee BXOZHOTO
cJoBa p, MOJy4YHM H3006paKeHHe BHIXOZHOTO CJIOBa ¢, B KoTopoe Ma-
muEa M nepeBOAUT BXOJHOE CJOBO p. EcjaH e ajroput™, peasu-
3yeMblii MamHHOi M, He MpPHMeHHM K cJoBY p (mammua M paGoraer
Haj ero npeofpasoBaHHeM OECKOHEUHO JOJIT0), .TO aJropHTM, peaJsH-
3yemblil yHHBepcasbHOH MaumHHOH TEBIODHHTa, TakiKe He IIPHMEHHM
K CJIOBY, 00pasoBaHHOMY H3 H300pakKeHHs C/JoBa P H MpPOTPaMMEI Ma-
muue M.

Takum o6pasom, HeCMOTpsi Ha OOJbLIOE KauyeCTBEHHOE pasJHuHe,
BCE ONHCAHHbIE AJTOPHTMHYECKHE CHCTEMBI MPHBOAAT, MO CYIIECTBY
(c TOYHOCTBIO [0 SKBHBAJIEHTHOCTH), K OZHOMY H TOMY JXe KJaccy
aJITOPHTMOB. 3TOT BLIBOJ SBJSIETCS €lil€ OJHHM INOATBEepIKAEHHEM, YTO
COBpEMEHHAA TEeOpHsl aNrOPHTMOB OXBATLIBAET UPE3BHYANHO IIHPO-
KHH Kjacc (ecqd HeBce) KOHCTPYKTHBHO OlpelessieMuIX alhaBHTHBIX
OIepaTopoB.

§ 5. IloHaTue 06 aArOpUTMHUUYECKH Hepa3pellMMEIX npobaemax

Besknil anroput™ npefcrtaBiasier co6oil €moco0 pemeHHs HEKO-
TOpOl maccosotl npobiemer, GOpMynHpyeMoii B BHAe HpoOJeMel Ite-
pepaboTKH He OJHOTO, a IIeJIOTO MHONCECHSQ BXOAHBIX CJIOB B COOT-
BeTCTBYIOLIHE HM BhIXOAHBIE cJoBa. IToCKOJILKY KakK ycJiOBHe, Tak H
pemrenHe Jio00H 3afauH MoXeT ObITh BHIPAXKEHO B BHJE OTHENBLHBIX
CJIOB, BCSIKHH aJI'OPHTM MOXHO paccMaTpHUBaTh KakK HEKOTOpOe YHU-
BEPCAJLHOE CPEACTBO JJisi pEUIeHUs! yea020 KAQCCca 3amad.

Heranbubifi apajus II0Ka3plBAET, UYTO CYUIECTBYIOT TAKHE KJIACCHE
3ajau, AJs PemeHMs KOTOPHIX HET H He MOXKeT ObITh eJHHOTO yHueep-
casvroeo npueMa. IIpoGnembl pemienusi TakKoro poja 3anad  Haskl-
BAIOT aaizopummusecky Hepaspewumoimu npobremamu. OnHAKO ajro-
PHTMHUECKAsl HepaspemMMmocTb MpobJieMbl pemeHusl 3agad TOro HJH
HHOro KJjacca BOBCE HE 03HAayaeT HEBO3MOXKHOCTH penieHHs Jo0oH
KOHKDeTHOH 3ajauH M3 5Toro KJjacca. Peubr HIET O HEBO3MOXKHOCTH
pelents gcex 3a1a4 JAHHOTO KJAacca o0HUM 1 meM Jce TIPHEMOM.

Hdast sydmero moHHManust mpoGsieMbl aJTOPHTMHYECKOH  Hepas-

40



PEHIUMOCTH MPHBeAeM [PHMEPH! aJITOPHTMHYECKH Pa3pelMMod H ajro-
PHTMHYECKH HepaspeuruMoid mnpobJieM.

THUNHYHEIM [PHMEPOM AJITOPHTMHUYECKH paspemumMoii mnpobJiemsl
siBJsiercsi mpobJeMa J0Ka3aresbCTBA TOXKAECTB B OObuHOH  anrebpe.
s 1poCcTOTH OrpaHHYHMCS CJydaeM, KOIAd TOXKAECTBA CTPOSATCSH
H3 palHOHAMBHEX YHceJ H OYKB (0003HaueHHi NepeMeHHbIX) C HOMOIIbIO
JEACTBHI CJIOXKEHHUsl, BLHUUTAHHS H yMHOXKenHs. M3 mKonbHOrO Kypca
anre6pbl XOpOLIO H3BECTEH CJEAYIOUIHI OOUIHA HpHeM pelleHHsi yKa-
3aHHOH Npo06JieMBl: HCHOJBb3YSl pacnpefesHTe/NbHbA 3aKOH AJsS YMHO-
JKeHUS, PacKpHIBAIOT CKOOKH B HpaBoi M B JeBOH yacTsax Jio0oro
JaHHOTO TOXKJAeCTBa H BBHIMOJIHAIOT NPUBEAEHHE MOJOOHBIX YJIEHOB B
COOTBETCTBHH C XOpOWIO H3BeCTHHIMH mpaBuJjaMHu. Ilocse ocymiectsie-
HHUst BceX 3THX IpeoOpa3oBaHuii Kak JieBasi, TaK H HpaBas 4YacTH HCXOA-
HOTO TOXKJIECTBA HpeBpamjaloTcs B NoJHHOMH. ToxKnecrso Oyjaer cHpa-
BeJJIHBLIM B TOM H TOJIbKO B TOM CJaydae, KOria 5TH IOJHHOMEI TOXKJeE-
CTBEHHO COBN3Aal0T Mexay coboil. Muaue roBops, CHpaBeNJHBOCTH
TOXKJECTBA O3HAYAET, UTO HOCJe [epeHeceHHs BCeX 4YJieHOB npeobpa-
30BAHHOTO TOXKJECTBA B OJHY YacTb 5TH YJeHb B3aHMHO YHHUTOXKa-
I0TCsI, B DE3YyJbTATE YE€ro TOXKIECTBO IpPeBpamiaeTcsi B TPHBHAALHOE
ToxKAecTBO 0 = 0.

Taxum o6pasom, mpobseMa TOXKJEeCTBa B 3JeMeHTapHOH ajrebpe
aJTOPHTMHYECKH paspemiuMa — CYIIeCTBYeT eJHHbId  KOHCTPYKTHB-
HBIH TIpHEM, I03BOJSIIONIHN 32 KOHEUHOEe YHCJO WLIAroB peUIdTh, fABJA-
eTcsi JH J1000€ 3a3JlaHHO€ COOTHOIIEHHE TOXKJEeCTBeHHBIM. MoxHo,
OJIHaKO, MOCTPOUTEL MPHMEpPHI TAKHX ajreOpaHyeCKHX CHCTEM, B KOTOPBIX
npo6Jiema TOXKJECTBA SIBJSIETCS AJTOPHTMHUYECKH HepaspeurHMoifl mpo-
6nemofi. B KauecTBe Takux aJjreGpaHyecKHX CHCTEM MOTYT OHITh, Ha-
npumep, BuIOpPaHbl NOJYTPYNNB HJAH TPYNNH, 33ZaHHBIE CHCTEMaMK
00pasyloliHX 3JIEMEHTOB M OMNpelessionix cooTHomeHuHd. ITpumeprr
JJas NOJYTPYNI € HepaspemuMoil mpo0JeMoll ToXjgecTBa BIEpBLIE
Oviid Halgenel 3. IToctom [64], a cooTBercTBylOmIHE MPHMEPH MAJist

rpynn — IT. C. HoBukoBeim [60]. -
He BuIMHCEIBast SIBHO OMpeNeNsiOmUX COOTHOLIEHHH, MOSICHHM CYTh.
VKasansblx npumepoB. Ilyets x,, X, ..., X» — OYKBBl Kakoro-HHOYIb

KOHe4HOTo ajdaBuTa. MHOXKECTBO BCex CJIOB B 5TOM aJjpaBHTe, BKJIO-
yas IyCTOe CJOBO e, HasnBaercsi cgobodwHoti noayepynnoti ¢ obpasyio-
WHMH 3JIEMEHTAMH X, X, ..., X,, €CJH AJs INPOH3BOJIBHHIX Map CJOB
P, g BBeJEHA ONepanusi YMHOXKEHHs, 3aKJIOUalomascs MpoCcTo B NpH-
IIHCHLIBAHHH OJHOTO CJOBa K JpPYroMy. YCJOBHMCSI 0003HAuaTh CBO-

GofHyI0 TOJNYTPYNOY € OGPasyIOUHMH SJEMEHTAMH X, X, ..., Xz U€-
pes F(x,, X5, ..., Xp), @ PE3YJLTAT YMHOXKEHHS CJOBA p HA CJOBO §—
dyepe3 pg.

B cBoGoauoii mosyrpyinme MOXKHO BBECTH J000€ MHOXECTBO onpe-
Oeastouyux coomuouteruil, NPEACTABASIONMX co6oii (QopmasjbHEE pa-
BEHCTBA MEXJY JBYMSI HEOAHHAKOBLIMH CJOBaMH: p; = q; (i =
=1, 2, ...). [IBa caioBa B cBoGoAHO# nosnyrpynne F ¢ 3a1aHHOB cHCTe-
MOH S omperessiICIIMX COOTHOLIEHHH HA3BIBAIOTCH TOXKIECTBEHHLIMH,
HJIH 5KBHBAJIEHTHBIMH, MEXKJy COO0H, €CJH OZHO H3 HHX MOXKeT OBITh
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TIOJIYUEHO U3 JPYroro B pe3yJbTaTe NPOH3BOJLHOTO YHCJA HOACTa-
HOBOK BO BTOPOE€ CJIOBO NPaBbIX YACTeH ONPEXeJsONHX COOTHOMIEHHH
BMECTO J€BHIX, H, Hao0OpOT, JeBHIX BMecTo npaBwix. Hampumep, s
foJyrpynne ¢ cHcTemMoil 00pasyioluX (X, y) H OJHHM ONPEJEAIOUHM
‘COOTHOLIEHHEM XYy = yx CJOBA p = Xxy H ¢ = yxx SIBJSIIOTCA TO-
XKAECTBEHHBIMH MEXNY co0oil, IOCKOJBKY IEePBOE CJOBO MOXKET OhITh
MOJIY4eHO H3 BTOPOTO B pe3yJ/ibTaTe JABYX II0JCTAHOBOK OHNHCAHHOIO
BLIIE BHJA: ¢ == yxx —> xyx — xxy = p. Ilpu oOpatHoli mojcTa-
HOBKE BHIMHCAHHAs LieNb MOJCTAHOBOK MOXET GHITh NPOYHTAHA H B
.06paTHOM HaNpPaBJEHHH, UTO AaeT BO3MOXKHOCTbL Hpeo6pasoBaHHS HeE
TOJMBKO CJIOBA ¢ B CJIOBO p, HO H CJIOBa p B CJIOBO (.

IIpobrema moxcdecmsa cros 048 nosyepynn GypMysnHpyeTcs: Tak.

ITycme 6 npoussoabroti ce0bo0rol noayepynne F ¢ KOHEHHBIM YUCAOM
obpasyrowyux 3a0ana mobas cucmema onpedersouux coomuouwerull S,
cocmoawan u3 Koredroeo wucaa coomrowernutl. Tpebyemcs wnatimu edu-
Holli KOHCMPYKMUBHOUWL Npuem, no3soASouull 30 KOHELHoe YUCAO Wa208
pewiume, ssasromes awbvie 06a 3a0aHKbIX caoea noayepynnel F ¢ cu-
CMeMOtl. Onpecessiouux COOMHOWweRul S moxcOecteeHRbIMI UAL HEMO-
sHeOecmeeHRbMU., :

I1Jisi HEKOTOPEIX CHCTEM ONpelesiomUX COOTHOUIeHHH cdopMysiu-
poBanHas npo6iema paspellliMa, OofHaKo, Kak nokasas . IToct [64],
CYIECTBYIOT H TaKHe CHCTEMBl OHPEREJSIOMUX COOTHOUIEHUH, AJS KO-
TOPHIX MpobJieMa TOXKAECTBA CJIOB Q/A20PUMMULECKL Hepa3peliuma. 1o
He 03HAuyaeT, Pa3yMeerTcsi, HEBO3MOIKHOCTH YCTAHOBJIEHHS TOMKJKECTBEH-
HOCTH HJIM HETOXAECTBEHHOCTH JI000H ¢hurcuposannoli KoHKpeTHOH
napel cjaoB. He cymecTByer eduroeo NpHeMa JgJsi YCTAHOBJIEHUS TO-
KJIECTBEHHOCTH 2:0601 Napkl CJI0B, NOAOOHO OMHCAHHOMY BHILIE MpPHEMY
JiJIs I0KA3aTeJIhCTBA CIPABEJMBOCTH HJIH  HECHPABENJHBOCTH JII0GOro
COOTHOIIEeHHsI B 3JIEMEHTapHOl aJjaredpe.

TlpoGsiema TOXIECTBA CJOB JJisl TPYNN B OCHOBHHX Y€pPTaxX COBIMa-
Jaer ¢ cooTtBercTBywome# npo6aemoil jnas moayrpynn. CeoGojuas
rpynna G ¢ o6pasylouiMH 3JIEMEHTAMH X, X,, ..., X; CTPOHTCA KakK
COBOKYIHOCTh CJIOB, COCTABJEHHBIX H3 OYKB X, X, ..., X, H «0Opar-
HBIX» UM OyKB X!, x;‘, ..., X7\, Ilpu 3Tom AiBe psijiom cTosimUe oOpar-
Hble APYT APYTY OVKBHI B3aHMHO YHHUTOXKAIOTCA (OKA3BIBAIOTCA SKBH-
BaJNEHTHHIMH MYCTOMY CJIOBY)

—1 ly —
xx7t =x71x,=e. (8

Tlpu ompegenendd TOXKIECTBEHHOCTH JABYX CJIOB B Tpymme C CH-
CTEMOH ONpeAensioiX COOTHOIIEHHH S cleyer yUHTHBATL HE TOJBKO
‘COOTHOUIEHHS!, BXOJfAILHE B 3Ty CHCTEMY, HO H COOTHOIIEHUsS BuAa (8).
Kak u gas monyrpynm, npobsieMa TOXKAECTBA CJOB JJsi TPYIN, 33]aH-
HbIX KOHEUHHLIM YHCJOM 0Opa3yoimHX H ONpefessiioniuX COOTHOLIEHH,
B ofmeM cjyyae OKashLBaercsi aJrOpHIMHIECKH HepaspemuMon. Ilpu-
Mephl TpyON C HepaspemHMofi npo6JeMoli ToxpecTBa CJOB ObUTH I0-
<tpoenH Bnepsuie I1. C. Hosukosrmm [60].

Kakum o6pasom mozxker ObITh JOKa3aHa aJropHTMHYeCKas Hepaspe-
[IMMOCTL TOH MJH HHOH mpoGaembl? KiacCHueCKHM NpHMeEpPOM mopo6-
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HOH HepaspellNMoil Npo6JeMbt SIBJIsieTCs NpoOJeMa paclo3sHaBaHMs
CAMONPHMEHHMOCTH aJropHTMoB. [Ins TouHo#t (OPMYJHPOBKHM 3TOH
npobJsemel OyleM ONepHPOBATL JIHIIL HOPMAJbHBIMH AJATOPHTMAMH B
aJgaBuTaX, COCTOSIHX He MeHee ueM M3 AByX Oyks. IIpu stom mnpegx-
10JI0’KEHHU MOIKHO, HE HApymas oONiHOCTH, YCJOBHUTECH O TOM, YTOOB
KakHe-11u6o OYKBbl ajdaBuTa JioGoro ajroput™Ma, o Kotopom GOyjet
HATH peub, OTOXKAECTBJAATH ¢ JAByMsi OykBamu (0 m 1) crammapTrOro
aeouyHoro ancdasuTa. Ilo mpHHsATOMY YyCJ0BHIO jaas JoGoro paccma-
TpUBaeMoro anroputma A ero H3aoGpaxkeHHe A% B CTaHAAPTHOM JIBOHY-
HOM andaBHTE MOXKHO PacCMaTPHBATh KaK BXOJHOE CJOBO 3TOTO aJ/ro-
put™a. Ecan cioBo A% BXOAUT B 06/1aCTh ONpENeJeHUsT aaropuiMa A,
TO aJTOPHTM HA3LIBACTCH CAMONPUMEHUMbIM, B IIPOTHBHOM cjydyae —
HECAMONDUMEHUMbLM.

CyulecTByIoT KaK CaMONpHMEHHMH€, TaK H HECAMONPHUMEHHMEbIe
aaroputMel. IIpHMepoM camMompHMEHHMOTo (HOPMaJsIbHOTO) aJrOpHTMA
SIBJISIETCS TaK HA3BIBAEMBIH mMogicOecmeenHbiii anTOPUTM B Jo6oM anda-
BuTe X, coiepxaimieM JBe HJH Oosee JByx OYKB. Ilo omnpenenenuro,
9TOT aJTOPUTM NPUMEHHM 'K JioGoMy CJOBY p B andaute ¥ H nepe-
pabarniBaeT Jilo6oe BXOAHOE C/0Bo B cebs. IIpumepom Hecamompume-
HHMOTO aJropHTMa sIBJsieTCS TaK HAa3bIBA€MBIH HYye60l aJrOPUTM B
mo0oM KoHeyHoM andaBHTe  §). DTOT aNropHTM 3aJaeTcs CXeMoH,
cofiepKarell eJHHCTBEHHYIO MOJACTAHOBKY — y (rie y — mobas Gykea
anpasura ¥)). Ilo camomy cBoeMy ompenesneHHI0O OH He MNPHMEHHM HH
K KaKOMy BXOJHOMY CJOBY, 4 3HAQUHT, H K CBOEMY H300paKeHHIo.

[Ipobaema  pacno3xHasanus CAMONDUMEHUMOCIU QAZ0PUMMOE  CO-
cmoum @ mom, ymobot waldmu eduroll KOHCMPYKmMueHbli npuem, no-
360AAI0UUIL 30 KOHEUHOE 4UCAO WA208 NO cxeme 106020 OAHHO20 anzo-
pumma A 6 kaxoi-aubo puxcuposarroll aseopummuteckoll cucmeme
(Hanpumep, 8 cucmeme HOPMAALHLIX QASOPUMMO8) Y3HAMY, AEASEMCA
anzopumm A cAaMONPUMEHUMbIM UAU HECAMONDUMEHUMBLM.

Ecau cuutaTh cnpaBefyHBLIM c(pOPMYJIHPOBAHHEI B § 2 mpHHUMMN
HOPMAJIM3aLHH, MOXKHO NpPEANONararb, YTO €IHHHIH KOHCTPYKTHBHBIN
[IpHEM, 0 KOTOPOM HJET peub, SIBJISIETCS HE YeM HHBIM, KaK HOpMaJib-
HBIM aJTOPHTMOM B, oNpelesieHHbIM Ha Ji00OM CJloBe p, KOTOpoe fB-
Jsiercd H3o6paxkeHHeM MPOH3BOJBLHOTO HOPMANBLHOrO aJjroputma A,
H NepeBOJSIMM 3TO CJOBO B JBa PasjHUHBIX (PMKCHPOBAHHEIX CJIOBA
gy H ¢, B 3aBHCHMOCTH OT TOro, OyZeT airoputTM A caMONpHMEHHMBIM
HJIH HECAMOIDHMEHHMBIM (CJOBO ¢, — KOZ CJIOBAa «CaMONPHMEHHM», a
g, — KOJ CJIOBa «HEeCaMONDHMEHHM»).

Ha mo6om Bxoguom cjoBe [, He siBAsIOLieMCS H300pa)keHHeM Ka-
KOro-iu60 (HOPMaJbHOTO) aJrOpUTMa, ajJropHTM B Takke J0JKeH
6LiTh onpenened. JleficTBUTENbHO, B NPOTHBHOM CJydae, He NOJYYHB
HUKAKOro pesyJbTaTa MocJe Kakoro-aw6o (ZocTaTouso GOJBIIOro)
yHcJa maroB paGoTel aArOPHTMA, HEH3BECTHO ObLIO O, H300paXKEeHHEeM
KaKOro aJropuTMa — CAMOHPHMEHHMOTO HJH HecaMolpUMeHHMOro —
sBasieTcss cjoBo [. $lcHO Tak¥Ke, uTO pe3y/bTaT NMPHMEHEHHS aJjro-
puTMa B K J1060My CJIOBY, He sIBJASIOmEMYCS H300pakeHHeM aJro-
PHTMA, J0JKeH GHTH OTJAHYHBIM KaK OT CJIoBa ¢,, TAK H OT CJOB2 (,.
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TIpenno/oKHM, UTO aIrOpuT™M B € yKa3aHHBIMH CBOHCTBaMH CYiie-
cTByeT. B Takom ciyuyae cymecTByeT HOpMaJibHbIH aJqroput™™ C B
ToM ke camom ancdasute X, uTO H aJTOpHTM B, ompenenedHblii Ha
BCceX TexX H TOJNBKO TeX cJoBax B andaBute X, KOTOPHIE SBJSIOTCSH
H306paXKEeHHsIMH HeCaMONPHMEHHMbIX aJTOpHTMOB (HANOMHHM, YTO HO
caMomy onpefiesienHio airoput™ma B andgaBut ¥ BKmouaeT B ce6s1 CraH-
NAPTHLIA JBOMYHBIN a/paBHT).

JleficTBUTENIBHO, HOCTPOMM HOpPMaJbHHE ajroputm D B aadasure
¥, o6sacTb ompeleNeHusi KOTOPOro COCTOHT H3 OJHOTO JIMIIL CJIOBA §j.
Takoii anroput™ MoxKer OblTb 3aJaH, HAHpuMep, B BHAe (HOpMAJH-
30BaHHOIT) CYHEPIO3HIMH [ABYX HOPMaJbHBIX anroputmoB D, u D,,
NepBeI H3 KOTOPHIX 33faerc CXeMoi, CocTosimieil W3 OJHOU mojcra-
HOBKH ¢,->-, & BTOPOii — CXEMOH, COCTOsILeH H3 MOACTAHOBOK BHJIA
X; —> Xx;, THe x; npoGeraer Bce 6yKBH aJjpaButa ZX. §lcuo, uTO MEPBEHIH
aJropHTM IepeBOIHT B NYCTOE CJIOBO TOJLKO CJIOBO ¢;, @ 06/1acTh Olpe-
JleJieHUs] BTOPOTO aJropHTMa COCTOHT TOJIbKO W3 myctoro cjosa. [lo-
9TOMy 0o6JacTh onpejejenus: cynepnosunuu D aaroputmoB Dy u D,
6yneT coCTOsITb TOJILKO H3 CJIOBA §,, UTO HaM H Tpefyercs.

TMoctpous anroputM D, o6pasysi CyNephnosHlHio C HHM ajropHT-
Ma B W HOpMaJH3ys 3Ty CyNepHo3HUMIO, HPHAEM K HOPMAaJbHOMY
aaroputmy C B andasure X, o6JacTh oHpele/ieHHs1 KOTOPOTO COCTOUT
H3 BCEX TeX H TOJIbKO TeX cJioB B ajidaputre X, KOTOpLIE SIBJSIIOTCS 3a-
HHCSIMH HECaMONpPHUMEHHMEIX ajroputMmoB. OnHako moJo0HOE CBOHCTBO
anroputMa C BHYTPEHHE [POTHBOPEUHBO, MOCKOJBLKY K CBoeMmy co0-
cTBeHHOMY H300paxKenuio C* anroputv C He moxXeT OHTh HH HpHMe-
HHUMbLIM, HH HE€ NPHMEHUMEIM.

B camom pesne, B nmepBoM chayuae airoputm C Oetn OBl MpHMEHHM
K CBOeMy H300pa)KeuHi0 M SBJSJCS Obl MO3TOMY CAMONPUMEHUMbIM.
Ho sto mpotuBopeuuso 66l ToMy, uTo anropurm C, B CHJAY CBOEro Io-
CTpOeHusi, JO/KeH OhITh NMPHMEHHMEBIM TOJBKO K HECaMONPHMEHHMEBIM
aaroputmaM. Bo BTopom ciayuae, 6ylyuH HEODHMEHHMHM K CBOEMY
n3obpaxenuio, aaroput™m C npunagiexan Obl K UHCJYy HECAMONPHMe-
HHMBIX anropuTmoB. Ho Torma mo ompenesenuio aaroputm C JosiKed
Obl1 Obt OBITH NMPHUMEHHMBIM K CBOEMYy H300paKeHHIO, NOCKOJBKY OH
OpPUMEHHM K H300DaKeHHIO 6CeX HECaMONPHMEHHMEIX aJITODPHTMOB.
CnenoBaresbno, aaroputM C sBJsETcS CaAMOHPHMEHUMBIM.

Taxum obpasoM, npeanosoxenue o6 anropUTMHUECKOH paspemiu-
MOCTH Hpo6JieMEl PacHo3HABAHHS CAMOHNPHMEHHMOCTH HPHBOJUT K JIO-
THYECKOMY HPOTHBODEYHIO M siBJsieTcsl [MO3TOMY HeBepHbIM. TeM ca-
MBIM [OKa3aHa aJrOpUTMHUECKasi HepaspeuIuMOCThL .3TOH NpOGJIEMEL.

BriBoj 060cHOBaH HAMH JIHIIL [IPH YCJOBHH, YTO CIpaBeNJHB HPHH-
LI HOpMAaJH3aUMH anropuTmoB. OJHaKo HNpPHPOZa HNPOTHBOPEYHMS,
HCIOJIL30BAHHOTO TIPH JIOKAa3aTesbCTBE aJTOPUTMHUECKOH HepaspeliH-
MOCTH npofJieMbl PACNO3HABAHHS CAMONPUMEHMMOCTH aJTOPHTMOB, SIB-
Jsiercsi B JeHCTBHTEJBbHOCTH GoJiee ray6okoii. UurtaTtesb, 3HAKOMBIH
C NapajoKCaMH TEODHH MHOMKECTB M MareMaTHYeCKoi JIOTHKH, Jerko
3aMeTHT, 4TO YKa3aHHOe NDOTHBODEUHe HMeeT Ty Ke MPHPOAY, 4YTO
H NPOTHBOpeYHe B H3BECTHOM mapagokce Paccesa, ycTaHaBJIHBaIoOLLeM
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B HYTPEHHIOI NPOTHBOPEYHBOCTH NMOHSTHS «MHOXKECTBO BCEX MHOXKECTB,
He cojiepkamiee cebs B KauecTBe CBOEro 3JeMeHTas.

DT0 06CTOSTENLCTBO NPUBOAHT K BBEIBOLY, UYTO aJrOPHTMHUECKAs
HepaspelmuMocTb MPOOJEMH DACHO3HABAHHS CAMONPUMEHHMOCTH HeE
ABJSETCS CJAEICTBHEM Y30CTH COBPEMEHHOTO TOUHOTO HOHSTHS aJro-
putma. Ecan 6ul ypasiock HNOCTPOHTL TOUHOE MOHSTHE AJNTOPHTMA,
BKJIOUaouiee B cefs HEKOTOPHIE HEHOPMAaJHM3yeMble aJNTOPHTMEL, TO
npo6sieMa pacHo3HaBaHHs CAMONPHMEHHMOCTH aJTOPHTMOB HO-[IpE€XK-
HeMy ocTaBajach Owl aJTOPUTMHYECKH HEPa3peHIHMOM.

U3 ajsropuTMHUECKOH HepaspemiMocTH NpoOJeMbl paclo3HAaBaHHSs
CaMOIPUMEHHMMOCTH aJTOPHTMOB BHIBOAHTCS AJTOPHTMHUECKAs Hepas-
pelIMMOCTh LeJoro psifa Apyrux mnpotiaeMm. OOwHH MeTox AJsi  Io-
JOOHBIX BEIBOZOB COCTOHT B TOM, YTO H3 INPEJJIOXKEHHs O CYILECTBOBA-
HHM aJTrOpPHTMA, PEemaloliero Ty HJH HHYi0 npobiemy (Q, BHIBOAHTCSH
CylulecCTBOBaHHE aJTOPHTMA, pellaiomero npobJeMy pacno3HaBaHHSA
.CAMOIIPHMEHHMOCTH aJropHTMOB. ITOCKOJIBEKY nocCJ€lHee HEBO3MOIKHO,
TO HEBO3MOKHO H CYILECTBOBaHHE aJrOpPUTMA, pemiaioniero npobiemy Q.

C nomourbio ofmero meroga Oblja JOKa3aHa aJrOpHTMHYECKas He-
pa3pemiHMOCTh MHOMKECTBA pasJHYHbIx mnpobjseM, B TOM YHCJe pac-
CMOTpPEHHBIX BHIIIe OOMIHX HpoOJseM TOXKIEecTBa CJOB AJjs TPYHNm H HO-
ayrpynn. HasoBem eme HeKOTOpHIE aJrOPHTMHYECKH Hepa3peniuMuie
npobJieMbl, HEPA3PewHMOCTL KOTODEIX YCTAHOBJIEHA 3THM K€ METOJIOM.
310 npolbJieMa pacno3Hasarus RPUMEHUMOCTY KaKoTro-Jau0o ajaroputMa
K TOMY HWJH HHOMY cJoBY. Mooacem Goims nocmpoen aszopumm A,
Qeticmeyrouquti 8 Hexomopom aagpasume X, Oaa Komopoeo He cyuye-
cmeyem aneopumma 8 anpasume X u 6 amobom eco pacuiuperuu, nepe-
pabamoiéarouieso 8 HeKOMopoe (PUKCUPOBAHHOE CA060 MMe W MOALKO Mme
CA08Q, K KOMOpbimM aicopumm A He npumerum.

TIpoGyieMa MOCTpoeHHs aJrOpHTMa, HepepaGaThIBAIOLIETO B (DHKCH-
POBAHHOE CJIOBO p BCe CJIOBAa, K KOTOPBIM JIIOGO# AaHHBEIE airoput™ A
npumerum, sIBAsieTCS, KaK HETPYAHO BHJETh, aJATOPHTMHUYECKH pa3pe-
OIUMOH — [Jil €€ pelIeHHs! JOCTAaTOYHO MNOCTPOHTL aJropHTM B, mne-
PeBOASAMIMI B CJOBO p Bce cJoBa B ajdaBure aaroputma A, H obpaso-
BaTh CYIEpHO3UIHI0 anroputMoB A U B. YcJoBUMCS, 4TO HEKOTODHIH
AJITOPHTM QHHYAUpYem T€ MU HHBIE CJIOBA, €CJH OH MEPEBOAHT HX B
nyctote cjoso e. Ilpobnema pacnossasarnus anrysuposarust AJst Jio-
6oro jpaHHOro anropHTMa A COCTOMT B MOCTPOEHHH aJjroputma B (B
TOM K€, YTO H ajsroput™ A, andaBurte), agHyJHPYIOIETO Bce Te H
TOJILKO Te CJIOBA, KOTOPHIE aJAropHT™M A He aHHyJHpyer. Dra npobJaema
B ofuieM cJyyae OKasBIBAaeTCsl aJrODHTMHUECKH Hepaspeummmmoi, a
HMEHHO: MOXKHO TaK BbIOpaTh anroputm A, uto anroputm B ¢ ykasas-
HEIMH CBOHCTBAMH [Jisi HETO NOCTPOUTH HEBO3MOIKHO,

Ouenp 4YacTo HpPH JIOKa3aTesbCTBE AJTOPUTMHYECKOH HEpaspeniH-
MOCTH Tex HJH HHHIX Hpo6jieM HCHOJNL3YIOT JoKasauayio 3. IToctom
[64] asropUTMHYECKYIO HEPA3PEIUMOCTb CJeNYIomeld npo6sieMbl, HOJY-
UHBIIEH Ha3BauHe KomOuramoprol npobaemer [locma. Tlycts B mpo-
H3BOJIbHOM KoHeuHoM ajadaBute ¥ 3afanbl JioOkHEe KOHEUHLIE CHCTEMbI
S nap cnoB (py, ¢1), +.-» (Pn, gn). Tpebyercss MocTPOHTHL €JHHBIA KOH-
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CTPYKTHUBHBIH NpHEM, MO3BOJSIOMMA Ajsi moboii Takoi cHcreMul S 3a
KOHEYHOE UYHCJIO LIAaroB OTBETHTh, MOXKHO JH MOCTPOHTH TAKOE CJOBO
pi, Di... Pi, M3 T€PBBIX 3JIEMEHTOB Nap cHCTeMbi S, YTOOH OHO COB-
nano co CJOBOM §i, §i, ... iz, TOCTPOEHHBIM H3 COOTBETCTBYIOIUX HM
BTOPHIX 3JIEMEHTOB TOH Ke CHCTeMbI map.

AnropuTMHUeCKH Hepa3pelHMOoll OKa3belBaeTCs Takxe npobiema
npedcmasumocmy 11 Matpull. Jlas dopMyJaHpPOBKH 3TOH mpo6ieMbl
yCJIOBHMCSI, 4YTO HEKOTOpasi MaTpHua npedcmaguma uepe3 MATPHUbI
Uy, Uy, ..., U,, eciiu 1151 HEKOTOPOH KOHEYHOH I0OCJeA0BaTENbHOCTH
(Boo6uie roBopsi, ¢ moBTOpenusmu) U; U, ... U;,, 3THX MaTpHL
npoussefenne U, U, ... U;, Bcex marpHll, BXOAAIHMX B JaHHYIO
NOCJI€10BAaTe/IbHOCTh, COBHAAAeT C 3aJaHHOM HCXOnHOH Marpuueid U.
ITpobaema npedcmasumocmu cocmoum 8 mom, umober Hatmu obujuil
KOHCMPYKMUBHOIL Npuem, ¢ NOMOWBIO KOMOPO2O 30 KOHEHHOE HUCAO
waeos dan mobold mampuybr U u mobod koxeuHod cucmemot S mampuy
MONCHO ObLro Obl yawame, npedcmasuma mampuya U wepez mampuyvt
cucmemol S uau Henpedcmasuma.

HanoMHHM, YTO aJrOpHTMHYECKAs HePaspelHMOCTb BCEX yKasaH-
HBIX MpofJieM JIOKa3HBaeTcs B NPEANOJIOXKEHHH CIIPaBeIJHBOCTH IPHH-
[HNa HOpPMaJH3allMH, OJHAKO, KaK OTMeuajoch BEIle, NPHPOAa 3TOH
HEPa3PEeuIuMOCTH OKasuiBaeTcs GoJiee ryiyOOKOH H B HEKOTOPOM CMBI-
cJie He3aBUCUMOH OT 3TOro HPHHUMOA,



TFarasall

BYJEBbl ®YHKUHH U HCHYHUCJEHHE BbLICKA3DIBAHUW

§ 1. Monatue o OyaeBuix GyHKUHAX

Byresormu (Mau  negexaroqamensroimy) GyHKUMSAMH INPHHATO Ha-
3bIBaTh TaKH€ (QYHKUHH, Y KOTOPEIX BCE aPTYMEHTH, KaK H caMM (pyHK-
LIMH, MOTYT IPHHHMATh JIHOIb JBA Pa3JHYHBIX 3HAUEHHS.

Ponp OyJeBuiX ¢(yHKUHH B KHOEpDHETHKe ompefeisieTcsi ABYMs
OCHOBHEIMH OGCTOSITENLCTBAMH. Bo-nmepBhIX, 6ynieBnl (GPYHKUHH Mpen-
CTaBJASIOT co00fl YAOOHHIN anmapaT 1Js OMHCAHHS CXEM MHOTHX Mpe-
oOpasoBareJsieli HH(pOpPMALHH, NOCTPOEHHBIX MO JHCKPETHOMY IpHH-
LY, MOCKOJLKY AJsl COBPEMEHHOH TeXHMKH [Opasfo IIPOIie CTPOHTH
JUCKPETHEIE 3JIEMEHTHI, pafoTaloliue HMEHHO B JIBOHUHOM, 4 HE B Ka-
KOM-HHOYAbL ApyroM aJpapHTe. Bo-BTOpHIX, OyJeBn (pyHKLHH HIHPOKO
NpHMEHSAIOTCS] B MAaTeMaTHUeCKOH JIOTHKE, MpeicTaBasiioneld coboi
OJJHY H3 OCHOB, Ha KOTOPBIX 3iXKJeTcsi aBTOMATH3ALHs CJIOXKHBEIX Mbl-
CJHTEJNbHBIX IPOLECCOB.

IMpumenenne Hapsagy ¢ OObIYHHIMH HEPEMEHHLIMH, HPHHHMAIOLUIHMH
YHCJIOBLIE 3HAUEHHs], OyJeBhIX MepeMEeHHBIX, HMEIOIIHX JIHIIL JBa BO3-
MOXKHBIX 3HAYEHHs, HIpaeT CYIIECTBEHHYIO poJb HpH HMOCTPOEHHH
pPa3JIHYHOTO pOJa HNPAKTHUECKHX aJTOPUTMHYECKHX CHCTEM JJsi Npor-
PaMMHPOBAHUS HA 3JEKTPOHHBIX BHIYHCIHTEJNbHBIX MamIHHaX. DyseBnt
(YHKIHH MOXKHO C YCIHeXOM INPHMEHATb H JJIsi pelleHHS HEKOTOPHIX
oOImMX BONPOCOB TEOPHH AJTOPUTMOB, HANpPHMEpP NPH YTOYHEHHH IO-
HATHSI CJOXKHOCTH ajroputMa. [IBa BO3MOXKHBIX 3HAueHHS HepeMeH-
HEIX, KOTOpHIE (PHTYPUPYIOT B onpejiesieHHH OyJieBbiX QYHKIHIEA, MOXKHO
oGo3nauarb npodsBosbHO. Ha npakTuke, ofHaKo, HpPUMEHSIIOTCS B OC-
HOBHOM jJiBe cHcTeMmbl o0o3nauenuid. IlepBas W3 HuUX (mpH npHMeHe-
HHsX Oy/JeBelX QYHKIMA K TEOPUH CXE€M AaBTOMaTOB) 3aKpemasieT 3a
BO3MOXHBIMH 3HAUeHUsIMH OysieBhiXx nepemeHHBXx o6o3nauenuss OH 1.
Bymem uaswiBaTh BBeeHHBIE CHMBOJIB, KakK M B CJAydae yHceJ, HY-
JIeM H efHHHIelH, YUYHTHIBASL YTO HYJb H €AHHHLA BHICTYNAIOT 3]leCh
I0Ka He B KayecTBe YHCEJ, a JHIpb B KauecTBe yAOOHHIX 0003HaueHHH
Ansi 6ykB aGCTPaKTHOrO ABOMYHOrO ajgpaBuTa, B pgasjbHelinieM npH-
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JAaguM 3THM CHMBOJIaM p#A CBOHCTB, KOTOpHIE MO3BOJAT paccMaTpH-
BaTh HX (C OJHUM HCKJIOUeHHeM) Kak OObiuHbie UHCJid (B TOM KakK pas
H COCTOHT YAOOCTBO paccmMaTpHBaeMoil cucTeMel oGosHauenuit). Ho
BCe NOoROOHLIE CBOHMCTBA JOJIKHBE TOYHO ONPEREJSAITLCA Hepel HCHOJb-
sopanueM. Heab3d, B YacTHOCTH, MOKa MOJIL30BATLCS CBOMCTBAMH
HyJS H €AMHMIE], BLITEKAIONHMH H3 HAJHUHs OHEPalMi CJIOXKEeHHS
H YMHOXKEHMs ]ISl YHCeJ, MOCKOJLKY YKAa3aHHHIE ONEPAalHH JJf 3THX
CHMBOJIOB He OBIJIH €[ll€ HAMH OMpEJNeseHH,

Bo BTOpOii cHcTeMe o6o3HauenH B KauectBe 0603HaUeH i JIJisl ABYX
BO3MOKHBIX 3HAUEHHH OyJIeBHIX NEepeMEeHHHIX CJYMKaT CI0Ba «HCTHHA»
H «JIOXKb», OTa cHcTeMa 00O3HAUEHHH HCNOJb3yeTCs B MareMaTHye-
CKOll JIOTMKe H fNpexkje BCEro B TOH €€ yacTH, KOoTopas HasnlBaercs
ucuucaeruem evickasvisaruti. Ee npumenenue cBsisaHo ¢ TeM o6cTosi-
TE/NLCTBOM, YTO B MCUHCJ/IEHHH BHICKA3LIBAHHH OYJ/ieBbl MepEMEHHbIe HH-
TEPIPETHPVIOTCS KaK IMepeMeHHble BHICKA3BIBAHUs, paccMaTpHBae-
Mble 10J] YIJIOM 3DEHHs CBoed HCTHHHOCTH M JIOXKHOCTH.

- B ganHOM M Tpex mocJefylouiHx naparpadax OyaeM HoJb30BATHCS
nepBoil cucTeMoll 0003HauenHil, He OroBapHBasi 3TOTO KaXKAwH pas:
TIpH Heo6XOJHMOCTH Mepexofia OT OJHOH CHCTEMEl 0003HAYeHHH K ApY-
rofi YCJOBHMCS, YTO €IUHHLIA COOTBETCTBYET HCTHHE, a HYJb — JIKH
(MoXKHO ObL1O Obl, pasymeercsi, NMPHHSITL H HNPSIMO HPOTHBOMOJIOXKHOE
COOTBETCTBHE).

PaccMoTpum OyJeBH (YHKLHH OT JIO00T0 KOHEYHOTO YHCsia apry-
mentoB. Ecau yucJ0 aprymMeHToOB paBHO 1, TO COOTBETCTBYIOLLYIO DYHK-
[MI0 NPHUHATO HAa3blBaTh n-mecmwof. Bnarojapsi TomMy, 4YTO KaxKnas
6yneBa mepeMeHHasi MOXKeT NPHHHMAThL JHOIL JBa 3HaYeHHs, 06JacTb
onpeneneHus oo OyneBod yHKLIHH GyJeT HENPEMEHHO KOHEUHOH.
Jlerko BUjeTh, UTO 06/MaCTh ONpPENEACHHS f-MecTHOH OyJ1eBoH (QYHKIHH
MOJKET COCTOSITh MaKCHMyM H3 2" pasJIHUHBIX 3JIEMEHTOB, MpeICcTaB-
JSIOMHX co00fl BCEBO3MOXKHHIE Habopol 3HaueHuil n ee apryMeHTOB.
Bysaem oOblMHO ymOps0YHBATH ApPTYMeHTH 33afaHHOH OyJieBoil OYHK-
ouM, MpHcBauBas HM HoMmepa 1, 2, ..., n. B Takom cayuae nabop
3HAaYEHHH AapryMeHTOB OTOXKJECTBJISIETCS C HEKOTOPHIM KOpHIENeM
{koneuHolt yHopsfoUeHHOH MOCJENOBATENLHOCThIO) HYJeH H eJHHHIL.
Hanpumep, na6op suauenuii x, = 1, x, =0, x3 = 0 aprymenToB Tpex-
mecTHO! OyJeBoll OYHKUMH f(x,, X,, Xs) MOXKeT GBITh KPAaTKO 3amHCaH
B BHae Koprtexa 100, a mabop x,=0, x, =0, x3=1 — B BHAe KOp-
texxa 001. B pgasbneiiiem GyJIeM 4acTo HA3LIBATL YKA3aHHBIE KOPTEXKH
npocTo HabopaMH (apryMesThl IPH 3TOM HYMEPYIOTCS BCerja B Ompe-
JeJIEHHOM MHOpfJKe — B TOM IOpSiiKe, B KAKOM OHH BCTpeYaroTcs B
00603HaueHUH f(xy, X,, ..., Xn), COOTBETCTBYIONEM OyJ/ieBoll (YHKLHH).
Tepmun 6yses NPUMEHHTEJNBHO K KOpPTeXY (HaGopy) O3HAuaer, 4TO
COOTBETCTBYIOLIHH KOPTEX COCTABJIEH H3 HYJell H eIHHHII.

Kaxaelii kopTex AJHHBI 71, COCTABJIEHHBIH H3 HYyJed H eIHHUIL
(6yneB KopTex), MOXKeT GhHITh OTOXKIECTBJIEH C HEKOTOPOH BEPUIHHOM
1-MEPHOTO eNHHHYHOTO Ky0a, HMelomeldl COOTBETCTBYIOLIHE KOOPAH-
HaThl. [lsis ABYMEpHOro cjyuasi, KOTAAa n-MepPHBI Ky6 CBOAHTCS K
KBajpaTy, crnocoG OTOXKJecTBieHHS OyJeBbLIX KOpTeXel C BepUiMHAMH
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YyKasaH Ha pHC. 4. B cHsy BO3MOMKHOCTH NOAOGHOrO OTOXAECTBJIEHHS
OyJ1eBEl Ha00pH (KOPTEXKH) OGYAYT HHOTIA HA3HIBATLCS TAKKE MOUKAMU.
B nacrosmefi riaBe orpaHuunmcs (3a HCK/oueHneM ocofo OroBa-
PHBAEMbIX CJyYaeB) PacCMOTPEHHEM JHIIL TAKHX OYJaeBHIX (YHKUHI,
00/1aCTb  ONpENeJieHHs] KOTOPEIX BKJIOUaeT Bce HabOphl 3HAYEHHH ee
aprymentos. TakuM o6pasom, n-mecTHas Oy-
aeBa QYHKLUHsS! HoJ/DKHA ObITh OompefgesieHa B 2 X
pas/MYHBIX TOYKax. Eciu He Hckaouaetcs () )
cjydal, KOTAa Ta HJH WHas OyJjieBa QyHKLHUs
MoxkeT ObiTh HE ompesesieda XoTs Obl Ha OJHOM
13 HaGopoB, TO OHA Ha3wBaeTcs yacmuyxoll 6y- (00)  (10)

X

2es0il pyrxyueli. PaccMoTpende 4acTHYHHIX OY- * puc 4
JeBbiX (DyHKIHH MOJIESHO IPH CHHTE3e CXeM o
JHCKPETHBIX AaBTOMAaTOB. - B TeopeTrHueckom

IVIaHE HHTEpeC NPe[CTaBJsIIOT HMEHHO BCIOLY OMNpeeJeHHble  OyJeBhl
¢pyukuuy, tTem GoJiee, YTO B cyyae HEOGXOAUMOCTH BCsiKast YacTHUYHAR
6ynieBa QyHKUHA MOKET OLITL 0oonpederena (BooGiie FOBOPst, HPOU3BOJb-
HEIM crmocofoM) Ha Tex Habopax, HAa KOTOPHIX OHAa HepBoHAYaJb-
HO He Onina onpenenena. Ilostomy, roeops o OyJjeBnX GYHKUHAX,
B JlaJbHefimeM (ec/H CreNHaJbHO HE OroBOPEHO HPOTHBHOEe) OyneMm
NoApasyMeBaTh IOJ HHMMH HMEHHO BCIOJAY OmNpeAeeHHble GyHKUHH.
3aMerHM eliie, YTO NPH PACCMOTPEHHH ToH HJM HHOH GyneBoi HyHK-
MK OyJeM CYHTaTh 3aJaHHBIM YHCJO €e aprymenTtoB. Heo6XoxumocTs
3TOil OTOBODKH OOYCJIOBJHBAeTCHA BO3MOMKHOCTLIO TPAKTOBKH BCSKOH
n-MectHOH OyHKUHH Kak (n -+ l)-mecrnoit, (n -+ 2)-MecTHOH H, BO-
ofue, Kak (n - k)-MecTHON QYHKUHH JJa JIOO0OT0 HATYPaJbHOTO 4YH-
cna k. [leficTBuTesbHO, Hanpumep, (YHKLUHIO-KOHCTAaHTY (PaBHYIO
TOXJECTBEHHO HYJIIO HJIM eIUHUIIE ) MOXKHO HPH JKeJaHWH CUHTaTh
¢byHkuHedl J060ro uyuc/aa apryMeHTOB, OT KOTOPHIX OHA4, OJHAKO, B
JelICTBHTEIbHOCTH He 3aBHCHT. AHAJOTHYHO MOXHO K /1000 (pyHKIHH
f(xy, x5, ..., x,) NOGaBHTL KaKoe YrOZHO WYHCJO HOBHIX apPTyMeHTOB
X1y sXnix, OT KOTOPBIX 3HaueHUsi QYHKUHH (akTHueCKH He OYAYT
3aBHCeTh. {11 3TOro JIOCTATOYHO MOJIOXKHTH, UTO JJs Bcex HabopoB
3HAYEHHH MEPeMEHHbIX X,, X3, ..., Xq4i CIIPABEJJIHBO DABEHCTBO _

Flon Xoy oo X X oo X)) = [ (X0 Xay oo, X,)-

Omnucannyio onepauHio npeBpaileHis 7-MecTHOH GYHKUMH B (1 -
+ k)-MecTHyI0O OyJAeM HAa3BIBATh onepayued (hopmasHoe0 NpUnUCH-
sanus apeymenmos. Ilogo6uas omepamusi NPHUMEHHMa, OYEBHAHO, K
IIPOU3BOJIbHEIM (PYHKUYSM (2 HE TOJBKO K OYy/eBhM).

Kak otmeyasioch Bblle, HMeeTcst Touno 2° OyJjieBHlXx Habopa (Kop-
Texeil) AJUHBE 7. OTH HaOOpLl MOXKHO PacCCMaTpHUBaTh KaK 34ilHMCH He-
KOTOPHIX IEJHIX YHCel B JBOHYHON CHCTEME CUHCJEHHs, TaK UYTO Ha-
60D 4,0, ... 0, OTOKAECTBJAETCS C JBOMYHOH 3aIHCHIO YHCAA O - 27! 4
F0y 2072 4 . Apey- 240, (316Ch GyaeBnl 3nauenus 0w 1 paccma-
TPHBAIOTCSA NMPOCTO Kak obmunpie uucsaa 0 1 1). Dro yncno Oyaem Ha-
3HBATb HOMEPOM COOTBeTCTByIomiero HnaGopa. Homepa naGopos Me-
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HAIOTCS OT HYJs (17151 Ha6opa, COCTOAEro U3 OAHMX HYJed), 1o 27 —I1
(nnst nabopa, cocrosulero H3 ofHux enuuuu). Homepom naGopa 010
Gyner uucao 0-22 4+ 1.2 4-0 = 2, nomepom nabopa 101 — uucso
1-22 0.2 41 =5 u 7. 1.

Pacnosiarass HaGopbl B CTOJOHK OfMH 3a APYrHM B IIOPsIAKE pocTa
HX HOMEpPOB H MoMelnas pPsIoM C KaXKIHM Ha0opoM 3HaueHHe OyJe-
Boii ¢yHKIMH HA 3TOM Habope, MONYUHM mabauyy 3xaderull GyneBoil
¢pyukuuu. ITockosbky Ha KaxkjaoM HaGope ¢yHKUMA MOXeT NDHHSITH
mo6oe u3 nByx 3nHauenuil (0 uyaH 1), He3aBHCUMO OT ee 3HAUYEHHH Ha
ocTajJibHBIX Hafopax, To NPH m HAGOPax MOXKHO ONpefesIUTh POBHO 2™
pasjuunble (OTJMYaOIMecs APYT OF APyra CBOHMH 3HAUEHHSMH XOTSH
6bl HA ofHOM HaGope) OyJeBnl PyHKUHH. HMess B Bupy onpeneseHHoe
Bhillle obigee YHCJI0 HAGOpPOB A/ n NepeMeHHHX (paBHOe 27), INpHuXo-
MM K BBIBOAY, UTO 4UCAO PA3AUMHbIX OYaeevix yHKyul om n apeymer-
moe, xomopoe 6ydem obosnasams B(n), onpedeasemcs gopmyroi

B(n) =2 (9)

Ilpu n =1 Benuuuna B(n) paBHa 4, a npu._yBeJHyeHHud Ha | 3ra
BeJMuMHa Bo3Boaurcst B kBagpar: B(n +- 1) = (B(n))2. Tak uro ecad
YHCJIO OJHOMECTHBIX GyJieBbiX (PYHKUHH paBHO Bcero 4, To 4MCJIO pas-
JHYHBIX JBYXMeCTHhIX (6yneBbix) ¢yHKuuit 6yger paBuo 16, Tpex-
MECTHBIX — 256, ueTbipeXMeCTHhIX —2562 =65 Thic., NATHMECTHBIX-—
256% =~ 4 MJpA., UIECTUMECTHBIX — npumepHo 16 Ttpunjauonos (16-
-108) u 1. 1. Peanbusie BO3MOXHOCTH mepe6opa Bcex OyJieBbiX (yHK-
[ui OTPaHHYHBAIOTCA, TAKHM 06Da30oM, TPEXMECTHHIMH HJIH B JIyullleMm
cJiyyae YeThbIPeXMeCTHBIMH (PYHKLHIMHU.

Xors Bcsikasg 6yJeBa GYHKLMS MOMKeT GHITh 33]aHa B BHe TaG/HIIbI
CBOMX 3HAUeHHH, B GOJBLIMHCTBE CJIyYdeB NPAKTHYECKOTO NMPUMEHEHHUS
Teopuu OyJieBbIX (PYHKUHMH NOJOOHBIH Crnoco® 3aganusi OKa3kIBAETCH
Heyno6HbIM. 1T03TOMY OfHOIH M3 OCHOBHBIX 337a4 HAIIMX JaJjibHeHInuX
nocTpoenHii 6yzer paspaboTka HHbIX, OoJiee YAOGHBIX CIocoGOB 3a-
paHusa OyneBblx ¢yHKuMiA. B sT1olt cBA3M ocoGoe 3naueHue npuobpe-
TalotT OyJieBhl (DYHKUHH OT OJHOrO H ABYX apryMEHTOB, IOCKOJIBKY,
Kak OyJleT NOKa3aHO jajiee, C HMX [OMOIIBI0 MOXHO IpPeACTaBJISTD
npoH3BoJsibHble OyJeBbl (yHKuUHH. [IoaroMy u3yuum OGoJiee NoapoOHO
OJIHOMECTHBI€ H JBYXMeCTHbie OyJ/ieBbl (PYHKIHH.

N3 yerwipex opHoMeCTHBIX (YHKUMI ¢ (x), KoTopble BooOlie BO3-
MOXHO IIOCTPOHTH, JBe (DYHKIMH TNPEICTaBJIAIOT COOOH KOHCTAHTH
0 u 1, He 3aBucsiue ABHO oT x. Ente ogHa ¢byHKUUA NIPOCTO MOBTOPsET
3HAYEHHS CBOErC apryMeHTa @ (x) = x M [M03TOMY TakKxKe He Ipei-
craBasier HHTepeca. Ilocsennsis, uerBeprast ¢GyHKLus, LJs KOTOpOH
BBeJleM ClenHanbHoe o6o3HayeHHe ¥ MM ~1 X, HMeeT BCerga NpoTHBO-
MOJIOAKHOE 10 CPABHEHHIO CO CBOMM apryMentoM sHauvenue: 0=1u 1=0.
Jra (YHKUMSA HA3LIBAETCS uHeepcuell, WIH ompuyaruem. Beipaxe-
HHe X (KaK W BbIpaXKeHHe ] X) UHTAETCH KaK <«Ompuyanue x»,
HJIH «He x». B Teopun GyneBnix ¢yHKuuii, a TakKKe B IPHJIOXKEHHAX
9TOH TeOpHHM K CHHTe3y CXeM aBTOMATOB, CJenys Tpajguluu, OyleMm
N0JIb30BaThCA OoG03HAUeHHCM X . B maremartHueckoif JiorHke (KoHel
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gacrosieil I/aBbl M HAayaJlo UIECTOH IJaBhl), a TaKXKe B NPAKTHUECKHX
acmeKkTax TEOPHH AJTOPHTMOB (KOHeL NsATol [JaBh) 10 psAay coo6pa-
JKeHHil GoJiee ynoOHO o6Go3HAueHHE ] X.

W13 yucna 16 pasiuyHbBIX ABYXMeCTHHIX Oy/eBbIX QyHKUME f(x, y),
KOTOphie BOOOLLe BO3MOXKHO MOCTPOMThH, UIECTb (DYHKUHE CBOAITCA K
(PYHKLUMAM OT MEHbUIEr0 YHCJIA apryMeHTOB. JTo, BO-NEPBHIX, CHOBA
aBe ¢yHkuiH KoHcrauT (0 M 1),Bo-BTOpBIX,— JiBe (pYHKLHH, IOBTO-
psIoliHe 3HAYEHUS KaKOro-HHOyAL apryMmeHTa (X WJH y), H, B-Tpe-
TBHX, — JABe (YHKIHH, OpeicTaBJjsioulHe co6oil OTPHLAHHSA KaXKJoro
H3 apTyMeHToB (X H y).

Hecars ocraBlumxcs ¢yHKUMHA f(x, y), AeHCTBHTENbHO 3aBHCALIHX
OT O6OHX CBOHMX apTyMEHTOB, MOXKHO pa36HTh HA NAaphl TaK, YTO BTO-
past GpYHKUHS Naps npeicrasjsieT co0oil OTpULaHHe NMepBoH (PYyHKUUH
(T. e. HMeeT Ha KaxkJAOM HaGope MPOTHBONO.IO¥KHOE 110 CPABHEHHIO C
nepBoi (yHKUHell 3HaueHHe). B 3ToM cayvyae ¢aKTHUECKH HCIOJB3Y-

ercs ofHOoMecTHas OyseBa GYHKUMA X JAJs OCTPOEHHS 00HOMECMHO
onepayuy OMPUYanUs HAa MHOXeCTBe Bcex OyJeBnx ¢yukuuii, ITpHme-
HeHHe OnepamuM OTPHUAHHA K Jio0ol 6yneBoil (YHKUHMH g MOMKHO
TPaKTOBaTb KaK nodcmarosky GyHKLUMH BMECTC apryMeHTa X B QyHKUHIO
X. ITono6Ho#t mojcTraHOBKOH OfHHX GYJIEeBbIX (YHKLHI BMECTO apryMeH-
TOB JApyrux OyJeBbX (yuxkuui (HasbiBaeMoli cynepnosuyuell 3THX
¢yukuui) 6yneM WIMPOKO HOJIb30BaThCA M jaJjee JAJs o6pa3oBaHHs
pa3/MYHBIX oOrepauMii Ha MHOMKECTBe OyJ/eBbIX (yHKUHH (OyJeBhIX
onepauuit). nsa o6o3HAueHHs CTPOAUIMXCA TaKUM obpasoM omne)a-
LHH HCNOMB3YIOT OOBIYHO OGO3HAUEHHS MOPOXKIAIOIMX 3TH onepalrH
6yneBbix ¢yHKUMH. B pameMm cayuae o6o3HAaueHHeM JJisi OTPHIAHHUS
NpOoU3BoJIbHOR OyJsieBoli ¢yHKUMH g OyaeT CaAyXKHTb g (Mju 1 g).

OmnncanHoe Bbillle pasjesieHHe ABYXMECTHHIX OyJieBbix (GYHKUMH
Ha napel (g, g) NO03BoJIAET (PAKTHUYECKH OrPAHHUHTHCH OINHCAHHEM
JUWIb NATH (QYHKUMH, KOTopble BhifepeM B KauecTBe IepBHIX 3J/eMeH-
TOB YKa3aHHBIX Nap. :

Haunem omnucaHue ¢ koH®IOHKYU'l, HA3bIBaeMOH Takxe (Joruue-
CKHM) npouseedeHues, UaH onepayueld aoeuteckoeo «u». KOHBIOHKIMIO
MepeMeHHHIX X M Yy B MaTeMaTHUeCKOH JIOrHKe MNpuHSITO 0003Ha4aTth
x &y umn x Ay (npumem BTopoe M3 3THX obo3nauenuil). KOHBIOHK-
uMst x /\ y noonpenenenuio TOrAa U TOJNbKO TOTAA PaBHA eHHHLE, KO-
ria o6a ee apryMeHTa X H y PaBHBI €IHHHIE.

[ast paBencTBa KOHBLIOHKUMH X\ y HYJIO JOCTAaTOYHO, 4YTOO XOTA
Obl OJIMH H3 ee apryMeHTOB (x WJH y) ofpamaJcs B HYJb. ¥ Ka3aHHbE
CBOHCTBA KOHBIOHKIIHH COBEPUIEHHO aHAJIOTHYHLI BCEM CBOHCTBAM,
KOoTopble HMesio OH NpousBefenHe Xy, ecyH Obl COCTaBJSIIOLIHE €ro COo-
MHOXKHTEJIH MOTJIM NIPHHHUMATD JIMIIb ABA 4ucierHblx 3nauennss — O u 1.
D10 06CTOATENLCTBO HABOJWT HA MHICJL CUHTATh Oy.1€86¢ NOCHOAHHbIE
(0 u 1) cBoeoGpAasHLIMH «IICEBAOYHCIIAMHY, JJS KOTOPHIX OIpeAe/eHa
onepauHs yYMHOMKeHus, 0O6/agamomast BCeMH CBOHCTBAMH oONepalHH
06LIYHOTO YMHOXKenHsT s wuces 0 u 1:

0.0 =0, 01 =0, 1.0=0, L.I =D, .



B Teopuu OyJieBHIX (pYHKIHHA H B ee MPHJOXKEHHSIX K TeOPHH aBTO-
MaTOB OKAa3bBaeTcs yJOOHBIM NDHHSTH HMEHHO TAKYyl0 TOUKY 3peHHS.
BoJsiee Toro, omepauuio KOHBIOHKUMH B 3THX CJayyasgx OyneM IpOCTO
OTOXKIECTBJSITH C YMHOXKEHHeM KakK Mo Ha3BaHHIO, TaK H 1o dopme
sanicd. MHbMH cioBamu, BMecto o603HauenHsix Ay 6ygeM ymorpe-
G6asTh 006O3HAuUeHHe x-y, HJH XYy, a TAKXKe MO0Jb30BAThCS TEPMHHAMH
«IIpOU3BENEHHE», «COMHOXHTE/IbY» H BCEMH CBOHUCTBAMM YMHOXEHHS H3
o6GbluHO# 3JieMeHTapHOH aJjreGpbl. Jlerko nousth, UTO B CHJy COBHa-
I€HUST ONlpeleJeHHH YMHOXeHHe B HauleM cJjyvyae Oyger HMeTb BCe
obuiye (BHITIOJHSIONIMECS TOMKIECTBEHHO) CBOHCTBA YMHOXKEHHSA B OOLIY-
HOW anre6pe (KOMMYTaTHBHOCTb, aCCOLHMAaTHBHOCTb M T. II.). Bmecre
C TeM OrpaHHYeHHe HAa MHOXXeCTBO BO3MOXKHBIX 3HAUEHHH BeJIMUMH IpH-
BOAMT K IOSIBJIEHHIO ¥ PAacCMAaTPHBAEMOTO HAMH JIOTMUECKOTO- YMHOXe-
HHS TAKUX CBOHCTB, KOTODBIX OOBIUHOE YMHOXKeHHe He HMeeT. Hanpumep,
B Cjyyae JIOTHUECKOTO YMHOXEHHSl TOXIECTBEHHOE COOTHOLIeHHe
X-X = X CTAHOBUTCH HEBEPHBLIM, €CJIM BMecTo 3Hauenui 0 u 1 nojcras-
JSTh B 5TO COOTHOLIEHHe JpYrHe 4ucieHHole 3HAUEHUs BeJHUUHBI X.

Kak ¥ B cjyuae OTPHUAHHA, YMHOMEHHe (KOHBIOHKUHIO) MOKHO
paccMarpuBaTh He TOJILKO KaK (PYHKLHIO, HO H KaK Onepayuio Ha MHO-
WKecTBe Bcex OysieBblX (pyHKuMH. [Ins 3TON LesH JOCTATOUHO BMECTO
HE3aBHCHMEIX II€DEMEHHbIX X H Y MOJACTABJATL B IPOH3BEIEHHE XYy
JBe NpPOH3BOJIbHble OyseBs GyHKUWHH f H g: p = fg. Aunanoruuno
Jrobas gpyras gByxmectHas 6yJieBa GyHKUHSA b (X, y) onpegenseT 0ayx-
MecmHylo, WIH, KaK OGHIYHO NPHHSATO FOBOPHTL B anrebpe, GuxapHyio,
onepayury Ha MHoXeCTBe BCeX OyJieBHX OYHKLHiH, Kotopyl Oylem
Ha3pBaTh U 0603HAYaTh TaK K€, KaK H COOTBETCTBYWILYIO (QYHKIHIO
b(x, y). Pasymeercs, He3aBHCHMbIE IlepeMEHHBIE X H y IIpH 3TOM 3a-
MEeHSIOTCST NIPOU3BOJIbHBIMH OyJeBbIMH (QyHKIMAMH f u g. B pabHeii-
uieM 6yjeM MOJIb30BaThCS ONHCAHHBIM IIPHEMOM BBeJeHHS! HOBBIX OH-
HapHHX omnepauuii Ha MHOMKecTBe OyJeBhX GYHKUMI Ge3 noApoGHBIX
pPa3bsCHEHHH.

B03MOXHOCTL HHTEPIIPETALHH KOHBIOHKUHH KaK OOGLIYHOTO YMHO-
KEeHHSl HABOJMT Ha MbIC/b IIOHCKATh TaKXKe Gy/ieB aHaJor 1Js1 O0bY-
HOTO (YMCJIeHHOTO) cJioKenHd. B oT/uune oT yMHOXeHHS nosHoH aHa-
JIOTHH 3/1€Cb OHITh, pa3yMeercsl, He MoOXeT, NOCKOJILKY paBeHCTBO
1 +1 =2 B cayuae oObIUHOIO CJIOXKEHHS BBOZHUT TPETHIO BeJHUHHY
(2BOBKY), OTJMUHYIO KaK OT HYJIA, TaK H oT eAHuHUbl. IIpH orpanHye-
HHU JHIIb 6yJaeBLM (ZBOWYHEIM) aJihaBUTOM NpsAMas HHTEPIIpeTaLus
yKasaHHoro ¢akra, KOHEeYHO, HeBo3MOXHA. [lo3ToMy MoXHO oIpe-
JeauThb JBa PasJIMUHHX (HO HENOJIHBIX) AHAJIOra YUCJIEHHOTO CJIOXKe-
HUs st Oy/NeBbIX BeJUYMH, MoJlarasi «CyMMy» JBYX €IMHHUIl PaBHOH
Ao enuHule, JU6GO HYJIO.

Onepauust (gByxmectHass OyseBa (YHKUHMA), BO3HHKAOIAS IpH
MepBOM [ONYIIEHHH, HOCHT HAa3BaHHE Ou3BIOHKYUU, N02UHECKO20 CAO-
HCeHUA, A TAKXKe go2udeckoeo (TAK HA3BIBAEMOTO Hepa3desumessHozo)
«uauy». st o6o3HayeHHs 3TOH onepalHH (HKCHpYeM CrellHaJibHbINA
CHUMBOJ (3HaK Ju3blOHKIMH) \/. Takum o6pa3zoM, IM3BIOHKIHS ABYX
BEJIMUHH X H y (He3aBHCHUMHIX NeDeMEHHBIX WJH GyHKuui) 6yzer obo-
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sHavarteess x\/y. CaMM BeJIHUMHBI X H y Ha3bIBAIOTCS NPH 3TOM A02U-
4eCKUMU CAQ2OAEMbIMU, HJH Yaille — OU3BIOHKMUBHbIMU 4ACHAMU.

CucTeMa COOTHOLIEHHH, IOJIHOCTBIO ONpEAENSIOUIMX OllepalHio JH-
3BIOHKUMH, 3anuchiBaercsiB BHae 0\ 0 =0, O\l =1, 1\ 0 =1,
1\/1 =1. IlepBbie TpH COOTHOLIEHHS TOUHO TAKHE Xe, KAK H B cJyyae
o6bIUHOrO (UHCJIEHHOTO) CJIOXKeHHs, H JIHIb YeTBeproe COOTHOIIEHUe
OTJIHYAET JIOTHUECKOe CJIoXeHHe oT obniyHoro. B cusy npuBegennbix
COOTHOLIEHHI JH3BIOHKLUHSA ABYX BEJHUHH X H y TOTZA H TOJBLKO TOTIA
paBHa HYyJio, Korjga o0e 3TH BeJHUMHH o06paiiainTcss B HyJdb. Ecian
xoTs1 Obl OJIHA M3 YKA3aHHBIX BEJIHYMH NpPHHHMaer 3HauyeHue 1, To 3TO
JKe camoe 3HaueHue l, HE3aBHCHMO OT 3HAUEHHS JPYTOTO JH3BIOHK-
THBHOTO 4JIeHa, IPHHUMAET U Cama JHM3BIOHKLHS.

BoJsiee ynaunbiii aHaJior OGLIYHOTO {YHCJIEHHOTO) CJIOXKEHHS I[OJY-
YyaeTcst B TOM CJiyuyae, KOTJa «CyMMa» ABYX €IMHHIL IloJiaTaercsl paBHOH
ay/aio. Bosnukawuylo TakuM o6pa3oM onepauuio (iByxmecTHyiwo Oy-
JieBy (YHKLHIO) Ha3pBaioT OCBIYHO oMnepauued HepasHOHAYHOCMU,
pa30eAumesbHo20 uiu», a TaKXKe caoxceruem no modyao osa. Tlocaen-
Hee Ha3BaHHe CBS3aHO C TeM, 4TO BBOJHMAA olepauHs CoBlajaer C
onpeleNnseMbM B TeODHH YHCeJI CJIOKEHHeM Mo MOAYJIO JBd, ecJH
HyJb U eJHHHIY pacCMaTpPHBaTb KaK OGLIUHBIE YHC/IA.

I kparkoctH 6yjeM Ha3biBaTbh 3Ty OlNepalHio HPOCTO CJOXe-
HHeM H yNoTpe6JsiTh 1o AHAJIOTHH € OOBIYHBIM CJIOXKEHHEeM TaKHe Tep-
MHHH, KaK cyMMa H cjaaraemeie. [as o6o3nauenus onepaudH cJo-
KeHMs 110 MoAy/io [Ba 6GyaeM IN0Jb30BATHCS OGLIUHLIM 3HAKOM ().
Yro6bl IOAUEPKHYTH, UTO peub Hier He 06 OOLIYHOM CJIOXKEHHH, HHOTAA
GyleM OGBOAHTH 3TOT 3HAK KPYKKOM.

Ornepanus cjioxKeHHs GyJieBbIX BeJHUHH oOnpelensercs Clepyo-
IMMH YeTelpbMs cooTHOomlenHsMH: 0 -0 =0,0 41 =1, 1 40 =
=1, 1 41 = 0. IlepBbie TPU M3 HHUX — TOUHO TaKHE }Ke, KaK H B
cjydyae oOBIUHOrO {UHCJIEHHOTO) CJIOXKEHHA (M TaKHe Ke, KaK B Caydae
JIOTHYECKOTO CJIOXKEHHSI — [IH3BIOHKIHH), TaK uTo crenHduKka BBeleH-
HOIl OriepauMy oIpejesisercs Npexje BCero UeTBepThiM COOTHOIIEHHEM.
C Tem Xe CaMblM COOTHOLIEHHEM CBA33aHO YMOTpebHTe/JLHOE B MareMma-
THYECKOH JIOTHKE Ha3BaHHe JJI OmepallHH CJOXKeHHs — Pa3[esHTe/b-
Hoe «usu». Eciu uurtepnperupoBarh €IHHHMLY KaK HCTHHY, a HYJb —
KaK JI0XKb, TO CyMMa JBYX OyJieBbIX BeJHUYHH Gyger UCTHHHA TOrja H
TOJBKO TOTZAA, KOTZa HCTHHHA uA4u TepBasg, wAu BTOpPAs BeEJMYMHA,
HO He TOrJa, KOTJa OHM ofe HCTHHHBL. B ciyuae sornuecKoit cymmbi
(Hepa3ge/MTEeNILHOTO «MJIH») CYMMa OKa3knBaercsl HCTHHHOH H TOrJQ,
KOrjJla HCTHHHB 06a cJjaraemsie (IH3BIOHKTHBHBIE UJIEHBI) BMeCTe.
«Mmu» B 3TOM Clyyae He HCKJOYaeT OJHOBPEMEHHOH HCTHHHOCTH 00o0-
HX YJIEHOB, He pasdeisiem BONPoC 06 HCTHHHOCTH CYMMBI HA ABa HCKJIO-
4aKIMX Apyr APyra cjiyuasi, C YeM H CBSI3aH TEePMHH «HepasJesHTellb-
HOE» MPHMEHHMTENbHO K «HMJH» B JIOTHUECKOH cymMMe (AH3BIOHKIHH).

Eme aBe aByxmecTHble 6yJjieBbl (DYHKUMH MOPOKNAIOTCH ONHOM
u Toli Ke OWHAPHON omepauMell, Ha3blBaeMOH umnauxayuell, WM one-
payuell aceuneckoeo credosanus. Jas o6osnauenuss STOH onepaunH
¢duKCHpyeM CHMBOJI O. HMMnaukauHs onpefessercsi CASAYIMUMH de-
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ToipbMa  cooTHomenusamu: 0 D0 =1, 021 =1, 1350 _'0
121 = 1. B umMnaukKauyy x Dy, B OTJAHUHE OT YMHOXKEHHS, JH3BIOHK-
[MH M CJOXKEHHSI, CYLIECTBEHHOE 3HAYEHHEe UMeeT NOPSJ0K, B KOTOPOM
pacriosiaraiotcst ee usenbl. [Ipu M3MeHeHuM 3TOrO nopsiaka ma oGpar-
Hbli 3HAYEHHe HMILIMKALMH H3MEHSETCH TaK, YTo ¥ Oy H y D X
npejacTaBJsioT coboii ABe pasautirble GyJieBbl QYHKIHH.

Ecau ofo3HauaTh ABYXMeCTHYIO G6yJjeBy OyHKUMIO f(x, y) Kop-
TexeM (0y010903), TAE a; — 3HaueHue, IpUHHAMAaeMoe 3TOH (pyHKIHedH
Ha Habope ¢ HoMmepoM i (i = 0,1, 2, 3) TO HMIIMKALIHH x D y Gyner
COOTBETCTBOBATbL KODPTEXK (llOl) a HMILVIMKAUMH § D x — KOpTex
(1011). 3amerHM OJHOBDEMEHHO, YTO INIPOM3BEJEHHE, JU3BIOHKUHMS H
CyMMa TIeDeMEeHHBIX X W Y, He3agucumo om nopsaoka, B KOTOPOM 3arlH-
CaHBl 3TH MePeMeHHbe, NDPEACTABJISIOTCA COOTBETCTBEHHO KOPTEXKAaMH:
(0001), (0111) u (0110).

W3 paccMoTpenMs] BceX IPHBEJIEHHBIX KOPTeXKeil BbIT€Kaer, Kcra-
TH, YTO BCE NHATh ONPENENEHHHX HAMH JBYXMECTHLIX OyJeBHIX (DYHK-
uuii (npousseneHue, AH3BIOHKUHMSA, CyMMa H JIBe HMIUIMKALuH) £B-
JSIOTCS IOMAPHO PA3JMYHBIMH. JlerkKo MoHSATh, YTO KOPTEX /A OTpH-
HaHus JoOolt GyseBoi GYHKUHH MOJIyyaercss U3 KOpTeXa JJs caMoi
3TOl (DYHKUMH 3aMEeHOil BCeX eJHHHIl HYJSMH M BCeX HyJel eIHHHU-
uamu. [Ipumensst 5TO MPaBHJIO, MOKHO ONpENENHTb KOPTEXKH A/

OTPHUAHHS TPOM3BEJEHHS Xy, OTPUIUAHHS AM3BIOHKUMH x\/y, oTpHUa-

Husl CyMMBbl x-+y H ABYX OTPHLAHHHA JJf HMIIMKALHH XDy uny,
Orumu  Koprexkamu Oyayt coorBerctBerHo (1110), (1000), (1001),
(0010) u (0100).

Jlerko npoBepHTE, UTO BMeCTe C BBECHHEIMH PaHee HATHIO GYHKIUS-
MM MATh HOBbIX QYHKUMH (OTpPHUAHHE NPEbAYIHX NSITH) COCTABJSIOT
CHCTEMY AECATH NONAPHO PA3JIMYHBIX JIBYXMECTHHIX OyJeBbiXx QYHKIHMI.
Bce onu orsHyaorcs Takxe Oor ¢yHKUui-KoncraHt O u 1w dynk-
WM X, y, X, y, PACCMATPHBAEMBIX KakK GYHKUMH JBYX MepeMeHHbIX
X H Y, NOCKOJBKY Ioc/iefnue (yHKUHH XapaKTepH3YIOTCs COOTBET-
cTBenHo Koprexamu (0000), (1111), (0011), (0101), (1100), (1010).
Takum o006pa3oM OKA43bIBAIOTCS MEPEUHCJeHHbIMH BC€ IIeCTHAaAllaTh
ABYXMeCTHBIX OysieBbiX QYHKUHHA, KOTOPhIe BOOOIIE MOMKHO IIOCTPOHMTE.

Crenaem elile HECKOJIBKO 3aMeYaHHH OTHOCHTENbHO BBEIEHHBIX
Boile QyHKUMHA. DyHKIMS xy (OTPHLAHHE NPOU3BENEHHS), XapaKTepH-
syemast koprexkem (1110), u omnpejensiemast elo GuHApHAs onepaLus
HasbBaoTcA obpiyHo mrpuxom leddepa. Jlerko npoBeputh (HCIOJIb-
3ysl ONpele/IeHHs OTPHLAHHUS M JH3BIOHKLMH), uro wrpux [leddepa
MOXeT OHTh MpeICTaB/eH He TOIbKO B BHIE OTPUUAHHMS TNPOH3BEJE-
HUS Xy, HO M B BUJe JM3BIOHKLMH OTPHLAHUI X\/y.

Orpuuande JIHSBIOHKUHH x\/ y — TaK HaspiBaeMmas ¢yrkyus [Tup-
ca, — xapakrepusyemoe Koprexem (1000), MoxeT GuiTh IpPENCTABIEHO
TaKXe B BHJIe MPOH3BEINEHHS OTPHLAHHH IEDEMeHHbLIX X H ¢, T. €.
B BHJe x.y. Jlerko Bugers, uyto Kak wrpux [lledxpepa, Tak u dynkuus
TMupca, nogo6HO NPOM3BENEHHIO, NU3BIOHKUHH H CyMMe, SIBJSIOTCS
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cummempuinoimy QyHKUHAMH, T. €., He MEHSIOT CBOHX 3HayeHHil npw
repecTaHoBKe apTyMEHTOB.

[MogobubiM ke cBoiicTBOM ofJajaer M .OTPHUAHHE CYMMb xFy,
Ha3bIBaeMoe onepayuell pasHO3HAYHOCMU, WJIH A02UHEcKOoll IK8UBAAeHT -
Hocmwro. Ins o6o3nadeHHst 3ToH GyHKIHH, KaK M JJd onpexesseMol
€0 OMHADHOH oNepauuH, YHoTpedJsiorTCs CreuualbHbie CHMBOJIb ~

HAM == (3HAK SKBHBAJEHTHOCTH). DYHKUHS ¥ +y = X ~ y Xapakre-
pusyercs koprexem (1001). TepMHHBI «PaBHO3HAYHOCTbY H «HEPABHO-
3HAYHOCTb» IIPUMEHUTEBHO K QYHKUHAM X~y H X -+ Y COOTBETCTBEHHO
TI0JYepKUBAIOT TOT (aKT, UTO NepBas (GYHKUUS pPABHA e€IHHHUE TOTAA
H TOJIbKO TOTJA, KOTJla 3HAUEHHS ee aPTYMEHTOB paBHHI MeX1y coOoi,
a Bropas, — KOTJa 3HAueHHd ee apryMeHTOB OKa3nBaloTCA Hepas-
HeiMH. TepMHH «3KBHBAJIEHTHOCTbY HMEET TOT K€ CMBICJ, UTO H TEePMHH
«PaBHO3HAYHOCTbY.

Oyukuua (6uHapHast onepauMsi) HMIJIHKAUMH MoXeT ObITh BhIpa-
eHa JU3BIOHKIMEH M OTpHUAHHeM. JIerKo NpoBepHTh, 4To ¥ 2D y =

=x\Vy,ay D x =x\/y. OrpunanHe UMIHKALHH, HA3bIBAEMOE TAKXKE
Qyuxyuel 3anpema, Nerko BHPAXKAETCS NPOH3BELEHHEM H OTPHUAHHEM :
XDy =x-y,y D x =x-y. Kak umnaukauus, tak 0 ¢yHKuus 3anpera
TIPEACTaBJAIOT Co60l NpPUMEpPHl Hecummempu4rolX OyneBbIX GYHKUHH,
TIOCKOJIbKY OHH U3MEHAIOT CBOM 3HAUEHH S [IPH [TePeCTAHOBKE apIyMeHTOB.
OrMeTHM B 3aK/lOueHHe, UTO TPH YTEHHH ¢GOPMyJ 3HAK KOHBIOHK-
uMd A (uaum &) NMPOM3HOCHTCH KaK «M», 3HAK IH3BIOHKUMH \/ — Kak
«HJIH», 3HAK CYMMBbI - (MM €D)—KaK «IJII0Cc», 3HAK HMIJIHKAUHH D —
KAaK «BJI€UET», 3HaK 5KBHBAJICHTHOCTH ~ (MJIH =2) — KaK <3KBHBaJIEHTHO»
M 3HAK OTPHUAHHA (MJH ~ 1) — KaK CHe», .
Bcem nepeuncsienHHM JECATH ABY XMECTHHIM Oy 1€BbIM (DYHKUHAM OTBE-
4a0T COOTBETCTBYIOLIHE JBY XMECTHbIE GYJIEBHI ONepaLiH, KOTOphie GyAeM
©0003Ha4aTh U HA3LIBAThH TOYHO TAK e, KaK H ollpejesiomye X QyHKIHH.

§ 2. Bynesa anreGpa

Bynesotl arzebpoti 6yoem HA3b18AME MHONCECTBO 8CEX (KOHEUHOMECITLHDLX)
Oyresoix hynxyuli, paccmampusaemoe 8mecme ¢ 300aHHBIMU  HA HEM
ONepayUAMY OMPUYAHUS, OUIBIOHKYUL U YMHOMCEHUS (KOHDBIORKYUL).

YenoBumea OyKBaMH «, v, w, ... (C HHIEKCAMH MJIH 6e3 HMHJEKCOB)
0603HaYaTh INIPOH3BOJILHBEIE 3JI€MEHTHl OyJieBoit anreGphbl, T. €., HHbI-
MH CJIOBAMH, IPOU3BOJIbHbIE OyJeBbl (yHKUMH. OfHOH H3 OCHOBHBIX
3anay Gysieoili anareGpn ABJsEICs YCTAHOBJEHHE MONCOECMBEHHbIX CO-
omuowenud Buga A{u, v, w, ...) = Blu, v, w,...), the uepes A(u,
v, w, ...) B Blu, v, w, ..) o6o3naueHH ¢hopmyast, T.e. BblpaXKeHHS
0y ieBoii aare6phi, MOCTPOEHHLIE H3 KOHEYHOTo yucsia O6yKB u, v, W, ...,
3HAKOB Tpex onepaluil asre6pnl, 6yJeBnx KoHcranT ( 0 u 1) U cKoGok
Anst 0603HAUEHHS TMOPSAKA BHIIOJHEHHs ollepauni.

DopMyJibl 10/KHBEL GbITh MOCTPOEHBI npasu.ibro. HIHBIMH CJOBaMH,
OHH JIOJKHBbI MPHBOIHTLCH K BIIOJIHE OMNpenesieHHbiM OyJeBbiM (QYHK-
LHAM IocJie BhIOopa Tex HJM HHHX OyJieBbiX GYHKUHHA B KaueCcTBe 3HA-
YeHHH BXOAAWMX B 5TH (opMmynsi 6YKB u, v, @, ... . Moxno narb
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ctporo ¢opMasbHOE OnpellesieHHe Npasubho nocmpoenrold GopMy b,
BBOIHMOE PEKyPPEHTHO NG NPaBHy: Bce OYKBH 4, ¥, @, ... {(C HHIEK-
caMH HJIH 6e3 HuX) H KoHcrauTthl 0 ¥ 1 ABJIAIOTCS NPABHJIBHO MOCTPOEH-
HeiMH_opmyaami. Eciim A u B — npaBHJbHO NIOCTPOEHHBIE (HOPMY JIbL,
T0 (A4), (A)V(B) u (4)-(B) — TakXe NnpaBHJIbLHO NIOCTPOEHHLIE (hop-
MYJibl. MHOKECTBO NPABHJIBHO IMOCTPOEHHBIX (POPMYJI CUMTAeTCST COB-
NajaionMM C MHOXKECTBOM BceX (opMyJ, KOTOphle MOTyT OhITh NOJYy-
YeHH B pe3yJibTaTe I[OCJIeN0BaTedbHOrO (BooOlle ToBOps, MHOTOKpAT-
HOFO) NpPUMEHEHHS YKAa3aHHOI'O IpaBHJA.

BBenenne Ka)kKaol AOMOJIHHTENbHOH omepauMu B dopmyJay compo-
BOXKJAETCS MOsABJIEHHEM ORHOH WJH JBYX nap cko6ok. Jlas Toro uto-
661 u36exkaTb Ype3MePHOH TpOMO3JKOCTH (DOPMYJ, HECKOJBKO pacliu-
PSAIOT TIOHSITHE NPABHJIBHO IIOCTPOEHHOH OPMYJIbl, IO3BOJSAS ONYy-
CKaThb HEKOTOpble CKOGKHM II0 aHAJOTHH C TeM, KaK 3TO Jenaercs B
IIKOJNBbHOM Kypce anrebpbi. C 3TOH Ledbi0 BBOAST NPaBMJO O CTap-
IIHHCTBE OrepalHii: IepBbIMH IIPH IIPOYMX DPABHBIX YCJOBHSX JOJIXKHBL
BHINOJIHATBLCA OTPHIUAHMSA, 3aTeM YMHOXeHUd, 3aTeM AusbioHkuuu. [Ipu
HeOOXOJMMOCTH  BHIIOJIHEHHS JefCTBHH B HHOM NOpsHLKe YNoTpes-
JasgioTca cCko6kd. Kpome Toro, 3HaK OTpHUanH$, 3alMCHIBaeMblif uep-
TOH HaJ BCeM BhlpaxKendeM, OObIYHO ymorpebssercs 6e3 CKoOGOK,
B KOTOpBI€ JIO/IXKHO Obi/Io Obl GbITh 3aKJIIOYEHO 3TO BhIpaXKenue. B panb-
HefllleM Gyjer YCTAHOBJIEHO TaK:Ke, UTO MOPSIACK, B KOTOPOM BHIIOJI-
HSIOTCS OJHOWUMEHHble omepalHdH, cjeAyloiiHe B QopmyJie Henocpes-
CTBEHHO JPYT 3a JpyroM, 0e3pasJiiyeH, TaK YTO B 3TOM CJyyae CKOOKH
TaKXe OKa3blBalOTCS M3JHILHUMHM H HX MOXHO onyckarb. Hanommum,
HAKOHell, UTO 3HAK YMHOXeHHsl MeX1y GYKBaMH MOXeT GhiTh ONYLIEH.

Bce noayuennsie 8 pesyabmame ORUCAHHBIX PACUUUPERUL NpABUAILHO
nocmpoernsie gopmyast 6ydem 6 Oaavreduiem HA3bame npocmo Gop-
myramu, Oonyckas ynompebierue 8 Hux Kpome 6yke u, v, W AObLX
Opyeux Oyke aamurcko2o argpasuma.

CymecTByer BecbMa Ipocroe ofilee MpaBHJO AJsI IIPOBEPKH ripa-
BHJIbHOCTH TOXJECTBEHHLIX COOTHOlIeHWii B OyneBoit anre6pe. CyTob
3TOFO NPABHJIA COCTOUT B CJIELYIOULIEM.

Kaxnas ¢opmyna A(u, v, w, ...) Gynesoii ajsre6pH MoXKeT pac-
CMaTpHBAaTLCA KaK npedcmasierue HEKOTOpoH OyJieBoli (yHKIHH OT
HepeMeHHbIX «, U, @,... . JlefCTBUTeNLHO, €CJIM NpHAATh 3THM Iiepe-
MEHHbIM HEKOTOpBle NOCTOSHHLIE 3HAuenus (0 u 1), To, npumeHss co-
OTHOLUEHHUS, oOlpejessiomue onepauld OTPHUAHHA, AH3BIOHKUHH H
YMHOKeHHS (T. €. cooTHOLIeHHsT BuAa 0 = 1,0\/ 1 = 1 u 1. 1.), MOXKHO
uyepe3 KOHEYHOE YHCJIO 1uaroB HahTH sHawenue (0 wau 1) dopmyJbr
A(u, v, w, ...) IpH BHLIGDAHHBIX 3HAYEHHMAX INIEPEMEHHHIX U, U, W, ... .
A 5710 u o3Hayaer Kak pas, yTo Hama OpMy.Jia TNpeiCTaB/sger CoGok
HEKOTOPYI0 BCIOAY oOnpenesieHHYl0 OyjeBy (yHKIMIO HepeMeHHbIX
u, v, w, ...

Jle2ko nounsme, umo (moscdecmeentoe) coomuowenue A(u, v, w, ...) =
= B(u, v, w, ...) cnpasediuso 8 mom u mMmoivko 8 mom caydae, Ko20a
gopmyast Alu, v, w, ...) u By, v, w, ...) npedcmasisiom cobold 00Hy
u my ogice bynesy PYHKYUIO NEPEMERKbIX U, U, W, ... . a8 nposepku e
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¢paxkma yxasarHo2o pasercmea 0syx npedcmasaerull Oocmamodro npo-
sepumes, coenadmom 3Ha4eHus 3mux npedcmasserull Ha ecex Habopax
BHQUEHULL NepemenHblX U, v, W, ... WAL He cosnadarom.

Jem cambnM mnocrpoeH oOWHME aJroputTM, TOAHBIA AN NPOBEPKH
MPAaBHJBHOCTH .00biX TOXECTBEHHBIX COOTHOIUEHHH B OyJ/eBoi ajre-
6pe, NOCKOJLKY BBHAY KOHEUHOCTH YMCJa HaOopOB 3HAYEHHH AJ/id
MOGOTO KOHEUHOTO MHOXKeCTBa OYJ/ieBhIX MEepeMEeHHHEIX OMHCAHHAas IIpo-
BepKa BCerja 3aKAHUMBAETCSI yepe3 KOHEYHOE UYMC/IO IIaroB.

BMecTe ¢ TeM CTAHOBMUTCS SICHBIM, UTO TOMJIECTBEHHHIEC COOTHOLIEHUS
B OyseBoii aJjrefpe JOCTATOYHO YCTAHABJMBAThL [JIsI CJydyas, KOTAA
BCe BXOJsIiHe B 3TH COOTHOLUEHHs] GYKBH paccCMaTpHBAiOTCS KakK He-
3asucumoie (6yneBH) nepeMenHnie. B ciyyae Xe HeOOXOIHMOCTH BMECTO
9THX [E€PEeMEHHBIX MOTYT ObiTh NOJACTABJEHb! JioOue GyeBbl (PYHKIHH.

HesaBucumebie mepemenHnie Gyjem ofo3HayaTb OYKBAMH X, Y, 2
(c HHAeKcaMu MJH 6e3 HHX). DTH XKe OyKBH 6y/JeM ynoTpeG:asiTh H 115
3aNHCH TOMKJIECTBEHHBIX COOTHOLUeHuiH OyJeBoit anre6pu. [IpoBepky
VKA3aHHBIX COOTHOLIEHWIH O6ygeM IPOH3BOAMTBE C IOMOIIBIO IIOACTA-
HOBKHM B HMX BCEeX BO3MOXHHIX HaO0OpOB 3HAU€HMI BXOASILHX B 3TH CO-
OTHOLIEHHsI mnepeMeHHbX (6YKB).

B kauecTBe mnpumepa pacCMOTPHM COOMHOWEHUE KOMMYMAmug-
HOCMU OASL YMHONCEHUS

Xy = yx. (10)

UToOpl yoenuThes B IPABHJIBHOCTH 3TOTC COOTHOLIEHHS], JOCTATOYHO
3aMeTHTb, YTO €ro JieBas M MNpaBasi 4aCcTH PaBHH HY/o Ha Habopax
00y, (01), (10) u paBum egunuie Ha Habope (11). BBugy TpuBHAJB-
HOCTH NOJOGHOM IpPOBepKH, He OyAeM ee MOBTOPSiTL B JaJibHeflieM i
OrPAaHHYMMCST HPOCTHIM BBIITHCBIBAHMEM HEOGXOAUMBIX HAaM COOTHO-
IIeHMii, KoTophie OyfeM HA3HBATh TAKKE 30KOHAMU WJH APABUAGMU.

Kpome cooTHOIeHHs (32KOHA) KOMMYTAaTHBHOCTH, JJIST YMHOMEHHS
CymecTByeT TaKKe TaK HAa3bBAeMbIll 3QKOH acCCoyUAMUEHOCMU, Bbi-
paxkaeMblll PaBeHCTBOM

x (y2) = (xy) 2. ’ (1)

YMHOXEHHe YJOBJIeTBOPSeT el(e OJHOMY 3aKOHY, Ha3biBaeMOMY
OGBIYHO 3AKOHOM UCEMNOMERMHOCIU,

Xx=X. (12)

B cujy sroro 3akoHa NOHSITHS CTENEHH W BO3BeleHHS B CTeleHb
451 OyJeBoit ajreGpbl (haKTHUECKH He HMEIOT 3HauyeHHs.

3aKoHH KOMMYTATHBHOCTH, aCCOLMATHBHOCTH H HAEMIIOTEHTHOCTH
pacnpocTpansiorcs H Ha onepauHio aH3bloHKUHH. COOTBETCTBYIOILHE
COOTHOIIEHHS] 3aMHCHIBAIOTCS

sVy=yVx | (13)
tVyVa=&VyVaz - (19
x\ x =x. ) - (15)
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YMHOMKeHHe H JH3BIOHKUHS CBA3LIBAIOTCST MEXAy CoOoH mnepBbIM
H BTOPHIM AHCTDHOYTHBHBIMH 3aKOHAMH, KOTOPHIEé MOTyT ObITh BbIPa-
>KEeHbl COOTHOIHEHHSMH

X9V 2) =y \ xz (16)
XV gz =(xV y)-(xV 2. (17)

3ameruM, YTo B CHJIY NMPHHSITHIX COrVIALIEHWH O CTApLIMHCTBE Ofle-
paumii mpaBasf 4acTb cooTHoluenHs (16) npexcrasaser coGoit yrpo-
eHHe (33 cueT BHIOPACHIBAHHS M3JIMIIHMX CKOOGOK H 3HAKA YMHOXKe-
Hus) GopmyJel (x-y) \/ (x-2), a neBas yacTp cootHowenus (17) sBas-
ercs ynpouwennem gopmyisr (x)\/ (y-2).

[as yMHOMXeHHS M JU3BIOHKIHMH OKa3bBalOTCA cnpasennuBmMu
TaK Ha3bIBAEMbIE NPABUAL NO2AOWEHUS, BHPaXKaeMble COOTHOUIEHHSIMH

r

/ x\ xy =x; (18)
' ' x(xVy) =x (19

[asa onepauMH OTPULAHHS CYIECTBEHHOE 3HAYeHHe HMEET 3aKOH
060tiHO20 Oompuyanus

X = (20)

B cuny storo 3akona Jo0oe YETHOE YHCJO OTPHUAHMEH, BHITOJIHEHHOE
[AoJpsii, He MeHseT pe3y/abTara, a Jo6oe HeuerHoe UHCJAO HX 3SKBH-
BaJIGHTHO BBIMOJIHEHHIO OJHOTO OTPHIAHHS.

[lpu pasauunelx npeo6pa3oBaHUAX B 6y/ieBoil aarefpe yacro IpH-
XOIHTCS II0JIb30BATLCST TAK HAa3bIBaeMbIMH npasusamu Oe Mopeana,
CBS3bIBAIOLINMH BOEIHHO BCe TPH oOnepauuu anrebpol,

xy=x\y (21)

VG =%7. (22)

OrMeTHM €llle PAL COOTHOIUEHHE, BKJOYAOMHX KoHcTaHuTe 0 H 1:
o AVr=1 (23)
xx=0; - (24)

o x0=0 ©(25)
L =g L @)
S z xVo=x =~ 7 27)
| . xyil=1 . 28)

" L. T=0 (@9
oo b=t (30)



. ?

Cootaouiene (23) Ha3bIBACTCHA 3QKOHOM UCKMOHEHHO20 M pembeso,
cooTHOLIeHHe (24) — 3akoHom npomusopedus. CooTHomenuss (25) n
(28) MOXKHO paccMaTPHBaTh KaK YaCTHBIE CIyYaH NPABHJI IOTJIOUIEHHS.

PaccMOTPHM HEKOTODBIE CJIeJCTBHSI M3 INIDHBEIEHHOH CHCTeMH CO-
oTHOLIeHHH. M3 3aKOHOB KOMMYTATHMBHOCTH H ACCOLHATHBHOCTH /8
AM3BIOHKUHH H YMHOXEHHs! BBLITEKAeT BO3MOXHOCTb IIPOH3BOJILHOTO
nopsAKa BBINOJIHEHUs JNEACTBHA INIPH HaXOXKIEHHH 3HAueHHWHl rmpo-
H3BEEHHS M JAM3BIOHKUMH JAJs JI00OT0 KOHEUHOTO YHCJA UJEHOB.
Or1ciofa BbITEKaeT OTMEUABILIASICS BbIlle BO3MOMXHOCTb 3amMcH (opmyn
Buga x \/x,\/... VX, X%, ...X, 6e3 CKOOOK, HE BH3LIBASI NPH TOM
HUKAKHX JIBYCMBEICJIEHHOCTEH, 34 CUeT BapHalMi NOPIAKA BHIOJIHEHHS
AefCcTBUH.

3ameTHM emdle , UTO, KakK cjelyer H3 coorTHourenui (25) u (28), Ha-
JuuHg XoTsl Obl OAHOH €HHMIBI B IH3BIOHKUMH BHAA X1\ X, \/ ... \/ X,
JOCTATOYHO /st obpauienusi BCeH JU3BLIOHKUHM B eUHHUIY, KaK H
HasuuyHe XoTs Obl OJHOrO HYJIEBOIO COMHOXHUTENS! B IPOH3BEIEHHH
XXy ... Xm OOpailaer Bce 3TO NPOHM3BeJeHHEe B Hyab. B To xe Bpems
cooTHomenHus (26) u (27) moKaswpBalT, YTO B JIOOOH IU3BIOHKIHH
MOTYT ObiThb OMYILEHbI WYJE€HBI, PaBHble HYJIO, a B J0OOM IPOH3Be-
JIeHHA — UJIeHBI, paBHbIE eIHHHILe.

B cuny coornouenus (20) yo6oe KOJIMUECTBO MOAPSZA BbINMOJIHSIeE-
MBbIX OTPHUAHHMH CBOAMTCA JHOO K OJHOMY-€IMHCTBEHHOMY OTpHIUA-
HHIO, JH00 BooOlle K OTCYTCTBHIO KaKUX-JH6G0 OTPHLAHHHA. ¥YCJIOBHMCSH

yepes x (UHTaeTCA KAK «X C BOJIHOI») 0003HAUaTh BHIPAXKEHHe, KO-
Topoe MOXeT ObiTh PaBHBIM JIOOOMY H3 JBYX BHIPAXEHHH X HJH X.
Chaeflyss yCTaHOBJIEHHOMY Bbillle NPaBHJY JAJs IPOBEPKH TOXECTBEH-
HBIX COOTHOLIeHHE B GyseBoil anrebpe, GOpPMYJb, MDPEACTABJSIOLHE
oflHy M Ty xe OyJjeBy GYHKUHIO OT BXOAAIIMX B HUX [€DEMEHHBIX,
6yleM HasblBaTh PAGHHIMU, WJIH IKBUBAIEHMHbIMU, MeXK1Y coboit. XoTa
PAaBEHCTBO HJIH HEPaBeHCTBO JHOOBIX ABYX (opmys OyneBoil asreOphl
MoxKerT GLITh B IPHHLUHIIE IPOBePeHo ITyTeMm rnepefopa BCeX BO3MOMKHBIX
KoMOMHaALME 3HAUEHHMi BXOASIIHX B HHUX TMEPEMEHHHIX, TaKOH NYyThb
NpU yBeJMYEHHM YHCJA MepeMeHHBIX CTAHOBHTCS YDe3MepHO rIpo-
MO3/KMM M IpakTHuecKH HenpurogHbiM. IlosTomy ofHOH U3 OCHOBHBIX
3agau GyneBoii anre0psl siBAsieTcs pa3paborka 6osiee SKOHOMHBIX CIO-
co60B YCTAHOBJIEHHS! PAa3JIMYHOTO POJa COOTHOLIEHHH, CYIECTBYIOLIHX
B 3T0it aJjrebpe.

Ias pelilenusi yKa3aHHOH 3aJa4H MOKHO BOCIOJIB30OBATBCS yiKe
BbIBEJeHHBIMH cooTHotreHussMH  (10) — (30), npumensss HMX MHOro-
KPA4THO M B pa3jMyHbX KoMmOunauusax. Hamnpumep, nByxxkparHoe INpH-
MeHeHue cooTHoueHus (12) mosBosisser yCTaHOBHTh CIPaBeAJIMBOCTD
COOTHOLIEHUS XXX == X, MHOTLOCKPATHO€ HCII0JIb30BAHME COOTHOLIEHHH
(10) u (13) nosBossteT pacHpocTPAHHTL 3aKOHBl KOMMYTATHBHOCTH
JJi5 JH3BIOHKIHMH H IIPOM3BEeHHST HA KaKOoe YIORHO YHCJO JAH3BIOHK-
THBHBIX UJICHOB M, COOTBETCTBEHHO, COMHOMXHTeneil. Takum oOpasom,
BO3HHMKAET BO3MOMKHOCTb [0Ka3hbBaTh PAa3/iHUHbIE COOTHOLIEHHS B OyJie-
Boli asnre6pe, npeo6pasyst Mx JeBHEe H NpaBble YacTH C IOMOUIbIO CO-
orHouwrenuit (10) — (30). Ecau npu atom yjaaercss npusecmu JieBYIO
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M 1paBylO 4acTH KaKoro-jau0o COOTHOIIEHHs] K OfHOH H To#l ke dopmyse,
TO CIpaBeNJHBOCTL COOTBETCTBYIOUIETO COOTHOLIEHHSI OKAasHIBAeTCsl TeM
CaMbIM YCTAHOBJIEHHOH.

AnpHopH HesICHO, yfaercsi JH NoAoOHBIM NyTeM BHIBECTH 68ce CO-
OTHOLIEHH, CyUlecTBYioiHe B OyJeBoll anrebpe? Onrako B AeHCTBH-
TEJbHOCTH TAKOH BBHIBOJ OKas3hIBAeTCA BCETJa BO3MOXKHbIM. [Ins yera-
HOBJIEHHS 3Toro (akTa onpeneJuM HEKOTOpHH CTAHZAPTHHIE THN
dopMyJ1, K KoTopoMy OyZieM CTPpEMHTLC S MPUBOAHTE BCe (hopMy sl 6yJieBoif
anrebpel. Ilpu mnpuBegenuH Toil uau uuo#l dopmyast A GyJaepoil an-
reGpbl K CTaHJApTHOMY BHAY Bcerjga GyaeM (PHKCHPOBaTb HEKOTopoe
KOoHeuHOoe MHOXKecTBO M OyJseBhIX NEpeMeHHbIX Xy, Xj, ..., Xn, BKJIO-
yaoiee 00s3aTejbHO BCE IepeMeHHble, KOTOpble BXOLSAT B COCTAB
paccMaTtpuBaemoil ¢dopmyanl. Beskoe NpoU3BEjleHHe Ilgpeiweﬂﬂprx HJIH

X OTpHIAHHH (T. e. NPOH3BENEHHE BUIA X, X;, ... X;,) HasoBeM s.e-

MEHMapHoIM Npoussederues, €CaU B HeM Kaxaasi OyKBa BCTpeuaercsa
He GoJjiee OJHOTO pasa.

Hanpumep, npousBefieHHs] XX, HJM X X,X3 3JEMEHTapHb, a Mpo-
H3BEJIEHHS XX, HJH X3X,X¥3 — HEIJEMEHTAPHHL. YCJAOBHMCS IPHYH-
CJATb K 3JEMEHTApHLIM IIPOM3BENEHHSAM CaMH - NepeMEeHHble X; M HX
OTpPHLAHHS X;, PaccCMarTpuBasi MX Kak INPOHSBENEHHS, COCTOSIIME U3
OJTHOTO COMHOXKHTeJNS. ¥ JOOHO TaKXKe CYuTaTh, YTO KOHCTaHTa | mpen-
ctaBasier coboifl 3JieMeHTapHOe NpPOU3BENeHHe — NPOU3BEeHHe HYJsS
(nycToro MHOXecTBa) comHOXHTesdell. YHCI0 coMHOXKHTENell B mpo-
H3BEIEHHH HasblBaeTCsl €ro OAuHot. DJjeMeHTapHble NPOH3BENCHHS
IJs BHIOPAHHOTO MHOMXKecTBAa M nepeMeHHBIX MOTYT HMeTb, TAKHM
o6pasoM, Jo6yio pauHy oT O Ao 7 BKJ/IIOYHTEJBHO.

DlleMeHTapHble MPOH3BENEHHS MAKCHMAaJbHOH IJHHb (B H4HHOM
cJayuyae MJHHB 1) NIPHHATO HASbIBATL KOHCMUMYIHMAMU — eQuHuybl
1Js1 BoGpanHoro MuoxectBa (M) nepemenuwbiX. Jlerko BuzpeTh, yTo
BCSIKasl KOHCTHTYSHTA ENMHHIB! CONEPXKHT BCe NEpeMeHHble MHOXKe-
ctBa M (au6o B npsiMoM BHJe, JHGO B BHJIE OTPHUAHHS) B TOYHOCTH MO
OJHOMY pasy, a ofuiee YHCJO BCeX TAKMX KOHCTUTYIHT pAaBHO 20,

Aussionkyus 1106020 4ucia 34 MeHMAPHbX npoussederuli, He co-
Oeporcawyas 0syx 00UHQKOBbIX npoussederull, HA3vIBAEMCs OU3BIOHKMUG-
HOU HoOpMmaavHOl ¢hopmod. JIuBBIOHKMUBHAS HOPMAAbHAS opma, Co-
COAWAR  UCKAIOUUMENbHO U3 KOHCMUMyIHm eOuHuybl, HA3bleaencs
co8epiieHHOl OU3BIOHKMUBHOU HOPMAAbHOU HOpMOL.

Kak H B cayyae npousBeleHHH, B NPHBENEHHOM OMNpENEJEHHH He
HCKJIIOYAETCS, yTO JHSBIOHKIHSA, O KOTOPOH HIET peub, MOMKET COCTOSATh
H3 OJHOTO-€JHHCTBEHHOTO uJieHAa (IH3DBIOHKIHS NJHHE 1) M Jaxe U3
NyCTOr0 MHOXECTBA uJjieHOB (AH3bioHKUHMA Ijuuel 0). B mocaepnem
Cllyyae JU3BIOHKUHS 1O ONpeNeNEHHI0 NMpPHHHMAeTcsi PaBHOH HYJIO.
Takum obpasoM, ¢opmyanr 0, x;, Xx;\/Xpxs, | MOXHO paccMaTpHBATh
KaK JH3BIOHKTHBHbIE HOpMaJbHble (opMbl. [lepast M3 HHX COCTOHT
U3 NMYCTOTO MHOXKECTBA yJIeHOB, BTOpasi — H3 OJHOIO 4JIeHa, TPeThsl —
U3 [BYX 4JIEHOB, 4 YeTBepTasi — CHOBA H3 OJHOrO uyJjeHa, MpeacTaB-
asiioiero coGoil 3J1eMEHTapHOE NPOU3BEIEHHEe HYJEBOH IJIMHBL.
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3aMeHHB BO BceX ONpeNeJeHHSIX [H3BIOHKIHH [POH3BEACHHIMH,
TIPOH3BEJICHHs — JUSBIOHKIHMSMH, (6yneBy) koncTaHTy 0—(GyneBoil)
KOHCTaHTOH | M HA060pOT, MNOJYYHM COOTBETCTBEHHO OIlpegese-
HHUS 3/l€M€Hmaprlx OUBBIOHKYWUL, KOHCMUMYSHIM  HYAS, KOHBIOHK-
MUBHOL HOPMAALHOU hOPMBL U COBEPUIEHHOL KORBIORKIMUBHOL HOPMAABHOU
gopmot.

B Gyneso#t anrebpe. BCJAEICTBHE TOTO YTO NPH 3aMEHE HYJA €JH-
HHIeH, 3 eIMHHIEI HyJeM IH3BIOHKIUS NpeBpallaeTcss B KOHBIOHKIHIO
4 HaoGopOT, BOSHHKAaeT cBoeoOpasHasi JBOHCTBEHHOCTh CBOJCTB M-
SBIOHIMH H KOHBIOHKIMH ( yMHOXeHHs1 ). OcyinecTBasis  Takyo 3a-
MEHY, MOXHO aBTOMAaTHYeCKH IJis JIIOGOTO BLIBEAEHHOIO BIOCJIEICTBUH
CBOUCTBA (COOTHOUICHHS) MOJIydYaThb IBOICTBEHHOE €My CBOWCTBO (co-
OTHOIIeHHe). B 4acTHOCTH, BCceM CBOMCTBAM JM3BIOHKTHBHBIX HOPMAaJlb-
HBIX ()OPM MOZKHO CONOCTAaBHTh, MOJIB3YSICh YKA3aHHBLIM 3aKOHOM JBOfi-
CTBEHHOCTH, COOTBETCTBYIOIHE HM CBOHCTBA KOHBIOHKTHBHEIX HOPMaJlb-
ublx ¢popM. [1oCKOJBLKY TaKoe CONOCTaBJIeHHEe OCYIIECTBJISETCH KaX Il
pas MouyTH aBTOMAaTHYECKH, OrpaHHYHMMCS B JaJbHEHINEeM paccMOTpe-
HHeM JIMIIb JH3BIOHKTHBHbIX HOPMAaJbHBLIX (GODM.

Hcnoabayst coornowenust (10), (11), (13) — (16), (23) u (26),
MOXKHO JI00YI0 JH3BIOHKTHBHYIO HOpMaJbHYI0 (GopMy npeo6pasoBaTthb
B SKBHBAJIEHTHYIO €H cogepuierHyro JIHSBIOHKTHBHYIO HOPMAaJbHYIO
¢opmy. PaccMoTpuMm npomecc Takoro npeo6pasoBaHHMs Ha MpHMepe
JIH3BIOHKTHBHOH HOpMAaJbHOH (GOpMBI OT TPex nepeMeHHBIX x\/yz\/ xyz,
KOTOpyI0 AJS1 KpaTkocTH 6yZeM o603HayaTh ofHOll OYKBOii f.

Tperuit uaed 3Toft GOpMysbl TpencTaBiasieT co00H KOHCTHTYSHTY
€IMHHUIILI M HE HYXI4eTcs MO3TOMY HH B KakKHX NpeoGpa3soBaHUsX.
BropoMy ujieHy Asa Toro, 4ToGbl ObITb KOHCTHTYSHTOH ENHHULGI, HE

-~

XBATaeT MHOXHTeNs % (T. €. X WJH X), 4 NEepBOMY WIEHY — MHOMKH-
tenell y ¥ z. Ha ocnoBanuu cootnowenn#t (23), (26) MoxkeM Hanucars,

uto f =x(y \/ y)(z \/ 2) \ yz(x \/ x) \/ xyz. Ucnoab3yst nepBLId JMCTPH-
6yTuBHbIA 3aKOH (cooTHomenue (16)) u coornowenus (10), (11), (13)—
(15), mocJenoBaTenbHO NpHBEAeM Hamly (OpMYy K BHAY f = (xy \/ xy)
(2 V2)\ yzx\ yzx\) xyz =xyz\/ xyz\] xyz\] xyz\/ xyz z\/ xyz\/ x xyz =xyz\/
V xyz\/ xyz \| x4yz\/ xyz\/ xyz. Tlocnennee BeIpa)keHHe B 3TO# nemu pa-
BEHCTB NpeJCTaBJsieT co60ii HCKOMYIO COBEPIIEHH VIO JM3BIOHKTHBHYIO HOP-
MaJbHyio GopMy. YCTaHOBUM Teneph CHAENYIOMHMI BaXKHHI pe3yJbTarT.

Teopema 1. C nomouwpro coomrowernuti (10) — (30) obas gopmyira
6yaesoti aszeGpoL moxcern Ovimb npueedena K cosepuieHHOl OU3BIOHKMUS-
Holl Hopmaabrol dhopme.

B camoM Jienie, Hcnosb3ys HECKOJbKO pas mpaBusa e Mopraxa
(21) u (22), 3akon aBoiiHoro orpuuanus (20), a Takke COOTHOLICHHS
(29) u (30), mobywo dopmyay Alx,, XoyeeenX) Gyaesoit anreGput
HETPYJHO NpUBECTH K sKBHBaJeHTHOH efi  dopmysae B (x;, x,,

s Xy X1, Xay...,X,), HE cOlepxkamed HHUKAaKHX OTPHIAHHH, KpoMe
mpnuaﬂuﬁ, omoc;{umxc;{ HENOCPENCTBEeHHO K OYKBaM Xi, X, ..., X,.
HeoGxonuMmble spech npeo6pasoBanusi JIETKO YSCHHTb M3 TpHMepa
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OnucaHHbIH NPHEM NOCJe0BaTeNbHOTO ONYCKAHHS 3HAKOB OTpHIAHHA
npUMeHHM K JioGoli dopMyse GysieBoil anreGpbl.

dopmyaa B(xy, Xs, ..., X, X1, X, ..., X,) CTPOUTCA H3 TpHUBEJIEH-
HbLIX B ee o6o3HaueHnH GYKB (C OTpHHaHHHMH iy 6e3 HUX) C NOMOIIBIO
OJHMX JIMIIL OMepauHd YMHOXKeHHS U AH3BIOHKUUH. COOTHOLUGHHS XKe
(10), (11), (13), (14) u (16) noxaselBalOT, 4YTO MOAOGHLIE BLIPAXKEHHUSI
MO3KHO TOYHO TaK e, KaK B 0ObIYHOM HIKOJIBHOM Kypce anre6pb! (Cuu-
Tasi JAUM3BIOHKIMIO CJOXKeHHeM), NpeoGpa3oBaTh C LENbI0 PACKPHITHS
BceX CKOOOK M TpymIHpOBKH BCeX OIZHHAKOBHIX yJeHoB. [locse Takoro
npeoGpasoBaHua C MOCNEAVIOIIAM YYETOM COOTHOuIeHHH (25), (26) u
(27) nawa dopmyna npeBpaTmcn B JHM3BIOHKIHIO HEKOTOPHLIX NpO-
H3BEJeHHH 6yKB X1, Xy , X, ¥ HX orpHuauvi. C NOMOHIbIO
coornomrenuii (10), (12) ( ) H (25) BCe 3TH TNPOM3BENEHHS MOTYT
6biTb Mpeo6GpasoBaHbl B 3KBHBAJIGHTHBIE UM 3JIeMEHTAPHbLIE MPOU3BEIe-
HUA HJIY HYJH. Menoabsyd Teneps popmyast (27) 1 (15), npHBenem Hauty
thopMyay K COBepHIeHHOH AU3BIOHKTHBHOH HOpMasbHOH ¢opue. [Tpumep
3TOro 6bl1 pasobpan Boile. TeM caMbiM TEOpeMa MOJHOCTbIO J0KAa3aHa.

$lcHo, uTO MOJYUYMBHIAsCS B pe3YJIbTATE COBEPLIEHHAS NH3LIOHK-
THBHAsi HOpMaJbHAasd ¢GoOpMa 35KBHBAJICHTHa HCXOIHOH ¢opMyne, mo-
CKOJIbKY HAa Ka)KJOM H3 OIHCAHHBIX Bl [IArOB MBI MOJIb30BaNUCh
SKBHBAJIEHTHLIMH Npeo6pa3oBaHUAMHU.

3aMeTHM, YTO BCE BHLIIOJHEHHbIE IArH OGpPaTHMbI, TaK YTO C MO-
Motk cootHomenHit (10) — (30) MoxeT GHiTe OCywiecTBJen H obparn-
Houi nepexod OT NOCTPOEHHON COBEPIICHHOH AW3BIOHKTHBHON HOpPMaJb-

ol dopMul kK Hcxomuoill gopmyae A(x;, xo, ..., X,).
Teopema 2. [as npousgosvrod Oyaesoli pyrxyuu f om awboco Ko-
HEYHO20 HUCAQ NEPEMEHHBIX Xy, Xy, ..., X, ModCem Obimy nocmpoena

00HQ U ¢ Mmourocmbvlo 00 NepecmaHosky QU3BIOHKNIUBHBIX YAEHO8 U CO-
MHONCumeell moAbko 00HQ pasHAs el COBEPUIEHHA QU3BIOHKMUBHAA
HODMAAbHAR QOPMA € MEM e CAOMbLM MHOMCECHIBOM NEPEMEHHBLX.
Kaxnomy nabopy (e, s, ..., @,) 3HaYEHHH NepeMeHHbIX Xy, X3 ,..., X, CO-
OTBETCTBYET TOYHO OJHA KOHCTUTYIHTA EAMHMIMI X; Xp... X, OOpaman-
1135iC51 HA 5TOM HAGOpe B eAUHMIYY. DTa KOHCTHTYSHTA OJHO3HAUHO ONpefe-

JIIETCA YCJIOBHEM X;==X;, €CJH a; =1, ux, =x;, ecau o, =0(=1,2, ..., n).
Bce ocranbHbie KOHCTHTY3HTHl A/ JAHHOTO Ha6opa 3HAYeHHI nepe-
MEHHBIX HMEIOT HyJieBble 3HAuYeHHsl. [ToCKONIbKY B AH3BIOHKLUHH YJe-
HBl, PaBHbIE HYJ/IO, MOTYT ONYCKAaThCsl, TO CTAHOBUTCS SICHHIM, YTO
JIU3BIOHKIHA g KOHCTHTYSHT €AHHMIbI, COOTBETCTBYIOIHX BCEM TeM
HabopaM, Ha KOTOPLIX 3HAYEeHHS (YHKUMH [ paBHBl egUHHIe, Tpend-
cTaBJjsieT cO60H COBEPUIEHHYIO NU3BIOHKTHBHYIO HOPMAJbHYIO (GOpMY,
paBuyio (Kak OyneBa ¢yHKuMs) ¢yHkuuM f. flcHO Takxke, 4yTo BesKoe
HU3MEHEeHHE B COCTAaBE€ KOHCTHTYIHT €JHHHILI, BXOLSIIMX B (OPMY g,
HeNpeMeHHO HM3MEHHT TalJully ee 3HAyeHHH H, eCTeCTBEHHO, HAPYUIHT
yCTaHOBJeHHOe paBeHCTBO. CreqoBaTesbHO, opMa g onpenensiercs
¢dyHkIHeHl f oqHO3HAYHO, YTO U TpeboBasOCh JNOKA3aTh.
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BBHny ykasanHOH OJHO3HAYHOCTH OnpejeneHHs ¢opMy g NpUHATO
Ha3blBaTh COBEPUICHHOH JH3BIOHKTHBHOH HOpMaabHO# ¢opmoii pac-
cmarpuBaemoil pyHKuuu f.

M3 Teopem | W 2 HENMOCPEACTBEHHO BHITEKAIOT €lE [BA BAXKHBLIX
pesyJbTara. -

Teopema 3. Jlrbas Oysesa ynkyus moxcemn Ooimb npedcmasieHa
6 sude opmyavt 6yiesoli arzebpoL.

Teopema 4. C nomoupro coomruowenuii (10) — (30) scaxyro Gopmyay
Oy1e6011 Q1280 DbL MOKCHO NPEOBPA308AMY 8 M00YI0 OpYYID IKBUBANCHITHY IO
el (m. e. npedcmasasowyro my xe camyro 6yresy GyrKyuw) dopmyay.

JeficTBHTEbHO, B KauecTBe (OpMyJsbl, NpeacraBasioueli o0y
JaHHy0 GysaeBy GbYyHKUHIO f, MOXKHO BbIOpATh €€ COBEPIIEHHYIO QU3 BIOH-
KTHBHYIO HOpMaJbHyI0 ¢opMy. [IpeoGpasoBate ke Kakyio-aubo ¢op-
MyJly A B 3KBHBaJIEHTHYIO eif dopMysy B Bceraa MOXKHO uepe3 COBeEp-
IIEHHYIO AN3BIOHKTHBHYIO HOpMasbHyl0 GopMy g, KoTopasi, B CHJY
TeopeMnl 2, 6yzner obwed aasa dopmya A u B. Ilenoyka npeobpasora-
HHH, nepesogsmas Gopmyay A B g, H B3sTasg B 06paTHOM NOpSIKe Iie-
noyka, mpHBOAsAmAas B K g (Takue LENOYKH CYINECTBYIOT B CHJY TeO-
peMul 1), cocTapAT uenouky npeobpasoBanuii, mepeBofauux GopMmyJay
A B ¢opmyay B.

3ameruM, uyTo B npeoOpasoBaHHSAX H3 JOKA3aTEJNbCTBA TEOPEMbI
] ucnosb3oBaHb! He BCe H3 BHIMHCAHHLIX Bbilie cooTHomenus (10) —
(30) (ue ucmosbzoBano, manpumep, cootHowenue (17)). Tak uto npu
)KenaHuH cHcTeMy cootHomenut (10) — (30) MOKHO COKparuTh Tak,
4yTO Teopembl 2 H 4 GYAYT MO-NpeXHEMY CHpaBelJ/IUBhI.

Bropoe 3ameuyanue Kacaercsi TOro, uTo crnocof mnpeoOpasoBaHusA
tdopmyael A B 3KBHBaJNeHTHYIO el ¢opmyay B uepes obmiylo AJs HHX
COBEepILEHHYIO NH3BIOHKTHBHYIO HOPMAJbHYIO (GOPMY g HyXKeH Obl1 HaM
JHIb ANS YCTAHOBJIEHHS NPUHIMIHAJLHON BO3MOMKHOCTH Mepexoja
oT A k¥ B. Ha npakTuke 3TOT cnoco6 OKaspBaeTcsl 0OLIYHO CJMHIKOM
IPOMO3JIKHM, B pe3ysbTaTe Y€ro HINYT, KakK npaBugo, 6ojee npsMbe
nyTH nepexoga oT A K B (xoTd, pasyMeeTcs, CymiecTBeHHO GoJee
KOPOTKOro nyTH oT A K B, 4eM yKasauHLIH BbIIIE «OKOJIbHBIA» NMyTh,
MOXKeT MHOrJa U He CYIIeCTBOBATh).

Baxuoi#i 3apaueii, pewraemoli B pamkax GyJseBoii anreGpbl, ABJfA-
erca 3adaua Munumusayuu popmys. CMBICA 3TOH 3afadud COCTOMT B
TOM, YTOGH HAHTH OOWIMH npHeM (aJropHTM), NO3BOJAIOWHHA JAJs MO-
Goii ¢opmysbl GyJeBoit anreOpsl HAXOAHTb SKBHBAJIEHTHYIO e ¢op-
MYJy, HMEIOUYyI0 MHHUMAJbHYI) BO3MOXKHYIO CAOMCHOCIb.

[log caoxuocTbio GopMmysbl HauGoJee eCcTeCTBEHHO I0xpasyMe-
BaThb KOJIMYECTBO BXOASMHX B 3Ty ¢GoOpMyJy onepaunuii, Tak 4yT1o, Ha-
NPUMEP, CJOXKHOCTbIO GOPMYJB X GYZeT 4HCa0 1, a cJ0XKHOCThIO GOp-
Myabl (x\/y) (y\/2)— uucao 5 (nBa OTpHIAHHSA, JBe AU3BIOHKUUH U
oo ymuoxenue). OpnHako, cjaegys TpPagulHH, YCTAHOBHBHIEHCH B
GoabmuHCcTBe paboT nmo mpo6ieMe MHHHMH3amuu, GygeM MM0Jb30BAThCS
JPYTHM KpHTEpHeM, MOAPA3yMeBas II0J CJIOKHOCTBIO (JOPMYJLI CYM-
MapHOe KOJIHYEeCTBO BXOAAIMX B Hee OykB. Peun wnper 31ech 0 Ko-
JIHYECTBe gxomcleuti GYKB (B TOM yHcJse, ObITh MOXKET, H OJHHAKOBLIX
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GYKB), a HE O KOJIMYeCTBe pasiu4Hvix 6YKB B opmyJe. Tak uTo, HanpH-
Mep, B CHJY ONpeNeNeHHOTO HAMH KPHTEPHs CJOXKHOCTbIO (DOpMyJibl
x\ y)(x\/ y) cnenyer cuurath 4, a ue 2.

Herpynno nousits, yto MuoxectBo M(A) pasanuubix ¢opmyn 6y-
JIEBOH aare6pbl, CJA0XKHOCTb KOTOPbLIX HE MPEBOCXOJHUT CJIOKHOCTH JIIO-
6ot ¢uKkcupoBaHHOH opMyas A, Oyaer HenpeMeHHO KOHeYHLIM. [lo3-
ToMy CGOpMyJHMpOBaHHAS BbIlIE 3aJaya MHHHUMH3AauMH (OpMYyJ Mo-
xKeT ObITh B NPHHIHNE perieHa 33 cyeT nepefopa Bcex (pOpPMYJ MHO-
xectBa M(A) B mopsiiKe BO3pacTaHHsl HMX CJAOKHOCTH JO TeX IO0P,
noka He OyAer HalifeHa ¢dopmy.a, skBHBajentHasi ¢opmyne A. Oxn-
HAKO aJrOpHTM, OCHOBaHHLIA HA YKasaHHOM mnepeGope, CTOJL Tpo-
MO3JOK, UYTO NPAKTHYECKH OKA3LIBAETCS HENPHIOLHLIM.

3ajaua nocTpoeHHs GoJiee SKOHOMHHIX aJrOPHTMOB MHHHUMH3AIHH
¢dopmya B ByneBoii anrebpe B o6LeM BUe NOKA elie He peirera. [lostomy
Ha TMpPaKTHKe OTPaHHYMBAIOTCS, KaK IMpaBuJo, 3ajauell Haxowje-
HHA MHUHHUMANBHOH (OpPMYJbI B TOM HJIH HHOM KJacce ¢GopMya H
NpeXJe BCEro 8 KAacce -8Cex OU3DIOHKMUBHbIX HOPMAAbHHIX (OpM. DTa
3ajlaya HashiBaeTcsl oOLYHO 3ajauell MHHHMH3auHuH OyJeBbiX GyHKIHH,
YTO, pasyMeeTcs, He COBCEM TOYHO, MOCKOJbKY peub HAeT He O MHHH-
MH331IHH @ynkyuu (ocTaoleficd B npoiecce MHHUMHSAUHY HEH3MEH-
HOH), 32 0 MHHHMH3a1MH NPE/CTABJSIOIKX ee GopMyJ (B JaHHOM CJyyae—
JAU3BIOHKTHBHBIX HOPMAJbHHX (opM).

Bce MeTonh MHHHMH3AIHM B KJACCE TU3BIOHKTHBHBLIX HOPMAJbHbBIX
(opM OCHOBHIBAIOTCSl HA IMOHATHH npocmoil umnauxarmot. Hmnau-
xanmoti Gynesofi ¢yHKUHH f OyneM HasbIBaThb BCAKY GyneBy ¢yHK-
1Mo g, obpalleHHe KOTOpOH B €JHHHIY BO3MOXKHO JIHIIb HA TeX Ha-
6opax 3HayeHMH mepeMeHHLIX, HA KOTOPHIX 06paulaercsas B eIHHHLLY
(hyHKIHA f. YCJIOBHMCSH, YTO HMIUIHKAHTA g HOKDbiGaert CBOHMH efH-
HHIIAMH HeKOTOphie efWHHub ¢GYHKIMH f. M3 CBOHCTB JUSBIOHKIIHH
BbITEKaeT, YTO JAH3BIOHKIHsSI J0O0r0 (KOHEYHOro) MHOMKeCTBA HMILJIH-
KaHT g, gy, -..» &, QyHKOHU [ cHOBa Oyler ee HMIJHKauToH. Ecuau
NpH 3TOM ©IUHHILl HUMIJIMKEHT g, g, ..., gn, PAacCMaTpHBaeMbie B
CO80KYNHOCMU, HAKPLIBAIOT gce €NHHUIB (GYHKIMH [, TO 5Ta JH3BIOHK-
IHS NPOCTO coBnajaeT ¢ ¢pynkmued f: g, \/ g\ ... Vg, =T

fcHo u obpathoe: mo60H uwJjeH MU3BIOHKIHH, COBNZAANOIMEH C
¢yukuMel f, aBAfeTcs UMNAHKAHTOH 3TOH (YHKIMH, a eJHHHIL BCEX
YJIEHOB YKAa3aHHO# JIHM3BIOHKIHH B COBOKYIIHOCTH HAKDLIBAIOT BCe
equuuubl GYHKOHM f. B uacTHOCTH, BCSIKYI0 AM3BIOHKTHBHYI HOp-
ManbHYIO GopMy g OyJeBod (GYHKUHHM f MOXKHO paccMarpHBaTbh Kak
HaKpoimue 5Toil (PyHKIHH MHOXECTBOM BCeX 4/1eHOB (OPMBI g, KaxAblH
H3 KOTOPLIX MNpeAcTaBnasieT cobofl uMmniaukanry ¢yHkuun f. B 3Tom
cJayyae B POJH HMIJIMKAHT BLICTYMAIOT 3JeMeHTapHbLIe MPOU3BEEeHHs.

3aMeTHM, YTO NMpH YMEHbUIEHHH IJHHLI 3JEMEHTapHOTO NpOHU3Be-
JeHHsl (32 cyeT oTGpacbiBaHMS YACTH COMHOXKHUTEJIeH) KOJIHYeCTBO
HakKpLIBAEMHIX HM ENUHMIL VBENHYHBAETCH. OJieMEHTapHOe HNpOH3Be-
JeHue MAaKCHUMaJbHOH JINMHBI (KOHCTHTYSHTA eLMHHUEBI) IJd n mepe-
MEHHbIX ofpaliaercd B eIMHUIY JHUWbL B OJHOH TOYKEe, a 3JEMEHTapHOe
NpOH3BEJleHHe JJIHHE n — B — B 2% Toykax. BHIrOJHO mno3ToMy Ha-
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KpbIBaTh JIO0YIO 3aJaHHYI0 (GYHKIHMIO [ 3JIeMEHTApHLIMM NpPOM3Bee-
HHSIMM MHHHMAJIbHO BO3MOXKHOH JJIMHBI, T. €. TAKHMH 3JIeMEHTapHbIMH
MPOH3BEJEHHSIMH, YTO CAMH OHH AIBJISIOTCH MMIJIMKAHTaMU byHKUUH [,
H HHKaKHe HX COOCTBEHHbIE YJCTH MMMNJHKAHTAMH 5TOH GyHKIHH yxKe
He sBasiorcs. [lofoGHbIE 3/1eMEHTADHLIE NMPOM3BENEHUS NMPUHATO HA-
3bIBATb NPOCMbIMU UMNAUKAKMAMY PACCMATPUBAEeMOH GyseBoii (yHK-
LOHH.

MHOXKECTBO BCEX NPOCTHIX HMMJHMKAHT M060H O6yneBod (ByHKuHH
{ HaKpbiBaer Bce ee eIHHHIbL. [103TOMY AM3BIOHKIMS g BCEX MPOCTHIX
HMIVIMKaHT QYHKUUM f, HasbiBaeMast COKpAueHHoll OussioHKmueHOL
HopmaaoHot opmol 3TOH (DYHKLUHH, SIBJASETCHS OJAHHM H3 BO3MOMKHBIX
ee npeacraBsieHuid. OIHAKO Takoe NpeACTaBJeHHe OObIYHO He ObBaeT
CaMbIM 3KOHOMHLIM, MOCKOJIbKY HEKOTODbi€ MPOCTHIE UMIJHKAHTH MO-
TYT HAKPLIBATh €IUHHIK!, Y¥Ke HAKPHIThbie OCTAJbHLIMH UMIJHKAHTAMH.
BriGpaceiBasi u3 opMbl g éce NMONOOHBIE AuHUe HMILIMKAHTSI, TpeBpa-
aeM ee B TaK Ha3bIBAEMYIO MYNuUKosyro OUIBIOHKIMUBHYI0 HOPMAAbHYIO
¢opmy paccMmarpuBaeMod (QYHKUHH f.

bynera ¢yHKIMA MOXKeT HMeTb, BOOOWIE TOBOpS, HE OfHY, a He-
CKOJIBKO TYNMHUKOBBLIX JH3BIOHKTHBHBIX HOpPMaJbHbIX opm. Hanpumep,
GYHKUHS TpeX INepeMeHHBbIX X, y, 2, 06pamammasncs B HYJb TOJbKO
Ha nabopax (000) u (111), a Ha Bcex ocranbHbIX HA6opax paBHAS efu-
HYIE, HUMEeT NATb Pa3/HUYHBIX TYNHKOBHX IH3BIOHKTUBHLIX HOPMaJb-
HbIX opM. B TO ke BpeMs MOXKHO NoKasaTb, yTo Mm06ast JBYXMECTHAs
GysieBa (DYHKLUHS HMeeT eIHHCTBEHHYI0 TYNHMKOBYIO JH3BLIOHKTHBHYIO
HOpMaJIbHYIO (hopMYy.

Jlerko mMOHATb, YTO CPEAM TYMHKOBBIX IU3BIOHKTHBHBIX HOPMAJb-
HbIX (opM MmoGoii Oy.1eBoii PYHKIUY f 0653aTesbHO COREPKATCH BCE ee
MUHUMANbHbE TU3BIOHKTHBHLIE HOpMaJsbHEE (OpMb (HX MOXKeT GHITb
HECKOJIbKO), T. €. TaKHE NH3BIOHKTHBHBIC HOpMaJbHbe GOpMbl PYHKIHUH
[, KOoTOphIe cogepIKaT HaHMEHbIIIee YHCJI0 OYKB 10 CPABHEHHIO CO BCEMH
OCTaJIbHBIMH JAH3BIOHKTHBHBIMH HOPMaJIbHEIMH (hOpMaMH 3TO# (pYyHKIHH.

MOKHO MOCTpOUTL JOCTATOYHO 3KOHOMHLIE AaJTOPHTMHE [1J5 Ha-
XOXKJIEeHHs BCEX MPOCTLIX MMIVIMKAHT H BCeX TYMHKOBLIX AU3BIOHKTHRB-
HbIX HOpManbHbX (opm mw0boii OyneBoli gyrkmuu. OgHAKo ANS BbI-
JeJeHHsT M3 YHC/A TYMHKOBLIX NHSBIOHKTHBHBLIX HOPMAaJsbHBEIX (OPM
MHHHMaJbHBIX (OpM HeT B ofuleM cJayuyae cyumecTBeHHO GoJjiee mpo-
CTOTO METOJa, YeM MeTOA MOCJEeJOBaTeJILHOro nepefopa H CpaBHEHHA
BCEX TYMHKOBHIX AU3BIOHKTHBHHIX HOpMaabHbiX ¢opM (cM. 0. M. )Ky-
paBseB [36]).

Onuum H3 Haubosiee 3(pdHEKTHBHLIX AJTOPUTMOB HAXOXKIEHHS IIPO-
CTHIX HMILIMK3HT M TYNHKOBBIX JU3BIOHKTHBHLIX HOPMaJbHBIX (POPM
SIBJISIeTCSl AJrOpUTM, npepnoxennbdi Baefikom [8]. Cyrtb aaroputMa
Baeiika sak/mouaercsa B caefytomeM. HerpyaHo ycraHoButb, 4yro B Gy-
JIeBOH anrebpe BLITOJHAETCH TOXKJECTBEHHOE COOTHOLICHHE BHAA

AB\/ AC =ABY\ AC\ BC. (31

Ecay B 3TOM cooTHomenuu cuuratb A Gyksoit, a B u C — sae-
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MEHTAPHbLIMHM MPOU3BECHHSAMH, TO M3 COOTHOWEHUS (31) BHIBOZHTCA
NpaBUJIO TOXKJECTBEHHOTO Npeo6pasoBaHHS AU3BIOHKTHBHBIX HODMaJb-
HEX GOpM, HO3BOJIsIONIEE NPH HAJHYHHM B HHMX JBYX 4JIE€HOB BHAA xp
H Xg AOMNOJIHATb HX HOBBIM UYJIEHOM (3J1eMEHTADHLIM IPOH3BELEHHEM)
Pg. Bo3mokHo, npasaa, uTo 3TOT 4JjeH oOparHTCSl B HYJb HJM COBMA-
JIeT C OJHHM M3 HUMEBIIHXCS yKe B opMe JU3BIOHKTUBHLIX YJIE€HOB.
Jlerko NMoHATb, YyTO BBUAY KOHEUYHOCTH OOLIEr0 YMCJA 3JIEMEHTAPHbLIX
NpOM3BeNeHHi (33aJaHHLIX MEPEMEHHbIX) yepe3 KOHEeYHOe YHCJIo Ia-
rOB NpHMEHEHHS YKA3aHHOTO NIpaBHJ/14 HOBBHIE YJIEHBH NMOJYYaThCfl yXKe
He OynyT. Pesyaerar DBueiika cOCTOHT B TOM, 4TO npeobpasyemas
Hamu ¢opma [ nocae docmuscenus nodobroll «cmabuiusayuu» 6ydemt
codepxcams @ce NPoCMble UMNAUKAHMSL npedcmasisemol e 6yaegolt
Pyrrkyuu. :

Tlocse nosyuenus JOU3BIOHKTHBHOH HOpMmajbHOi ¢OpMbI g, CO-
JepxKatieli Bce CBOH NPOCThie HMIJIHKAHTHI, €€ HETPYJHO OCBOOGOAHTH
OT BCeX YJIEHOB, He ABJSAIOMUXCA NPOCTHIMH MMIJIMKAHTaMH. [leAcTBH-
TeJIbHO, ecay Kakoe-au0o 3jeMeHTapHOe NpoHu3Befenue P U3 g He fB-
JSeTcsl MPOCTOH MMMNJIMKAHTOH, TO, GYAY4YH BO BCSKOM CJyuae UMIJIH-
KaHTOH (YHKIMH g, OHO BKJIOYAeT B ce0s HEKOTOPYIO NPOCTYIO0 HMIJIH-
KauTy p 3TOH (YHKIHH H, CJEI0BaTe]bHO, MOXKET OhIThb NpPEACTABJEHO
B Bule P=pq. [TockoJNbKY B ¢ €CTb AH3BIOHKTHBHBIH Wi€H P, TO €ro
MOKHO YNOTpeGNThL IV HCKJAIOYEHHS M3 ¢ wieHa P=pqg c NoMoIlbiO
ccotHollenus: (18): p\V/ pg=p. Ilono6Hoe uCKIOUEHHE HA3LIBAIOT
OOLIYHO OmepanHtel d2emMenTaproco nozioujerus. Ee npuMeHeHHe K
NH3BIOHKTHBHOH HOpMasabHOH GopMe g o6eCHeyHT yepe3 KOHEYHOE
YHCJI0 WIaroB YHHUTOXKEHHE BCeX 4JeHOB, He SABJSIIOHIMXCS NMPOCTHIMH
HMIIHKaHTAMH, ¥ NpeBpalllenne, TakuM o6pa3oM, GopMbl g B COKpa-
UIIEeHHYIO JH3BIOHKTHBHYIO HOpMAaJbHYIO HOPMY go.

Uro6bl nepeliTu or GopMbl g9 K KAaKOH-HHOYAb TYNHKOBOH AH3b-
IOHKTHBHOH HOpMaJbHOH (opMe, MOXKHO HafTH JHIIHHE 4JeHbl B Jo
TeM ke MeToJ0M DBuefika: ecsiM HeKOTOpHIl yleH B ¢opMe go (Hau B
1060 Apyrofl IH3BLIOHKTHBHOR HOpMaabHoH GopMe, cocTosled H3
NPOCTHIX HMIJIHKAHT) MOKeT ObITb OJYUYeH C NOMOIIBIO IPUMEHEHUS
(ObITE MOXKeT, HeOJIHOKPATHOTO) cooTHoulenusi (18) M3 ocTanbHBIX
4JIEHOB, TO 3TOT WIeH SABJSETCH JHILHHM M €ro MOXKHO HCKJIOYHTD.

ITpuMensis npouecc Nogo6HOr0 UCKJIOUEHHS MHOTOKPATHO, MpPH-
BejgeM (QoOpMY Zo K KaKOH-HHOYAb TYNMHKOBONH IH3BIOHKTUBHOH HOP-
ManbHOH dopme g;. [felicTBUTENBLHO, B CHY IPHBEJEHHOTO BhHIIIE pe-
3yabrara baeika, ¢ noMouibio cooTHowenus (30) u3 ¢opMmbl g, BCe
erle MOXKHO IOJY4YHThL BCe NPOCTble HMILIMKAHTH, BXOZSIUHE B Zo.
JanbHelimee xe nckaouenye wieHoB GOpMbl g OKa3bIBAETCS HEBO3-
MOXKHBIM. B caMoM neste, Npy NONBITKE TAKOr0 HCKJIOYEHHA XOTs Obt
OJHa M3 eJWHMLU QYHKUMH g; OKaxercs HeHaKphITO#. flcHo, yTo Ha-
KpHIBaBlllasl 3Ty €AHHHUY MPOCTAsl UMILIHKAHTA (MCKJ/IOYEHHAS U3 g;)
y*e He MOeT OHITb BOCCTAHOBJIEHA M3 JH3BIOHKIHH OCTABLUIHXCH
YWIEHOB HUKQKUMU 3KBUBANIEHTHBIMM #peoGpa3oBaHMsIMH, B 4acTHO-
CTH ¥ ¢ NMOMOIUbIO NpHMeHeHus ToxaectBa (31).
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J1s NoJyyeHHs BCEX TYMHKOBBIX AM3BIOHKTHBHEIX HOPMAaJbHBLIX
¢GopM onucanHblil Crnocol HCKJ/IOYEHHS CJAENYET NPHMEHHTb HECKOJIbKO
P43 ¢ M3MEHEHHeM NOPsAKa, B KOTOPOM COBEDHIZIOTCS MONBITKH HCKJIO-
YeHHs1 pas3JMYHbLIX YjaeHOB., Kak 0TMeyasioch BhLILIE, HAXOXKJAeHHE MH-
HHUMAJIbHBIX JH3BIOHKTHBHLIX HOPMaJbHbIX (GOPM TpebyeT rpoMO3aKOH
pa6oTer no nepeGopy BCEX TYMHKOBHIX JH3BIOHKTHBHbIX HOPMAJBHBIX
¢opM (KOTOpbIE MOTYT GHITb passiHuHOHN cJoxHOCTH). [losTomy Ha npak-
THKe OGLIYHO pelIeHHe 3afayd MHHHMH3auHH OrPaHHYMBAIOT HAXO-
KIEeHHeM KakOH-HHOyAb OQHOH, Hayraj BHIGHpaeMOfl TYNHKOBOH JH-
3BIOHKTHBHOH HODPMAJILHOH (OPMBL.

B xauecTBe npHMepa npHMeHeHMsl aJjroputMa buefika mnokaxem
11po1ecc MHHUMH3AUUH JH3BIOHKTHBHON HOPMAJIBHOH# dopMbl [ = Xyz\/
Vxy\ xyz.

IIpumenss coorHourenue (31) Kk mapam, COCTaB.€HHBIM H3 MEPBOrc
yjeHa CO BTODHIM M H3 BTOPOTO 4JIeHA C TPeTbHM, NPHBEIEM 3aJaHHYIO
dopmy f K BHLY f, = Xyz\/xy\/xyzVyzVxz. Tlpumenenne COOTHO-
wenus (31) kK mob6biM Napam yjeHoB GOpPMEI f, HE NPUBOIHT K INOSIBJE-
HHIO HOBHIX useHOB. CsefoBaTennHo, B ¢opMe f, cosepxarca Bce Tpo-
CTbie UMNJIHKaAHThl (yHKuHH [ (pynxuus, npeacraBaseMoii dopmoit f).

[IprMeHenHe onepauyH 3JIeMEHTAPHOTNO MOTJVIOUWIEHHS K ¢opMme [
NPUBOJIUT K COKPAIIEHHOH NU3BIOHKTHUBHOH HOpMasbHOU dopme f, =
= xyVyzVxz. TlepBuit ynen dopmbl f, MOXKeT OhiThb NMoJIyyeH C IIO-
MOUIbI0 cooTHOMmIeHHs (31) H3 OCTaJbHBIX ABYX YJEHOB U $IBJfETCH,
TakuM obpasoM, JHmHHAM. Mckiouas ero, npuxoguM K gopme f3 =yzV
VxZ, yXe He colepxailed JHOIHHX YJEHOB H SBJAIOHIEHCH, CJeIo-
BATEJIbHO, HCKOMOH TYNHKOBOH AH3BIOHKTHBHOH HOPMAaJbHOH (POpMOH.
B nanHOM cjydae TynmHKOBasi TH3BIOHKTHBHAs HOpMaJsbHas ¢opma fB-
JifeTcsl eAMHCTBEHHOH M COBMAjaeT B CHJY 3TOro ¢ MHHHMAJbLHOHA AH-
SBIOHKTHBHOH HODMaJbHOH (opMo#.

Bosee noppoGHBIE CBefeHHS O PasJIHYHBIX crnocobax MHHHMH3A-
muu  ¢opmya OyneBoit anrebpbl MOXKHO MOJYYHTh B CHEHHANBHBLIX
MOHOTpPa(UAX 10 TEOpHUM CHHTE3a CXeM JHCKPETHBIX aBTOMAaTOB
(cM., manpumep, B. M. I'nymxkos [26]). HekoTtoprie ZOmMOJHHTEbHBIE
CBEJIEHHA 110 3TOMY BONpPOCY NMPHBELEHB! TaKXKe B § 4 HACTOALLEH T/1aBHI.

§ 3. IlonsatHe o nmoaHbIXx Habopax OyseBBIX onepauuit

Teopema 3 npeawpymero naparpaga NOKasbiBaeT, 4TO AJS Mpel-
cTapjenus moboi GyneBofi (yHKIHH B BHae (GopMyJbl, NMOCTPOEHHOH
M3 aprymeHToB M OyJeBbiX KOHCTAHT 0 M 1, 40CTA4TOYHO HCMOJIB30BATh
BCero TpH THNA OyJeBLIX OMNepauHuii — OTPHUAHHE, YMHOXEHHE H
JusnionkuMo. Beskuii Habop OyJjeBbIX onepanHil, o6aagamouiHx mo-
JOOHLIM CBOHCTBOM, VCJIOBHMCSl HA3LIBATL MOIHGIM HAOOPOM.

Kpome nabopa, cocTosiiuero H3 OnepanMii OTPHUAHHS, YMHOMKEHHst
H IM3BIOHKIHUH, MOKHO NMOCTPOUTL M ApYyrue mojanble HAOGOps OyJeBbIX
onepanud. M3 poimHcanHbiX B HpeanpiAylieM naparpage  COOTHOLIe-
Huit ne Moprana (21) u (22) BbiTeKaeT, 4YTO onepals JIH3BIOHKLIUH
MoxkeT ObiThb BLHIpaXK€Ha ONepalusMM OTPHIAHHMA M YMHOXeHHs, a
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OMepanks YMHOMKEHHA — ONepalHsMM OTPHUAHHS M JH3BIOHKUHH.
TMostoMy moJsublil Habop OyJseBbHIX OmepaiHii MoxeT ObiIThb COCTaBJEeH
U3 OMepanuy OTPHLAHUA U JMI00OH M3 JBYX OCTaJbHbLIX onepanuii 6y-
JeBOH anrebpnl (YMHOXEHHS HJH JIU3BIOHKIHH).

W3 onepanuii moboro nosiHoro Habopa OyJ/eBbIX ONepauuil JOJIKHbI
CTPOUTLCS KaKHMe YrofHo OyJeBbl OmepaiHH, B YaCTHOCTH ONepamuy
OTPUIAHHUS, AU3BIOHKIMH U YMHOXeHHA. g Toro yToGbl BHITOJHHTb
TpeGyeMoe MOCTPOEHHE, JOCTATCYHO, OYEBHIHO, C MOMOLIbIO OMepanHi
paccMaTpUBAeMOro MoJIHOro Habopa npeicTaBuTh GyseBy (YHKIMIO,
onpeneasiomyo TpebyeMyto onepanyio. HaoGopot, ecan u3 onepanuit
HEKOTOpOoro HaGopa MOXKHO MOCTPOHTBL ONMEePalHi OTPHIAHHS M YMHOXKe-
HHSl WJM OTPHIAHHs M [IU3BIOHKIMH, TO, BBHIY CKA3aHHOIO BBHIIE,
3TOr0 JOCTATOYHO [J/51 BO3MOXKHOCTH MNpEJCTaBJeHHS J106oi 6yneBoit
(YHKUHH H, CJeAOBATENbHO, AJ1M INOJHOTH Hamlero HaGopa. B pe-
3yJbTaTe NMPHXOAHM K CrefyloueMy MpefJoXKeHUIo.

Teopema 1. [[as noanome: ao6o2o0 Habopa byesvix onepayull Heob-
xo0umo u Oocrmamoyro, 4mobbl ¢ nomowplo onepayull 3mozo Habopa
moxcHO Obiao nocmpoums dyrkyuu X u 00Hy u3 pynkyuld xy usu x\] y.

Hcnonb3ya KpHTepHE MOJHOTH NO Teopeme.l, MOXKHO OTHOCHTEJb-
HO NPOCTO YCTAHOBHTb IOJHOTY MHOTHX Ha60poB GyJeBbIX omeparuil.
OpHuM M3 TakHX HA0OpOB ABJSETCS, B YACTHOCTH, HAOOp, COCTOAHM
U3 Onepauuit ymuoxcenus u caoxcerus (mo Mmopymio jsa). JleficTBu-
TeNbHO, JIETKO MPOBEPHTb, YTO CMNPABENJIHBO COOTHOIIEHHE

TakuM 06pasoM, OTpPHIAHHE MOXKeT OLITh BLIPAXKEHO CJOMKEHHEM.
[TocKo/ibKy YMHOXKEHHE CaMO BXOJAMT B paccMarpuBaeMmuii Habop, TO
Ha OCHOBAHHM TeopeMbl | NMPHUXOAHMM K 3aKJIOYEHHIO O MOJHOTE 3TOTO
nabopa.

C noMoWpbIO OMEPauHil CAOXKEHUA H YMHOXEHHS CTPOHTCA elle
ogua HaTepecHas aarebpa GyJeBbix (QYHKLIMH, HasbiBaeMas anarebpoi
YKerankuaa. dra anrepa no cBOMM oOHIMM CBOHCTBaM (BbIpaXKaeMbiM
TOMIECTBEHHBEIMH COOTHOLIEHHUAMH) HauGosee OJM3KO MOAXOLHT K
ajrebpe ¢ OOLIYHLIMH ACHCTBHAMM CJIOMXKEHHS H YMHOXKEHHS, H3yuaio-
uiefics B cpenseil mwKose. [1ogo6HO OOGLIMHOMY CJIOXKEHHIO, CJOMKEeHHe
M0 MOAYJIO fAB@ YNOBJIETBOPSiET COOTHOHIEHHSIM AaCCONMMATHBHOCTH H
KOMMYTATHBHOCTH (114 Oy/eBa YMHOXKEHHS 3TH CBOHCTBZ ObIJIH yCTa-
HOBJIEHbI B NpenwayieM naparpage). BrimosnsieTcs Tak:xke AHCTpH-
GyTHBHBLI 3aKOH x(y + 2) = Xy -+ X2, NO3BOJIAIOMMHA PpaCKpHBATH
CKOGKH B BLID2XEHHUAX TOYHO TaK XKe, Kak B OObIYHOH anredpe.

[Tocne packpuiTH CKOGOK Jobas dopMmyaa B aarebpe YKerankuna
NMpEeACTaBJsieTCs B BHIE CyMMbl NPOM3BEJECHHH NEPeMEeHHbIX, BKJ/IOYas,
BO3MOXKHO, [POU3BENEHHS, COCTOSIHE H3 OJHOTO COMHOXHTeNd (OH-
HOYHHE GYKBH) M H3 HYJs COMHOXHTe/ el (KoHcranuTta l). Ha ochoma-
HHH COOTHOLIEHHS] XX == X H KOMMYTAaTHBHOCTH YMHOMKEHHS MOXKHO
CUMTATb, 4TO B J060€ U3 TNOJYYEHHBIX NMPOH3BeNeHUH HHKakas Oykma
ne 6yaeT BXoguTh GoJiee 0J{HOTO pasa.
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OnuHakoBbie NpOU3BeNeHUsl, KaK H B OObYHOH agrebpe, cuura-
I0TCA NOJOOHLIMH YJIEHAMH H MOJBEPTAIOTCS ONepalyy MpUBENEeHHSN MMO-
JoOHbIX. [lpaBuna Takoro mpHUBeReHHs OTJHYHbLI OT COOTBETCTBYIOLLUX
NpaBuj B OObIYHOH aJnrelpe, CBOASACH, B KOHEYHOM CYeTe, K JIErKO Mpo-
BEpAEMOMY TOXKIECTBEHHOMY COOTHOHIEHHIO..

x+x=0. (33)

Takum o6paszoM, Jmo6oe YeTHOe UYUC/A0 OFUHAKOBHIX CJIArdeMblX
B3aHMHO YHHYTOXKAercsl, a Jio0oe HeYeTHOe HX YHCJO OKa3hiBAeTcst
3KBHMBAJIEHTHBIM BCETO JIHIIL OJHOMY CJIaraeMOMY, NOCKOJIBKY HYJIEBHIE
cJlaraeMple HE M3MEHSIIOT BEJHYMHbLI CYMMbl H MOTYT OniTb Ge360J1e3HeH-
HO BbIYEPKHYTHI H3 Hee.

[IpuBenenneM MoJOOGHBEIX 3aKaHYHBAETCS OMHCAHHBLI HAMH TNpoLece
NpHBejeHHs, KOTOpLIH OyaeM HasbBaTbh MPOLECCOM NpHBENeHHst Hop-
mMyn B anarebpe )KerankuHa K karoruveckomy 6udy. IlpomeMOHCTpH-
pyem 3TOT npomecc Ha npHumepe, [lycTb pama Hekotopas ¢opMmyaa
f=x+y)(x+2 +ylz +x) anrebpm Kerankuna. [Tocne pac-
KpHITHSL CKOGOK »3Ta ¢opMyna mnpumeT BHL f, = x + xy + xz +
+ yz + yz 4 xy. Ilocne npuBeneHusi NogoOHLIX YJEHBI XYy U Y2, BCTpe-
yaiomuecss B opMyJie JBaXKIbl, B3AUMHO YHHUYTOXKAIOTCHA, a cama dop-
MyJla TNpHBOAWTCS K OKOHYATENbHOMY (KaHOHMYeCKoMY) BHAY [, =
=x -} xz.

Beuay mnomuOTH maGopa omepanuii anreGpol YKerankuna ¥ BO3-
MOXKHOCTH NPUBEJEHHS K KaHOHHYeCKOMY BHAY mobof ee ¢dopMyJHl,
Bcsikas OyneBa ¢yukuHA f MOXeT GbiTh HpeacTaBJseHa B anrebpe )Ke-
rajkuHa (opMmyJoll KaHoHHueckoro Bujaa. HerpyaHo mnokasarb, 410
nocjegHas GopMysaa ¢ TOYHOCTBIO 10 BO3MOXKHOH INEPecTAHOBKH CJia-
raeMblX M COMHOXHTeNeH onpegessiercss ¢yHKUHeH [ ORHO3HAUHO.
ByneM HaswBath 3Ty GOPMYJy KGHOHUYECKUM NOAUHOMOM 3afaHHOH
Gyneeofi ¢yHKIHY f.

OnHO3HAYHOCTL OMNpefeseHHS] KaHOHMYECKOTo IIOJIHHOMA MOXKET
ObITh YCTAHOBJIEHA MPOCTBIM paccyxaeudem. [Iycrs f, ¥ f, — ABa pas-
JUYHLIX KAHOHMYECKMX nosjuuoma GyneBoll ¢yukuuu f. Dyayuu pas-
HBIMH 3TO# PyHKUMH, NOJHHOMSI f, U f, paBHE Mexay coboil KaK (yHK-
MK (17151 BCEX 3HayeHHil mepeMeHHnx). B paBeuctse f, = f, ogHHaKO-
BbI€ YJIEHbI B NIPaBO#i U JIEBOH YacTAX MOTYT ObiTh B3aUMHO YHHUTOMEHBI.
B npaBo#i u JeBo#t yacTsX BO3HUKAIOMIETO MOCJE 3TOTO TOXKAECTBEHHOTT
COOTHOLUEHHS f; :f,;7 HEeT HH OJHO{ Napel OJMHAKOBHIX uJ/IeHOB (c.a-
raeMbIx).

3adukcupyem OHO H3 CJAaraeMbiX p, COCTABJEHHOE H3 HAUMEHb-
HIEro MO CPABHEHMIO C OCTAJIbHLIMH cJaraeMbiMH yucsa Oyks. Toraa
BCE OCTaJibHHIE cJaraembie GYIyT OTJIMYATLCS OT BLIOPAHHOTO cJjarae-
MOTo p x0Tl Ol ofHO# 6yKBOiH. QPHKCHpyeM HA0OD 3HAYCHHH MEPEMeH-
HEIX TaK, YTO BCe OYKBbI, BXOAsmHE B p, TMOJYYaloT 3HadyeHue 1, a
BCe OCTaJsibHble O6YKBH — 3Hauenue (. B cuay atoro 3ameyanHs TOJb-
KO OJHO CjlaraeMoe, a MMeHHO cJjaraemoe p, oGpaTHTCs NpH BLIOpaH-
HOM Habope 3HaueHMH nepeMEHHBIX B EIHHMLY, BCE XK€ OCTaJbHbIE
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cnaraeMple 6yayT pasBuel Hy/o. Ho torma coorHowenue f, = f, npu-
Begercsi K BUAY | =0 (unu 0 = 1), 4TO HEBO3MOXKHO, €CJIH HCXOHOE
COOTHOLIEHHE f; = f, GBIIO TOXAECTBEHHbIM. T€M CaMbIM ONPOBEPTHYTO
clejJaHHOEe B Hadaje HalIMX pacCyXAeHHH NpefNoJioXKeHHe o cylie-
CTBOBAHHHM JABYX Pas/IHUHBIX (XOTS M PABHBIX APYT APYTY KaK QyHKIHU)
KaHOHHYECKHX TOJIHHOMOB f, H f, y OHOH H TOii ke 6yJ/1eBoil (QyHKIKH f.

KanonudeckHe NMOMHHOMBI, HE COAeplKalllHe NMPOHM3BENEHHH ABYX H
GoJiee TepeMeHHBIX (T. €. TNOJHHOMBL, MPEACTABJSIOIHECH CYMMOH
oTAenbHBIX OYKB H, BO3MOXHO, KOHCTAHTH 1, a TakKe NOJHHOM, TOX-
NEeCTBEHHO PaBHHIH HYJI0), ABJSIOTCA TaK HA3LIBAEMBIMH AUHelHbIMU
Oyaeeoimu ynxyusmu. Bee octanbuele OyneB (YHKUHH OTHOCATCS
K 4HCNy Heaurednoix. COOTBETCTBEHHO YKa3aHHOMY JAe/IeHHI0 (PyHKIMH
BCE ompefesisieMbie HMH GyJieBHl OMEPallHH TaK¥Ke paspensiioTcs Ha JH-
HelHble ¥ HenHHeHHble Omepalluy.

Jlerko BHAETb, YTO MNPH JIOObIX CYNEPNO3HUHUAX (MOACTAHOBKAX
APYT B Apyra) nuHeHHbIX OyJ/esbX (QYHKUHH BO3HHKAIOUIHE B PE3y/ib-
TaTe CyNEPNO3UIHMHM (YHKUMHM OYyAYyT CHOBA JIMHEHHLIMH. JTO 03HA-
yaeT, OYEBHIHO, 4TO ¢ NOMOWbIo Aunelinvix (Oyaesvix) onepayutl He
Modxcen Obimb nocmpoeHd Hukakas Heaurelnas onepayus. Omcooa
credyem, 4mo 8CAKULL NoAHwil KaOop Oyresvix onepayull CoaNceH 6KAHD-
yame @ ceba xoms Oot OOHY HeAUHEUHYIO onepayuso.

Onepanu OTPHUAHHA M CJOXKEHHS (0 MOAYJIO [Ba) SABJAIOTCS
JIMHEHHBIMH  ONePaLHsMH, TOCKOJIbKY KAHOHHYECKHMH I0JMHOMAaMH
NPeACTaBAAIOMUX HX OyneBHX GYHKOHHA 6yayT JuHednble (opMyJnl
x 4+ 1 Hx +y. B 10 Xe Bpems QyHKUMH Xy ¥ xVy, a 3HAYMT, U ONpe-
jessieMple MMH OIepallud YMHOXeHHs1 H AM3BbIOHKIHH HeJHHEHHHI.
[TepBass U3 HUX HMeEeT B KauyecTBe CBOEr0 KaHOHHYECKOTO MOJHHOMA
topmyay xy, a sropas — dopmyay x +y + xy. Obe 3TH dopMyJnl
copepXaTr HeJHHeHHBI YJeH xy.

Bsenem eille 0AHO AeseHHe 6yJieBbIX (DYHKIMH U COOTBETCTBYIOIIHX
1M 6y /1eBEIX ONEPALMA HA [BA KJIAcCa: KAQcC MOHOMOHHbLX hynkyull (one-
payuil) 1 KJace HemoHomorHowx pyuxyull (onepayuil). C 3ToH LeabIo onpe-
IeauM AJi HAOOpOB 3HaueHUil OyJieBbix IEePEeMEeHHLIX OTHOIIEeHWe Mo-
paaka <, nojaras, uto 0 < 0, 0 < 1, 1 < | u 4r0 Aas ;mo6LIX ABYX
HaGopOB OJAHHAKOBOH MJMHBl (04Q, ... an) H (B,f, ...pn) OTHOIIEHHE
(0, Qs ...®n) < (ByPs... Pr) COpABEMJIHBO TOTAA M TOSALKO TOTAA, KOTAA
ons ecex i =1, 2, .., n a;<P;.. Ecan 3tv naGopwl pasiauuuel, TO
6yAeM TOBOPHTb, YTO MepPBBHId H3 HUX MeHblie, a BTOPOH — Ooaslue.
3ameTnM, 4TO HeKOTOpble HaGopwl, Hanmpumep nabopel (01) u (10),
6YAYT NPH 3TOM HECPABHUMbIMU MEXKIY CO6OH, NOCKOJBLKY NpHUBELeH-
HOe OoIpeje/ieHHe He NO03BOJseT CYHTATh, YTO OAMH H3 HHX 60Jblie
HJAH MeHbllle APYTOro.

bynesa (QyHKIHA [ Ha3bIBAETCH MOHOMOHHOL, €CH NIPU Nepexoje
oT /Mmo6Goro meHbliero Habopa A 3HaYeHHil ee MepeMeHHHIX K J0GoMYy
Go/beMy (o cpaBHeHHIO ¢ A) Ha6opy B 3nayenue GYHKIMH HE MOXKET
YMEHbIIATECS, T. €. [ePexXoAuTh OT 3HaueHHs | Ha nabope A K 3Haue-
uui0 0 Ha HaGope B. Ecnu ke xots 6ul Aas oquoli mapsl na6opos A,B,
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Takux, yto A < B, f(A) =1, a f(B) =0, T0 Qpyukuua f HassBaercs
Hemoromorroti 6ynepofi GyHkuHell. COOTBETCTBEHHO [ensTCs HA MO-
HOTOHHbI€ M HEMOHOTOHHbIE ONpefelisieMble ITHUMH (QYHKUHSIMH OyJe-
BHl ONepallkH. A

[Ipu moGbiX cynepno3uuMsx (NOACTAHOBKAX GYHKIHH B (PyHKIHIO)
MOHOTOHHBIX OyJieBEIX (YHKIMH NOJYYamOTCsl CHOBA  MOHOTOHHBIE
GyHKuMH. [ledCTBUTENBHO, eClH OYHKIMH f(Yy, Y, ..., Ym) H (X,
Xz,...,Xn) MOHOTOHHHI, @ GYHKUMA ¢ MOACTABJSAETCS, CKaXeM, Ha MECTO
fIEDEMEHHOH Yy, TO, B CHJIy MOHOTOHHOCTH (PYyHKIMH § NPH JIOGOM yBe-
JiiyeHud Habopa 3HAa4YeHHMH TePeMEHHBIX Y, Y3, .-, Ym, X1, X2y -n., Xn,
Ha6op 3HAYEHUIl MepeMEeHHBIX @, Uy, Y, ..., Ym JHOO YBEAHUHTCS, JAUGO
OCTaHEeTCS HEH3MEHHBIM. B 060HX C/yyasix 3HaueHHe CJIOKHON QyHKIHH
[®, y2,ys,..., Yym), B CHIYy MOHOTOHHOCTH OYHKIHH [(Yy, Ysr ..., Ym),
HE MOXKeT YMEeHbIIAThCS, 4YeM M [JOKas3hiBaercsi €€  MOHOTOH-
HOCTb.

[Ipn nepexopme K onepaulMsiM YCTAHOBJEHHBIH (akT 03HAyaeT, 4To
C NOMOWBI0 OOHUX Aullb MOHOMOHHbIX Oyaessix onepayuli we moxcem
Obimb  NOCMPOERA HUKAKAA HEMOHOMOHKAA Oyaesa onepayus. Beudy
CYUECMBOBAHUA HEMOHOMOHHbLX Oyaesbix onepayuti (ranpumep, one-
payuu ompuyarus) omcooa ciedyem, wmo 8cAkull noaxoui Habop 6y-
nesolx onepayuti 0oancer 00A3AMeENbHO 6KAOHAMb 6 cebsi xomsa Ovl 00Ky
HEMOHOMOHHYIO Onepayuio.

Haun6osiee mpocTeiM NPUMEPOM HEMOHOTOHHOH Omepaiuuu sBJjsercs
onepauus orpuiagus. OKaspBaeTca TaKKe, YTO B H3BECTHOM CMbICJIE
BCsKasi HEMOHOTOHHASI OMepaiMs COLEPKHT B cebe omepaumio OTPH-
Hauus. DoJjiee TOYHO, CIPABEAJHBO CJEAyIOLIEe NPENJIONKEHHE.

Teopema 2. C nomouwpto 11060l Hemonomownrotl byaceoll onepayuu
Mosicermn Obime HROCMPOEHA ONEPAYUSL OMPUUAHU.

PaccMOTpUM NMPOU3BOJIBHYIO HEMOHOTOHHYIO GyJjieBy onepauuo. Ona
omnpefenseTcs HeKOTopoil HeMOHOTOHHOH GyJeBoil hyukimed f(xy, x,,

..., Xp). BBURY HeMOHOTOHHOCTH pyHKUHH [ HafigyTca ABa Habopa A u B
3HayeHUHl ee TMepeMeHHLIX TakKHX, YTo A Meublie, ueM B, a ¢pyukiHs f
npuuuMaer Ha HaGope A 3Hauende | M Ha HaGope B 3uauenue 0. Ha-
6op A ornudaerca ot yabopa B TeM, YTO HA HEKOTOPLIX H3 MeCT, THAe
v Hatopa B cToAT eqduKubl, y HaGopa A crosT HyJsH. 3aMeHss nocJne-
JOBATeJILHO, OfHH 34 APYTHM, 3TH HYJIH €HHULAMH, PaHO HJH TNO3JHO
npugem ot Habopa A, rae f(A) = 1, k uabopy B, tze f(B) = 0. Cre-
JOBATeNIbHO, TPH OAHOH H3 OUYepeHBIX 3aMeH HyJisd efHHHLeEH 3Haye-
Hue GpYHKUHH [ T0/KHO H3MeHHTHCA ¢ | Ha 0. Do o3Havaer, yTo AN

kakoro-to i (1< i < n) flay, a3, ..., @i, 0, @xi, ..o, an) =1, a
f((ll, gy vney Aiey, l,al-+1,..., an) :O, rape a., Uy,...,0—1, %;1t,..., 0y—HE-
KoTopuie GyJiessl koucrautel (0 umu 1). Ho toraa, Kak Jierko noHsiTh,
6yneBa gyukuusa f(a,, oy ..., i, X, Qipi, ..., An) OT OLHOH NEPEMEH-

HOH x He MOXKeT ObITh HHYEM HHBIM, KaK TOJIbKO OTPHIIAHHEM 3TOH Ile-
pemenHoii, T. e. x. Murepnperupys ¢yuKumio f Kak 6yJieBy onepa-
M0, nosiyunm Tpefyemoe NpejcTaBjeHHe ¢ IMOMOUIbI0 3TOH ONepaudy
OTPHIIAHHSA.



Ilpu knaccudukauud OyJesniX onepandii 6yjeM HCKJOYaTb H3
paccMOTpPeHHsl HyJibMecTHole onepaiu (kouctantel 0 1), a Takxke
TPHBHAJBHYIO QJHOMECTHYIO ONEPalHIO, NOBTOPSMOILYIO 3HAUEHHS CBOE-
ro apryMeHTa. ECTECTBEHHO TaKXe He Pas3/iMyaTb MexXpay coboil ome-
paldy, BO3HHKAOUlMe W3 OfHOA H TOH e OyneBofi (QYHKUHH NpPH
Pa3/HYHBIX [MEpPeCTAHOBKAX €e apryMeHTOB. Y4HThIBas 3TO, Oydem
umene eOuUHCMBEHHYI0 OOHOMECTIHYID ONepayuio — OMpUyaHue X U 60-
c2 Mb OBYXMeCMHbLX ONEPAYULi — YMHOJNCeHUe XYy, OUBTBIOHKYUID X\/Y,
CAONCEHUE X -1y, ONEPayur0 PABHOBHAYHOCMIU X ~ Y, UMNAUKAUUIO
x Dy, onepayuro sanpema xy, onepayurw Illeppepa x\/y u onepa-
yuto [lupca xij.

Jlerko mpoBepHTH, YTO MOHOTOHHBLIMHM H3 BCEX TepeydcJeHHhX Ae-
BATH GyJeBBHIX ONepauuil ABJAIOTCA TOJBKO JIBe — ONepalMH yMHO-
KEHHA ¥ AU3BIOHKHHA. K JHHeHAHbIM OTHOCATCS JMUIb TP ONEpaluid —
onepauuy OTPHUAHMA, CJIOXKEHHS M DaBHO3HAYHOCTH. TakuM obGpasoM,
NPUXOAUM K CleAYIouleMy pPe3ynabTaTy.

Teopema 3. Cpedu Oesamu oOHoMeCHIHbIX U OBYXMECHbLX OYie8bix
onepayull onepayul YMHONCEHUS 1 OUSBIOHKYLU ~ABASUOMCA HEAUHEHbL-
My (HO MOHOMOHHLIMUY, ONEPAyUL OMPUYAHUSA, CAONCEHUA W DABHO-
BHAUHOCIIL ABASIOMCS HEMOHOMOHHoIMU (Ho AuHedHbimu). OcmaieHoie
Jce wemwipe onepayuu — onepayuu sanpema, umnauxkayuu, llepgepa
u ITupca — A8A710MCA OOHOBPEMEHHO U HEAUHEUHbIMU, 1 HEMOHOMOH-
HOLMLL,

I3 teopem 2 1 3 HETPYAHO BHIBECTH CJEAYIOUIHH BAXKHLIA pe3yJ/IbTaT.

Teopema 4. C nomowgpto a00oll neauredHol onepayuu moxcem Ooimeo
noayena aubo onepayus ymHoMceHus, Aubo onepayus Ou3BIOHKYUL.

PaccMOTpHM MPOHM3BOJIBHYIO HE/HHEHHYI0 ONepaidio, 3aJaBaeMylo
HeKoTopo#l HenHHeliHOH OyJjeBoll dyHKuued f(xi, x,, ..., x¥,). Kanonu-
YeCKHH ITOJIMHOM 5TOH (DYHKIHH COAEPXKHT XOTsl Obl OJHO MpOH3Beje-
HHe ¢ JAByMsA HjH 0oJiee COMHOXHUTEJNAMH. Boloenum cpenu Bcex Ta-
KHUX NPOM3BENEHHIl OZHO H3 TeX, KOTOPble MMEIOT HAUMEHLIIYIO AJH-
HY /. DTO NPOH3BENEHHE COLEPKUT HE MeHee ABYX COMHOKHUTesell H,
€JIefloBATENLHO, HMEeT BHJ X;X;p, T€ p — MPOU3BENEHHEe HEKOTOPOTo
MHOXKeCTBA 6YKB (GBITh MOMKET, MYCTOTO HJIM COLEPKAIEro JHIIL OfHY
Oyxsy). Coxpausis GyKBHl x; H X; HEH3MEHHEIMH, 3aMEHHM Bce GYKBHI,
BXOJSII{HE B p, €AHHHLAMH, a BCe OCTaJbHbIe (U3 YHuCa GYKB X, Xo, ...
<oy Xp) — nyaamu. [locne Takofi MNOACTAHOBKH BhIZEJIEHHOE HaMH
Npou3BefenHe 0OPATHTCS B X.;Xj, 4 BCe OCTaJbHble NPOU3BENEeHUsl AJH-
Hbl, GoJbliefi eguHHIEB, OOPATATCA B HYJH, TNOCKOJLKY Kaxjaoe H3
HUX COAEPKHUT XOTs Obl o1y OYKBY, OTJIHUHYIO OT X;, X;H OYKB, BXO-
ASALUX B p.

IMocne ykasanHo#l MOACTaHOBKH noJyuuM OysieBy (YHKUHIO ABYX
nepeMeHHbIX @(x;, x;), KaHOHHYeCKHH MOJHHOM KOTOpPOH HMeeT BUJ
xix; 4+ ax; 4 Px; +vy, tEe a, B, vy — 6yneBn xoHcrautel (0 wau 1).
Ecau sTa dyHKUMA paBua x;x; Wad x; \/ xj = xix; - x; + X;, TO Teo-
pema gokasana. B mpotusHOM ciyuae, Oynyud HeJHHe#HO#, 9Ta (YyHK-
Msi, B CHy TeopeMul 3, 6yaeT o6si3aTelbHO HeMoHoTOHHOH. Ho Toraa,
no Teopeme 2, ¢ nNoMollpld omnpenedsieMoil ¢yHKuHeH ¢ Oy./eBoil
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omnepaidd MOXKHO BEIPAa3HTb oTpUHaHHe ¥ = x | 1. Pacnonaras ¢yuk-
UHAMH X;, Xj, X +1, x; + 1, MoxkeM B DYHKUHH @ NPOH3BECTH 3aMEHY
x; Ha x; +P, a x;, —Ha x; | a, NoCJAe UYETO TMOJIYYUM (PYHKLHIO
P(X;, xj) C KAHOHHYECKHM NOJHHOMOM (X; 4 B) (x; + o) -+ a(x; - B) -
+Blx; +a) +v =x x; +ax; +Px; +-off +ax; -of 4-px, +
+af -y =xx; 46, rae O6ykBoit 6 obo3HaueHa GyJsieBa KOHCTaHTA
ap +vy. Ecm 8 =0, 10 Y(x:, X;) = X; xj, ¥ TeopeMa joKasaua. Ecju
xe § =1, To P(xpx)) = xx; + 1 = x;x;. [locKoNIbKY OTPHIlaHHE HaMH
y3Ke MOCTPOEHO, U3 mnociegHell (YHKUMH CHOBA JIETKO MOJyYaercst
NPOU3BENEHHE X;X;.

Takum o6pa3om, BO BCeX CaydasiX yAAeTcsl ¢ MOMOIILI) 3aJaHHOH
onepau#H MOCTPOUTH BLIPAXKEHHS A/A (QYHKUHH Xy HIH xVy, a cjae-
JoBaTensHO, H A7 ONpPefesisieMblX HMHM ONepailyii, 4To H TpeGoBaJoCh
JokasaTb. Tenepb JIerKo BLIBECTH CJeAYIOmee YCJI0BHE NOJHOTH A Ha-
O6opoB OyJieBHIX oOIepalui.

Teopema 5. [aa moeo umobst Habop Oyiesvix onepayutd Ooia noa-
HbIM, HeoOxo0umo u Gocmamouno, 4mobbl 8 cocmas 3moeo Habopa exo-
Ouna xoms 6ot 0OHA HEAUHCEHAA U X0MA Obl 00HA HEMOHOMOHHAS ONEPAYU.

Heo6xoxumocTs chOPMyTHPOBAHHOTO yC/OBHS Oblia yCcTaHOBJIEHA
Bhlllle, a JOCTATOUHOCTbL SBJSIETCH HENOCPEACTBEHHBIM CJIeACTBHEM
Teopem 2 H 4.

YcnoBuUMCS  HaspIBaTh MOJIHBIA Habop Oy/eBLHIX ONepauuil Henpu-
go0uUMbIM, €CJIH U3 HETO Hesb3sl HCKJIOUHTL HH OJHOH omepaiuu 6e3
TOrO, YTOGH HAaboOp He MoTepsJi CBOMCTBO MOJHOTH. TeopeMa 5 mnosBo-
JileT JIeTKO NEePeYHCHTh BCe HeNpPHBOZMMbIE MOJHBIE HAOODH!, COCTaB-
JieHHble U3 OJHOMECTHHIX W JBYXMECTHHIX OyJieBHIX onepalii. D10 —
yerpipe Habopa, KaXkAuli M3 KOTOPHIX COCTOMT U3 OJHOH-€AHHCTBEH-
HOH onepaiu (MMOMuKauuu, sanpera, onepanud Illeddpepa u onepa-
uuy Tlupca), W mecTs TOJHLIX HENPHUBOAHUMBLIX HAG0POB, COCTOSIIMX
U3 ABYX OnepauHii: KoMOGHUHAIHK OIepaluu YMHOXKEHHS ¢ KaXAOH
U3 omepauuii OTPUUAHHUS, CJIOKEeHHS HJIH PaBHO3HAUHOCTH H KOMOM-
HamH¥ OMepaudd AU3BIOHKUMH C KaXXJOH M3 TeX XKe CaMblX TPeX olle-
pauui.

Henosb30BanHOe HAMH NMOHATHE MOJHOTH! Paspelnajo npH nocrpoe-
guu G6yJieBbIX (PYHKHHH NOJb30BATHCA HE TOJNBKO APTyMEHTaMM 3THX
(YHKUMA ¥ onepanMsMH H3 COOTBETCTBYIOLLEro IOJHOTO Habopa, HO
H GyjieBoiMH KoHcTautami 0 v 1. Ecsii HCKJIIOYHTE BO3MOXKHOCTD TOJIb-
30B4HHUSI KOHCTA4HTAMH, TO BO3HHKAeT HOBOE€ MOHSTHE TNOJHOTH, KO-
Topoe GyAeM Ha3blBaTb YCUAEHHOU NROAHOMOU, WA NOAHOMOU 6 CUALHOM
cMolc e,

IManeko He BCe MOJiHble HaGopul OYJeBbIX olepaunuilt yaoBJETBO-
PAIOT YCAOBHIO YCHJeHHOH mHosHoTH. IHanpumep, HaGop, COCTOSIIHH
H3 onepauuil CJOXKeHUs M YMHOXKEHHd, ABJAAACH MOJIHBIM, He fBJis-
eTcs, TeM He MeHee, IOJHLIM B CUJBHOM cMbicsie. Jlerxko BHAETH, 4YTO
6e3 MoJib30BaHUsT KOHCTAHTOH 1 BCe CTpOAIHeCs ¢ IOMOLLBIO 3TOr0 Ha-
Gopa omnepauuit 6yJess GYHKIHH HelNpeMeHHO o6pamaioTcst B HyJb B
TOYKe, B KOTOpPOH BCce HX apryMmeHThl NpHHHMAIOT HYJEBbie 3HAUEHUS.
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Takum o6pa3oM, ¢ NOMOIIbI) OJHHX JIHIIbL ONEpalHi CJO0MXKEeHUs U
yMHOMXeHH51 (6€3 KOHCTaHTHl 1) He MOMKer ObiTb NPEACTABJEH LeJbli
psj OyJ/ieBbIX (PyHKUMH, HanpUMep (GYHKUMA X WA QYHKIHSA, TOXKIE-
CTBEHHO PaBHAas €QUHHUILE.

B To e BpeMs HaOOphl, COCTaBJIeHHbIE M3 ONepalliii OTPULAHUSA H
YMHOXEHHS MJH OTPHUAHHS W JU3BIOHKUHMH, OKAa3blBAIOTCH IOJIHBIMH
HE TOJIbKO B OGHIYHOM, HO M B CHJIBHOM cMkbicje. /s toro 4tobnl ybe-
IMTLCS B 3TOM, JOCTaTOYHO, OUEBHAHO, H0KAa3aThb BO3MOXKHOCTH Npern-
CTaBJIeHHS C NOMOILBIO yKa3aHHHX onepaiuil konctaut 0 u 1. [MocJe-
nuee ke paercs dopmynamu 0 =x¥ | =xk, l=xV%, 0=xV X

HeoS3xoAnMee H JOCTATOYHBIE YCJAOBHS YCHJEHHOH MNOJIHOTH JJsi
HaGopos OyseBblx omepauuit Haiigens [Toctom [62]. Uto6u chopmy-
JIMPOBATh 3TH YCJIOBHS, HEOGXOJMMO NO3HAKOMHTLCS C TPeMs HOBBLIMH
3aMeyare/IbHBIMH KjaccaMd GyJieBBIX (YHKUMH M OnpejessieMblX HMH
onepamui.

ByJsesa QyHKuMa (onepauus) f(x,, X, ..., X,) HasbBaeTcs pynxyued
(omepauuett), coxparsrowed nyan, ecau f(0, 0, ..., 0) =0, pynxyued
(onepayueil), coxpanswowel edunuyy, ecnn f(l, 1,..., 1) =1, u camo-
Osoticmeentoll  pynkyued (onepaumedt), ecmd  f(xy, Xs ..., Xp) =
=f(X,, Xs ..., Xn). YTOMAHYTHI Bhllle pe3ysbrar [TocTa MOXKHO chop-
MYJIHPOBATL Telepb TakK.

Teopema 6. [aa moeo umobut Habop Oyaesoix onepayuti Ovta noa-
HbIM 6 YCUNCHHOM CMbICA, HeoOXo0umo u GocmamouHo, 4mobst 3Mom Ha-
bop 6xMo4an 8 ceba xoms Gbi 00HY HEAUHELHYI onepayuto, xoms Obi
00HY HEMOHOMOHHYI0 onepayuro, xomsa Ob. 00HY onepayuro, He coxpa-
HANOWYIO HYab, X0ma Obl 00HY ONEPAyUIo, He COXPAHsuyw eOuruyy,
1 xoms Got 00HY ONEPAYLIO, HE ABASIOWYIOCA CAMOOBOLICMBEHHOU.

Heo6xoquMoCTh yC/OBHH, cHOPMYJHPOBAHHEIX B Teopeme 6, ao-
Ka3LIBAETCS TOYHO TAKHM Ke CTNOocoOOM, KaK M B Ciydae oOLIYHOH MOJi-
HOTHI: HEO6X0AUMO YGeaHThCS JHIIL (a4 ITO CHe/aTh HETPYAHO), UTO,
HE HCNOJb3ysl KOHCTAHT, C IIOMOUILIO ONEepalid, COXPAHSIOMHX HYJb,
MOMHO TOCTPOHTb TOJILKO TakHe 6yJeBnl ¢yHKUHH (a 3HauuT, H OyJe-
BLl OMNEpallMH), KOTOPbIE TaKMXKe COXPAaHSAT HY/b. AHaNOrHYHOE TIIO-
Jo)XeHHe OyJeT TaKke C ONepallusiMH, COXPAaHAIOUIMMH E€I{HHHNY, H
C CaMOABOACTBEHHBIMH onepanuaMu. [{0Ka3aTe/anLCTBO JOCTAaTOYHOCTH
CBOAMTCA K YCTAHOBJIEHHIO BO3MOXHOCTH NOCTpOeHHs KoHctauT O H 1
1 NOCJENYIOEMY NpHMeHeHHIo TeopeMbl 5. C NOAPOGHOCTSAMHU 3TOTO
I0KAa3aTe/IbCTBA MOMKHO MO3HaKoMUTbC B crathe C. B. §6noHcKoro
{83] (cM. Takxke B. M. Taymkos [26]).

V3 nepeyHciieHHBIX Bblllleé AEBSITH OJHOMECTHHIX H  JBYXMECTHBIX
6ysieBLIX OnmepauMil He COXPAHAIOT HYJb IIECTh Onepalluii: OTPHLAHHeE,
onepamusi PaBHO3HAYHOCTH, UMIJIHKauusi, a takke onepauud Iled-
¢epa u [lupca.

K uucsy onepauufi, He COXPaHSIONUX €IHHMILY, TAKXKE OTHOCATCS
eCTs onepauuil: OTPHUAHHE, cJO¥eHHe, onmepauud sanpera, [lled-
¢epa u Ilupca.

Haxowuel, necamoiBGHCTBEHHBIMH ABJSIOTCS BCE ONepanuH, Kpome
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OTpHUAHHSA: YMHOXKeHMe, IH3BIOHKUHS, CJOXKeHHe, WMINJAMKAUHA, 4
TA4KXKe olepaldd paBHO3HAayHOCTH, 3ampera, llleddepa u IMupca.

HanGosiee 3ameyaresibHbIM CBOHCTBOM o6Jafalor onepaudd Iled-
¢epa u [lupca: kaxpas W3 HUX, paccMaTpuBaeMas B OTHENLHOCTH,
HPEACTaBJisieT cOOOH MOJHBIH B CH/ILHOM CMbicje Habop 6yaeBnix orne-
paudii. Jtd HaGOpLI, PasyMeeTCsl, HENMPUBOAHUMLI B TOM CMBICJIE, YTO
M3 HUX He/b3sl YAaNHTL HU OJHOH omnepanuy 6e3 NoTepd HA6OPOM CBOI-
CTBA YCHJIEHHOH IIOJIHOTHI.

Jlerko noxasaTb, YTo BCsIKas ONepanMs, He COXPAHAMAS HY.b,
160 He COXpaHseT M eJHHULY, JHOO SBJAETCH HecaMOLBOHCTBEHHOH
onepauuefi. Orciofa ciefyer, 4to B JIIOGOM HENPHBOAHMOM  YCHJEHHO
no/sHOM Habope OyJsieBbIX ONepaurii He MoXeT GbiTh GoJiee UeThIPex
(a ne mATH, KakK MorJyio 6b NOKa3aTbCs aNpHOPH) PasJIHUHBIX OmNepa-
IUM{i, TNpHYeM HeNpHBOAMMBIE YCHJEHHO MOJIHEE HAGOPH, COCTOAMHE
H3 YeThIPeX pas3/nyEbix Oy/eBrIX onepaiHil, 1eACTBHTE TbHO CYILECTBYIOT.

§ 4. NpumeHennsn Gy/eBoii aireGpnl B TEOPHH KOMOHHAMOHHBIX CXEM

KoMGHHALHOHHEIE CXeMBl NPERCTaB/AIOT CO60H Haubosiee MPOCThIE
TeXHHYeCKHe YCTpOHCTBA AJA Mpeo6pasoBaHHs JHCKpeTHOH uHGOp-
Mmarud. [IpefnosioXuM, u4TO B HALIEM PAaCMOPSI)KEHHH KOHEYHOEe YHCJIO0
THIOB CHTHAJIOB TOH MJIH HHOH NPHPOALI (MEXaHHYECKOH, 3JeKTpHye-
CKOH, ONTHYECKOH M T. 11.), COCTABJSIONUX TaK Ha3vleaemblll
aapagum cuenasos S. Kombunayuonnotl cxemod 6GyaeM HA3LIBATh JO-
6oe ycrtpoificTBo P, peanusyiomiee HEKOTODHIi aniaBUTHBIH omepartop
A = A(S) B andasure S H yaoBieTBoOpsIONiEe CAEAYIOUIHM yCIOBHUSM.

1. O6nacteio onpepenenua onepatopa A dABJsieTC MHGXKECTBO
c/ioB B ancaBute S, umeromuX (PHKCHPOBAHHYIO AJHHY m > | (3aBu-
cAmyo ot Beibopa ycrpoiictBa P).

" 2. Bce Bxogsble ¢J0Ba M3 06/1aCTH ONpele/eHHsi onepatopa A
npeoOpasyloTcst cXxemoil P B BLIXOJAHBLIE CJIOBA OJHOM H TOH e JJHHbBI
n > | (rakxe 3aBucsitedl ot BriGopa P).

3. Bce OykBpl (cMraaJinl), CcOCTaBJISIOINIHE BXOJHOE CJIOBO, IIO-
JAIOTCS 0OHOBPEMEHHO HA M TOUEK CXeMbl P, Ha3hIBAEMBIX ee 8X00HbIMU
noaocamu, U 8 mo dce epems, TaK¥Ke OLHOBPEMEHHO, Bce GYyKBHI (CH-
r'HaJjbl) COOTBETCTBYIOUIETO BBLIXOJHOTO CJIOBA BO3HMKAIOT B APYTUX n
TOYKAX CXE€MBl, HAasLIBAEMBIX €e 8bix0OHbiMU noawocamu. Bxopusie H
BBIXOJIHBI€ TOJIIOCH CTPOTO (PHKCHPOBAHHBIM CNOCOCOM HYMepyloTCA
U COMOCTABJISIIOTCS COOTBETCTBYIOILMM MECTAM BXOAHOIO H BBLIXOA-
Horo cjoB. Tak, yto f-s OyKBa BXOJHOTO CJOBa BCErja MOAaeTcs Ha
i-d BxogHo#t momwc (i =1, 2,...,m), a j-1 6yKBa BBLIXOZHOTO CJIOBA
BO3HHKaeT Ha j-OM BHIXORHOM moJjoce j =1, 2, ..., n.

Pasymeercs, BCSIKOe peasibHOE TeXHHYeckoe ycrpoficTBo o6Ja-
JaeT HEKOTOPHIM BHYTPEHHHM 3ana3[biBaHHEM, TaK YTO yCJOBHE OLHO-
BPEMEHHOCTH BO3HUKHOBEHHSI BXOJHBIX H BHIXOJHBIX CHTHAJIOB B KOM-
GHHANHOHHOH CXeMe He CJefyeT MOHHMATh CJHIIKOM GykBsanbHO. Peup
HAeT 0 HEKOTOPO# aGCTpPaKUHH TOTO PeasibHO BCTPeyaronerocs ciaydas,
KOTfa yKa3aHHbIM 3anasjihlBaHHEM MOXHO NpeHefpeyr MO CpaBHe-
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HHIO C HHTEPBAJIOM JHCKDPETHOCTH paGOThl CXEMHl, ONpeAe/sieMbM
BpeMeHeM 34dMEHB OJHOTO BXOJHOTO CJIOBA JPYTHM.

Ha mpaxTHKe KOMOHHALHOHHbIE CXEMBI XapaKTePU3YIOTCS OOLIYHO
AMCYMCMBUEM 8 HUX Namamu. ITO 03HAYAET, YTO BRIXOJHOE CJOBO BO-
3HMKaeT HA BBHIXOAHBIX MOJIOCAX CXeMbl JHIIL HAa TO BPeMs, NOKa Ha -
BXOJHbIE MOJIIOCH [ORAETCSl COOTBETCTBYIONee BXOAHOe cyoBo. [Tocne
TOTO KaK N0Jaiya BXOJAHGLIX CHTHAJOB MpeKpaulaercsi, cxema «3a6niBaers»
3TH CHTHaJbl, TaK YTO OHHM He MOTYT BJHATb Ha mpoiecc GopMHPOBa-
HHS OTBeTa CXeMbl Ha CJACAYIOmYI0 KOMOHMHALMIO CHTHAJNOB, MojaBae-
MYI0 Ha €e BXOJHbl€ TNOJIOCHL.

Ycnosusa | U 2 HaKJAaApBAIOT, HA MEPBLIA B3TJ/sAL, BeCbMa CHJLHLIE
OTpaHHyYeHHss Ha as(paBHTHBIE ONEPaToOphl, KOTOPHIE MOXKHO peasin3o-
BaTh KOMOHHAIIMOHHBLIMH CXeMaM#. B JefcTBHTEeNILHOCTH . 3XKe CJIOBaMR
OAHOH ¥ TOH e AJMHBI (NOAOHPaeMOl KaxAblH Pas B COOTBETCTBHH C
KOHKPETHBIMH YCJOBHSMH) MOXHO 3aKOJHPOBaTh MOGYI0 KOHEUHYIO
COBOKYIHOCTb CJI0B.

Takum oOpasom, npu nooxo0auEem KoOUpoBaAHUL KoMOUNAYUOHHbIE
CXeMbL MO2YM PeAAU3068aMs A00ble A upaABUMHbIE ONEPAMODLL C KOHEHHIMU
obaacmany  onpedeseHus. C

Hawn6osiee npocToil npHeM BHIPABHMBAHHMA IJHH J000r0 (pUKCHPO-
BAHHOIO MHOXKECTBA CJIOB 3a CYET KOAMPOBAHHs COCTOUT B TPUIHCHIBA-
UM (BooOlle rosopsi, MHOTOKPATHOM) K CJIOBaM MeHbIleH AJHHBI CIie-
HHAJBHO BBOAMMOH B aJipaBHUT NyCcTOH OYKBHI C 1eJbl0 JOBEJEHHUS
YyUC/a COCTABAAIOMHKX HUX OYKB 0 4Hcaa GYKB, COCTaBJSIIOMIMX CaMoe
JJHHHOE CJIOBO pacCMaTPHBAeMOro MHOXKeCTBa. Bo3MoOXHBI, pasyme-
eTcsi, U ApyrHe NPHEMEl DelIeHHs 3TOH 3agauH.

3aMeTHM eme, yTo NPH Hagnexaunled TpakToBKe padoThl KOMOHHA-
IIMOHHBIX CXeM MOXHO CUHMTaTh, YTO OJHA M Ta XK€ KOMOGHHALMOHHASA
cxema crnoco6Ha peasM30BaTh He OJUH, a J060e KOHEYHOEe MHOMKECTBO
andaBuTHHIX omepatopoB. C 3TOH umesbI0 AOCTAaTOYHO PAsfeldTbh BCe
BXOJHLIE TOJIOCHI CXeMbl HA TaK HasbiBaeMble UHGOPMAYUOHHbIE H
ynpasasrouue nomocsl. Ecn cudTath npeo6pasyeMbiM BXOAHBIM CJIO-
BOM JIMIIL TY KOMOMHANHIO BXORZHBIX CHTHAJIOB, KOTOpas IOJAeTcs
ga HHGOPMAUHOHHLIE MOJIOCH, TO, (HKCHDPYsl Pas/iMYHLIE YnpasAiio-
wue croea (T. e. CJOBa, NOJABaeMble HAa YIPaBJISIONHE TOJIOCH), OY-
AeM NOoJy4aTh Pas3/HYHbIe aJA(aBUTHbIE ONEPaTOPhI, COMOCTABJIAMOUHE
UHPOD MAYUOHHbIM 6XOOHBIM CA06AM  BLIXOIHLIE CJIOBA CXEMBI.

[IpveM BapHalMHM peasu3yeMblX KOMOGHHAIMOHHOH cXeMmoO#l asida-
BUTHBEIX OINEpPaToOpPOB C TIOMOLILIO YIPAaBJSIOMHX CJIOB COBEPUIEHHO
aHaJIOTHYEH OMMCAHHOMY B MepPBOf TIjaBe NpueMy OpraHd3aluy pa-
60TH YHHBEPCAJbHOTO aNTOPHTMA: HAa BXOJ YHHMBEPCAJIbHOTO aJro-
puTMa TNOJAETCSl He TOJIbKO TNOjJexanlee nepepaGoTke HHPOPMAUHOH-
HOe CJIOBO, HO M yNpaBJSIOLIee CJIOBO, B KauecTBe KOTOPOTo BhIOHpA-
ercs H3o6paxeHHe ToJexan(ero peajn3alnd KOHKPEeTHOTO aJropuT™a.

[To TeXHHYECKHM COOOpaKeHHsM OKasblBaercsl GoJiee NpPOCTHIM H
yIOGHBIM B KauecTse anihaBuTa CHrHAJOB BHOUPATh dsouywbitl andaBuT.
B 5ToM ciyyae ABa THNA CHTHAJIOB OTOXJIECTBJSIOT OOHYHO C GyJieBbl-
mu koucrautamd O u 1. KomGunauuonusie cxembl ¢ TAKHM aJ(paBATOM
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CHrHa/oB GYAeM HA3bIBATH OBOUMHLIMU, WM GYaesoiMu, KOMOUHALUOH-
HbIMU CXEMAMU.

B 1BOMYHOH KOMOHMHAIIMOHHOH CXxeMe KaKiblil BLIXOAHON CHIHAJ
NpenCTaB/isieT co60i HEKOTOPYIo GyJsieBy (YHKUHMIO OT BXOXHBIX CHTHA-
JoB cxembl. Ec/id cxema HMeeT m BXOAHBIX H 7 BBIXOAHLIX [OJIOCOB,
TO peasnH3yeMbiil €0 a/i(aBUTHBIA ONeEPaTop NONHOCTBIO XapaKTepH-
3yeTcsi CHCTEMOH n OysieBbIX (YHKUHH OT /m NePEMEHHHIX, 3aZaomuX
BbIXOJIHbI€ CHTHAJIBI HA KaXK/OM U3 7 BHIXOAHBIX MOJIIOCOB KaK (yHKIHH
CHTHAJIOB HA M BXOAHBIX MNOJIOCaX. DTy cucTeMy (yHKuMi Gyfem Ha-
3bIBATh  GoLXOOHLIMU (DYHKYUAMU DACCMATPHBAEMOH CXEMBI, a CaMy
cxemy — Oyaegoum  (m, n)-noAocHuKom.

PesynbraTl npepsiiyuiero naparpaga MOABOASAT TEOPETHUECKYIO
6asy Moj OJHY U3 OCHOBHBHIX 333U TeOpHM OyJ/eBHIX (7, n)-MOJIOCHH-
KoB — 3afauy HX cunmesa. CyTb 3aja4yd CHHTE3a KOMOHHAIHOHHBLIX
cxeM BooOmie H OyJeBHIX (m, n)-NOJIOCHHKOB B YaCTHOCTH 3aKJIOYa-
ercsi B Pa3paGoTke METOHOB, MO3BOJIAIOUIMX CTPOHTb CKOJb YTOZHO
CJIOXKHBIE CXeMbl M3 (PMKCHPOBAHHOTO (OGLIYHO BecbMa HeGOJIBIIOrO)
YyHC/a THTIOB 3AEMEHMAPHOLY KOMOUHAUUOHHbIX CXem, HA3bIBAEMBIX B
c/yuyae HBOHYHBIX CXEM A02UYECKUMU IAeMEeHMmamu.

B KauecTBe JIOTHYECKOIrO 3/ieMEHTa MOXeT OwblTh BhIGpaH Jio6oi
6yneB (m, 1)-MOMOCHHK. BBupy cKa3aHHOrO Bhlle €ro PaGoTa MOMKET
6LITh OXapaKTePHU30BaHA BBIXOAHOH (yHKuMe# f(x,, X, ..., x,), Npex-
crasisiolmedl coGoit GyneBy (YHKUMIO OT m TNepPeMeHHhX, KoTopas
3ajaeT 3aBHCHMOCTb E€IHHCTBEHHOTO BBHIXOZHOTO CHTHAaJa BHIGPAHHOIO
HaMH 3JIEMEHTa OT COBOKYIIHOCTH BCEX €ro BXOJHBLIX CHIHaJ0B, [o-
BOPAT, YTO BHIOPAHHBIA JIOTHYECKHH 3JIeMEHT PeasH3yeT 3Ty GyJeBy
GYHKUHIO HJIH, COOTBETCTBEHHO, ONpenesiAeMmylo 3Toil QyHKuHed G6y-
JIeBY OIepalHio.

[Ipeanosioxxum Tenepn, uTo 3apuKCHPOBaH Kakof-nu6o HAGOp Jo-
THYeCKHX 3JlemeHToB. CHHTe3 KOMGHHALMOHHOH CXeMbl H3 5/1eMEHTOB
BpI6pPaHHOrO HAbOpa 3aKJIOYAETCS B IOCJIENOBATENLHOM nodcoeduneruu
BLIXO{HBIX TOJIOCOB OAHHX 3JIEMEHTOB KO BXONHBIM [OJIOCAM  JPyrHX
3JIEMEHTOB TakK, YTOOb! HE MOACOENUHATL K OHOMY H TOMY K€ BXOLHOMY
M0JIIOCY HECKOJILKHX BBIXOAHBIX IIOJIOCOB H He 06DA30BHIBATL 3aMKHY-
THIX leneH, N0 KOTOPLIM CHTHaJ, BLIAASI H3 KaKoro-jM6o sjementa Q
H NDPOXOASl, BO3MOXHO, 4epes JAPyrHe 3JieMeHTbl, CHOBa MOr Ol mo-
nacTb Ha ORNMH U3 BXOJHBIX MOJIOCOB TOTO Xe caMoro 3Jjementa Q. Ipu
sToM 6yAeM NpexnnoJsaraTbh, YTO B HAllleM PAaCHOPsIKeHHH pns JoGoro
sJieMeHTa BbOpaHHOrO Habopa HEOTPAHHYEHHOE YHCJIO KOMHH 3TOro
3JleMeHTa, TaK 4YTO HeAOCTaTKa B koauyecrmse (HO He uHCje THIOB!)
JIOrHYeCKHX 5JIEMEHTOB HHKOTAa He OyjerT.

[Mocsie OKOHYaHHS ONHCAHHOrO IpoHecca MOACOCTUHEHUS BLIXOA-
HBIX TIOJIIOCOB OZHHMX 3JIEMEHTOB KO BXOAHBLIM MOJIIOCaM APYTHX HeKo-
TOpOE MHOXKeCTBO /M BXOAHHBIX MOJIOCOB H HEKOTOpOe MHOXKecTBo N
BEIXOAHBIX TOJIIOCOB OKaxKyTCsi CBOGOJHBIMH OT KaKux-JHOO coegupe-
HUH ¢ JpYyrHMH noJiocaMH. ECTeCTBEHHO Temepb NPHHATL MHOMKECTBO
M 3a MHOKECTBO BXOJHBIX, @ MHOXeCTBO N 32 MHOXKECTBO BBIXOZHBIX

77



I0JIIOCOB NTOCTPOEHHOH B pE3yJ/LTATE ONHUCAHHOTO MPOLECCA CJIOKHON
CXEeMbI.

Ecau B mpoiecce coenHHeHHs MOJIOCOB COGJIOAAMMCH TIE€PEYHCIeH-
Hble BhIIIE OTPAHHYEHH S, TO TOCTPOEHHAS CXeMa 3aaeT BLIXOLHOH CHIHAJ
Ha KaxJoM H3 n NOJIOCOB MHOXecTBa N Kak BIOJiHE ONpeResieHHYIO
OyJ/eBy (yHKUMIO OT CHTHAJOB Ha BCEX m MOJIOCAX MHOXKecTBa M.
Ee MOXHO paccMaTpuBaThb MO3TOMY KaK KOMOHHALHOHHYIO CXeMy B
JABOHYHOM anacdaBuTe HJAHM, OoJiee TOYHO, Kak GyJeB (m, n)-noJioc-
HHK.

JIerko NoHAThH, YTO MHOXKeCTBO N BBHIXOAHLIX IMOJIOCOB CXEMbI MO-
KeT ObITh AONOJIHEHO 34 CYeT IOJIOCOB, IOABEPTIIUXCS COENHHEHHUSM,
KoTophie OYJeM Ha3blBATb GHYMIPEHHuMU y3iamu cxembl. IIpd Hcnonb-
30BaHHHM HEKOTOPHIX THIIOB KOHKpEeTHOH (pH3HUeCKO#i peasusalui
JBOHYHLIX CHTHAJOB MOXKHO MOACOEAHHSITL K OJHOMY H TOMY Xe BXOJ-
HOMY IOJIIOCY HEeCKOJbKO BBIXOJHHEIX TNoJjiocoB. Heopuosuaunoctu 3a
CYyeT MPHXOAA B OJHH M TOT XKe NOJIOC HECKOJLKHX CHTHAJIOB HE BO-
3HHKAeT, BBHAY HAJHUYHsl TAK HA3BIBAEMOTO eCHECEerHHo20 pa3deseHusn
cueHaaos. ECTecTBeHHOE pasjiesieHne 3aKJ/I04aeTcss B TOM, YTO HYJIEBOR
CHTHAJ Ha TOM MJIH MHOM IoJoce o6pasyercsl TOTAAa U TOJLKO TOTAA,
KOrJa BCe OJHOBPEMEHHO MPUXOAsIMe HA 3TOT MOJIOC CHI'HAJbLl PaBHbI
uyJo. Ecan Xe xoTsi Gbl OIMH W3 NPUXOAALMX CHTHAJOB OblI paBeH
elUHULe, TO WU COBOKYIHBIH CHTHaJ paBeH efuuuile. B stoM cayuae
BXOJHbI€ CHTHAJBI CXeMBl MOTYT, OYEBUAHO, I0JaBaThCsl U HA HEKOTO-
phle ec BHYTPeHHHe y3Jibl, B CHJy Yero OHH BKJIOYAIOTCS B MHOXKECTBO
M BXOIHBIX TOJIIOCOB CXEMBL.

Ecnu cHHTe3HpoBaHHAs CXeMa HMeeT eJHHCTBEHHHIH BHIXOZHOH
NOJIIOC ¥ XapaKTepU3YyeTcsl, TaKUM 06Gpas3oM, eIUHCTBEHHOH BLIXOLHOH
6yneBoit ¢yuKkuMeir f(x;, Xs, ..., Xm), TO OIMCAHHHI IIpOLlECC NOCTPOE-
HHSl CXeMbl METOAOM MOC/IeA0BATENLHOIO COeNUHEHHsl Y3J0B IO Cymie-
CTBY [OBTOPsET MpOHECC [OC/EeXOBATENBHOTO NOCTPOEHHS NpeNCTas-
JAsomeil OyHKUHIO f(xy, X5, .., ¥m) QOPMYyJBl € NOMOIIBIO ONEPalHi,
peanu3yeMblX HCNIOJL30BAHHLIMU HAMH JIOTHYECKUMH 3JEeMEHTaMH.
Cunre3 mnpousBosibHOro OyJsesa (m, 1)-NOMOCHHKA OKas3piBaeTcsl BO3-
MOXKHBIM, €CJH Habop YKa3aHHBIX onepanufl OB/l YCHJEHHO MOJHBIM.
TlockosbKy BCAKMi (m, n)-NOJIOCHUK MOXKeT GbIThb CKOMIIAHOBAH H3 1
wTyK (m, 1)-00IOCHUKOB, TO B CJlyYae BHINOJHEHHs YCJOBHSA YCHJIEH-
HOH TOJIHOTH, MNOJYYHM BO3MOXKHOCT» CTPOHThL MPOU3BOJILHBIE ABOHY-
Hble KOMOMHALMOHHBIE CXEMBI.

Ha npakTtuke okasniBaercsi, OQHAKO, Kak MPaBHJO, HETPYIHBIM
NOJABaTb HA CHHTE3UPYEMYI) CXeMy MO CHelHasJbHO BbIJENMEHHBIM JJIs
9TOH LeJH KaHa/jiaM CHTHaJbl, PABHLIE TOXKIECTBEHHO (BO BCE MOMEHTHI
BPeMEHHW) Hymo U eguuule. [JsA HYJeBOro CHrHaja 4acTo, BIPOYEM,
He TpefyeTCcs HMKAKOTO CIEUMaJbHOTO KaHalja, NOCKOJLKY OH TpH
pane ¢U3HUeCKUX peasM3anUil CHTHAJOB BO3HHKAeT HA KaxKIOM H30-
JIHDOBAHHOM, T. €. Ha HENOJACOCJUHEHHOM HHKYZAa BXOAHOM TOJIIOCE.
B 3ToMm csiyuae ycnioBHeM BO3MOMKHOCTH CHHTe3a IPOHM3BOJIBHOH ABO-
HYHOH KOMOWHANMOHHOH CXeMbl SIBJISIETCs yXKe He YCHJteHHas, a oOb4-
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Hasg nojHOoTa Habopa olepaHuii; Peaju3yeMblX BLIGPAHHLIMK JOTHUE-
CKUMH 3seMentaMu. [IpH 3TOM A/ KPaTKOCTH TOBOPAT O NOJHOTE JHG0
HerNoJIHOTe Habopa CaMuX JIOTHYeCKHX 3JIEMEHTOB, 4 He PeaNu3yeMbIX
UMH OyJieBLIX Onepauui.

K noruueckum smementaMm, Haubosiee $acTo ynoTpebsisieMplM Ha
NpaKTHKe, OTHOCATCH TAaK HAasbiBaeMble co8nadeHus W pasfeseHus,
peasM3ylome COOTBETCTBEHHO OyJ/ieBhl ONepalMH yMHOXEHHs1 H JH-
3ploHKIMH. Kak npaBusio, Hapsgy C Osyxexodosvimu COBNANEHHSAMH H
pasjeneHHsAMH, DeajU3yIOMMMH QYHKHHH xy H x\/y, UWIMPOKO ymoTrpe-
6/SIIOTCA  MHO208X0008ble BapHAllMM 3THX 3JIEMEHTOB, peanu3yiomue
6ysieBel YHKIHH X3 Xy ... Xn H X1V X5\ ...\ Xn.

bBynes (1,1)-no/0CHHK, BLINOMHSIOUIHHA ONEPALHI0 OTPHIAHUS, TaK-
JKe 4acTo (PUIypHpyeT B YHCJ/e JIOTHYECKHX 3JeMEHTOB [M0J Ha3BaHHeM
ungepmopa. Tlpu peanusauuu curuasos 0 ¥ | B Tak HaspIBaeMbIX HO-
MEeRYUA.1pHbLX CXeMaxX C MOMOLLBIO ABYX Pa3/JHYHBIX YPOBHEH 5/]€KTpH-
YECKOIro IOTEHIHAaJIa CXeMbl COBMNAfeHHH W pasjeneHHfi MoryT OblTb
NOCTPOEHBl € MOMOIBK COMNPOTHBJIEHHHI M MOJYNPOBOZHHKOBHIX JHO-
JOB, a HHBEPTOP — C MOMOIbIO COMPOTHBJEHHH H NOJYHPOBOAHHKO-
BOIO TPHOAA (TPaH3HCTOPA).

[lpy wucnonbzoBauHu B KauecTBe HaGopa JOTHYECKHX 3JIEMEHTOB
JBYXBXOJOBbIX COBMAfAeHUH H pagjeneHdil W HHBEPTOpa 33j4aya CHH-
Te3a OyJeBblX (m ,l)-MONIOCHUKOB CBOAUTCS K 3ajgaue IOCTPOEHHS
dopMysn GyneBoHl anreGpbl, NPEICTABJSIOMUX BBIXOAHBIE (QYHKIHH
3TUX (m, l)-nosocHukoB. Murepec mpencrae/isieT MOCTpoeHHe HE Ka-
KO#-HHOYb CXeMBbl C 33laHHOH BLIXOAHOH (yHKIHeH (BBHLY TOJBKO
4YTO CKa3aHHOIO, 3TO CJesiaTh HEeTPYAHO), a INOCTPOeHHE NOCTATOYHO
SKOHOMHOU CXeMbl, pacxopywolleli M0 BO3MOXKHOCTH MEHblIee HHCJIO
JIOTHUECKHX 3JIeMEHTOB. 3ajaua MOCTPOEHHsSI 3IKOHOMHbIX CXEM CBO-
IMTCSl B DacCMaTpHBaeMOM CJlyuae K 3ajade MHHHMH3aUHH (GOpMyJn
6ynieBoii anreGpel.

OueHb yacTo HAa NpPaKTHKe, CTPOSl TY MJH HHYK KOMGHHAIMOHHYIO
CXeMy, MMEIOT BO3MOXKHOCThL MOJATh HAa ee BXOJAHbIE MOJIOCH He TOJbLKO
HUHTepeCcyom e HAC BXOJHbIE CHUTHAJBI X, X, ..., X,, HO H HX OTpHIA-
HHS Xy, X, ..., Xp. B 3TOM ciiyuae A/A CHHTE3a CXeMbl OKasblBaercs,
OYEBHJHO, JOCTATOUHLIM HMEThL TOJIbKO COBIAJEHHMSI H DasfeseHHs, a
3ajauy TMOCTPOEHHS AOCTATOYHO SKOHOMHBIX CX€M peamT OOHYHO
JMIIbL B KJjacce TaK HA3LIBAEMBIX OBYXCMIYNeH4amolx CXeM, T. €. CXeM,
B KOTOPBIX BCe COBIAJEHUs MPEeNUIECTBYIOT pPasjesieHHsaM JH60, Ha-
060pOT, Bce pasjesends NMpeamecTByioT coBnajenHsam. [logo6Hele cxe-
Mbl OIIMCBHIBAIOTCS, OHYEBHIHO, AH3BIOHKTUBHHIMH JHOO KOHBIOHKTHB-
HBIMH HOPMAaJIbHBIMH (DOPMaMH, METOAH MHHHUMH3AalMH KOTODLIX DPaso-
Opaunl B § 2 HacToAMEH [JABHL

B kadectBe mpuMepa CHHTe3a IBYXCTYNeHYaTOH KOMOHHAUHOHHOH
CXeMbl pPaccMOTpPUM CHHTe3 GyJesa (6,1)-moJocHHKA € BBLIXOLHOH
byukumedt f = xyz\/ xy\/ xyz\/ y2\/ xZ, npexnojarasi, 4yTo Ha LIECThH
BXOJHBIX TOJIOCOB HalIefi CXeMsl NOJAIOTCSA CHTHAJMBI X, Y, 2, X, Y, 2,
a B KayecTBe JIOTHYECKHX 3JIEMEHTOB BHIOHDAIOTCS ABYXBXOHOBLIE
COBTIAZ€HHA M pasjienieHus.
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Ecnon cTtpouTh cxeMy B CTPOTOM COOTBETCTBHH C I1€PBOHAYAJBLHO
3ajanHOi mnpejcTaBasomed Gyukuuo [ gopmynol, To cxema Gyner
cojepxKarp 7 coBnaneHnil u 4 pasjgenenns. Ecnd Ke MHHUMHSHPOBATH
3Ty ¢dopmyny no merony Buelika Tak, kak 3To cienaHo (AMeHHO Ans
3TOH ¢opmy/n) B KoHlle § 2, To okaXkeTcs, YTO 3aJaHHYI0 (DYHKIHIO
[ MOXHO NpeicTaBHTL ropasfo GoJjiee npoctoil dopmynoil: f= yz\/xe.
CooTBercTByomas 3tofi gopmyne cxema
COJIEPKUT BCErO IBA COBMALEHHS M OJHO
pasgenenue. lso6paxas coBnajeHHs W
pasgeneHus KpyxKoukamu ¢ 6ykBamu C H
P BHYTpH, MOXKeM MpPeACTaBUTb MMOCTPOEH-
HYIO CXeMy HarasaHo (puc. 5). B moctpoen-
HOH CXeMe BXOJIHbI€ NOJIOCH], Ha KOTopbie
NOJAIOTCH CHTHAJL! X M 4, (PAKTHYECKH He

Puc. 5. : ucnons3yorca. [loaToMy 3agaHHas Bbl-

XOAHast (YHKUUA MoOKeT ObiThb pealu3o-

BaHa OyJeBnM (4,1)-mostocHuKom, a He (6,]1)-NOMIOCHUKOM, KaK 3TO
IpeAnoaraioch EHadane, ’ -

B paccmoTpeHHoM rmpumepe BHIXOAHAS (YHKUHMST CUHTE3UpyeMOH
cxembl Oblia 33ajaHa B BHAE HEKOTOpoi (opmysanl OyJeBoil ajre6psl,
TaK 4TO IMpPOILecc CHHTE3a CBOAW/CSH MO CYILECTBY NHLIb K YIPOILEHHIO
stoit Gopmyanl. Ha npakTuke yamie Bcero CTanKUBAOTCS CO CJYdaeM,
KOTZA BHIXOAHble (YHKIHHY CHHTE3HpYeMOil CXeMbl 3afaiTcst Tabauua-
MM CBOMX 3HaueHHi. B sToM ciydae nepBeIM 3TamoM mpoilecca CHH-
Te3a CXeMbl CJHYXHT HAXOXKJeHHe Kakux-HuOyap (He 006s3aTesbHO
CaMbIX TIPOCTHIX) HOPMYJ, MPEACTABASIOMHUX 3aLaHKbIe HYHKUNH. YHU-
BepCabHBIM CMocof0M /11 TAKOrO MOCTPOEHHsA sBAsieTCs Crocol,
OCHOBAHHBIH HAa WCIO/b30BAHHM COBEPLIEHHBIX AHU3BIOHKTHBHBIX HOP-
MaibHEIX GopM (cM. § 2): mo6Gas GyneBa (yHKIUS MOXKeET ObITb Mpei-
CTaBJIeHa B BUJIE U3 BIOHKIMY KOHCTUTYIHT €IMHHIIbI, COOTBETCTBYIOIIHX
TeM HabopaM 3HayeHWI [epPEMeHHBIX, HA KOTOpHIX 371a (hyHKUMA obpa-
maercst B eMuEuLy. IloiyuenHoe npencTaB/ieHde MOABepraercs 3aTeM
MHUHUMH3ALIH,

B cnysae, Korjga 4HCA0 mepeMEHHBIX OTHOCHTENBHO HEBEJHUKO,
ya0OHO MCKaThb TYNHKOBLIE M JiaXe MHHHUMAJbHbe JIUSBIOHKTHBHHE
HOpMaJbHble (OPMBI, MPEACTaBASIOMMe 3a71aHHble (YHKIHUH, HEMNo-
CPEeACTBEHHO MO TabaMiaM 3HaYeHHH 3THX (yHKuMi. s obaerdenus
TAKOTo MOMCKA yHoTpebJsioTcs crenualibHble (GOpMbl 3anMcH yKasaH-
HBIX TaG/MI B BUJe TaK HasbiBaeMbix kapm Kapray (nuarpamm Beiida).

Kapra Kapuay npejcraBnsier co6oli Tabamity ¢ 4 cTpokami, oGo-
3HAYEHHBIMA PA3JNYHBIMA HAO0PAMH 3HAYEHHH MEPBHIX ABYX NEPEMEH-
HBIX X, Y, U C 4 cTonGiamMi, 0603HAYEHHBIMA pa3NMYHBIMH HabopaMu
3HAYEHUH [OCJeIHUX JBYX I€peMeHHbIX 2z, u. [lone KapTe (aas
clyyast yeThipeX mepeMeHHHIX) pasOuBaercsi, TakuM oO0pa3oM, Ha
16 kBanpaTtoB, KOTOpble 3aHYMEPOBAHBI MOCJENOBATEJILHBIMH  YHC-
aamu ot 0 1o 15 BkmwouutensHo. Kapra Kapuay ans yeThipex me-

PEMEHHBIX ; :
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~ Tlpu sajanul C TIOMOIIbIO YKa3aHHOH KapThl TOH WJIH HHOM Gyne-
Bolt dyHKUME f(x, y, 2, ) B KaKIOM KBajpare 3aluChiBAETCS 3HA-
yenHe 3ToH Pynkuuu (0 UM 1) Ha Tom naGope 3HAYCHMH NEpPEeMEHHbIX,
HOMEp KOTOpOTO .COBNAjJaeT € HOMepoM AAHHOTO KBajpata (NepBble
ABa 3jieMeHTa Habopa, 0 KOTOPOM 37€Ch MzeT pedb, 0603HAYAOT CTPOKY,
a BTOpble J(BA €ro 3JeMeHTa — crtonfel,, Ha IlepeceyeHdH KOTOPhIX
pacrnoJioXKeH paccMaTpUBaeMbld KBaApaT).

[Ipy Takom 3ajanud B Ciaydae uyacTHbIX OyneBolx GyHKUME Ha
kapTe KaphHay Bo3HMKaIOT KBajpatel Tpex THIOB: 0603HAYEHHbIE HY-
neM, o6o3HaueHHble eguHHIEH M HHKAK He ofosHaueHHble. Ilocnenuue
KBaJpaThl COOTBETCTBYIOT TeM Habopam, Ha KOTOPLIX 3HAueHHs pac-
cmaTpuBaeMoil (DYHKUMH HE ompejeneHsl. B caydae BCIOLY 3aJaHHBIX
6yneBbiX (YHKUMI BO BCe KBajpaTel OynyT BmMcauol JMG0 HYJH au60
eIMHHUILI, NMOITOMY TakKHe (YHKIHH MOryT OniTh 3aAaHbl yKA3aHHEM
JHIIL T€X KBAApaToB, B KOTOPHIX OyAyT 3anHCcaHbl €IHHHMIb, HJH,
Kak OyneM TOBODHTL, YKa3aHHeM KOH@pueypayuu eOuHuy paccMaTpu-
BaeMOH (YHKIHH. .

Kapra Kapray nocTpoena Tak, u4To KOH(UTIypaiuHdH equHHIL, 3a-
JamouiMe pasjMyHble 3JeMeHTapHble MPOU3BENeHNs], PAClo3HAKTCS Be-
cbMa npocto. [ paccMaTpHBAEMOIo cJAy4ast 4eThipeX I1ePEMEHHBIX
KOHOUTYPAUX eIUHHIL 5/EeMEHTAPHbLIX IPOU3BefeHuil AMuHEl 4 (KOH-
CTUTYIHT €JMHMILI) CBOAATCS K OTAENbHBIM, WJH, Kak OyleM I'OBOPHTH
Tenepb, JAeMEHmMApHbiM, KBAaApatHkaMm kapTtel Kapray.

CooTBeTcTByIOIMe KORGUIYypalKK, 3ajaiue Bce Cs-28 = 32 aane-
MEHTAPHBIX [POU3BeNeHHs IJMHL 3, NOPEACTaBJAIOT COOOH BCEBO3-
MOXHBI€ Tapbl 3JEMEHTaPHbIX KBajgpaTHKOB, CTOSANIMX pPSAAOM H Co-
CTaBJSIOWMX TAaKUM 06pPa3oM NPsSMOYToNbHMK ¢ pasmepamu 2 X 1.
Heo6xoxuMo nMIIb MBICAEHHO OTOMKAECTBHTH NPOTHBOMOJOMKHBIE Kpast
kapTel KapHay — BepXHHil C HHKHHM M JieBblil C npaBbiM. B pesyiib-
TaTe€ TAKOro OTOXKJECTBJEHHS HYXKHO CYHTATh, Hanpumep, 4YTo 3Je-
MEHTapHble KBajpaTHKU C HOMepamH 4 u 6 uau ¢ Homepamu 0 ¥ 8 CTOAT
PALOM, B TO Xe BpeMsl 3/eMEHTApHble KBAApaTel 5 u 9 uax 7 U 2 He
JOJIKHBL PAaCcCMATPHUBATLCS KaK pSAAOM CTOSINHE.

Ananoruuso xoudurypauuyu ejMHMI, 3ajalOUIMe BCe .22 =924
3JIEeMEHTAPHBLIX MPOU3BEREHHUsT ANUHB 2, NPEACTABJSIOTCA BCEBO3MOMN(-
HbIMH OGDBEIHHERMSMH UYETBEPOK 3/IEMEHTAPHBIX KBaJAPaTHKOB, 00pa-
sylomux (4 X 1)-npamoyronabuuku U (2 X 2)-kBajgpatsl, a AJid Bcex
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Cl.2 =8 >JieMeHTApHHIX TPOM3BENEHHH AMMHBL 1 COOTBETCTBYIOILHE
NPEACTABAEHHS JAIOTCA  BCEBO3MOXKHBIMM  OOBEIUHEHHSIMH  3JieMEeH-
TAPHLIX KBaJAPaTHKOB B (4 X 2)-mpsamoyronbuukn. [Ipu sTom He cie-
nyer 3a6biBaTh 00 OTOXKIECTBJIEHHH NPOTHUBOMOJIOKHLIX KpaeB KapThl
Kapray.

DeMeHTapHOe NPOU3BENEHHe, COOTBETCTBYOUlee Ji0GoH H3 mepe-
YUCJNEeHHLIX Bblle KOHGUIYpauMil enuuuil, Jerko HaliTH, TaK Kak
TaKoe MPOU3BENEHNE COCTABNSETCS M3 BCEX TEX M TOJBKO TeX COMHO-
xKuatenelt (x, x, 4, y, 2, Z 4, u), KOTopeie 0GpanaloTCs B eIUHULY Ha
BCEX OXBATHLIBAWIIMXCA [TAHHOH KOHQUrypamuu naGopax sHaueHUi
TepeMeHHHX. '

Vcronb3yst 3To TmpaBuio, JIETKO HAiTH, HanpuMmep, 4TO KOHGHTY-
panuy, cocTosiuefi U3 3JieMEHTApHHIX KBajgpaTHKOB 5 u 4, cooTBeT-
CTBYET 3JIeMEHTapHOe NPOu3BefieRie xyz, a Koudurypaunu ((2 X 2) —
kBaznpaTyl), cocrosmell H3 3JIeMEHTaPHBIX KBaJ\paTHKOB 0, 2, 8, 10,
COOTBETCTBYET 3/IEMEHTApHOE MNpPOUSBe/lenHe yu.

Ilpu 3apaunu Gynepod ¢yHkuMH f Kaproiir Kapuay Haxoxmenue
NPEACTAaBAAONAX 3Ty HYHKIMIO TYMHKOBHIX H MARUMAJIbEBIX AH3BIOHK-
TUBHBIX HOPMAJIbHLIX (POPM CBOLHUTCSE K HAXOKNEHHIO Haubojiee 3Ko-
HOMHBIX HAKpHITHH KOH(UIypalUHH eiHHHL, 3anawmell GYHKIUIO f,
OMHMCAHHLIMH Bhillle KOHOUIYPALUAMH €IMHUI], COOTBETCTBYIOMIUMH
SJIEMEHTAPHbIM TPOU3BENEHUAM Pa3JiM4YHOH Anuusl (cM. § 2).

PaccmoTpum B KayecTBE NpHMeEpa 33Jady HAXOXKIEHHS TAKOTO MHU-
HUMAaJNbHOTO HaKpuTHs a4 OylneBod dyHKuuM [, 3amasHoii KapToil

Kapuay ~
X“ 00 |01 ’11 10
xy

01001
o1 |—|ololo
o =1~
o 1ol

Ilpeanonaraercsi, 4yro B KBaApaTHKax, B KOTOPLIX [IPOCTABJIEHBI
UePTOYKH, 3HaYeHHs (PYHKUMH f MOTryT GuiThb JIHOGLIMH, TAK 4TO, €CAH
I o6pasoBaHHMSl TOH MM HHOH KeNaTeNbHOH KOHOArypauuum He
00XOZMMO B TOM HJH MHOM H3 3THX KBaJPAaTHKOB TIOCTABHTb €IHHUILY,
BCErZa MOXKHO 3TO CAeNarhb.

Jlerko BHpeTb, uTo Bce (4 X 2)-NpsIMOYTOJNLHHKH, KaKHe€ TOJbKO
MOXHO IOCTPOHTL Ha 3aJlaHHOH KapTe, 3aXBaThbIBAIOT XOTA Obl OAHH
HyJb GYHKUMM f. DTO 03HAYAET, Y4TO CPEIM HJEMEHTAPHLIX NPOH3Bele-
HUH AJNMHBI | HeT MMIJHKaHT paccMartpuBaemoll (yHkiMH. Fmeercs
ABa (2 X 2)-kBajpara, He 2axBaTHIBAIOWIMX HYyJel (YHKIHH f: «kBa-
ApaT», COCTaBJIEHHBIH M3 YETHIPEX YIVIOBBIX 3JIEMEHTAPHBIX KBajpaTH-
KOB, W ¢KBajpaTr», CTOAMMUN B NPABOM HUIKHEM YIJy KapTol (OH OXBa-
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THIBA€T TPU €NWHHIE U OfHY uepTouky). Bmecre ykasauunie KBagpathl
HaKpHIBAIOT Bce elMHULH (QyHKUMM f, U noToMy 3Ta dyHkuus (¢ Tod-
HOCTbIO 10 G6e3pas/MyHbIX 3HaueHHWH, OOO3HAYEHHBIX YEPTOYKAMH)
MoXKeT ObITh NIPENCTaBJeHa B BHUJE AU3BIOHKIIMH COOTBETCTBYIOUIMX UM
3/IeMEHTAPHBIX NPOU3BENEHHH [ =y u \/ x2.

Halinennass guU3BIOHKTHBHAs HopMmaJbHass dopMma siBasiercs, Kak
JIETKO BUJeTh, MHHUMANBHOH ANst DYHKUMU [ nPU JMOOBIX BO3SMOMKHBIX
pacuidpoBKax 6e3pasIMyHbIX 3HaYeHHH, OOO3HAYEHHBIX UYePTOUKaMH.

OnucanHblfl MpHEeM HENOCPENCTBEHHOrO0 HAaXOXJEeHNsT MHHHUMA/b-
HBIX JM3BIOHKTHUBHBIX (POPM NPHUMEHHM He TOBKO AJs1 OYyA€BbIX (yHK-
OUH OT 4eThlpex NepeMeHHLIX, HO U /s (PyHKUHH OT MeHbllero yucnaa
nepemenusix. Kaptet Kapray ofuiero Bupa JJsi ¢yHKUMi OT Tpex 4
IBYX MepEeMEeHHbIX:

Y 01 Y 0l1
X X

o0 (o|1] ] o lo|1
o1 203 |1 lel3
1 lel7

1045

[Nons3yscy nepBofi Tabauiedl, HEOGXOJANMO MBLICIEHHO OTOXK]e-
CTBUTb BEDXHHMH M HWKHHUH Kpasi, TaK 4TO 3JeMeHTapHHE KBaJpaTHKH
c nomepamu O; 4 u 1; 5 crenyer cuuTaTh COCEIHHMH.

C nomomplo HEeKOTOPHIX AOTOJHHUTENBHLIX YXHU[PEHHH MOXKHO IIO-
cTpouTh Kaptel Kapray pas 5 u 6 nepemennblx. [I/1s 6oJbliero 4ucaa
nepeMeHHHIX B 00meM cJayyae 3aJaya HaXOXKAeHNs MHHHUMAJbHBIX
NIPeACTaBJeHHH HeNoCpeACTBeHHO Mo Tabauuam GyneBbix GyHKIMA CTa-
HOBHTCSl CTOJIb TPOMO3JKOH, 4TO COOTBETCTBYWIHMe KapTthl Kapray
yXe Malo NMOMOrawoT geny. B 3TUx caywasx nmpuxogurtcs npuberaTb
K aHANUTHYECKAM MeTojJam MHHHMH3auuu dopmyn Tana metoga bDieiika
¥ JpyrHX AaHaJOTHYHBIX METOJOB.

HaxoXjenne MHUHUMAJBHBIX JU3BIOHKTHBHEIX HOPMaJbHbIX (OpM
I BBLIXOLHBIX (YHKUHH OyJeBbIX MHOTONOJIOCHHKOB 4pe3BhIYAHHO
NOJIe3HO He TOJILKO /51 CHHTe3a OIMCAHHLIX BhIlIE ABYXCTyMeH4a-
TbIX CX€M Ha 3JleMeHTaX COBMAaJleHUsi U pasjelednsi, HO U JAJisl CHHTe3a
CXEM HA GEHMUAbHLIX 3NeMEHMAX, HA3biBAeMBIX OOLIYHO IPOCTO 8EH-
muaamu.

Benmuaem HaspiBaercs pBouyHas KOMGHHALMOHHAsS cxemMa C JBY-
MSl BXOJHLIMH M OJHUM BBLIXOAHLIM moJilocamH. Pa6Gotra BeHTHNsT CO-
CTOUT B TOM, YTO OH IPONYCKAeT WM He MpOMyCKaeT HA CBOH BHIXOI-
HOH MOJIOC CHTHAJ, MOJaBaeMblii HA OJWH M3 €ro BXOAHHIX [OJIOCOB
(HasbIBaeMbIil BEHTH/IbHbIM), B 3aBHCHMOCTH OT TOro, NOJAK /X Ha BTO-
POt M3 BXOIHBIX TOJIOCOB (HA3bIBAEMBIH YIIPABJISAIOMAM) CHTHAJ, pas-
HbIA €IUHULE, WIH, COOTBETCTBEHHO, CHI'HAJ, PABHHIH HYJIO. .
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B eenmuavhnlx cxemax (T. €. B cXeMax, COCTABJIEHHBIX W3 BEHTH-
Jiefl) Ha YNpPaBASsIOIMe BXOJNHbIE [OJIOCH BCEX BEHTHJEH NOZAIOTCS
CHTHAJLI, DABHblE HEKOTOPHLIM HCXOJIHLIM [EPEMEHHBIM X, Y, 2, ... H

UX OTPHIAHUAM X, y, 2, ... . Kpome Toro, ecte eme ofWH BXOILHOH
MOJIOC CXEMBI, HA KOTODHIH MOJAeTcsi BEHTH/bHbIl BXOJHOH CHTHAM,
TOXJECTBEHHO pPaBHuifl egunuue. Jisg BEHTHABLHBIX CHTHAJOB BBHIIOJ-
HseTcs CBOHCTBO ecmecmseenno20 pasdeiequs (CM. Bhllle), ofecredu-
Bajoulee [py I0jaye HeCKOJBKHMX BEHTHJILHbIX CHTHAJOB Ha OfMH H
TOT e MOJIIOC BO3HHKHOBEHWE HA 3TOM IOJIOCE CUCHAJa, PAaBHOrO
JU3LIOHKIHH BCEX 3THX CHUIHAJOB. BHIXOJHbiE CHrHAJbBI BEHTHJbHBIX
CcXeM TaKXe SBJ/ISIIOTCSl CHTHAJAMH BEHTHJLHOTO THIIA.

Bentuabuylo cxemy AJsl CJy4ast OJHOTO BBIXOJHOTO MOJIIOCA MOMKHO
MOJIHOCTHIO TOCTPOHTHL MO BCAKOH ¢opmyne, NPeACTaBAsIOmed BbI-
XOAHVI0O (DYHKIHMIO CXeMbl, C TMOMOIIBIO ONiepam¥i YMHOMXKEHHUS H JH-
3BIOHKILIUH, MPUMEHSIeMbIX KO BXOJHBLIM iepEMEHHbLIM M UX OTPHILAHMAM
(npuMepoM mofo6HOH (HOPMYJBI MOXKET CHYXKHTh Jo0as JU3BIOHKTHB-
Hasi HopMmaabHas ¢opma). Ilpy Takom NMOCTPOEHHH BCAKOMY YMHOXKe-
HHIO COOTBETCTBYET MNOC/ENOBATENbHOE, a BCAKOf IU3BIOHKIMH — Tia-
pajfeNbHOe COeMHEHHWEe BEHTHJed JUG0 BEHTHJbHBIX Lerned, COCTaB-
JIEHHBIX M3 HECKOJLKHX BeHTHJeH.

Ecan 0603HayaTh BEHTHIb KPYXKouKoM ¢ OyKBOH B BHYTPH, TO
BEHTHJIbHAsE CX€Ma, COCTABJEHHAS] B COOTBETCTBHH C (opMynod [ =
=(x\/Y)z\/ xy, 6yJeT umeTb BHJ, HU306paKeHHuil Ha puc. 6. Bo BRyT
PeHHeM y3je cxeMbl, 0603HaueHHOM GyKBOH A, reHepupyeTCsl BEHTHJb-

Hbll CHTHAn x\/y (pe3y/bTaT MapajiesibHOTO COeUHEHHs BEHTHEH
€ YHpaBJSIOWMMA CUTHANaMH x U y). B ysne B renepupyeTcst BEeHTHJIb-

HbIll CuMTHAN ¥, a B yajde C —— BEHTHJbHBIA CHMI'Han xy (pesysabTar
f10CNIeIOBATENILHOTO  COEIMHEHHUsS BeHTHJIeH C YNpaBJ/sIOMUMH CHI-

HaJaMmi x u y). Hakouser, BuIXomHO# CHrHan Bcefl CXeMbl B LENOM
(B nmomoce D) saBnsercs pe3yibTaTOM MNapaijefbHOTO —COeAHHEHHUs!
JBYX BEHTHJBbHBIX Ilernefl C BbIXOJHBIMHM (BEHTH/IbHLIMHM) CHIHAJaMH
(x\Vy)zuxy.

K BeHTHJbHHIM cXemam OTHOCATCA TaK Ha3blBAEMHIE peAeliHO-KOH-
Mmakmrole cxemot, MOCTPOEHHBIE HA 3NEKTPOMArHUTHBIX peje. Bentuan
3TOrC THMA (KOHTAKTH pejie) 00nafaloT 08yCmopoHHel nposodumMocmbio,
flepefaBasl BEHTHU/JbHbIE CHTHAJbBI He TOJbLKO B IPSIMOM HAIIPaBJEeHHH
{OT BEHTHJILHOTO BXOJHOTQ MMOJIOCA K BHIXOLHOMY), HO H B IpPSIMO IpO-
THBONOJIOXKHOM. 3JTO 0GCTOSITENLCTBO IOPOXKAAET JOMOJHHUTENbHBIE
TPYAHOCTH [IpH MOCTPOEHHUH TEOPUH pefieHHO-KOHTAKTHBIX CXeM (CBfl-
3aHHHE C CYLIeCTBOBAHWEM TAaK HAa3biBAEMBIX MOCTHKOBLIX CXEM
W MOfABJIEHMEM He 3aN/agMpPOBAHHBIX BHAuajle NyTed Nepejayd CUT-
naJoB). [logo6Hble TPYAHOCTH He BOSHHMKAKT OOGLIYHO B CJydae
3/IEKTPOHHBIX BeHTUJieH, He o00/aJalmnX ABYCTOPOHHEH MPOBOAH-
MOCTbIO.

Ilpun mocTpoeHMH BEHTH/ILHBIX CX€M HA BEHTHJSIX BCEX THUIIOB Cy-
IECTBEHHYIO NOMOIb MOXKET 0Ka3aThb TaK HAa3bLIBaeMblil Memol Kac-
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kados (cM. [65]), ocHoBanHBIl HA HCMONBL30BARUK COOTHOIIIEHHS, Cnpa-
BELJIMBOTO AJsis JioGof OyneBod ¢yuxuuu f,

P xe .o, x)=F(%, %2 ..., x,_|, Dx, \ f(xy, % ...
e x, 0x . - (34)
Cnpasepnupocts 3T0H (OPMyAbl JierKO BHZeTb, Nosaras B Hell
x,=1mux, =0.
[IpuMeRHUTeNbHO K BEHTHJIbHBIM CXeMaM, a TaKkKe K CXEMaM, Mo-

CTPOEHHBIM M3 COBMNajeHHH W paspenenuii, dopmyna (34) cogur 3a-
Aauy CHAHTe3a CXeMbl C M-MECTHOH BHIXOAHOH dyHkuueld f(x,, %, ..., X,)

Puc. 7. N

K 3ajaye CHHTe3a CXeMbl C JBYMs (hn — !)-MECTHBIMH BBIXOJHLIMH
bOyukmaMa  f1(xy, Xy, oooy Xae1) = f (X5, X2y X1, 1) B fo(Xy, X, ...
ceey X1 ) = f(x, Xo, .y Xp—, ] .

Kackad BeHTHJILHOH CcXeMbl, peanusywoiieil ykasagHoe CBeLeHHe,
u3obpaxen Ha puc. 7. Ilpy HeCKOAbKHX BBHIXOAHBIX (DYHKLMAX CxeMa
IOCTPOEHHOTO HaMH (7-TO) Kackaja YCJOXKHSETCS, OfHAKO CaM Ipo-
I[ECC CBEJEHMsI OCTaercsl [0 CYINEeCTBY TeM e cambiM. [lpomonKas
IPOHECC CBeJeHHsl, Mbl B KOHIle KOHLOB [OCTPOHM TpebyeMylo BeH-
THABHYIO CX€MY, COCTaBJAONLYIOCH B oOuiemM ciydae (a/s1 n nepeMeH-
HBIX) M3 N KacKaloB.

IlpumeHeHHe MeToHA CHHTE3a, AHANOTHYHOTO OMHCAHHOMY METOLY
kackajoB, mnospoawio K. Illessony [80] ycramoBuTh caepywouiyio
OLleHKY u9Hc/a BenTusell (moGoro Tumna), HeoOXOLUMBIX AJS peajusa-
LMK (B BHIE BHIXOIHOH (PYHKIIMH HEKOTOPOH BEHTH/ILHOM CXEMbI) MpPo-
U3BOJILHOH OyJieBoH (YHKLUMH OT 1 apryMEHTOB.

Teopema 1. Kakoso Obvi Hu Obiro euiecmeerHHoe NOAOKCUMENLHOE
qucao &, cywecmeyem makoe yeaoe wucio N = N(e), umo aobywo 6y-

aesy yHkyuo om n > N nepemenHbix MONMCHO peaiusoéams 6 6uode
. . . 2n+2
861X00HOU hYHKL UL 6eHMUALHOL cxembl, codepacawyeti He boaee (1 —}—B)T

eenmuaet. Ilpu aobom n 0as noOobrol pearusayuu mpebyemcs He
on+3

60.¢e eenmuaeli.

Ananornussle ogenkd CAOKCHOCMU CXeM, HO AJisi OOWMX TPemIo-
JIOKEHUH OTHOCUTENBbHO YyHoTpe6/sieMbXx HaGOpPOB JIOTHHECKHUX 3Je-
MeHTOB, Obiny ycranosiensl O. B. JlynanoseiM (cum., wanpumep, [51]).
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Deiio MOKasaHo TakKiKe, UTO CYMIECTBYIOT Takue OynieBnl (yHKIMH,
on+2
KOTOpHIE HeJL3Sl DeasM30BaTh MeHee deM (l—an)—n— BEHTHJISIMH,

TpUYeM BeJMYMHA &, B 5TOM CJydae CTPeMHMTCs K HYJIO NPH Heorpa-
HHUYEHHOM pOCTe 7.

TlpencraBnsier untepec o6obuieHHe NPUBENEHHBIX Pe3yabTaToB HA
caydail TPOM3BOJBHBIX OyJeBBIX (M1, 71)-TIOJIOCHHKOB, CTPOSIUXCA C
TIOMOIIBI0 JIOGBLIX ABYXBXOJOBHIX JIOTHYECKHX 3jeMeHToB. IlocKosbKy
Beakuil OyJieB (m, n)-NOJMIOCHHK peafiH3yeT HeKOTOpoil ashaBHTHBIN
onepatop A C KOHeYHOH OGJACTBIO ONpefelieHWsl, MHHHAMaJbHAas BO3-
MoO¥KHas cyoxkHocTh L(A) GyneBuix (m, n)-NoNKOCHUKOB, peain3youux
JanHbit onepatop A, MoxXeT ObIT:k NPUHATA B KaueCTBe €CTECTBEHHOH
KOJIMYECTBEHHOH oyenku caoxcHocmu camoeo onepamopa A.Tlpu stoMm
BBUJ(y OTCYTCTBH# JOCTATOYHO OGOCHOBAHHBIX NMPHUMH AJS TOTO, YTOOHI
OTHATh TPEANoYTeHHe TOMY HJIH HHOMY JBYXBXOJOBOMY JIOTHYECKOMY
2JIEMEHTY, HauboJiee eCTECTBEHHO, MO-BHIUMOMY, TPH IOCTPOEHHH
yKasaHHbIX OyneBbIX (#71, 1)-TIOJIOCHHKOB, INOJIb30BAaThCA BCEMH TH-
NamMH JBYXBXOJAOBBLIX JIOTHYECKHX 3JIEMEHTOB, CUUTAsl CAOMCHOCHLIO
cxemst o0llee YUCIAO COCTABMSAIOMMX €€ JIOMMYECKUX 3JIEMEHTOB.

Ilns1 olleHKH CJIOXKHOCTH a/ipaBUTHLIX ONEPATOPOB C GECKOHEUHBIMH
06/1acTAMH ONpeesieHHs] ONUCAHHBIH METOJ HENOCPENCTBEHHO He IOoJ-
xomuT. Ecnu, ognako, Tpefyercs mosyduTh He aGCOJIIOTHYIO, a JHLIb
OTHOCHTE/IbHYIO MPAKTHUECKYI0 OLEHKY CJIOXKHOCTH HECKOJBKHX aj-
(haBUTHEBIX ONEpPATOPOB, MOXKHO MpPeLBAPUTELHO (PUHUTH3UPOBATL (Cie-
JlaTh KOHEUHBIMH) HX 06JACTH ompejefieHus, oTOpachiBast BCe BXOJHbIE
C/0BA, [JIMHB KOTOPHIX TIPEBOCXOAAT Hekotopoe uucio N. Yueno
3TO HOMXKHO ObiTb BLIOPAHO TaKuM, 4TOOLI GePOSAMHOCMb BCTPETUTH B
NpaKTHKe MPHMEHEHUs] PACCMaTPUBAEMbIX ONMEPaTOPOB BXOAHLIE CJOBA
Gonbluedl yem N AnuHL Gblia JOCTATOYHO MAaJoH.

Ecau ans Bcex n =1, 2, ... 3ajaHbl BepoATHOCTH o(n) mosiBJe-
HHUSA BXOIHBLIX CJOB AJIMHBI 1, TO MOXKHO TaK¥Ke MOCTYHATH CAENYIOmUM
o6pasoM: 3ajaHHbI andaBuTHel onepatop A pa36uUTb Ha onepaTopwl
A,, A, ,... Tak, uTo oneparop A, uMeeT B KauecTBe cBoeil 06/1acTi onpe-
JEeNEeHNsT MHOMKeCTBO BCeX CJIOB M3 06acTd onpejenexus oneparopa A,
JUIMHA KOTODbIX PaBHA 7, M JeHCTBYyeT HAa 3TH CJ0Ba TOYHO TaK XKe,
Kak u oneparop.A(n =1, 2, ...). Tlyers L(n) — cA0XKHOCTE omepa-
Topa A,, MOJACUMTAHHAs OMHCAHHbIM Boile cnocoGom. Torga cnox-
HOCTLI0 HCXOJHOTO an(aBUTHOTO oriepaTopa ecTeCTBeHHO HasBaTh Oec-

<O

KoHeuHylo cymmy 3, L(n)e(n).
n=1
Bosee paiuonanbible OLEHKHM CJOXKHOCTH asihaBUTHBIX oOrepa-
TOPOB MOTYT ObiTh IIOJIy4eHB! IIPH HCHOJIL30BAaHMH /sl TIPENCTABJIEHUS
OnepaTopoB BMeCTO KOMOMHAIHOHHBIX CXe€M JAHCKPETHBbIX aBTOMATOB,
o6sajalolKX namarsio. OCHOBBI TEOPHH TaKMX aBTOMATOB paccMarpH-
BalOTC B clenyiollell (Tperhefi) IyiaBe HACTOSIIEH KHHIH.
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§ 5. NonsTHe 06 HCYHCTEHHH BBICKA3bIBAHHMA

Hcurcnenne BLICKA3LIBAKMH HpeACTaBfseT coboil NepByl0 U Hau-
fonee NPOCTYIO 4YacThb MaTeMaTUyeCKOH noruku. OCHOBHOH 3ajayef,
KOTOpPYIO CTaBUT niepel coGoif MaTemaTtHueexas JOTHMKA, SBlAsgeTcs
¢opManu3alns  CJOKHBIX MBICIAHTENbHLX HPOHECCOB, M3 KO TOPHIX
CKJIaALIBAeTCA TAK Ha3blBaeMoe JoruyecKoe muiinenne. Ilono6uas dopwma-
AU3aIUA JOCTHIAeTCS C [IOMOILBIO ITOCTPOCRUS A02UYECKUX UCHUCACHUL.

Bcesikoe normyeckoe ucymcieHve BKAIOYAeT B ceOs NMpexjae BCero
Te MM WMHble CPEICTBA AAs (hopmMarusdyuu 3anucy Da3sNUYHOTO poja
YTBEPKIEHUH, O KOTOPHIX €CTh CMbICJI TOBODHTb, UCHIUHHG. OHU HNJH
aoscHot. Tlogo6HOrO poja yTBepIXKIeHWS B MareMaTHyeCKofl  JIOTHKE
NPUHATO HA3LIBAThL Bbicka3weanusamy. Dopmanusaumma, o KOTOPOH
37eChb HIET peyb, COCTONT B TOM, 4TO JJsi 0003HAUEHHUs] BHICKA3LIBAH Ml
#NM MX COCTaBHHIX 4acTel, a TakXKe [/ 0003HAYEeHUS pPa3AUYHOTO
pona onepayuti, MO3BOJSIOMHKX CTPOUTh (oJiee CJOXKHbIE BHCKasblBa-
HAg U3 GoJiee MPOCThIX, BBOJAUTCA CTPOTO ONpEJeNeHHas CHCTEMA CHM-
80/10B. B pesynbraTe hopMannsanuu nojiyyaeM BO3MOXKHOCTh 3aMHCHBATH
BHICKA3LIBAHUSA B Bule (opmys, CTPOSUINKCS U3 BBEIEHHBLIX CUMBOJIOB
10 OMNpPEJEJICHHBIM IIPABUJAM.

HecmoTpss Ha BClo BaKHOCTH (DOPMANU3ALHM 3AMHMCH BLICKA3LIBA-
Huil, cama no cebe dopmanu3anUsa ellle He COCTABJSIET HCUMCJIEHHS.
Jns noctpoeHusl TOro WM HMHOrO JIOMMY4eCKOrO WCUHCJIEHHsT HeOGXOAH-
MO OIpENENHUTH efe HeKoTopble (opMyJbl U onepauni Hag GopmynamH,
Ha3bIBAEMbIE AKCLOMAMU T IPABUAAMLL 8618000 COOTBETCTBYIOLIETO HCYHCTIE-
HHUS,KOTOPHIE TO3BOJISINN Obl BHIBOINTL (POPMATBHBIM ITyTEM BCEBO3MOXKHBIE
JIOTHUECKHe caedcmeus N3 JIOG0H 3aJaHHOH CHCTeMbl YTBEPKIEHWIH H
JaBanu Obl BO3MOXKHOCTb 0XapakTepu3oBaTb (opManbHO BCce TAK Ha-
3biBaeMble MONCOECEEHHO UCHILHHbE BHICKA3bIBaHUs ((popMyasl) pac-
CMaTPHBAEeMOTO HCUHCJICHUS.

Jast Toro yToOH HOHSATH, YTO TAKO€ TOXKAECTBEHHO HCTHHHLIE BbI-
CKa3bIBaHMS, PACCMOTPHM HEKOTOpble TNpHMephl. BhiCKasniBaHUS THNA
<KHCJIOPO SABJISIETCS] TasoM» HJH «IBaXipl ABa — OJHUHHANLATHY IIPel-
CTaBASIOT COGOH NpUMePH TAK HA3LIBAEMBIX 3IAEMEHMAPHLIX NOCMOAH-
HbiX BHICKA3LIBAHWH. DJEMEHTAPHOCTb 3THX BBLICKA3LIBAHMH COCTOUT
8 TOM, YTO MX HeNb35l Pacu/NeHUTh Ha GoJjiee NPOCThbie COCTABHbLIE YaCTH,
KOTOpBbI€ CAaMH SIBJSJNHCL Obl BBICKA3bIBAHHUAMH. JlefCTBUTENBHO, BHI-
paxKeHUs «SBJSETCH TasoM» MJN «IBaXKInl ABa» He NPENCTaBJSIOT CO-
6ol 3aKOHUEHHLIX BHICKA3LIBAHWHA, MOCKOJLKY NMPUMEHHTENBHO K HHM
5eCCMBIC/IEHHO CTaBMTb BOMPOC WCTHHHE! OHM HAM  JIOXKHBL. TepMmuH
«[IOCTOSIHHBIE» MPUMEHUTEJbHO K INPUBELEHHBLIM BbICKA3bIBAaHUAM JOJI-
XeH MONYEPKHYThb, YTO peub HAET O BIIOJIHE ONpeNeNeHHbIX BbICKA3HI-
BagMAX, OTHOCSIIMXCA K BIIOJIHE OINpPEJeNneHHbiM 06nacTAM 3SHaHUS.

3ameTHM, Y4TO HUCTHHHOCTL MJIM JIOMHOCTh 3THX BbLICKa3bIBAHWH 3a-
B8HCUT OT YC/IOBHii, B KOTOPhIX OHH PacCMarpHBAIOTCHA, W yCTAHAaB/H-
BaeTcs, Kak NpaBujo, 3a NMpegenaMd MaTemaruyeckoil Joruku. Ilpu-
MEHHTENLHO K [EePBOMY BHLICKA3LIBAKUIO 3TO MOHSTHO caMo coGofi (ku-
CJIOPOJ, NPH OMNpPEJeNeHHbIX YCJAOBHSIX MOXeT ObiTh Heé TOJbKO TIasoM,
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HO ¥ JKHIKOCTBIO H JlaKe TBepAbIM TesoM). BTopoe Ke BhicKasbiBanue
HA MepBbiil B3TJsAH TPEICTABJISETCS 3aBEIOMO JOXKHEIM. B JeiicTBH-
TENbHOCTH, OJIHAKO, CTOUT HaM MPEAOJOXKHUThL, YTO BMECTO JEeCcATHY-
HOH CHCTEMBI CYUMCJIEHHsT ymoTpeG/sieTcst TPOWYHAA NPH YCJIOBHH CO-
XpaHEHUS TPHUBLIUHBIX J[JIsT HAC HAa3BAHHMH MHOTO3HAUHMBIX YHCEJ, Kak
BLICKA3blBaHHe «ABAXKApl [Ba — OAMHHAAUATLy (2 X 2 =3.1 +1 =
= 11) U3 JOXKHOTO MPeBpPaTUTCA B HCTHHHOE.

Tloatomy mpH npHMeHeHUsAX MaTeMaTHyeCKoli JOrMKH OWBaeT He-
O6XOJUMBIM MPEANOJAraTh YCJAOBHS, B KOTOPHIX fesiaeTcsl TO UJH HHOe
nocmosarnHoe BHICKA3biBaHUe, 3aJaHHLIMM CTO/b TOYHO W ONpPEJeNeHHO,
YTO 3HQYEHue UCMUHHOCMI 3TOTO BHICKA3LIBAHWUS HE MOXKeT IpeTeplie-
BATb M3MEHEHMH B Tpollecce MOJYYeHHs] Pa3JMUHOTO POJa BLIBOIOB K
CJIe[CTBUE M3 HEro B PAMKaX HUCIMO0J/b3yeMOro JOIMYeCKOro HCUUCAeH .
Taxkum o6pasom, ma060e MOCTOSIHHOE BLICKA3bIBAHWE HA BCEM INPOTS-
JKeHMH TOTO WJIM MHOTO JIOTMYEeCKOTO BLIBOZA JOJIKHO CYHTATHCH JHG0
BCE BpeMsi UCTHHHBIM, JUGO BCe BPeMs JIOKHbBIM.

B ncyHclenun BHICKa3bIBaHMH He HHTEPECYIOTCS BHYTPeHHed CTpYK-
Typoill 3JileMeHTAapHbIX BLICKA3LIBAHMHA, paccMarpuBas MX Kak equHbie
Hessie. EcTecTBeHHO mosToMy A/s1 X 0003HAueHHMsl HCIOJB30BATh OT-
JenbHble GYKBH TOTO HAX HHOro andaBuTa (06blMHO  JATHHCKOTO).
OtaenbHbiME OykBaMM MOTYT 0G03HAyaThCs M TaK HasblBaeMmble ne-
pemerHtble 8bickasuieanus. TepPMHH «epeMeHHOe BbICKA3LIBAHHE» IPH-
MEHMTEe/bHO K TOMY HJIH WHOMY CHMBOJY O3HauyaeT, UTO BMECTO 3TOTO
CHMBOJIa BCEra MoXeT GbiTb MOACTABJEHO 4000e KOHKPETHOe MOCTOSIH-
HO€ BLICKA3hIBAHME, KaK UCTHHHOE, TaK W JIOXKHOe.

BrickaswiBanusi, KaK MOCTOSIHHLIE, TaK W MNEPEMEHHble, MOXKHO
O0O0BLENUHATL B CAOXCHbIE GbICKA3bIGAHUA, WCTIONb3YS B KaiecTBe CBA30K
CJIOBA «H», CHJM», «ECJH — TO», «HEe» W T. M. ECJH B COCTaB CJOXKHLIX
BLICKA3bIBAHMH BXOMASIT MepeMEeHHbie BLICKA3LIBAHUA, TO MpPH 3aMeHe
HX OJHHMM BBHICKA3LIBAHHAMM CJIOKHOE BLICKA3LIBAHHE MOXKeT 0Ka3a-
TbCSl MCTHHHBLIM, a [IPH 3aMeHe JDYTUMH — JOXKHuiM. Hampumep.
C/I0XKHOe BhiCKasbiBanue <A u B», e A u B — nepemensnbie BhicKa-
3bIBaHus, OyJeT, O4eBUIHO, HCTHHHBIM B TOM H TOJIbKO B TOM Cly4ae,
korjga 06a BeicKaspiBagust A u B 6ynyT ucTHHHBIME.

CylecTBYIOT, OJIHAKO, U TaKUE CJOXKHble BHICKA3LIBAHUSA, COpepka-
[IME B CBOEM COCTaBe fIePEMEHHbIE BLICKA3bIBAHNS, KOTOPHIE OCTAIOTCSH
UCTHHHLIMM NIpH NMIOOLIX 3HAYEHUSIX, KAKHWe TOJbLKO MOXKHO MNPHIAThH
YKA3aHHLIM TepeMeHHbLIM BhICKa3biBawHsAM. Hampumep, cnokHOe BBbI-
CKa3LiBaHHE «eC/iM HEBEPHO TO, YTO BHICKa3biBaHWe A JI0XKHO, TO BHI-
CKa3biBaHNe A HCTHMHHO» OCTAeTCst WCTHHHBbIM, Kakoe Obl BBICKA3bIBa-
HHe HM MOJCTaBHJIM HAa MECTO NEPEMEHHOro BuiCKasbBanus A. [logo6-
Hble BbLICKA3LIBAHUS NPUHATO HA3bIBATb MOMNCOECHIBEHHO UCHIUKHOIMY
BbICKA3bIBAHUAMY. 3afaya BhIJeNeHUs] TOXIAECTBEHHO WCTHHHBIX BHI-
CKasLBaHMH BO MHOMXKeCTBe BCeX BO3MOXKHLIX BbICKa3bIBaHUil sBAA-
eTcs BaxkHeiiell 3amadeil 060ro JIOTHYECKOrO HCHHUCJIEHUS.

ITocne Bcex HAWMX npegBapUTeNbHLIX 3amedanuil nepelizeM K
TIOCTPOEHHIO COGCTBEHHO UCHUCAEHUA 8bICKA3bieAHUL, UNH, KAK €ro eine
WHOTJA HAa3bIBAOT, NPONOSULUOHAALHO2O UCYUCIEHUS.

88



Hcuucnenne BLICKA3LIBAHUS CTPOUTCS U3 (OPMANBHLIX OOGBEKTOR:
Tpex THNOB. OOBbeKTaMH IEepPBOT0 THUMA $SBASIOTCA MEPEMEHHble U II0-
CTOSIHHBle BBLICKA3bIBAHUS, He paculieHsieMble Ha OTJe/IbHbi€ COCTaB-
Hble 4acTd. [Insi ux o6o3Hayennst GyjaeM HOJL30BATHCS MPOMUCHBIMH Ja-
THHCKUMH OyKBaMH (C WMHIEKCaMH HaM 6ex HHIEKCOB), Ha3bBasg HX
MPONO3ULHOHANLHRIME 6YkBaMH. OGbhekTaMy BTOPOTO THMA SBJASIOTCSA
NPONO3uL UOHAAbHBE C83KU ~— (opMasbHbIEe S3KBUBAJEHTbl TIPHBOIMB-
IIMXCSE BbllIe CJIOB-CBSA30K «HE», «UNH», «H», «ecld — To». Jnsg ux
0603HAUEHNs] HUCMOJB3YIOTCSl COOTBETCTBEHHO CHMBOJBI OMpUyaHus
(710), Ouswvronxyuu (\/), xowstonkyuu (/) 1 umnauxayuu (D). 3ame-
THM, 4TO NPH YTEHHH (POpPMYJ CHMBOJ HUMIUKAILHMM YAOOHEE 3aMEHSTh.
C/IOBOM <«BJieyeT», a He CJAoBaMH «eciu — To». OObekTamMH TpeThero
THIIA SIBJASIOTCA CKOOKH, cJAyXKaimue A5 BbIpa)KeHHUsl nopsigka, B
KOTOPOM  JeHACTBYIOT IepeyuC/ieHHble HaMHM  [POMNO3HIHOHAIbHbIE
CBSI3KH.

ITogo6HO TOMy kKaK B Hauajne § 2 crpouauch ¢dopMmyanl 6yneBoH
anre6pul, M3 BBeJEHHLIX HaMM (opmasibHLIX 0OBeKTOB ctposArcs (op-
MYJbl HMCYMCJEHHS] BbiCKa3niBawMii. Pasnnume sakijouaercs B yno-
Tpeb/eHNH MONMOJHUTENLHOrO cHMBoJa D ((popmanbHoro anaJora 6y-
JleBOll omnepaluy HUMINUKANMKH), a TaKkKe B 3ameHe TOYkH B 00603HA-
YEeHWH KOHBIOHKLUMM (yMHOXKEHHsT) CUMBOJIOM A H B ynorpebie-
HUM B KayeCTBe 3HAKa OTPHILAHMS BMECTO 4YepThl Hajl OTpHILdeMBIM
BbIDAXKEHNEM CHMBOJIA |, CTaBAIErocs rneped OTPHLAEMbIM BhHIpa-
KEHUeM.

®opMynaMd  HCYHC/IEHHS] BBHICKA3LIBAHUN fABJAIOTCSA OTAEJbHBE
OYKBbI, @ TakXe BCe BhIpaxKeHHs, CTPOANIHEeCH PeKypPPEeHTHO M3 yiKe
noctpoerHbix dopmyn A u B mo mpasmnam: 1(N), (0 A (B),
Q) Vv (B), (A) D (B). Kak u B cayuyae dopmyn 6yneBoH anre6pol,
C LeNb0 YIpPOMIEHHs] 3aMUCH YacTb CKOOGOK MOXKHO ONYCTHTh, €CJH
5TO He BBLI3LIBA€T HENOPA3yMEHWH B NOpsAJKe NPUMEHeHHS IpOMNo3u-
ITHOHANbHBIX CBA30K, [IpHHMMaeTCsi, 4TO NPH OTCYTCTBHH CkoOoK TIo-
PSIOK MNpHMEHEHUsl CBS30K ONpejesifercss MOoC/AeJ0BaTeNbHOCThIO |,
A, V, D, a AJs OJHOMMEHHbLIX CBA30K — MMOPSIAKOM HUX TOSIBJEHHS
B (opmyne, yntaemoil cieBa Hanpaso. B psjge ciyyaeB npH HcyucJe-
HHH BbICKA3bIBaHWIl BBOAUTCS AOMOJNHUTENbHBIH CHMBON =2 (MMM~
qUTaeTCsT KaK «3KBUBAJEHTHO») /151 COKPAILEHHOTO 0603HadYeHHsl B
Buge () = (B) soipakenus ((A) 2 (B) A (B)D (%). Ilpu
yrnoTpe6/eHHH 3TOro CHMBOJIA HpEANoJaraercs, Y470 OH 3aHHUMaeT IMO-
CJieJIHee MECTO B BLIMHUCAHHOH TOJILKO YTO MOC/EN0BATENbHOCTH (rocJe
cuMmBoJia D).

B kauectBe MNMOCTpANMH MPUHATOTO Crioco0a COKPAILEHHS HHCJa
ckobok 3amerum, uto gpopmyna A \/ B A C D BV C nonumaercs
kak ((14A) v (B AC) DBV €), a ue Kakum-1H60 HHBM 00-
pasoM, ¢popmyna A = B D C nonxkra nonumarsest kak (A) = ((B) D
2(()), a ue xak ((A)=(B)) D (C) u 1. 1.

BBenensrie Bhllle onpejefiedusi peliapT Jdib MEepBYI0 4acTb 3a-
AU MOCTPOEHHs MPOMO3UIHMOHANLHOTO HCYHCIeHUst — rpobaeMy ¢op-
MaN{3alM¥ 3amiCH CJOXKHBLIX BbiCKasbiBaHWU. Bropas uacTe 3ToH
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3ajlauM -— HaxOoXJeHHe crocoba AJs ONpefeseHHs] TOXKAECTBEHHO HC-
THHHBIX BBICKA3LIBAHHH — MOXXe€T OLITb pellleHa JBYMsl OYTsSMH: CO-
Jep¥KateJbHHIM U (OpMaJbHBIM.

Ilpu codepacamenrvrom nodxode, OoJee TMPOCTOM JJisi TNOHHMAHHS,
HH Ha MHHYTY HeJb3s 3a0bIBaTh O COAEPKATENBHOM CMBIC/E MOHATHHA
TIPONO3HIHOHANBHEX OYKB H NPONO3HIMOHAJBHBIX CBSI30K. IIpu atom
HCIIOJNb3YeTCA B MAKCHMAJIbHO BO3MOXKHOH CremeHM ofefHeHHOE TIIo-
HATAE COJepKaTeJpbHOro CMHICAA. Tak, ecjan npoNo3UHHOHAJBHAS
6ykBa A 03HauaeT TO HJH HHOE NOCTOSIHHOE BBHICKA3bIBAHHE, TO HeT
‘HEOOXOAUMOCTH MOMHHTbL CaZMO 3TO BEHICKa3BIBaHHE, HYKHO 3HATH JHIUb
3HaUeHHe TaK HA3BIBAEMOH DyHKYuu UCMUHHOCMU 3TOTO BHICKAa3bl-
‘BAHHA: CHCTHUHA», €CJM BHICKa3pBaHHe A HCTHHHO, W «JIOKb», €CJH
BBICKasmBanie A J0XKHO.

@DYHK LHI0 HCTHHHOCTH JII060H NPONO3HHHMOHAJBHON 6yKBbI 060-
‘3HAYAIOLe! NepeMeHHOe BBICKA3BIBAHME, OTOMK/JECTBJsIeM C CaMO# 3TOH
6ykBOH, paccMarpuBas ee Kak Oy.iesy nepemerryro. Takum obpasom,
cojiepKaTe/IbHEI CMBEICJI IIPONO3MLIHOHAMBHEIX OYKB B HalleM MHOCTpQe-
HHH MCUEPHBIBAETCSI MX BO3MOMKHOCTbIO NDHHHUMATH JBA 3HAUEHHUSA:
«HCTHHA» H <JIOXKb».

Copep:karelibHOe 3HAUeHHE MPONO3UUHOHAJIBHEIX CBSI30K OyAeM
'CBSISBIBATh JIMIIb C (DYHKYUAMU UCMUARHOCMY CTPOSIIUXCS C HX HO-
MOHIBI0 CJOMXHHIX BhICKasbiBaHHH. Kaxnayio dopMmyay 9 ucuucaeHus
BBICKA3bIBAHUH MOXHG HHTEPNPETHPOBATh Kak ¢opMysy B Oy.JeBoi
.ajrefpe C BKJIIOUEHHOH B Hee JONOJHUTENbHO onepalMeil HMOJIMKALMH.
Bxopasunye B thopmysay U DOCTOSHHBIE BBICKA3bIBAHHS JOJIKHBE OBITH
3aMeHeHBl COOTBETCTBYIOIMMH OYJ€BBIMH KOHCTAHTAMH (3HAYEHHSIMU
HX GYHKUHE HCTHHHOCTH). COOTBETCTBYIOL{HME K€ HEPEMEHHBIM Bbl-
‘CKA3LIBAHHAM CHMBOJIbI PACCMATPHBAIOTCH KAaK ApPTYMEHTH NPEICTaB-
JsieMoit popmyJiofl A GyseBoll GYHKUHMH. DTa GYHKUMS W HA3BIBAETCS
pyHryel UCMURHOCMU CAONCHO20 6bICKA3DIBARUS, 6bLpaNcaemoeo Gop-
myaoid A.

Ha codepxcamenvrom yposre NOCMPOCHUA UCHUCACHUA BbICKA3bIBAH UL
MMONCOCMBEHHO UCIMURKOIMU CHUMIOMCS me ( MoAbKo me (Hopmyavt
aMoe0  ucHucAeHUs (CAOJCHbIE B8LICKA3bIBARUA), (QYHKYUL UCHLUHHOCMU
KOMOPOLX APUHUMAIOM 3HAYEHUE UCMUHAY NPU 6CeX 3HAYEHUAX nepe-
MEHHBIX.

HanoMuuM, uTo, B cujly mpHHSiTOro B § | corjamrenusi, 3HaueHHe
«HCTHHA» COOTBETCTBYeT eMHHIIe, a 3HAUEeHHE «JI0Kb» — HYyMo. Hcnodb-
3ys npuBefcHHble B § 1 Tabjuubl 3HAueHME AJs KOHBIOHKUMHM X AY
(ra6nnua Buipaxkaercsi koprexkem (0001)), mJif IM3BIOHKIME X\ y (KOp-
rexx (0111)), ansa ummmakamun xDy (Koptex (1101)), u moMHs, uto
orpunanne nepesogut 1 8 0, a 0 B 1, serko Hafitu Tabauny 2HadeHui
OYHKUHH MCTHHHOCTH AJs /oGO0 ¢opMy/bl HCUHC/IEHHs BBICKA3HIBa-
wuid., D1y Tabauuy HaspBalT OOBYHO mabauyed ucmuHrHOCMmu pac-
.cMaTpuBaeMoit (opMyJibl (MJH  ONpPENeJNsIEMOTo €0 CJOMXKHOIO BHICKa-
spiBaHus). [Ipu ee samosiHeHuM yHoTpeGasiioT ccKpamieHHble 0603Haue-
Hus: U—aaa «icTHHED U JI—I05 «Jiku». B KauecTBe mpumepa npuBeie-
#Ha Tabauila HCTHHHOCTH (opmy.ibl A D B, onpefeasiionias cofepxareb-
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HBIl CMBICJT MMILJIMKAIHH (pacCMaTpHUBAaeMbIfi KaK NPONO3HUHOHAJbHAA
CBf13Ka):

4] B | 4oB
aAlal om-
Alu| u
wlal| a
H | H u|

W3 npuBenenHol TaGaHIE BHIHO, UTO CMBIC/ TEPMHHA «BJeueT» (co-
OTBETCTBYIOLIEIO MPONOPHHOHANBLHON CBSI3KE D) B MCUHCJIEHHH BbI-
CKA3bIBAHUI HECKOJILKO HHOH, ueM B oOpuHofl peun. leficTBUTENBHO,
OOLITHO, KOIJ]a TOBOPAT, UTO HEKOTOpOe BhiCKa3wiBaHHe A BJjeueT 3a
coGoit pyroe BHICKa3bBaHHe -—B, HMEIOT B BHAY, YTO BHICKA3BIBAHHSA
A u B cBsA3anbl MeXAY Co60# NPHUUMHHO. TakK, CJOXKHOE BHICKA3bIBA-
HHe, YTBEDIKJAAIOlIEe, UTO BHICKA3HIBAHME «3TO BEILECTBO MPEACTAaB/sieT
co6oit KHC/IOpoA» BJieueT 32 COGOiH BBICKA3LIBAHHE «3TO BEIECTBO SB-
JisseTCs Tas3oM», NpeACTaBJseTCs HaM (CO CAEJaHHBIMH BHIIIE OTOBOp-
KaMH OTHOCHTE/NbHO Ta3006pasHOCTH KHCJOPOAA) HCTHHHHIM H pasyM-
HBIM. B TO Xe BpeMsi C/I0XHO€ BEICKA3BIBAHHE, KOTOpPOE YTBepKiaeT,
uTO BHICKA3bIBAHHE «3HMOH XOJIOJHO» BJjeueT 3a COG0H BHICKA3bIBAHUE
«ABaXKAbl JBa — ueThipe», NpPEACTABJSIeTCS] HaM CIJIOUIHOH OecCMBbl-
caunefi. Mexxny TeM, B CHJy HOCTPOEHHOH BHIIE TAGIHIBI HCTHHHOCTH
ans dopmyael A D B, B MCUHC/eHMH BBICKa3bIBAHUH BTOpPOe H3 MpH-
BEJIEHHHIX HAMH CJIOKHBEIX BBHICKA3bIBAHHHK JOMKHO CUHMTATBCA HCTHH-
HbIM HHKaK He B MeHBbUIEH Mepe, ueM IepBoe.

[IpMuMHY YKa3aHHOTO IOJIOKEHHSI MNOHATH HeTpyAHO. B camom
Jejie, OTpaHHUYUB Cce6s1 yCJOBHEM pacCMaTpUBaThb 3JIEMEHTapHBIe BEIC-
Ka3blBaHHUS TOJBKO C MO3ULUMH TOro, UCTHHHBI OHH MJIH JIOMKHBI, MBI
TeM CaMbiM cfesanu (haKTHUECKH Hepasiudumbimu mexcdy cobod Bce
HCTHHHBIE (KaK M BCe JIOXWHLIE) 3JIeMEHTapHBE BhICKa3biBaHHs. [loa-
TOMY, B YaCTHOCTH, IIPM ompejesNeHHH CojgepKaHHus, BK/IaIbIBAEMOTO
B CBSI3KY O, Mbl BHIHYK/J€Hbl ONepHpOBATh JHIIbL NOHATHAMH HCTHH-
HOCTH H JIOXHOCTHM, a Ha TAKOM NYTH 3aBEeJJOMO HEBO3MOXHO IPOHHK-
HYTb BO BHYTPEHHIOIO CTPYKTYPY 3/€MEHTADHBIX BHICKA3HIBaHHH BCex
Kaaccuukanuii, uyro, pasyMeercsi, HeoGXOAHUMO JJs YCTAHOBJIEHHUS
[IPHUMHHBIX CBSI3€H MeXIy HHMH.

PackpeiTie BHyTpeHHeHl CTPYKTYDHl 3J€MEHTADHBIX BHICKA3bIBA-
HUH M CBSI3aHHOE C HUMH YBeJHUYEHHE BOSMOKHOCTEH AJs1 JIOTHUECKOIO
aHa/M3a JOCTHUTaloTcsl myTeM 6oJjiee CJOXKHBIX JIOTHUECKHX HCUHCJIe-
HHA, B YAaCTHOCTH TAK HAa3BIBAEMBIM uCHUCACHUEM Rpeduxamos (CM.
ra1. VI). Uro xKe KacaeTcsi HCYUCJIEHUS] BBICKA3BIBAHMH, TO MBI JIOXKHBI
MHDHTBCSI C OTHOCHTEJIbHOH OEIHOCTBIO €ro BLIPA3UTEJNBbHBIX CPEACTB,
npegcrasasionel coboit Kak O6bl CBoeoGpasHYIo NJaTy 3a NPOCTOTY H
OPO3pauHOCTh 3ITOI0 HCUHCJ/IEHHUS.
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IlponosunyonanpbHas CBfA3Ka D HCHNOJAL3YeTCS B JaJibHellleM Kak
HHCTDYMEHT JJIs NOJIYYeHHs] JIOTHUEeCKHX CJAEACTBHH H3 TeX HJH HHBIX
(opMyJ NPONO3HUMOHANBLHOTO HCUUCJ/IEHHS H Jpyrux, Oojee BHICOKHX
JIOTHYeCKHX HCuHc1eHHH. Takue ciegcTBUS AOMKHbI OBITh MCTHHHBIMH
NpH HCTHHHOCTH HMCXOAHLIX (hopmyJ. [lo3TOMy KOHCTpYKLHMSI BHBOJA
06513aTeIbHO JIOJIXKHA HCKJHOYHTh BO3MOXKHOCTh (yKa3aHHeM Ha CBOIO
JIOXKHOCTb B 3TOM CJIyyae) MOJYUYEHHS AONCHbLX CJEACTBHA HPH ucmuH-
Hocmu UCXOAHHBIX dopmya. B To Ke BpeMs npu aoscHOCHU NCXOJHBIX
JAHHBIX TOJyuYeHHE 400bix CJAEICTBHI (KaK UCTHHHBIX, TAaK H JIOXKHBIX)
He CBHAETEJLCTBYET, DA3YMEETCsl, O JONCHOCMU CaMOU KOHCMpYyKyuu
6616000. IT0 0OGCTOATENBCTBO H HAXOJUT CBOE KOHKDETHOE BHIpameHHe
B Tabsuue UCTUHHOCTH Aas ¢opMyas A D B. Bce ckasanHoe 3fiech
crager 6oJiee NMOHATHHIM [OCJ/E O3HAKOMJEHHS C (OpMaJbHBIM acrnek-
TOM HCUMC/IEHHS BLICKA3LIBAHME.

OnucaHublii HAMH COJeprKaTe/NbHBIl ACHEKT HCYHCJIEHHS BBICKA3bl-
BaHHH N03BOJfAET OTHOCHTENBbHO MPOCTO DELIMTH BONMPOC O TOXKAECTBEH-
HOH HCTHHHOCTH JIOGOT'0 CJIOXKHOT'O BEICKAa3biBaHHMA (3aJaHHOro TOH
HAM HHOK (OpMYJIOH HCUHMC/IeHMS): JOCTATOYHO mNepebparb BCe BO3-
MOXHble HAa0Opbl 3HAYEHMH HCTHHHOCTH COCTaBJISIOLWIMX €ro MHepeMeH-
HBIX BBICKA3BIBAHMH M HPOBEPHUTH, HA BCeX JH 3THX Habopax (QyHK-
OUs MCTHHHOCTH pAacCMaTpUBAEMOTO CJIOXKHOTO BHICKa3bIBAHHS IpH-
HHMaeT 3HaueHHe «uCTHHa». Hampumep, dopmyna A A B D A 6y-
JEeT TOXKAECTBEHHO HCTHHHOH (opMYJIOf HCYHCJEHHs BRICKA3bIBAHH
Ha OCHOBaHHH CJepylouiel npoBepku: eciu A = Jl u B = JI, To dop-
myna A A BDA ceogurcs x JIDJI, uro, B cuny TaG/ullel HCTHHHOCTH,
naet 3qavende U; to xKe camoe Oyger npu A =J/1 u B=H, npu A =M.
B 3aBHCHMOCTH OT 3Havenuii B(JI uam H), cBogum nawry dopmyay
au6o Kk JIDHU, mbo k UDMH, yro, HAa ocHOBaHuu TabJHLLI HCTHHHOCTH,
B 000HX CJIyuasix NPHBOJHMT K 3Hayenuo H.

MoskHO McHONMB30BaTh AJs A0KA3aTeNbCTBA TOMKAECTBEHHOH HCTHH-
HOCTH (OpMYJ1 MCUHCJ/IEHHS] BBICKA3bIBAHMH TEXHHMKY npeo6pa3oBaHuil
B Gynesoil asrebpe. HyxKHO /Mumb npefBapuTe/bHO 3aMEHHTh Bce
HMIHKALMK  corjiacHo  cdopmyne (A DB) = (1A v B) (em. § 1).
[TpMeHHTENbHO K PACCMOTPEHHOMY TOJBKO YTO MPHMEPY MOJyYaeMm

cjenymwouyo Lenouky npeo6pazoBanuii: A A BD A = T1(AABYV
VA=(1Av 1B)VA =7 AV Ay TB=1\V 7iB =1. Oa
LeNOYKA JOKAa3biBAET TOMKAECTBEHHYI0 HCTHHHOCTH 3a7aHHO HaM
hopMy b,

AHanornyHO MOT'YT ObITh PACCMOTPEHBI TaKKE MOXOeCMEeHHO A0
Hble BHICKA3BIBAHHA, T. €. Takue (CJOXKHbE) BHICKA3BIBAHHSA, (HDYHKIHH
HCTHHHOCTH KOTOPBIX NPHHHMAIOT 3HAueHHE «JOXKby HPU BCeX 3HAye-
HHSIX COCTaBJ/AIOMIMX JAHHOE BLICKA3LIBAHHE [MEPEMEHHBIX BHICKA3bI-
BaHHii. JIErKo MOHATD, YTO KJdcC BCEX TOXKAECTBEHHO JIOXKHEIX BHICKa-
3BIBAHHMA COBMAajdeT C OTPHIAHHSMH BCEBO3MOXKHBIX TOXKJECTBEHHO
MCTHHHBIX BBICKA3bIBAHHUL. '

HecMoTps Ha nmpoCToTy M NpPO3PAyYHOCTh, COAEPKATeNbHBIH aCHeKT
HCUUC/EHHS BBICKa3LIBAHHH MMeeT H psiA HeZOoCTaTKoB. Bo-nepBnix,
METOJ, JI0Ka3aTe/IbCTBA HCTHHHOCTH (POpMyJ, OCHOBAHHHIH HAa nepe-
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6ope BCex HA0OpPOB 3HAUeHMH AapTryMEHTOB, He JIONYCKAaeT Henocpej-
CTBEHHOTO IIEPEHECEHHS] ITOTO METOAA Ha 60Jiee CAOMKHHIE HCYHCJEHHS,
B KOTODBIX MHOMKECTBO TaKHX HAOOPOB MOXKET OKasaTbcsl GecKoHey-
HbIM. BO-BTOpDBIX, pa3BUTEIE HaMU BBHIUIE METOABI IO3BOJISIIOT HEMNO-
CPEJICTBEHHO OMNpeNe/siTh He TOXKAECTBEHHO HCTHHHBIE BBLICKA3LIBAHHS,
a4 BLICKA3bIBAHUS, HCTHHHbIE MPUH TeX MJAH HHBIX AOMOJHHTEJbHBIX
npenoJioKenuax (Hampumep, dopmyaa A D B, uHe saBasomasacs
TOMJECTBEHHO HWCTUHHOJ, CTAHOBHUTCSI HCTHHHOH NHpH YCJIOBUH, UTO
sgoxua ¢gopmyna A A T B). 3agaun ke TaKoro poia HOCTOSIHHO BO3-
HHKAIT TpPH pa3/IMUHbIX HPUJOKEHHAX JOTHUECKHX  HCYHCJ/IEHHH.
MoXHO, NpaBia, pasBHTh COOTBETCTBYIOLUIHHE MeTOJ B pamkax G6yneBoil
ajreGpbl, OJHAKO MpPH 3TOM YCYTYOHTCS eile OMH CYIECTBEHHBI HENOo-
CTaTOK, CBS3aHHEI C COAEPXKATENbHBIM ACMEKTOM HCUHCJIEHUS BhICKa-
3BIBAHMH, — HeOocmamouHan opmaiusayus npoyecca 0OKQ3amenbvcmea
U Camo2o NOHAMuUA GoKa3aMmeascmaa HCTUHHOCTH TeX UJM UHBIX GopMy.JI.

Ilepeuncyennbvle HeJOCTATKH YCTPAHAIOTCA HpPH MOJHOCTBIO  ¢hop-
MQAbHOM TOAXOJEe K NOCTDOEHHID MCUMC/EHWs BBbICKa3biBaHMH, dopMa-
JM3YIOLIEM HE TOJILKO crocol 3amucH ¢opmyd (AJs 3TOro JOCTaTOUuEH
yKe ONUCAHHBIHA Crocob), HO TAKKe NOHATHE TOXKIEeCTBEHHO HMCTHHHBIX
$opMy./1 H npouecc BHBOJA JOTHYECKHX CJENCTBHA M3 TeX HJH HHBIX
BBICKA3bIBAHHH.

dopMasbHBEI acleKT HCYUCJIeHHs BBICKA3bIBaHUM XapaKTepu3yercs
T€M, UTO B 3TOM CJYYae€ NOAHOCTMbIO OMEACKAOMES OT COJePKATeNbHOrO
cMbiC/Ja (OpMYJI, pAacCMATpHBasi HX HPOCTO KAK KOHEYHBIE HOCJEI0-
BATEJbHOCTH HHIUBHAYAJbHO PpAa3/JHYMMBIX CHMBOJIOB.

JI1s1 XapakTepHCTHKH MHOXKEeCTBa BCeX TOXKJAeCTBEHHO HCTHHHBIX
HOpMyJ1 CTPOUTCA cucmema aKcuoMm PacCMaTpHBAEMOTO HCYHCJIEHHUS.
Takue cucreMsl MOTYT BHIOHMpaTbCA pasjHuHBIMH crnocobamu. Ocra-
HOBHMCS Ha OJHOH M3 HauboJee ynoTpeOHTeJBHBIX CHCTEM aKCHOM
ucuncjenust BoickaswmBanuii (M. C. K. Kumum [42]). Dta cucrema
BKJIIOYaeT B Cebsl CJeyIOHe AKCHOMBI:

1. AD(BDA).
2. (ADB)D((A D(BDC)) D(ADC)).
3. AD(BDA\ B).
4. A \ BDA.
5 A A BDB.
6. ADAV B.
7. BDAY\ B.
8. (ADC)D(BDC)D(AV BDC)).
9. (ADB) D((AD "iB)D TTA).
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10. 7714 DA 1, % %28
B

[lepBHe JecATb AKCHOM MpEACTaBJSIOT CoOOH HPOCTO JAecATh ¢op-
MYJ1 HCUHCJIEHHS] BbICKA3bIBAHHE, OOGDBSBISIEMBIX MOXCOECTIBERHO UCHIUH-
HoMy no onpedeaerwo. ToXJecTBeHHAsT HCTHHHOCTh AKCHOM Mpexno-
JlaraeT BO3MOMKHOCTb NOOCMAHO6KY BMECTO BXOAALIMX B HHX IIpoIo-
sulMoHaJbHbIX 6YKB A, B, C a06bix ¢popmys MCUUC/EHHS] BHICKa3bl-
BaHMil (He 00fA3aTeJbHO HCTHHHBIX). Taxas NOACTAaHOBKA, NO ompe-
JleJIeHHI0, He HApYIIACT TOMKJECTBEHHOH HCTHHHOCTH (OPMYJBI (AKCHO-
MBI}, - IOABEPTLIEHCS 3TOH NOACTaHOBKeE,

OnmuuHaguarass akCMOMa HMeeT CBOIO CHelM(pHKY. 31O Tak Hasbl-
BAaeMOe Npasuic 66800, TO3BOJISIIONIEE, MO ONMpeNeNeH 0, CYHTaTh JO-
Ka3aHHOW MCTHHHOCTb (POPMYJbl B, eCcau HCTHHHOCTL (opMmya A H
A O B yxe O6b1a ycraHosseHa panee. Ecau gopmyner o u A D B
ObLIH TIPH TOM MONCOECMECHHO UCHIUHHOIMU, TO TOXIECTBEHHO HCTHH-
Hoil Gymer H ¢dopmyna B. I[lpennonaraercs no onpexejeHHIo, 4TO BCE
TOMXK/IECTBEHHO HCTHHHEIE (GOPMYJIbI (H TOJBLKO TakHe (GOPMYJIBI) HCUH-
CJIEHHs1 BHICKA3bIBAHHH MOTYT OHITh NOJyYeHBl U3 AKCHOM B pe3y.b-
TaTe ONHCAHHBIX NOJCTAHOBOK M NpHMeHeHMH (Boofiie roBops, MHOTO-
KpaTHEIX) TpaBuJja BeiBoga 1l

Anpuopn HMOTKYyZa He CJIefiyeT, YTO OXapaKTepH3oBaHHOe mojp00-
HBIM (JOpMAAbHOIM Nymem MHOXKECTBO BCeX TOXKJECTBEHHO HCTHHHBIX
¢opMys1 IPOMO3MIHOHANBHOTO MCUHMCJ/IeHHs GyeT CoBNajaTh C MHOXKe-
CTBOM BCeX TOX/JECTBEHHO HCTHHHEIX (GOPMYJ, ONpeleleHHBIX BhIllE
codepacamenvrio. Tlockonbky dopMaibHast TOXKIECTBEHHAs HCTHH-
HOCTb (OpPMys yCTaHABJMBAeTCs HEKOTOpPOi mnpolefypoH  BHBOAA
HJIM JIOKa3aTeNbCTBA, HX HA3BIBAIOT TaKXKe ((opMasbHO) JoKa3yembimu
¢dopmynamu, Han (popMaJbHEIMH) TEOPEMAaMH.

:®opMYJIBI, TOXKAECTBEHHO HCTHHHBIE B  COJIEPKATEJbHOM CMEIC/IE,
JJIs1 KpaTKOCTH OyneM Ha3bBaTb NPOCTO COOEPHEAMEAbHO WCIUHHBIMU,
OPOTHBOMNOCTABJAS HX opmasvro ucmunusim (T. €. GopMaJbHO HO-
KazyeMmblM) dopMyaam.

[TousiTHe QopmasbHOrO BHBOJA (IOKa3aTeqbCTBA) MOMKET GHITh
pacmpoCTPaHEHO Ha TOT CJAyyaHd, KOTrha, KpPOMe AaKCHOM, JaHO elle
HeKoTopoe KoJmuectBo dopmya A,, W, ..., A, HCUHCIEHUS BbICKa-
3BIBAHUA B KayeCTBE YCAOBHO ucmurHolx GopMya. 3tH  GopMyJibl
yKe He BHIBOAMMBI H3 aKCHOM ((OpMajJbEO He JOKa3yeMnl) M He OTHO-
CATCA HO3TOMY K (opMaJbHO HCTHHHBIM opmyJsiaM. [Ipeamosoxe-
HHe e 00 KX HCTHHHOCTH HOCHT YCJIOSHBIH XapakTep H COXpaHseTCo JHIb
Ha DPCTSIXKEHHH pacCMaTpMBAEeMOro BBIBOJA. B OT/HuHe OT aKCHOM
HCYHC/IeHHs] BBHICKa3bIBAHMA, B 3THX (OpMyJax Hesb3st BoOOie TIo-
BOpsl, 3aMeHSITb BXOJslMEe B HHX INPONO3HUIMOHAJBHBIE OYKBH MpO-
H3BOJBHBIMH (opMy/amu. IHaue roBopsi, yc/iOBHasi MCTUHHOCTb, B
oTavyue oT (OpMaJbHOA HUCTHHHOCTH, HE HOCHT MONCOeCMBEHHO20 Xa-
pakrepa.

Camu ke mpaBusia BHIBOAA IO CYIIECTBY COXPAHSIIOTCH INPEKHUMH.
OCHOBHYIO DOJIb, KaK H Tpexje, UIPaeT NOHATHE HenocpedcmeerHozo
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credcmeusn (akcuoma 11): gopmysa B Haswsaemcs HenocpedOcmeeHHbIM
credcmeuem gopmys ¥ u UDB. Tosopar, uro dopmyaa € ucuucaenus
BBICKA3bIBaHHs 6bteo0umcs u3 gopmys ¥y, Az, ..., A,, ecau oHa mo-
XKeT GHITH MOJIyueHa M3 3THX '(opMy.a H akcHoM 1—10 ucuucienus BH-
CKa3plBaHMil B pe3y/bTare NPHMEHEHHsl (KOHEUHOro 4uc/aa pas) mnpa-
BHJIA2 HENOCPENCTBEHHOTO CJeACTBHs. BoJjiee TOYHO, BRHIBOZMMBIMH GY-
LYyT B pPAaCCMATPUBAEMOM CJyyae BCE T€ U TOJLKO Te GOpMYJbl, KOTOPHE
NOJYyYyalTCAd B pe3y/bTare TMOC/AeIOBATE]bHOTO TNPHMEHEHHS Tpex
npasua. l. JlioGaa us dopmya 9;, U, ..., ¥, BuBoguMa. 2, JlioGas
3 axkcuom 1—I10 (c yyeToM BO3MOMKHOCTH MHOJACTAHOBKH BMECTO BXO-
JAIMX B HUX OYKB JIOGHX ¢opMya) BuBoguMa. 3. Ecan dopmyJbr
A 1 ADB BeBOAMMBL, TO BHIBOZMMON OyneT Takxe dopmyaa B.
Llenouka ¢opMys, NOMYUalOUMXCS B pe3ysabTaTe MOCJAENOBATEIbHOTO
OpHMEHEeHHSl 3THX TPex NMpPaBHJI, KOTopasl KoHuaeTcs HeKotopoil ¢op-
Myqoit €, HasbiBaeTCsl ghopmasbHuiM 8616000M ITOH HOPMYJIHL.

Jns o6o3nauenuss BHIBOAUMOCTH  YHOTpeGasieTcsl Crenua/bHhk
CHMBOJ |~ (uUHTaeTCsi Kak «faer»), C/eBa OT KOTOPOTO BHINHCHIBAIOTCS
YCJIOBHO HCTHHHbie (OpMYJBI, a CrpaBa — HX CJAeAcTBHS: Ay, e, ...
vy A, = €. AKCUOMEI HCUMCJIEHUS BBICKA3LIBAHHI 3[€Ch SIBHO HE
BBHIIHCHIBAIOTCS (BO3MOXKHOCTh HX ynoTpebjeHHs HNPH BHBOZe Kak Obr
BKJIIOYAETCS B CHMBOJ [—), TaK uro gjs J060# (opMansHO HCTHHHON
tdopmynsr B MoxHo nHcaTh |- B. HupiMu cjaoBamH, GOpMasbHO HC-
THHHBIE (OPMYJBI CUHTAIOTCS BBHIBOAMMBIMH H3 IYCTOTO MHOXKECTBa
(ycsioBHO uCTHHHBIX) dopmyJ. [TosTomy akcromel 1—10 MOXKHO Takke
pacCMaTpHBaTh KakK cBoeoOpasHbie MpaBHJa BBIBOAA, KOTOpLle BhbI-
BOASIT MPeACTaBJIsioOHe HX GOPMYB H3 MYCTOrO MHOXKECTBA (OPMYJI.

IpusesemM npocrefiune npuMepsl (GOpMaJbHOTO BBHIBOAA, HYMepYst
NoCJ/1ef0BaTeNbHbIE LIATH.

1. A D (A D A) (akcuoma 1, B KoTOpO#l GyKBa B 3ameHeHa GyK-
Boit A).

2. (AD(ADA)>D((AD({A DA DA) D (A D A) (akcuo-
Ma 2, B KoTopoil 6ykBa B 3amenena ¢opmysoit A D A, a 6yksa C —
6ykBoit A).

3.(AD((ADA)D A)D(AD A (mpuMenenve  mpaBsmJja
BeiBoga !l K ¢opmysam, moayuensbiM Ha marax 1 u 2).

4. A D ((A D A) D A (akcuoma 1, B koropoii 6ykBa B 3aMeHeHa
dopmynoit (A D A)).

5. A D A (npumenenune npasuja BeiBojia 11 k dopmy/aM, nonyueH-
HBIM Ha NpejbAyIMX JBYX lIarax).

[IprBesennas nenouka GopMysa npeactaBaseT co60H, Ha OCHOBAHHH

onpenenenus, opmassroe Odokazamesvbcmeo ¢opmyast A D A, T. e
BBIBOJ, €€ M3 NMYCTOTO MHOMKECTBA (YCJOBHO HCTHHHBIX) opMyJ. Takum
o6pazoM, dopmyaa A D A npuHHALJEXRHUT K uHC/1Yy (GopMaJbHO HCTHH-
HBIX GOpPMYJ, U ee MOXKHO 3amucatb |— A D A.
- [pyruM npuMepoMm fIBisieTCs MOJyueHHe CJeICTBHH H3 TPex ycC-
JIOBHO HCTHHHHIX Gopmya A, B, A D (B D (). 3a 5 waroB u3 3THX
tdopmys Moker OmTh moJiyueHa gopmyaa C.

1. A (nepmas pnannas naM (yCJIOBHO HCTHHHAS) (opMy.a).




2. B (sropas panHas Ham ¢opMysaa).
3. A D (B D C) (tpeTbst pauHass HaM ¢opMy.a).

4, B D (' (uemocpencTBeHHoe CJeicTBUE (MO MNpaBUJY BHIBOJA
11) u3 dopmyn 1 u 2).

5. C (uenocpeacTBenHoe cneactsie dopmya 2 u 4). Takum ob6pasom,
dopmyna C suiBoguma u3 popMyn A, B, A D(BDC), u Mbl MOXeM 3a-
nucate A4, B, A D (B D C)—C.

XOTa YCJOBHO MCTHHHBIE (GOpMYJibI H He 00/ajaioT TOXKeCTBeH-
HOH HMCTHHHOCTBIO, OfHAKO, KakK JIeTKO BHJETb, B OKOHUATEJbHOH 3a-
OHCH (YCJIOBHOH) BBLIBOAMMOCTH C HCHOJb30BAHHEM CHMBOJA |- JIO-
6as GykBa MoXeT ObITb 3aMeHEHA IPOM3BOJIbHOH (OpMYJOH HCUH-
CJIEHHs BBICKA3bIBAaHUM, €C/AM TOJMbKO TaKas 3aMeHa MIPOH3BOJMTCS
00HO8peMEHHO KAK CJleBa, TaK W CHpaBa OT 3HAKAa BBIBOAUMOCTH. 3a-
MEHA Xe JUIIb B OXHOH uacTH BejeT, BooOie roBopsi, K oliHbOKe.

Tlogo6HEIM Ke crnoco6oM MOXKHO J0Ka3aTh CQOTHOLIEHHS

uennoe sakmodenne A DB,BD Ci— A DC; (35)
nepectaHoBka noceiiok A D(B DC) |- B i)(A oC), (36)
umnoprauust A D(BDC)- A \ BOC; - (37
skcnoprauva A A BDOCH— A D(B DC); (38)
woHTpnosuuust A DB—"1B 2 T14; ' (39)
N\ -Beefenne A, Bi-A A\ B; (40)
cnaboe |- ypanenne A,” 1A |-B. ‘ (41)

Ecim o6o3naynth OykBOit I' — NpOU3BOJBHYIO KOHEUHYIO COBO-
KYOHOCTb (JOPMYJ1 HCUHC/IEHHS BBICKA3bIBAHHH, TO, IPUMEHSIST HECKOJb-
Ko GoJiee CJOKHYIO TEXHHKY JOKa3aTelbCTBa (MHAYKLUUIO HO JJHHE
BBIBOJI2), MOMKHO MOJYYHThH CJEAYIOWMH pe3yabTar (Tak HA3bIBAEMYIO
meopemy o Oelykyuu). .

Teopema 1. Ecau 6 ucuucaenuu évickasviéanut gopmyaa B evisoduma
u3 cosokynnocmu gpopmya T u A, mo uz T evwoduma gpopmyaa AD B.

B reopun pmokasaresibCTB HMEIOT 3HAUEHHE Tak¥Ke jBe oOiHe
CXeMBl JIOKa3aTe/IbCTB.

1. HloxasarenbcTBOo nyTeM pasbopa cayvaes: ecsiu ' A - C u T,
B~ C, 10

r, Ay B-C. (42)
2. Tpusenenne k abeypay: ecau ', A-BuTl, A |- 1B, 10
’ T'— TIA. (43)

Jlerko mnpoBepHTb, 4TO BCe AKCHOMBl HCUYHCJ/EHHS BBICKA3bLIBAHUH
1—10 npexcraBasioT coboit cofepKaTeqbHO UCTHHHBIE (opMyasl. Una-
4ye TOBOPS, COOTBETCTBYWOIIME MM (DYHKUMH HCTHHHOCTH HPHHHMAIOT
fIPH BCEX 3HAUEHHAX MEPEMEHHLIX 3HAYEHHe «UCTHHA». DTO CBOMHCTBO,
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OUYEBHJIHO, COXPAHSIETCA [MPH MOJACTAHOBKAX BMECTO BXOASIIHX B aK-
CHOMEI GYKB JI0OBIX (POpPMYJ/1 HCUMCJIEHHS BHICKA3HIBaHHH. U3 Ta6auIbl
HCTHHHOCTH JJISl MMIUIMKALMH HENOCPENCTBEHHO CJelyeT, uTo H3 CO-
AepKareNbHO! HCTHHHOCTH dopmyJs1 U u U DB BuITekaeT cogepxa-
Te/lbHasi UCTHHHOCTL opMysnl B. Ho ToPna, oueBmamo, Bce jpoka-
3yemble ((opMasibHO HMCTHHHBIE) (GOPMYJBl GYAYT HempeMeHHO conep-
XKareJbHO HCTHHHbIMH. BepHo (x0T M ropaspo croxuee nokasyemo)
TaKxe M o6paTHOe, TaK UTO MOXKET ObITb CHOPMYJIHPOBAH CJEAYIOW(HIl
BAXKHBIA pe3ysbTar.

Teopema 2. [lpu cpopmaibHom NOCMPOCHUL UCHUCACHUS BbICKA3bI-
6anuil ¢ nomowpio cucmemol axcuom 1—11 gopmasoro doxasyemoimu
(popmanoro ucmunnoimu) 6ydym ece me u morsko me Gopmyabt 9mo2o
UCHUCACHUA, KOMOPbIE ABNSIOMCA MONCOECMEEHHO UCMURHbIMLL 8 colepaxca-
MEAbHOM  CMbICAE.

Teopema 2 conepxuT B cebe (hakTHUECKH ABA De3y/bTaTa OTHOCH-
TEJILHO BbIODAHHOH CHCTeMBl S aKCHOM HCUHMCJIEHHS BBLICKA3LIBAHHIL.
[lepBeiii pesysbTaT COCTOMT B TOM, YTO CHCTeMa S codepicamevHo
Henpomusopeduea, MM, HHBIMH CJOBaMH, YTO C MOMOINbID CHCTEMH! S
HeJIb3s1 JI0Kas3aTb HM OLHOH (opMyJibl, KoTOopas He Oblna Gl copep:ka-
TEJIBHO HMCTHHHOH (hOpMyJIOH.

Bropo#t pesy/bTaT YTBEPKAACT COOCPIHCAMENOHYIO NOAHOMY CH-
CTeMBI aKCHOM S: HET HHM OJHOH COJlepIKaTeNbHO HCTHHHOH (DOpMYJIbl
BHICKA3bIBaHHHA, KOTOPYIO HeNb3s OblIO 6bl JOKa3aTh (OPManbHO C
NOMOIIBIO 3TOH CHCTEMBI aKCHOM. :

Bosnukaer Bonpoc, Hejb3fl JM ONpEJeJHTb CBOHCTBA HENPOTHBO-
PEYMBOCTH H MOJHOTH YHCTO (opMasibHO, He mpuberasi K copepxa-
TeJbHBIM IOCTPoeHHSAM? OKAa3pBAETCS, MOMKHO.

Ecmecmeenno Hasui6ams cucmemy GKCUOM UCHUCAEHUS BbICKA3LIBAHULL
POPMANLHO HENPOMUBOPELUBOL, €CAL C €8 NOMOWbI0 HEeAb3s 8bisecru
kakyro-rubyde gopmyay A emecme ¢ ee ompuyaruem A, u Gopmarsro
npomugope«usoll — 8 RPOMUBHOM CAYHAE.

M3 cpoiictBa cjaboro ~ -yAalieHHss HENOCPEACTBEHHO CJelyer,
YTO B Ccjy4ae (GopMaJbHOH NMPOTHBOPEYHBOCTH CHCTEMBI aKCHOM J06asn
¢dopMyna uCyHC/eHHs1 BbICKasbiBaHMH craja Obl GOpPMajbHO JOKasye-
moi. TlockoabKy, B cCHJIy TeopeMbl 2, AJs CHCTeMbl S mocjaefnee 006-
CTOSATENILCTBO HE UMeeT MECTa, TO 3Ta CHCTeMa OKa3biBAETCsl He TOJbKO
COEPKATENbHO HENpPOTHUBOPEUHBOH, HO H (hopmasvbHo Henpomueope-
4ueoti, WJIH, KAaK YacTo TOBOPAT, — IIPOCTO HENnpOMmueopeLusoll CHUCTe-
MOH aKCHOM.

CaoficTBo (hopMa/IbHOH TOJHOTHI /IS CHCTEMBI 2KCHOM MOXKET OBITh
onpejieJieHO CAeAYIOUIHM 06pasoM: CUCMeMa GKCUOM HA3biBaemcs ¢op-
MAAHO noanotll (uau noaHot @ ysxom cmeicae), ecau dobasrenue Kk 3mol
cucmeme 41060t HeOoKa3yemot 8 Hell (HopMmYyAbL 8 KAYECTIBe HOGOU QKCUOMbL
npusodum K momy, 4mo pacupeHnas nodobubim 06pasom cucmema
aKcuom oxaseeaemcs opmasvHo npomusopeusol. Ilpu sTom mpes-
nosiaraercsi o6bIYHO, UTO HCXOJHAsT CHCTEMA aKcHOM Oblna (opMajbHO
HENPOTHBOPEUHBOH,

MoHO mMOKasaTh, YTO BBeJeHHAsd HaMH cHcreMa akcHom 1—11

7—1302 97




HCUMCJIEHMS] BLICKA3HIBAHHH SABJAECTCS HE MOALKO CoQepicamebHo,
HO 4 (popMAAbHO NOAHOL CHCTeMOR akcHoM. IIpH yc/oBHM BHINMO/IHEHU S
CBONCTBA COflepP¥KAaTeNbHOH HENPOTHBOPEUHBOCTH H TPH HCHOJB30BA-
HHMHU B KayecTBe NPaBHJ BHIBOJA JIMIIb npaBuia 11 u3 cBofictBa hopmanb-
HOl TNOJIHOTHl HEHOCPEACTBEHHO BHITEKAeT CBOHCTBO COJEPIKATENLHON
NOJIHOTHI, TNOCKOJBKY B NPOTHBHOM cJjyuae jiofasi HELOKasyemas Co-
JepXkaTe/IbHO MCTHHHASL (opMynaa Moriaa Obl ObITb HCHOJB30BAHA HJsE
HeNpOTHBOPEUHBOTO PACIIHDPEHHS] HCXOJHOH CHCTEMBl aKCHOM.

B BrIOpaHHOH HAMH CHCTEMe aKCHOM HeT HHM ORHOH JIHIIHEeH aKCHOMBI.
Bosee Touno, nu ofHa u3 dopmya 1—10 ne moxer 6wTh HOpMANLHO
JOKAa3aHa C MOMOIIbI0 COBOKYHNHOCTH BCeX OCTaJbHBIX AKCHOM. DTO
CBOMCTBO HA3BIBACTCS CBOHCTBOM He3Q8UCUMOCTIL AKCHOM BbIGpaHHON
cuctembl. CBOMCTBO HE3aBHCHMOCTH JOKA3LIBAETCS OTLEJNLHO JJI KaXK-
JOH aKCHOMH! C MOMOUIBI0 HOCTPOEHHSI TAKOH COZep:KaTelbHOH HHTEp-
[pEeTAlKH, [IPH KOTOPOH 3Ta aKCHOMa He BBINOJHSIETCH, a BCE OCTA.1b-
HbEle AKCHOMB! BBINOJHSIOTCA.

3aMeTuM, HAaKOHeH, uTO, XOTSl NpPHCOEJIHHEHHe HEeJOKa3yeMbX
(dopMy/1 B KayecTBe HOBHIX AKCHOM K BbIODAHHOH HAMH CHCTeMEe aKCH-
OM S HCUMC/IEHMS] BHICKa3biBaHH#, B CHJY cBofcTBa (pOpManbHOH MOJ-
HOTBI 2TOH CHUCTEMBI, HApYLIAeT CBOHCTBO ee (hOopMaJ/ibHOH HenpoTHBO-
PEYHBOCTH, HHUYTO HEe MeIaeT HAM NPHCOeNMHHTb K CHCTeMe S Hejo-
kazyemble (B S) dopmyas ¥U,, ..., U, B KauecTBe He TOXJECTBEHHO,
a JUIb YCJOBHO HCTHHHBIX (opMyJ. MOXKHO HokasaTb, YTO NMPOTHBO-
peurie (BO3MOXKHOCTb BHIBOJA HEKOTOPOH (opMyJ/ibi BMeCTe C ee OTpHILa-
HHMEM) B 3TOM CJlyuae BO3HHKAeT TOTAa H TOJBKO TOT/A, KOrJia KOHBIOHK-
mwaa Ay AU A ... A, sBasierca moxcdecmeenHo A0ocHOU Hopmyrol.

B pesyaprare Takoro NPHCOEIHHEHHS BO3HHKAET Ta HJIM HHAA
¢dopManbHass TeopHs, BHIXOAMAIAS 32 PAMKH COOCTBEHHO MaTeMaTHue-
CKOfl JIOTHKH, TOCKOJbKY mnpucoennusieMsle ¢opmyanl A, N, ..., %A,
He SIBJISIOTCSI HCTHHHBIMH B CTPOTO JIOTHUYeCKOM cMEIcse. Ecau B Hanmx
HOCTPOEHHUAX €CTb TOT MJIM HHOM COmepIKaTe/bHH CMBICI, TO COJepKa-
TelbHas HCTHHHOCTL Gopmya A, A, ..., A, [OMKHA NOCTYJIHPO-
BaThCA JHGO MMEeThb KaKoe-TO 3aBEAOMO BHeJOrHUecKoe OOOCHOBAHME.
B Takom cayvae atH thopMYNBl €CTECTBEHHO PacCMaTpHUBATH KaK aKcu-
oMbl CTposinefics HAa MX OCHOoBe (opManpHOH Teopuu., UToOwI HE my-
TaThb HX C COOCTBEHHO JIOTHUeCKHUMH akKCHoMmaMH 1-—11, pocjegnue ua-
3BIBAIOT B 3TOM CJyuae He aKCHOMAMH, & cxemamu AKCuom, 1OJYepKH-
Basi TeM CaMbIM, YTO Kaxjgass M3 akcHom l—I11 mpeacrasasier cobow
(bakTUUECKH 11e/I0€ MHOXMCeCmeo AKCHOM, TNOJIy4aeMBIX H3 COOTBeT-
CTByWOLLEH 9TOH aKkcHOMe (OpMyJsibl B pesyJbTarTe 3aMeHbl BXOAAMUX B
Hee OYKB NPOH3BOJBHBIMH (OpPMYJaMH HCUHC/IEHHS BBICKA3BIBAHHH.



Frasa Il

TEOPHUSA ABTOMATOB

§ 1. AGCcTpakTHble ABTOMAaThl H ABTOMATHble 0TOOPaXKeHHs

PaccMorpum andaputHbie npeobpazoBaniisi, peaju3yeMbie JHCKDET-
HbIMH NpeofpasoBaTensiMH HHGOPMALHHM, BBHIAAIOUIMMH HEKOTODHIH Bbl-
XOfHOH curHas (O6yKBY BHIXOZHOTO aJ/ipaBHTA) B OTBET HA KaX[bIH
BXoAHOH curHan (6ykBy BxopHoro ajcdasuta). Taxkue npeofpasoBa-
Te/M, paccMarpHBaeMble (Ge30THOCHTEJBbHO K HX BHYTPeHHeH CTPYK-
Type, NPHHATO HAa3bIBATL QOCHLPAKMHLIMU ABMOMAMAMU.

Mns saganus aGCTpakTHOrO aBTOMATa JOJIKHBI ObITh 3aJaHbl TPH
MHOKECTBA: 8x00HoU aspasum X, soix00Hol argpasum %) u MHOKECME0
BHYMpEHHUX COCMOAHUG aBToMara, Kotopble Oygzem o6o3HauaTh Oyk-
Bofi Y. ABToMar paGoraeT B AHCKDETHOM BpPEMEHH, MOC/eNOBaTe/bHbIe
MOMEHTH! KOTOPOIO YAOOHO OTOXKAECTBJISITH C MOC/EJOBATENbHBIMH Ha-
TypaJbHBIMM 4HCJaMu f=0, 1, 2, ... (4UTO BCETZa MOXKHO CAe/NaTh, BHI-
Onpast [O/KHBIM 006pasoM eIUHHLY H3MepeHHsl BPeMeHH).

B Kaxapii JaHHBIA MOMEHT OUCKDETHOTO Q8MOMAmHo20 BPEMEHH
t =0,1,... aBroMaT A HaxoguTCs B HEKOTOPOM ONpENEIEHHOM COCTOS-
HUH @ = q(f) M3 MHOXKecTBa 9 ero BHYTPEHHHMX COCTOSIHHH, KOTOpoOe
AJisl KDATKOCTH OyfleM HasHBAaTh MHONCECMEOoM cocmosrull aBTomata A.
Cocrosinne ay = a(0) B HayaabHbIi MOMEeHT BpeMmenn ! = ( HasbiBa-
eTCA HawasbHom cocmosanuem asromata A. Ecau Havya/bHOE COCTOSIHHE
OCTa€TCA HEHM3MEHHBLIM NpH JOObIX 3KCHepUMeHTaX C aBTOMAaToM, TO
5TOT aBTOMAT HA3BIBAETCS uHuyudAbHbIM aBTOMatoM. [lockonbky, OA-
HAKO, NPAKTHYECKH Mbl HE paccMaTpuBaeM HHKAKHX JADYrHX asToMa-
TOB, KPOME€ HHHIMAJbHHIX, TEPMHH «HHHIMAJbHBIH» YacTO ONYCKa-
ercs.

B kaxnaslii MOMEHT { aBTOMATHOTO BPeMeHH, HauuHasa ¢ ¢ =1, Ha
BXOj, aBTOMATa MOCTYNaeT B KaueCTBe gx00H020 cueHaia ofHa M3 OYKB
BxopHoro aJndasura X x = x(f). KoHeuneie ynopsjioueHHbE NOCJE-
JIOBaTe/bHOCTH BXOAHBIX curuatoB x(1)x(2) ... x(k) aBTOMaTa Ha-
3bIBAIOTCSl 6X00HbIMU CA0BaMu 3TOTO aBToMata. Ha Bxox aBToMaTa
MOXeT NnojaBaThes Mi060€e BXOJHOE CJIOBO U3 HEKOTOPOro (pMKCHPOBAH-
HOTO 3apaHee MHOXECTBA JONYCTHMBIX BXOLHHIX CJIOB.




Jio6oe ponycrumoe ciaoBo p = x(1) x (2) ... x (), nomannoe Ha
BX0J AAHHOTO WHHLHAJBLHOIO aBTOMaTta A, BLI3BIBA€T MNOfBJIEHHE Ha
BHIXOJle aBTOMara guixodHozo cavea g = y(1)y(2) ... y(k), npencrasasio-
mero co6oii HEKOTOPYIO YNOPSAOUEHHVIO KOHEUHYIO MOC/EN0BaTe b-
HOCTb 6bIX00HbIx cuenanoe aBToMaTa A (6yKB ero BhIXOZHOTO aJsidaBH-
Ta §)), MMEIOLIEro Ty Xe CaMyio AJHHY, YTO H COOTBETCTBYIOIEe eMy H
OflHO3HAYHO HM oIlpefeJseMoe BXofHoe cjoBo p. Ilosyuaemoe coort-
BETCTBHE (p MEXAY JONYCTHMBIMH BXOAHLIMH CJIOBaMH p H COOTBETCTBYIO-
IMMH MM BBHIXOZHLIMH CJIOBAMH ¢ HashiBaeTcs (aadaBUTHBIM) omobpa-
JCeHUEM, UHOYWYUDYEMBIM DACCMAMPUBAEMBIM UHULUQLLHbIM QBMOMA-
mom A.

Ykaszannoe oToGpaxkeHHe ¢ OQHO3HAYHO ONDENENSeTcA 3amaHHeM
ABYX GyHKUHA O M A, Ha3LIBa€MBIX COOTBETCTBEHHO @yHxyuel nepe-
x0008 W ¢hynkyuet 6610008 paccmarpuBaeMoro asromara A.

OyHKUHS nepexofoB onpeeseT COCTOAHHUE a(f) aBToMaTa B oGOk
MOMEHT JHCKPETHOTO 2BTOMATHOTO BPEMEHH f 10 BXOJHOMY CHIHAJY
x(f) B TOT Xe cambli MOMEHT H COCTOSIHHIO a(t— I)s npenbmym,nu -MO-
MEHT ABTOMATHOrO BpEMEHH

aty==06(a(@—1), x()) (44)

OyHKUMS BHIXOJOB ONpeJe/sieT 3aBHCHMOCTL BBIXOZHOTO CHIHAJA
y(f) aBTOMaTa OT TeX Xe CaMbIX [EPEeMEHHBIX

gy =rat—1), x@). (45)

3apasas JoGoe BxogHoe coBo p = x(1) x (2) ... x(k) ¥ mnauans-
Hoe cocrosnue a(0) aBroMara, ¢ NoMowbid cooTHoLieHui (44) u (45)
MOXKHO MOCJEOBATENLHO ONPENEJHT: BCe GYKBHI COOTBETCTBYIOILETO
BBIXOJHOTO CJIOBA

g=0@P)=y(M)y@2)...y (k).

Takum o6pasoMm, cooTHoulenus (44) u (45) gmeficTBHTeNBHO omHpe-
AeNAIOT HHAYLHPyeMoe aBTOMATOM OTOOpaM<eHHe @.

QYHKUMH T1ePeXOR0B H BLIXOJOB NPEACTaBAAITCA 0ObIYHO a6CTPAKT-
HHIMH YacTHYHHIMH GYHKuMAMH 8(a, x) 4 A(a, X), 3agaw0lUMH OAHO-
3HauHble 0TOOPaXkKeHHs HEKOTOPOro MHOecTBa map (a, x) (@ € U, x € %)
B MHOXXecTBa U H ) cooTBercTBeHHO. [JONYCTUMBIMH BXOAHLIMH CJIO-
BAaMH Ha3bIBaIOTCS BCE T€ H TOJILKO Te BXOJHBLIE CJIOBA p, Ha KOTOPHIX
¢ noMouieio GYHKUHA 0 H A ONHCAHHEIM BHIIIE CNIOCOGOM ONMpPENEsIoTCs
COOTBETCTBYIOIIHE HM BBIXOAHBIE CJIOBA Q(p).

ABTOMAT HAa3bIBAETCH KOHEYHbIM, €CJH KOHEYHHl BCE TPH OIpe-
Jensionux ero muoxecrsa U, X, 9. IlocKonbky Mpl orpaHHuHBaemcs
paccMOTpeHHeM MOUYTH HCKJIIOUHTENHHO KOHEYHLIX AaBTOMATOB, CJIOBO
¢KOHEYHBLIA» YacTO ONMyCKaeTcA. ABTOMAT Ha3pBaeTCA 6HOAHE ONpe-
OeneHHoim, €CH ero (PYHKLHH NepexofioB M BLIXOJOB 33JaHHl HA BCeX
napax (a, x), ¥ wacmutHeim — B TPOTHBHOM CJy4ae.

Koneunnle aBroMaThl NPHHATO 3ajaBaTh JABYMA TaGJMUAMH, Ha-
3bIBAEMBIMH COOTBETCTBEHHO Tal/uiedl nepexofoB M TabGauuedl BHIXO-
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moB aBroMarta. CTpoku o6eHx Tab/ul 0GO3HAYAIOTCS PAas3JIHYHBIMH
6ykBaMH BXOZHOrO ajidaBura ¥ aBTOMaTa, a CTOJGLEl — PA3JIHYHBIMH
ero cocrosiuusiMH. Ha nepeceweHuu x-off CTPOKH H g-ro crosnbua Ta-
6/HLEl NepexofoB CTOMT 3JeMmeHT O(a, x), T, €. HEKOTOPOe COCTOSHHE
aBTOMAaTa M3 MHOXECTBa €ro BHYTPEHHHX COCTOSIHHH, a Ha mepeceye-
HHH X-OH CTPOKHM H @-TO CTOJI6LA Tal/HIIbI BLIXOZOB — 3JI€MeHT A(a, X),
T. €. HeKoTopas OykBa BhIXOZHOro aJspaButa ) aBromata. Tem
caMelM 3ajaHde TaGaul [ePeXofOB U BHIXOAOB ONpefe/ser KAK MHO-
KecrtBa X, 9), A, TaK ¥ QYHKUHH NepPEXOA0B H BbLIXOLOB aBTOMATA.
JiA GUKCHPOBAHMS HAuaJbHOTO COCTOSIHHS NPHHATO OOBIYHO 0603HA-
YaTh 3THM COCTOSIHHEM MNepPBBIA cJi€Ba cTos0en OGEHX YHOMSAHYTEIX
ta6auu. Takum o6pasoM, yAaercs 3aaBaTh C MOMOILGIO ABYX TaGJHIL
IIPOM3BOJIbHLIE KOHEYHble aBTOMaTel, B TOM UHCJA€ H HHHUHAJbLHEBIE,

Jpyrum cnoco6oM 3ajaHHs KOHEYHBIX aBTOMAaToOB, 00GecreuyHBaio-
MM GOJIBIIYI0 HATVISAHOCTD, ABJSETCA 33AaHHE aBTOMATOB ¢ MOMOILBIO
Hanpassernnsix epagos. Bepumubl rpada (n3obparkaeMble HA PHCYHKax
B BHAe KDPYKOUKOB) OTOXKIECTBJSIIOTCS C DPA3JHUHHIMH COCTOSHHAMH
aBroMaTa. CTpesKa, COeENMHSIONAS BepIMHY i ¢ BEPIIHHON j, O3Ha-
YaeT, YTO CYILECTBYeT BXOXHOH CHIHAA X, NePeBOAAIMUA aBTOMAT H3
COCTOsIHMsL [ B COCTOSIHHE j, T. €. YJOBJETBOPAIOMMH COOTHOILIEHHIO

J=06(, x).

Uto6hl OTMHYAThL, KAKHMH HMMEHHO BXOAMBIMH CHTHAJIAMH BEHI3LI-
BaeTCsA JaHHbIA [epexof aBTOMATa M3 COCTOSIHHS { B COCTOsSIHHE i
CTpeJKa, COeNHHSAIWAs COOTBETCTBYIOUIHE STHM COCTOSIHHSAM BEPIIHHEL
rpaga, oTrmeuaercsi CHMBOJIAMH 3THX BXOJHBIX CHTHAJOB. BHXOomHOH
CHIHAN y, onpepeiseMbii napoit (i, x), oOblyHO CTaBHTCA Ha rpade
PAIOM C BXOZHLIM CUTHAJIOM X H AJSI OTJAMYHMS OT BXOAHBIX CHIHAJIOB
3aKJI0YaeTcs B CKOOKH.

PaccmoTpumM mnpumep 3ajaHMsi KOHEYHOTO aBTOMATa C  I[OMOIIBIO
Tab/HI, NePexXoJoB M BHIXOJOB HampasJenHoro rpada. BreiGepeM auas
3TOH UeJH OTHOCHTE/NLHO NPOCTOR AaBTOMAT C TpeMs BHYTPEHHHMH
COCTOAHHAMH 1, 2, 3, NByMst BXOAHHIMH CHTHaJaMH X, ¥ H AByMs BH-
XOIHBIMH CHTHaJamMM u, o. IlpeamosioskuM, 4To YKasaHHBI aBTOMAT
sajaercsd Tab/MMUAMH MEPEXOfOB H BHIXOJIOB

|123 123
x2|3’3’xuuv'
y3!22 ylolulu

OTuM Ta6mMUaM COOTBETCTBYET HANpaB/ieHHHI rpad, H306GpaxeH-
Hplli Ha puc. 8

ABTOMaTHl, paCCMOTPeHHLIE HAMH BHIIE, NPHHATO OOLIYHO HAa3Hl-
Bate agmomamamu Muau (no UMEHH yueHOTo, BIepBble pacCMOTpPeB-
HIET0 HEKOTODbIe BONMPOCH, CBSi3aHHHBIE ¢ (DYHKIHOHHPOBAHMEM TaKHX
aBTomaroB; cm. [55]). Ha mpakTuKe 4acTO NPHXOZHTCS HMETb JEJO
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TaKKe ¢ HECKOJIbKO HHAue Onpelie/isieMbIMH aBTOMATAMH, HAa3bIBAEMBIMH
asmomamanu Mypa (cm. [57]).

Astomatht Mypa orsmuaiorcs OT aBTOMatoB MHJIH TONBKO CrOCO-
6oM onpeneseHHs HX (yHKIHH BbIXOHOB. BMecTo cooTHoumeHus

y() = A(at—1), x@),

OTpENeSIONEero BhIXOMHON CHIHAN AJS
aBTOMaToB MuJH, B cayyae aBTOMa-
ToB Mypa HCnosbdyercsi HeCKOJbKO
HHOE COOTHOIIIEHUE

y () = n(a@). (46)

C nomomelo cooTHoureHus (46) wu

BHIIIHCAHHOTO COOTHoLIeHHS (44), Kak

x(v) H B NPebfyIieM clydae, onpeieiserca

Puc. 8. oto0paxeHHe, HHAYUHDyeMoe JIOGHIM

. JaHHBIM aBTOMaTOM Mypa. o

B cuay npuuMH, KOTOphI€ OYAYT PacCMOTDEHbI HHXKe, (YHKIHMIO

y = w(a) HasoBeM clsunymoti @ynryued evixo0os asmomama Mypa.

3nauenne 3TOH (YHKUMH Ha JOOOM COCTOSIHHH @ NMPHHATO Ha3bIBATh

ommemxotl 3Toro cocrosnus. Koneunsie aBromatsi Mypa ygpo6Ho 3a-

JaBaTh C MOMOIIBIO TaK HAa3EIBAEMBIX OMMEHEHHbIX mabauy nepexodos.

OTMeueHHast TaGiUMIA NEPEXOOB IpeAcTaBAsieT co6of He UYTO HHOE,

KaK oGuIuHYIO0 TaGJHIly TNepexojoB aBToMaTa, y KOTOPOi Haj, CHMBOJa-

MH COCTOsiHHHA, 0603HAYAOMMX pas3/uuHple CTOJNOULl TAaGMHILI, IPO-

CTaBJIeHbl OTMETKH 3THX cocrosinuii. Hanmpumep, ormeuennas rtabauna
nepexo/ioB

3ajaer aBromaT Mypa, mmeiomuii Ty Xe camyio TaGiuIly IepexoloB,
uTO M aBTOoMaT MuJH, y KoToporo coctosHmsiM 1 H 2 cooTBeTCTByeT
BBIXOJHON CHTHaJ ¢, a COCTOSHIIO 3 — BHIXOAHOM curHan v. [lpu
H300paxeHun aBToMaroB Mypa ¢ nomouisio rpagoB CHMBOJB! BEIXOIHbBIX
CHIHAJIOB OTMEUaloT COOTBETCTBYIONIYE HM BepIIUHL rpada, a He pebpa,
KaK B CJiyyae aBTOMatoB MHJIH.

YCJIOBHMCS CUHTATh, YTO Bpljaya BHIXOAFHIX CHTHAJOB y aBTOMara
Mypa HaunmHaercst ¢ MOMeHTa BpeMeHH / = | (a He ¢ MOMEHTa BPeMeHH
t =0). Ilpn s3rom ycmosuu ana moGoro aBToMata Mypa A, HeTpyaHo
TIOCTPOHTL aBToMaT Muusn A,, HUMeOIH#A Ty XKe camyio TabJHIy Me-
PEXOf0B M HHAYLHPYIOUKI TO XKe camoe oro0paxeHHe, 4To H aBTo-
Mar A,.

HeiictBurensHo, ecan 8(a, x) — QyHKUMSA TEpEXoioB U p(a) —
CIABUHYTasi (PyHKLHSI BbIXOJOB aBToMaTa Mypa A,, To MOXHO ompele-
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JuTh aBToMar Muam A,, 3ajaB ero ¢ymkuuell nepexomos 8(a, x) H
¢yukuuel BuIXon0B Afa, x) = (8 (a, x)). Torma

yO) =r(a@t—1), x@) =p@at—1), x) =p(a@),

deM H Jl0Ka3elBaeTcsi, UTo aBTOMaTet A, H A, COBEPIUEHHO OJHHAKOBO
pearupyiooT Ha J06Yyi0 NOCIeR0BaTeIbHOCTL BXOJAHBIX CHIHAJ0B. OmnH-
CcaHHOe IOCTPOEHHe Ha30oBeM MHHTepIlpeTallHedl 3aJaHHOro aBToMaTa
Mypa xax asmomama Muasu. ®usnueckuil cMeIc/ NOJOGHON HHTEpMpe-
TallMd (B peasibHBIX aBTOMAarax) COCTOHT B CIBHI€ aBTOMAaTHOTO Bpe-
MeHH Ha OJMH 3JIeMEeHTapHhi MPOMEXKYTOK BpEMEHH, B CHJY YE€ro B
NOCTPOEHHOM aBToMare Musn A, BHIXOAHBIE CHTHAJBI ONMEPEXAOT HA
O/lHY €IWHHIY aBTOMATHOIO BPEMEHH COOTBETCTBYIOUINE UM BHIXOLHLIE
cursassl aBToMara Mypa A;. ViMeHHO M0O3TOMY GYHKUMH BHIXGIOB aB-
ToMaToB Mypa HasuBalOTCH CABHHYTHIMM (DYHKLUMSIMH BBIXOJOB.

OnHucaHHBI BPEMEHHOH CIABHI JlaeT BO3MOXKHOCTb paccMaTpHBAaTh
aBromatsl Mypa Kak uacTHelii cAyuail aBroMaroB MuuM Bcakuil pas,
KOTJla HaC HMHTepecyeT He HCTUHHOE BpeMs IOSBJIEHUS TOrO HJIH HHOTO
BbIXOJHOI0 CHTHAJA, a JIHIIb NOPSJOK CJIEIOBaHNs BRIXOLHEIX CHTHAJIOB
Bo BpeMeHH. VIMeHHO ¢ TakHM NOJIOXKEHHEM Mbl CTaJKHBaeMCst B ab-
CMpAaKmHoll meopuu Qsmomammos, HHTepecylomedcs JHIL oToOpaxKe-
HUMH, HHAYLUUDYEMBLIMH aBTOMATaMH M IepPexXofaMH B MX NaMsaTH, a
He crnoco6oM CoCTaBJ/EHHS JJaHHOTO aBTOMaTa M3 HMEIOIHXCH B HauleM
pacropsIKeHHH 34eMeHMapHblX aBTOMATOB.

Tlpu pemenun nocJemHero Bompoca, COCTAaBJIAIOIMLErO NpeIMeT TaK
Ha3BBaeMoll cmpykmyprol meopuu aemomamos, aBromatsl Mypa npu-
XOJHTCA paccMaTpHBaTh KaK OTAEJbHHIH KJacC aBTOMAaTOB, He SBJfA-
IOUMACA COOCTBEHHRIM MOJKJACCOM KJacca BCeX aBTOMAaToB MuJH.
PasjiHuHe MeXAY STHMH JBYMs KJacCaMH aBTOMaTOB B CTPYKTYyPHOH
TeoOpHH 00GYCJIOBJHBAETCst TEM, YTO B aBTOMaTaXx MUJHM BuIXOZHOH cHI-
HaJl BO3HHKAEeT OHOBPEMEHHO ¢ HHAYLHPYIOUHM €ro BXO/HEIM CHI'HAJIOM,
a B aBToMarax Mypa — c 3alepackoii Ha OJHY €IWHHILY aBTOMAT-
HOTO BpEeMeHH.

Bo3MoXHOCTh HHTEpIpeTanud Bcsikoro aBTomara Mypa Kak aB-
TomMata Musau B aGcTpakTHOH TeopuH aBTOMAaToOB He O3Hawaer, pasy-
MeeTcsl, HAJHUHA o6paTHoH Bo3MOXKHOCTH. TeM He meHee 1Jsi Jio6oro
aproMaTa Muan A MoxHO mocTpouTh aBToMaT Mypa B, xortopwiii 6y-
JeT HHAYLHPOBATh TO XKe camoe oToGpaxenue, uto u aBromar A. Ilpu
3TOM, B OTJIHYKE OT NPEILIAYIIEr0, MHOXKECTBO COCTOSIHMH aBroMaTa B
He OyneT, BooOiie roBops, COBNAajaTh ¢ MHOXKECTBOM COCTOSIHMH aBTO-
maTta A, Xord M 6yJeT KOHEeuHnIM BCAKHE Pa3, KOTJa KOHEYHO MOCJIEN-
Hee MHOXKECTBO.

JleiCTBUTENLHO, MYCTH 3ajaH TNPOM3BOJbHBIE aBTOMaT Muau A
C MHOXECTBOM cocTosiuMi A, BxogHmiM andaBuToM X, BHIXOAHBIM
anpasurom Y), ¢yuxumedl nepexonoB &(a, x), GyHKUHMEHd BHIXOEOB
AMa, x) 4 Hava/ILHBIM COCTOSIHHEM Q. YCJOBHMCS JJIs IPOCTOTe 000-
3HQYeHHI 376Cb M jajiee BMeCTO (DYHKIHH IepexolioB YNOTPeOAATH
CHMBOJI YMHOXKEHHsi, 0603Hauasi sHauenve (yHkuuu d(a, x) npousse-
JeHHeM ax.
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Iloctpoum aBToMaT Mypa B, Bhi6paB B KauecTBE MHOXKeCTBa ‘B
ero COCTOSIHHI MHOXXECTBO, COCTOsIIII€E H3 HaAuaJIbHOTO COCTOSIHHSA 4,
H MHOXECTBA BCEBO3MOXKHBIX nap (a, x), rme a€ U, x € X. Bxoauoit
H BHXOJIHOH ajihaBUTHl aBTOMaTa B cOBNajaloT COOTBETCTBEHHO ¢ BXO-
HbIM H BHIXOAHBIM aJipaBuTamu aBTOMaTa A. DYHKUHIO NEepeXonoB
aBToMata B ompegenauM, noJaras

aox == (ay, X) u (@, x,) x; = (ax;, x)).

CasunyTyio ¢yHkumio BelxofoB u(b) aBTomMaTa B onpegenum Ha
KaXJI0M COCTOSIHUM b = (a, X}, OTJIAYHOM OT HAYaJLHOTO COCTOSHHS
Qp, ¢ MOMOmBIO COoOTHOIWEHHA ®(b) = A(a, x). Ha HauvajnHOM cocrost-
HUM 3HaueHHe (PYHKUMH U MOXKeT GBITb BIOpaHO NPOH3BOJLHO. B pe-
3yJbTaTe MOCTPOEH HEKOTOpuiH aBToMaT Mypa B.

HeTpynHO NOHATH, YTO aBTOMaT B WHAYOHDYeT To Xe caMoe OTo-
Gpaxenue, yro u aBToMat A. B camoM gene, o6osmauum GyKBoH ¢
oTroOpaxeHHe, HHAyLHDyemoe aBTomMaToM A, a GykBoil ) — oToGpa-
JKeHHe, MHAyuHpyemoe aBToMatoM B. Ilycts aas mmo6oro BXOZHOTO
cJOBa p = p;X; BAMHBL n > 1 yXe pokasano, uto ¢(p) = P(p) = ¢
(mna BxomHOro cJoBa JJMHBL 1, T. e. mis mo6oro ofHOGYKBEHHOTO
CJI0Ba X, OueBHMAHO, @(x) = YP(x) = Ala,, x)).

PaccmoTpum peakuuH oOOUX AaBTOMATOB Ha HPOHU3BOJLHOE CJOBO
pXx; LJHMHBL 1 -4 1. YcjoBHMCs 37ech H jaJee cjoBoM al o6o3HauaTb
COCTOsIHHE, B KOTOPoe INepeijer aBTOMAaT, HaXOAAMMICHA [epBOHA-
yaJbHO B COCTOSHHH @, €CJIM Ha €ro BXOj NocjaenoBaTelsHO, GyKBa 3a
6YKBOH, mojaTh IPOM3BOJBHOE BXOAHOe cJioBo /. B cujay omnpegese-
HHA (QYHKLHH IepexofoB B aBTOMaTte B, a,p = (Qyp;, ¥;). Ilocse no-
Jaud Ha aBToMathl A M B BXojHOrO CHrHa/ja x; aBToMaT A Bhlgaer
BBIXOZHOH CHrHa/l y = A(ay p, x;). ABromaT B, oueBHjyHO, Nepeijer B
COCTOSIHHE

b = (aop1X;, Xj) = (aop, Xj)

M BHIJACT BHIXOZHOHN CHrHaJ p(b), paBHbIH, B CHJY onpeeseHus HYyHK-
LMK p, cHrHany A(a,p, x;).

Tem caMblM NOKa3aHO, YTO aBToMaThl A H B OJHHAKOBO pearupyioT
Ha Jo6ble BXOJHBIE cJoBa AJuHel n -+ 1. [IpoHsBogs HHAYKUHMIO MO 7,
NPUXOAHM K 3aKJIOUEHHIO, YTO OTOGPaXKeHHs, HHAYUHDYeMble aBTO-
maTamd A H B, OIMHAKOBLI. DTOT BLIBOJ| CNPABENJIHB HE TOJLKO JJIst
o6uIuHBLIX (BrioJiHe ONpENe/IEHHBIX) aBTOMATOB, HO H JJf YaCTHYHBLIX
aBTOMATOB.

Oxapaxrepusyem Gojee nogpoGHO oToOpaxkeHusi, HHEYLHDYeEMbie
aBToMaTamMH. 3aMeTHM, 4TO TpeGoBaHMe NpHXOJa BXOZHOIO CHTHa/Ia
H Bb[aua BHIXOJHOTO CHTHaJla B KkaxObii MOMEHT AaBTOMATHOTO Bpe-
MEHH, He BBINOJIHAIIeeC, Ha NePBHI B3V, BO MHOTHX KOHKPETHHIX
4BTOMAaTax, B JEHCTBUTEJbHOCTH JIETKO YIOBJIETBOPSETCS, €CJIH BBECTH
CrenHasbHple GYKBHL U1l 0G03HAYEHHA AYCMbiX BXOZHLIX H BHIXOLHBIX
CHTHAJIOB (T. €. OTCYTCTBHSI KaKHMX-MHGO peajibHbIX (DH3HUECKHX CH-
THaJOB) MU paccMaTpPHBaTb 3TH OVKBH HapaBHe ¢ ApPYTHMH OyKBamu
BXOAHOTO H BBHIXOJHOIO aJihaBHTOB.
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Jlerko Bujerb, 4To oTOGpaXKeHHe ¢, HHAYUHPYEMOE MPOU3BOJbHKIM
aBroMaToM Mypa HWian Musu, yAOBJETBODSAET ABYM YCJIOBHSM:

1) mobomy caosy I 60 exoOHom aapasume X omobpasicerue @ co-
nocmasasem ca080 ¢(l) & eoexo0rom aagasume ), umerowee 0durako-
ayio co caogom | Oauny; -

2) ecau cao60 Iy cosnadaem ¢ Ha4QAbHLIM Ompe3kom caoea I, mo
ca060 @(l;) Asasemcs HauarvHom ompeskom caoea ¢(l).

HasoBeMm chopMyJJHPOBaHHBIE YCJIOBHSI YCAOBUAMU QBHIOMAMHOCHL
OTOGpaXKeHHS @, a BCAKOE COOTBETCTBHE MEXKJY CJOBaMH B aJdaBu-
Tax X¥ M §), YZOBJIETBODPSIOMIEE 3STHM YCJOBHSIM, — QBMOMAITHOIM
omobpaxceruem, HIH GGHIOMAMIHOIM ONepamopo.

HeTpyiHo nokasaTh, UTO 6CAKOE asmomammuoe omobpascerue modxcem
Obims UROYYUPOBAHD C NOMOUBIO HEKOMOPO20 ABCMPAKMHO20 a8MOoMAma
(He 06A3ameAdbHO KOHEHHO20).

[TycTe aBTOMaTHOe COOTBETCTBHE ¢ OTOGPa)KaeT MHOXKECTBO CJIOB
B aigpaBute ¥ = (x;, Xy, ..., X,) B MHOXKECTBO CJOB B aJjdaBure ¥) =
== (Y3, Yzs -++s Ym). 11OCTPOHM aBTOMAT A, BHYTPEHHHMH COCTOAHHAMH
KoToporo GYAYT BCEBO3MOXHBIE C/I0Ba B aJdaBure X, npuueM Haualn-
HBIM COCTOSIHHEeM OyJIeT CJYXHTb NyCToe CJ0oBo € (CJ0Bo HyJeBoil
JUIHHBI, COCTOsIIlee H3 MYCTOTO MHOXKeCTBa OyKB). PYHKIHS MepexoioB
0 omnpepensiercs TpPUBHAJbLHO: €CjH [ — Jo0oe COCTOSIHHE aBTOMATa
(cioBo B andasure %), a x; — moGol BXOAHOH CHUTHAJ, TO 3HAYEHHE
¢yukuun 8(/, x;) nosnaraercst paBHLEIM COBY [x;. OnpenenuB GyHKUHIO
BBIXOZOB A cooTHouieHneMm A(/, x;) = y;, TAe y; — nocjenHsAs Gyksa
cioBa ¢(lx;), mnoJyuuMm aBTOMAaT, KOTODbI peajiH3yeT HCXOZHOE OTO-
6paxenHne g.

Ecau oto6paxkenue ¢ MHoXKecTBa c/oB B ajdaButre ¥ B MHOXKECTBO
cjoB B anapaBure J) 3ajaercss yaCTHYHLIM aBTOMaToM, TO OHO Gyjer,
pasymeercs, JHiIb YaCTHUHBIM OTOGpaKeHHEM, ONpeJesicHHHMM HE Ha
Bcex cjoBax. OpHAKO [/1s1 Hero mo-npexHeMy GYZYT BHIMOJHATLCA 002
YCJIOBHS aBTOMATHOCTH NpH JONOJHHTEILHOM NPEANOJIOKEHHH, UTo @(/)
cyulecTByer. Bropoe ycioBHe aBTOMAaTHOCTH INpH 3TOM INpHoOpeTaer
ycHaeHnyo dopmy: ecau @(l) cywecmsyem, a Iy — HAuAAbHOUL OMPE3OK
caoea I, mo @(ly) cywecmeyem u cosnadaem C HEKOMOPBLIM HAYAALHBIM
ompe3skom caoea ().

HazoBem nmepeppasupoBaHHBE YCJIOBHS YCJIOBHAMH G8MOMAMHKOCILE
yacmuuro2o omobpaxcenus ¢, a BCAKOE 4acTHUYHOe OTOGpaXKeHue, yjo-
BJIETBOPAIOIIEE 3ITHM YCJOBHAM, ~— 4ACHUYHOIM  QSHOMAMHbIN  OMO-
bpasiceruenm.

Jlerko yCTaHOBHTbL CHPaBefJHMBOCTb CJEIYIOHIETO MPEAJIOKEHHA.

Teopema 1. Bcaxoe uwacmuunoe asmomamuoe omobpaicerue moxcen
Goime UHOYYUPOBAHO € NOMOWBIO HEKOMOPO2O HACHIUKHOZ0 A8MOMAMA
(ne obOssameavbro KoHe4HO20).

STo npeisiokeHHe JOKA3LIBAeTCsi TOYHO TaKUM XK€ crnoco6oM, Kak
H B cjJyuyae MoJHoro oroOpaxenusi. Pasnnune zakmouaeTcs B TOM,
UTO COCTOSIHMSIMH YacTHYHOT'O aBTOMara CYHTAIOTCs He BCe CJioBa BXoj-
Horo andaBuTa, a JHIIb T€ U3 HUX, HA KOTOPHX OIpeneneHo ortobpa-
XKeHHe .
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VYcJ0BHS ABTOMATHOCTH Ha IEPBBIH B3IV OUE€Hb CYKHUBAIOT KJjacc
oTO6paKEHHH, KOTOPHIE MOXHO 3a/aBaTh C IIOMOIIbI0 AGCTPAKTHEIX
aBTOMaToOB. XOpOIIO H3BECTHO, B YaCTHOCTH, YTO TPeGOBaHHE paBeH-
CTBa JJIHH BXOJHBIX M BBEIXOZHBLIX CJIOB HE VIOBJIETBOPSAETCS AJSA GOJb-
mieli 4acTH aJiTOPHTMOB, KOTOpbl€ NOJIKHBI BHITOJHATHCS TEMH HJIH
HHBIMH KOHKDETHBIMH aBTOMAaT&MH. JTO 3aTpyAHEHHe, NPEACTABJAI0-
meecss Ha MeEPBLIA B3IV BeCbMa CEPLE3HLIM, B JEHCTBUTEbHOCTH
JErkKo YCTpaHsieTcd ¢ INOMOLIbIO MEPEeKOJHPOBAaHHA BXOAHOH H Bol-
xonHol HHQpopMallMii HA OCHOBe BeCbMa IPOCTOro NpHeMa.

CraufapTubii IpHeM INPEBpameHUus JioO0r0 YacTHYHOIO COOTBET-
CTBHS ¢ MEXJY CJIOBAMH B ajipaBUTax X M ) B UacTHYHOE aBTOMAaTHOE
COOTBETCTBHE OCHOBAaH Ha BBENeHHH B ajdaButel X W ) He comepxa-
meiics B HHX DaHee OYKBHI ¢, KOTODYIO Has3oBeM nycmol Oyxeoi.
TosiBaenue nyctoii GYKBEI Ha BXOHE aBTOMaTa COOTBETCTBYET CJYHalo,
KoCjla Ha BXOJ aBTOMAaTa B JeHCTBHTEJNbHOCTH HHYEro HE INojaercs.
AHaJOTHYHO MOSBJEHHE MYCTOH 6YKBHI B KaueCTBE BHIXOJHOTO CHCHAJja
O03HAuaeT OTCYTCTBHE KAKOro-AMG0 CHUrHAJAa Ha BBHIXOJE aBTOMATa.

PaccmoTpuM NpOH3BOJIBHOE CJOBO [ JJIHHHL i B ajdaBHTe X, Ko--
TOPOMY NepBOHava/lbHO 3aJlaHHOE HaCTHYHOe O0ToOpaxeHue ¢ CoNocTaB-
JseT cjoBo g = ¢(/) B anadasure ), umeouee Aauny m. OG03HAUHM
6ykBoii /; cioBo B anadasute X; = ¥ U (a), nosyuaiouieecs B pe3yJb-
Tare NPHUIHKCHIBaHUA K CJOBY [/ cnpasa m 3K3eMIApoB GYKBel a. AHa-
aoruygo OyKBOH ¢, 0603HauMM cJioBo B aJdasure 9, =¥ U (a), no-
Jydaioleecss B Pe3yJpTaTe NMPHIHCHIBaAHHA c4e6a K CIOBY ¢ n 5K3eM-
nasipoB 6ykBol a. HasoBeMm sToT npuem cmandapmmusim npuemom soipas-
Hueanus 04Ul caos.

OnpenennM HOBO€ YaCTHYHOe OToOpaxKeHHe ¢; MeXAy CcJOBaMH B
ancdaButax X, H §),;, nosnaras g, = ¢;(/;) ¥ NOBTOpsiA ITOT NpHeM IJs
aioboro cqaoBa [ B andasuTe X, Ha KOTOpoM OToOpaxkenHe ¢ ompese-
JneHo. [oonpenennm 3To COOTBETCTBHE HA BCEX HAYaJIbHBIX OTPE3Kax
[ cnosa [,, nosiarasi, 4to @,(/{) coBnagaer ¢ HaYaJbHBIM OTPE3KOM
cJioBa ¢;(/;), UMEOILHUM PaBHYIO C l(|i) JJIHHY.

Tlpu TakoM poomnpejeseHHH BO3HHKaeT yrposa INOTEPHU OJHO3HAY-
HOCTH OTOGpa’keHMs ¢, MOCKOJBKY cJ0Bo /" MOXeT BXOZHTL B Kaue-
CTBE HAYAJILHOIO OTPE3Ka HE TOJbKO B MCXONHOE CJIOBO /;, HO H B JpYy-
THe CJIoBa, HAamnpHMEP B CJOBO §;, NOJYYEHHOE B Pe3YJIbTATE NpHMe-
HEHHS CTaHJapTHOIO IpHEMa BhIpaBHUBAHHUA JJIMH CJOB H3 HEKOTO-
poro cjoBa s B ajdpasure X.

Tak Kak cJioBo §; UMeeT BHJ| §; = SA ...q, 4 CJIOBO [; — BuA [; =
=[laa ... a, TAE ca0Ba § H [ ne cojepxaT GYKBH @, TO p = 8§ =/,
ecm cioBo 1 umeer crpaBa xOTd 6wl OfHY OYKBY @ : 1) = pa... .
B 5ToM ciiyuae, cJieloBaTesbHO, CJOBA §; H /, JOJIKHB COBIALATb MEXAY
€060l ¥ ONacHOCTH BO3HHKHOBEHHSI HEOXHO3HAUHOCTH HeT.

Ocraercst, TakuM o6Gpas3oM, pacCMOTpeTb CJjlydaii, KOrJa CJOBO
I = p cocrout HCK/MOUUTENLHO U3 G6YKB andasuta X. B aToM ciyuae
IJIMHa CJI0Ba p HE MPEBOCXOJHT, OUeBHAHO, AJHH cJoB / H s. Ho Toraa,
B CHJIY CTaHJApTHOrO NpHeMa BHIPABHHBAaHUSA AJIMH CJIOB, HavaJbHbIE

106



oTpesku C/0B @()) H @(s,), HMeOmue pPaBHYIO co cioBom [\ = p
IJMHY, COCTOAT CIJowWb H3 GYKBH o H, CJEJ0BaTeNbHO, COBMAAAIOT
mexpay coGoi. Taxkum o06pa3oM, BO3HHKHOBEHHE HeOjHO3HAYHOCTH
HCKJIOUEHO M B 3TOM CJydae.

[ocTpoenHOe HaMH dYacTHYHOe OTOOpaXKeHHe ¢, MEXAY CJOBaMM
B andpaBuTax ¥, 1 J), Mo CamMoOMy CrnocoGy MOCTPOEHHS YIOBJIETBODSET
06OMM YCJIOBHSIM aBTOMATHOCTH J1J1si YACTHYHBIX OTOGPaXKeHHH H mpef-
cTaBJjisier co6oi, CliefoBaTe]bHO, MCKOMOE YaCTHYHOE aBTOMATHOE OTO-
6paxenue.

OnucanHpld npHeM npeoGpasoBaHUst J00Or0 YacTHYHOrO oToGpa-
JKeHHsl B aBTOMATHOe SABJAeTCs OOImHM, QFiHAKO, HMEHHO B CHJIy CBOEH
O6IHOCTH, OH HE€ BCErJa NPHBOAUT K CAMOMY 3KOHOMHOMY (C TOYKH
3pEeHHUsl pPacXofOBaHHS JIONOJHHTEJbHLIX OYKB) pelleHuio. ITto 06CTo-
ATE/bCTBO OCOOEHHO JIerKO YSCHHTbL Ha CJydYae, KOTAA CaMO HCXOLHOE
yacTHyHOe oToOpakKeHHe ¢ YAOBJETBOPAJO OOOHM YCJIOBHSM aBTOMAT-
HOCTH. $ICHO, YTO caMblM 5KOHOMHEIM peEIl€HHEM B PacCMaTPHBAEMOM
cnyvae 6yfeT ¢, = ¢. MeXny TeM ONHMCAHHLIH CTAHAAPTHEIA NpueM (Ko-
TOpLIH MPHMEHHM, Pa3yMeeTCs, H B ITOM CJy4ae) NpHBeLeT K HEHYKHO-
MY YBEJHYEHHIO JJIMH HCXOJHBIX CJIOB, YYaCTBYIOU[HX B COOTBETCTBHH.

Taxum o6pasoM, HafileHHpldl OOMMI NpueM He H30aBJseT OT HeO6-
XONHMMOCTH NOMCKa 60Jle€ IKOHOMHHIX pemeHHH. Taxue s5KOHOMHEIE pe-
ureHus oOLIYHO HAXOAAT, Ao6aB.siA MycThie GYKBHI K CJIOBaM He Cpasy
B TOM KOJIMYECTBE, KOTOpO€ INpefycMaTPHBAETCS CTaHJAPTHREIM MpHe-
MOM BbIPABHHBaHHSA JNHH CJI0B, a MOCTENEeHHO, wial 3a IUaroM, NpoBe-
psisi Ha Ka)/IOM II1are BhIIIOJHEHHE YCJIOBHH aBTOMATHOCTH M OCTaHaB-
JIMBafACh, KaK TOJbKO OHH OKaXYyTCR BHIMOJHEHHBIMH B TNEPBLIA pas.
[lopo6Hplil ycosepuierHcmeosar ol IpHeM BolpaBHUBAHMA JJIHH CJIOB pa-
HO HJIM NO3JHO NpPHBENeT K BOSHUKHOBEHHIO aBTOMATHOIO OTOOpaXKeHHs .

Forpuloit uHTepec mnpejicTaB/isieT npobseMa HaXOXAEHHS 3KOHOM-
HOTO NEpPEKOJUPOBaHHS OTOOpaXKeHHs, 3aNaHHOTO HA TOM HJIK HHOM
aJrOPUTMHYECKOM f3blKe (HampuMep, Ha $3biK€ HOPMAaJIbHBIX aJITOPHUT-
MOB), C LleJIbiO NPEBPALIEHHsl ef0 B aBTOMAaTHOE COOTBETCTBHE, a TAKKE
3ajjaia NOCTPOEHHSI TEOPHH aJIrOPHTMOB, KOTOpbIE YIOBJIETBOPSIOT
YCJIOBHAM aBTOMAaTHOCTH H II03TOMY COKPAIeHHO Ha3bBAIOTCA asMmo-
mamusimu asrzopummamu. OnHH M3 BO3MOXKHBIX IOAXONOB K TEOPHH
'aBTOMATHHIX aJFOPHTMOB pa3BHBaeTCA B CJEAYyIOmieM naparpadge.

§ 2. CobuiTia u mpejcraBieHne coObITHH B aBTOMarax

[lycts A — npousBosbHbIl (BOOGILE rOBOPSI, YaCTHYHBI) HHHIHAJb-
Helll aBTOMAaT, ¢ — HHAyUHpyeMoe HM oToOpaxenue. Has xaxpod
6yxBul y; Buxopuoro anadasuta ) = (yy, 4, --., Y,,) aBToMara A pac-
CMOTPHUM MHOXKECTBO R; BCEX CJIOB { BO BXORHOM ajipaBure X = (X, Xa,...
.., X,) 3TOr0 aBTOMara, JJIs KOTOPHIX cJioBO (/) onpenesieHO H OKaH-
uyuBaerca GYKBOH y,.

Hazosem onpedesenrnoe makum obpasom muoxcecmeo R; cobvimuen,
npedcmagrennoin @ (HachiudHom) aemomarme A 8bIXOOHbIM CUSHAAOM Y;
(i =1,2, ..., m) Ecau M — a06oe MHONECMBO 6bIXOOHbIX CUSHAA08,
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mo coboimuem, npeocmasrenHsim 6 uacmuyrom asmomame A muoxce-
cmeom M, Oydem wnasewsame o6zedunenue coboimuil, npedcmagasemolx
BCOMUL DAEMEHMAMU IMO20 MHONCECMEd.

Jlerko BHIETb, YTO MHOXKECTBa R; MONapHO HE MepecekaloTcs, a
MHOXKeCTBO S Bcex ¢J0B B aspaBuTe X, He BOUIEMIIHX HH B OJHO H3
mHoXkecTB R; ({ =1, 2, ..., m), COCTOHT M3 BCEX 3aNlPEHICHHLIX JJIf
JAHHOrO YacTHYHOrO aBTOMaTa CJIOB. 3anpelleHHbIMH 3/leCh H jajiee
GyneM HasplBaTh BCe CJIOBA BO BXOZHOM aJ(haBHTE, KOTOpele NMpPH MO-
Jade UX Ha BXOJ JaHHOTO YAaCTHYHOrO aBTOMAaTra NPHBENYT XOTS Obl HJs
OJIHOTO COCTABJIAIONIEI0 MX BXOJHOIO CHTHAJNA K He ONpeleseHHOMY B
aBTOMATe BHIXOJHOMY cHrHasy. COBOKYNHOCTH BCeX 3amnpelleHHHX
cJoB S YCJIOBHMCSI Ha3blBaTh 064acmefo 3anpema RAHHOTO YaCTHYHOTO
aBromara A. YciaoBuUMcs eille coOniTHEeM B andaBute X HA3BIBATH JIIO-
60€ MHOXKECTBO CJIOB B 3TOM aJihaBHTE.

Hcxops U3 BBEIECHHBIX ONPEIEJEHHH, MOXHO CHOpPMYJHpPOBaThH NO-
JAyYEHHEIH BHIllE PE3yJbTaT B BHAE CJEIYIOLUIEro NpPeJJIOKeHHUs.

Teopema 1. 3adanue 4aCMu4HO2O GBMOMQMHOZ0 OMOOPANCEHUA @,
peaausyemoeo Hacmuutbim asmomamom A c éxo0nuim arpasumom X =
== (%1, Xa, -y Xn) U C GoIxOOHOIM aapasumorm D = Yy, Yay --es Ym)s
00HOo3HAU KO onpedeasem pasbuerue mroocecmsa F ecex caoe e argasume
X na m 4 1 nonapro He nepecexaroujuxca coboimuil ¢ aapasume X, a
umerro coboimuti R;, R,, ..., R, npedcmasrennoix e asmomame A
BOIXOOHBIMU CUBKANAMU Yy, Ya, -.., Ym, U 0Oaacme 3anpema S O0aHH020
(wacmuunoeo) asmomama A.

U naobopot: 3Haa coGbitHa R,, R,, ..., R,, NpeIcTaB/eHHLIE B HE-
KOTOPOM YaCTHYHOM aBToMare A BHIXOJHBIMH CHTHAJIAMH Yy, Y, -ev) Yums
MOXHO OJHO3HAaUYHO BOCCTAHOBHTL peasH3yeMOe THM aBTOMAaTOM Ya-
cTHYHOE OTOGpaxeHHe ¢ MEeXQy CJIoBaMH BXofHoro ajacgaeuta X H Bhl-
xopHoro andasuta ), He noas3yace QYHKUHSMH NePeXofoB H BH-
XoJOB aBTOMAra.

IlycTe paHO NPOH3BOABHOE CJHOBO [ = X;X;, ... Xi, B ancasure
X. Idns kaxporo k(1 € & < n) nafigem BbIXOfHO# CHrHAJA yj, 1O Npa-
BHJIY: yj, €CTb BBIXOJHOH CHIHAJ, MNPEJCTaBJAIOMMA B aBTOMaTe A

coOpITHE R,-k, KOTOpO€ COJeDXKMT HAYaJbHBIA OTPE30K XX, ... X,

anuaH k choBa /. Ecau gas Beex kB =1, 2, ..., 1 CYLIECTBYIOT COOTBET-
CTBYIOIIHE HM yj,, TO nojaraeM @(l) = @(X,Xi, «. X;.) = YpYis-e Y-
B cayuae ke HeCyuiecTBOBaHHS XOTs Ol Ajs ogHoro k =1,2, ..., n

BHIXOJIHOTO CHTHana yj, ¢ TPeGyeMbIMH CBOHCTBAMU noJjaraeM, 4To Ya-
cTHYHOe oToGpaXKeHHe ¢ Ha CjoBe [ He ONpeJelieHo.

HetpyaHo BHaeTh, YTO B CHJY onpeleleHHs coObITHH, NPECTaB-
JIHHBIX B 4BTOMATe, BBEJEHHOE TaKUM o0pasoM YacTHYHOe oToOpaxe-
HHe @ KaK pa3 H GyIeT TeM YaCTHUHBIM OTOGpaKeHHeM, KOTOpPOe HHiy-
UHpyercst 3afaHHLIM YaCTHYHBIM aBToMatoM A.

Ha ocHoBanuu H3JI0XKEHHOTO MOXKHO cHOPMYJHMPOBAThH CJENYIONiee
NpeJIoKEHHE.

Teopema 2. 3a0aHue 4aCMU4HO2O QBMOMAMHO20 OMOOPANCEHUS P
MeweBy caoeamu 6 aspasumax X u Y = (Y1, Yo «.., Ym) 3K6UEANEHM~
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Ho 3adanuto coboumuté Ry, R, ..., R, npedcmaerennox 6 undyuyupy-
fouem omobpancentie © 4acmu4HoOM asmomame A 6oix00HaMU cuzHa-
AQMU Yy Yoy ++ s Ym-

Teopema 2 mopBoguT 623y noj H3yueHHe aBTOMATHLHIX OToGpamKe-
HHi (B 4YaCTHOCTH, aBTOMATHLIX aJTOPHTMOB). [/l ONMHCaHHS TaKHX
oToOpaxeHHH JOCTAaTOYHO 3ajaBaTh pPa3CHEHHE MHOMXKECTBA BCEX CJIOB
BXOJIHOrO asipaBHTa Ha KOHEYHOE YHCJO MONAapPHO HE NepeceKaromux-
ca cobertuii. st Toro 4ToObl COOTBETCTBYIOIIME OIHCAHHS HOCHJHM
KOHCTDYKTHBHBIH XapaKTep, HEOOXOAHMO OrPaHHUHTLCH paccMoTpe-
HHMEM JIMIUb TaKHX COObITHH, KOTOPbl€ JOMYCKaioT 3(deKTHBHOe Onu-
caHHe.

EcTecTBEHHO, 4TO NPOCTOE KOHCTPYKTHBHOE OMNHCAaHHE [JOMYCKAaroT
npexnae BCEro KOHEYHhe COOBITHHA, T. €. COOHITHS,, COCTOALIHE H3 KO-
HEYHOro yHc/a ¢JIoB. X MOXHO OMUCHIBATH C MOMOIILIO IPOCTOrO Mepe-
YUCJIEHUsT BXOAAIMX B HHUX 3J€MeHTOB. [l XapaKTEPUCTHKH HeKo-
TOPHIX BaXKHBIX KJacCOB OeCKOHEYHBIX COOBITHE I1e7ecoo6pasHo BBe-
CTH psif onepauuii Ha MHOXKeCTBe COGHLITHH, NDEBPATHB TEM CaMbIM
9TO MHOMXKECTBO B ajre6py — aare6py CoOwbITHII.

Jns pammx uenedi HauGosiee ynoOHOH fBJIseTcs CHCTeMa M3 Tpex
omepalHii, NPEICTABJAAIOMHUX coboll MoaubHKalM© onepauuf, BBe-
nenupix Bhepeole Kuunu [40] (cM. takxke Konu, Daror, Paiit [45] u
[inywxos [21)). ‘

IlepBofi omepaumeil saBJsf€ICA ONepalUUs TEOPETHKO-MHOMXKECTBEH-
HOTO 0OBbenHHeHHsI coOpiTHH. Bynem o6Go3Hauars 3Ty omepaunuio cHM-
BOJIOM \/ H HasbBaTh Ou3sronkyuell coboeimull.

Bropo#i onepalMell sABNAETCA ONEPALMA YMHONEHUR cobbimuLi, Ko-
TOPYIO HEe CJelyeT NyTaTh C OHepanuell TeOPeTHKO-MHOXKECTBEHHOTO
nepeceuenusi. Ecan cobpitie S cocTouT U3 ¢oB [ (a €M), a cobniTHE
R — u3 cuoB ga(B €N), To npouseederuem cobounuii S 1 R HasbBaeT-
cs1 COGbITHE, COCTOAILEE H3 BCEBO3MOXKHEIX CJIOB BHJA logp (a€ M, BE N).
Onepauust YMHOXEHHs COOBLITHH HEKOMMYTaTHBHa: BooGuie TroBops,
cobuitisi SR u RS passnuHbL

Tperneli onepauuedl sBJseTcs TaK Ha3biBaeMas umepayus cobol-
mus, 1 0603HadeHHs KOTOPOH GyJieM ynoTpeG/ATh PUrypPHBIE CKOGKH,
taKk 4to {S} oGo3Havaer HTepauuio cobpitHsa S. Hrepanus moGoro
coOpitisl S onpefesieTcss Kak oObelHHEHHE NYCTOro CJOBa, COGHLITHA
S =381, cobuitust S-S =52, coOuitua S-8S =8% u T. 1. 10 GeckoHeu-
Hoctd. Huaue rosops, ecnu cobpitue S coctout u3 cJoB [y(a € M),
TO ero HTepauus {S} COCTOHT M3 BCEBO3MOXKHEIX CJIOB, HMEIOMIHX BHJ
loda, .- lan, THE Oy, sy ..., 0, €M, an =0,1,2,3, ...

Qurypuoie CKOOKH, NpHMEHsieMbie HIJs 0603HAUEHHsT HTEpalluH,
GyleM Ha3bBaTL umepayuornoimu ckobxamu. JIns 0603HaueHHs MO-
pfAnKa JedcTBHH GyjeM N0Jb30BaThCH KPYIJBIMKH CKOOKaMH, KOTOpblE
Ha30BeM 06bikHoseHHbiMU. TIPH OTCYTCTBHH CKOGOK, H3MEHSIIONIHX 00bIU-
Hbll MOPAMOK JEeHACTBHH, MEPBLIMH JOJIXKHbBI BBLINOJHATHCA HTEPallHH,
3aTeM YMHOXEHHsi H, HaKOHel, IU3BIOHKIHH.

Yc/I0OBUMCSH OHO3JIEMEHTHbLIE COOBLITHSH, T. €. COOBLITHS, COCTOALHE
M3 OfHOro cJioBa, 0603HauaTh CHMBOJIOM 3TOoro cJjoBa. Ecian X =
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= (X1, X2y ey X,), TO JACMEHMAPHOIMU COOBIMUAMUL 8 IMoM ampasume
HasplBAIOTCST M -}~ 1 OJHO3JIEMEHTHBIX COOBITHH Xj, Xy, ..., X,;,E.

- 3p1eck H janee OYKBOH € GyaeM 0603HAUaTb nYycrmoe CJIOBO, COCTOS-
[iee H3 MYCTOTO MHOXKECTBA OyKB H HMEIOILee, CJAEIOBATENbHO, HYJe-
BYIO JJIHHY. DTO CJIOBO HIPaeT JUIUb CJAYXKeGHYIO, BCIOMOTATENbHYIO
poJb. YCJOBHMCSH, B YaCTHOCTH, HE€ CUHTATb pAa3JHUYHBIMH COOBLITHA,
OTJIHYAIOLIHecS] MeXKAY COOOH JIHIIbL NMYCTHIM CJIOBOM. TakuMm o6pasoM,
CJI0OBO MOXKHO IO KeJaHHIO JHGO NPHCOEAUHUTb, JHOO HCKJIOUHTL H3
J000r0 paccMaTpHBAeMOTO COOBITHS. DTO CBSA33aHO C TEM, YTO B CHJIY
NPHAATHIX HAMH OnpefeseHHit MycToe CJOBO He MoxeT OhTh npen-
CTaBJE€HO B aBTOMATe.

Beenem Tenepn mnoHsTHe, SBJSIONIEECT OJHHM H3 USHTPJILHLIX BO
BCEX IIOCJEYIOIHX PaCcCMOTPEHHSIX. ,

Peeyaaproim cobumuem 6 Kowneunom argasume X = (%1, X, ..., X,)
Ha3wsaemces a0doe coboumue, KOmMopoe moxcem Obimb NOAYUeHO U3
FAEMEHMAPHBLX COOLIMUTL Xy, Xay vy Xy, € 8 IMOM aighasume ¢ nOMO-
UbI0 NPUMEHERNUA KOHEYHO020 4lCaQ Onepaluil Ouazfomcquu YMHONCe-
HUA u umepayuu, .

D10 onpejenenHe BOCXOAHT K OIPEJEJNEHHIO DPEryJisipHOTO OBk~
THS, aanHoMy emwe Kmunu [40], XoTs mo ¢opme CyliecTBEHHO OTJIHYa-
erca ot Hero (cM. [aywkos [21]). 3ameTnm, 4TO OfHO H TO XKe COOLITHE
MOXeT ObITb NO-Pa3HOMY IPeACTaBJeHO yepe3 3JemMeHTapHble COOBITHA.
Kaxpoe Takoe npexncraBienne (popMmyay anireGpel coOwiTuil) Gynem
B JlaJbHEeHIeM Ha3bIBATH DPESYAAPHBIM BHLPANCEHUEM.

OnHOM U3 OCHOBHBIX 3afiay B aareGpe COGHITHH SBJSETCS YCTaHOB-
JieHHe 3aKOHOB $KBUBAAEHMHbIx npeobpasoearuil PerysapHbIX BbIpaKe-
HHH, T. €. TaKux npeoGpa3oBaHMi, KOTOPbIE HE H3MEHSIOT MPEICTaB-
JAEMbIX 3THMH BbIDaMKeHHSAMH COOBITHH (€ TOYHOCTBLIO JIO nycroro
CJIOBA ¢€).

K 3akonam, 0co6eHHO 4acTo MPUMEHSIONMMCS NPH SKBHBAJEHTHBIX
npeo6pasoBaHuiax B ajare0pe COGLITHH, OTHOCATCS 3aKOHLI accolHa-
TUBHOCTH AJ5 AH3BIOHKIOUH H AJsl YMHOXKEHHS, 3aKOH KOMMYTAaTHBHO-
CTH JJ5 AU3BIOHKIMH, JIEBHIH W TNPaBblil AUCTPHOYTHBHHIA 3aKOHB! JJISA
YMHOXKEHHS MO OTHOWeHHI0 K jAusbionkuud (S(RVQ) =SSRV SQ,
(RVQS = (RSVQS) u ap.).

3akoHbl JUCTPUOYTHBHOCTH [MO3BOJSIOT, B YaCTHOCTH, PacKphl-
BATb CKOOGKH M BbIHOCHTbL OOLHe MHOXKHTEe/H 33 CKOGKH (Kak B 0ObI4-
Holi anre6pe). CregyeT JHIbL [TOMHHTb NPH 3TOM, 4TO YMHOXEHHE B
ajrebpe coOLITHH, BOOOIle OBOPS, HEKOMMYTATHBHO.

Jlio6oe CNOBO MOXKHO IPEICTABUTL KaK [POHU3BEJEHUE 3JIeMEHTap-
HBIX COOBITHH — OTJAEJbHBIX GYKB, COCTAaBJSIOMHX 3TO CJOBO. JTio6oe
K€ KOHeYHOe COObITHE MpejcTaBJjsercd B BHAE AH3BLIOHKUHMHM COCTaB-
Jsomux ero cjaos. Orciofa, B 4aCTHOCTH, CJeAyeT, YTO BCE KOHEUHLIE
COOLITHST peryJsipHEI.

Vcnonb3oBanue MTepalMH NPHBOAUT K MOCTPOEHHIO GeCKOHeYHbIX
peryJasipHbix coObiTHil. Bmecte ¢ Tem HeTPYAHO IOCTPOHTb IPOCTHIE
MpUMepbl HEPETyJsAPHHX GeCKoHeuHblXx coGuTHii. Ilns 3TOro mocra-
TOYHO BBIOPATh TAKYI0 BO3PacTaOUlyI0 I[10CJEI0BATENbHOCTL LEJIBIX
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yucesa1 ny, Mg, ..., N, ..., YTO PAE3HOCTH 1y —nfi =1, 2, ...) He
OrpaHHYeHbl B COBOKYIIHOCTH (3TOMY YCJOBHIO YJOBJETBOPSET, Ha-
npHMep, TOC/eI0BaTeNbHOCTh KBaJPATOB YHCEN HATYPaJbHOrO Psja),
H B m060M BXOAHOM aJjdaBuTe X MOCTPOHTHL COOLITHE S, cocTosllee H3
BCeX C/I0B B ajdapure X, UMeIOmUX JJUHBL, PaBHbIE 71; Ny H T. 1.

IMocTpoenHoe TakuM 00pasoM coObITHE S 0653aTENbHO HEPETryJIsPHO.
JleACTBUTENBHO, JAONYCKAasl NPOTHBHOE, MOXKHO ObLIO Obl HAUTH a8 S
HeKoTOpoe peryaspaoe BhipaxeHne R. IlockoabpKy cobwitue S Gecko-
HEUHO, 3TO BEIPaXKeHHe CONEPKHT XOTs Obl OJHH UTEPALHOHHLIE CKOOKH,
3aKJIOYalolIHe BHYTPH cefs BhIpa:KeHHe, OTJHYHOEe OT IIYCTOIo CJIOBA é.
3aMeHHM BCe OCTaJ/IbHbl€ HTepainHOHHBIE CKOOKH B BbIPaXKeHHH R my-
CTBIM CJIOBOM, @ BbijleJleHHble CKOOKH — BhIpaXKeHHeM {p}, rae p —
IPOH3BOJBHOE HEMyCTOe CJOBO H3 COOBITHS, 3aKJIOYEHHOTO B BHIjE:
JeHHble CKOOKH. B pesyabrare noJyyHM peryaspHoe BhpaeHHe R,
J.151 HEKOTOPOTO COORITHS, COAepKallerocsi B COOLITHH S.

M3 BripaxkenHss R, HENOCPeNCTBEHHO CJelyeT, UTo B coOpiTHE S BXO-
AT CJ0OBA BUIA rs, rps, rpps, rppps, ..., AJHHBI KOTOPHIX COCTaBJSIOT
GeckoH@YHYIO Bo3pacraioiyio apudmMerHyeckyio nporpeccuio. Ho 3to
IPOTHBOPEYHT crmocoby mnocrpoendst cobuTHa S. ClefoBaTenbHO, CO-
ObiTHE He MOXKeT ObiTh NPEACTaBJeHO HHKAKHM pEeryJspHbIM BHIpae-
HHEM, T. €. SIBJSAETCA HeperyJspHbIM COOHITHEM.

OnpeneldM elle MOHATHE YuKAU4ECKOU 2AyOurbt PETYJSIPHOTO BhI-
paxenus, NoApasyMmeBass Moj HeH MaKCHMaJbHOE YHCJO BJOXEHHBIX
IAPYT B Apyra nap HTepauHOHHHX CKOOOK, CofepXKauuxcsd B 3TOM BhI-
paxenud. Hanpumep, Boipaxenue {x{y} {x)} HMeeT IUKIHYECKYIO
riyGuny 2, a BopaxenHe (x\/y)x|y} — UHK/IHYECKYI0 IIyGuny 1.
Ton yuxauweckoli eaybunoil pecyrsiproeq cobbimus yCJOBEUMCA NOJA-
pasyMeBaTb MHHHMAJBHYIO UHKJIHYECKYIO INIYOMHY IPEICTaBJISIOUIHX
€ro peryJisipHbIX BLIPAXKeHHH. ,

Perynsipubie cooGuITHs HMetoT ocofoe 3Hauenue A1 aOGCTPaKTHOR
TEODHH ABTOMATOB, IOCKOJNbKY KJACC pecyaapHbix cobbunull cosnadaem
¢ Kaaccom cobeimuil, npedcmasumbix 8 KoHeuHvix agmomamax. B mocie-
Aylomux naparpadax JoKaxkeMm 3TO BaxKHoe MNpeAJOXKeHHe, 3JeCh Ke
PACCMOTPHM BOIIPOC O COOTHOLIEHHH KJAcCOB COOBITHH, IpeiCTaBH-
MBIX B aBTOMartax Muadu u Mypa.

O6biee onpefelenHte NMpeiCTaBdeHHsl COOBITHH B aBTOMaTe, JaHHOE
B Hayajie Hacrosiero naparpaga, OTHOCHJIOCH K aBToMaTy Muiu.
IMockoabKy aBromar Mypa sB/AETCH YacTHHIM CJy4YdeM aBTOMAarTOB
Muau, TO 3TO onpejleJeHHe MPUMEHHMO B MOJHOH Mepe H K Hemy. Oxn-
HAKO Ha IpaKTHKe AJs aBTomMaToB Mypa ypo6HO HpeAcTaBjsiTh CO-
GLITHSI HE CBOHCTBOM BBIXOA B MOMEHT NOJd4yH IMOCJEIHEro BXOJHOIO
CHTHAJA CJIOB, COCTaBJSIOMHUX COGHITHS, a CBOHCTBOM COCTOSIHHS aB-
TOMAaTa, B KOTOPOM OH OKa:KeTcs IocJje MOCTYILJIEHHS Ha BXOJ aBTOMAara
CJIOBA TOIO HMJIH HHOIO COOBITHS.

VHaue rosops, NPHHATO CYMTAaTh, 4TO B cjaydae aBTomatoB Mypa
COGHITHS NPENCTABJISIOTCS HEKOTOPLIMH MHONMCECMBAMY COCMOAHULL a8mo-
mama. B culy ompenenenus apromatoB Mypa, 3ToT cmoco6 mpen-
CTaBJIeHHs] COOHITHII COBEPIIEHHO 3KBHBAJEHTEH CMOCOOY IpeIcTaBJie-
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Hus COOLITHH MHOXECTBAMH BBIXOAHBIX CHIHAJIOB, PasHHIla COCTOHUT
JMIOL B TOM, YTO IPH NPEICTaBJEeHHH COGLITHI MHOMKECTBAMM COCTOS-
HH{l aBTOMAaTa OKa3biBaeTcs NPEJCTABHMBIM (C MOMOLIbI0 HAYaJbLHOTO
COCTOSIHHS) IIYCTOE CJIOBO €, KOTOpPoe He MoxeT OHTh NpefcTaBJ/IeHoO
HHKAaKHM BLIXOJHBLIM CHTHaJOM (€CJIM, pasyMmeercsi, He HayHHATb CYeT
BpPeMEHH C OTPHIIATEJbHBIX MOMEHTOB BPEMEHH).

OpHaKo BHIIE MBI YCJOBHJHMCb He CYHTATh PA3JHYHBIMH COGBITHA,
OT/IHYaIolHecs] APYT OT Apyra JIHIIb IyCTHIM CJIoBOM e. Ilosromy o6a
cnoco6a NPEACTaB/IeHHsA COOHTHH (COCTOSHHAMH HJIH BbIXOAHBIMH CH-
rHaJlaMH) B Clyd4ae aBToMaToB Mypa SIBJISIIOTCST AeHCTBHTE/ILHO 3KBH-
BaJIEHTHEIMH.

IMockosbKy aBromMarsl Mypa B aGCTPAaKTHOH TEOPHH MOXKHO pac-
CMAaTpHBATh KaK YACTHHI CJydail aBToMaToB MaJiH, KaXKercsl eCTeCTBEH-
HBIM, 4YTO Kjacc coObITH#, NpeicTaBUMHIX B aBroMatax Mypa, Gennee
KJlacca COOLITHH, NpPEACTaBHMBIX B aBToMarax Muau. B jeficrBuTE/b-
HOCTH 3TO HE TakK.

[pennosio:KHM, 4YTO HEKOTOpoe coObiTHE S NpeACTAB/IEHO B HEKO-
Topom apromare Musiu A MHOXKecTBOM M €ro. BHIXOZHBIX. CHTHAJIOB.
HerpynHo noHsTb, 4T0 coGbiTHe S MOXKET GHITh IPEACTABJIEHO HEKOTO-
PHIM MHOXKECTBOM BHYTPEHHHX COCTOsIHHI aBTOMata Mypa B (MRAyuH-
pyioniero To Xe caMoe oTobpaxkeHHe ¢, YyTo H aBTOMar A), KOTODPHIA
OBl MOCTPOEH B mpeapiymieM naparpade.

HanomuumM, 4TO COCTOAHHSAMHM aproMara B SBJSIOTCH BCEBO3MOXK-
Hple mapel (@, x), COCTaBJEHHLIE M3 COCTOSIHHM @ aBToMara A U 6YKB x
ero pxoanoro ajpaBura X, a Takxke HayaJbHOE COCTOSIHHE d, ABTOMAa-
ta A. CaeunyTas QyHKUHMS BBHIXOJOB W aBTOMaTa B Ha HayajJbHOM
COCTOSTHHH @, ONpenesieTCsl NPOM3BOJbHO, a Ha COCTOSHUH b =(a, x) —
C TOMOILBIO COOTHOWEHHS W(b) = A(a, x), rae Ma, x) — BYHKUHSA BH-
XojoB aBTOoMara A.

EcaHu A = gx; — NPOH3BOJbHOE HENYCTOE BXOJHOE CJIOBO, TO B aBTO-
mare A nocsendeli GYKBOH COOTBETCTBYIOUIEIO €My BLIXOJHOIO CJOBA
Gyner, oueBHAHO, OYKBa y = Alayg, x;). ABToMar B, Kak HETPYRHO
BHJEeThL, OyjeT ImepeBeleH CJAOBOM A H3 HAYaJbHOTO COCTOSHMS @, B
cocTosiHue (a,g, x;).

Takum 06pasoM, Bce HemyCThle CJOBAa HCXOLHOIO COOMLTHA 6ynayT
npejcrasJieHsl B aBTOMare B MHOXecTBOM K BCEBO3MOMKHBIX COCTOSI-
#Hull (a;, ¥;), AJs KOTODBIX CHpaBelJHBO COOTHOUIeHHe A(a;, x;) € M.

§ 3. AHanu3s KOHEYHBRIX aBTOMAaToB

Tlpo6nemMa aHajH3a COCTOHT B OINpeeneHUR cOOLITHH, MpPEACTaB-
JsieMbIX B aBTOMaTe MHOXKECTBAMH BHIXOAHHIX CHTHaJioB (B cJydae
asToMaToB MHJH) MJIM MHOXeCTBaMH BHYTPEHHHX COCTOsIHHE (B CJy-
yae aBroMatoB Mypa). ITockosmbky BesikHii aBToMaT Mypa MOXHO HH-
TepNpeTHPOBaTk KaK aBToMaT MHJH, [JOCTATOYHO HAYYHTHCS AHAJIH3U-
poBaTh JIMIIE ABTOMAaThl MHJIH,

Byaem pemars mpobieMy aHajw3a JHINL MJIS CJAYyYas KOHEUYHBIX
aproMatoB Muun. Bce mpefcraBisiemMbie B TaKHX aBTOMaTax COGLITHS
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HENPEMEHHO DeryJisipHbL. AJITOPHTM aHa/H3a NpHMEHslercs x Tabaunam
nepexojoB H BHIXOJOB AHAJH3HPYEMOTO aBTOMAaTd, 4 B KayecTBe 3aK-
JIOYHTENbHOH HH(POPMALHH JAeT PEryJIsipHble BhIPAXKEHUs A5 COBLITHI,
IIPEICTABHMbIX KaXJIbiM M3 BBIXOJHBIX CHTHAJOB aBToMmara. CoGhiTHe,
NpeJICTaB/seMOe TPOU3BOJIbHEIM MHOXKECTBOM BBIXOJIHKIX CHTHAMOB, 3a-
[UUIETCS TOTAA KaK JU3BIOHKUHSA COOKTHH, MPEACT2BJIEHHBIX OTAEb-
HBIMH BBIXOJHBIMH CHTHAaJaMH, COCTABJSIOMIAMH JaHHOE MHOMKECTRO.
PaccMOTpuM TNPOM3BOJIBHBIA KOHEYHBIH aBTOMAT Muad A ¢ mHo-
HECTBOM BHYTPEHHHX COCTOSIHHH (04, @y, ..., dp) C BXORHBIM aJ(haBu-
ToM X = (X, %2, ..., Xn) 1 BHIXOINHBIM an(aBHTOM ¥) = (yy, Ya, ..., Ypm).
Cyurast 3ajaHHBIMM HAuaJbHOE COCTOSIHHE @,, (QYHKIHMIO mepexo-
nos. 8(a;, x;) 1 GyHKUHIO BEIXOJOB A(a;, X;) aBTomaTta A, GyjleM HCKAThb
peryJsipHoe BolpaxKeHHe R JJs COGBITHSA, IPEACTABJIEHHOTO KAaKHM-
JIKGO BBHIXOJHBIM CHIHAJIOM, CKa)KeM CHTHAJIOM y,. BhinHiieM BHyTpeH-

HHe COCTOSIHMsA aBTOMATa &, d;, ..., G;,, B KOTOpbie aBToMaT A nepe.
BOAUTCS H3 HAYaJIbHOTO COCTOSIHHA @, IIOCJENOBAaTeJbHLIMH HayaJlb-
HbIMH OTPE€3KaMH €, X;, X; X, ..., X;X; ... X; HEKOTOPOIO BXOJ-

HOTO CJI0BA ¢. BCTaBJsisi CHMBOJIBI [OJTyYEHHBIX COCTOSIHHH B CJIOBO g
fI0c/ie COOTBETCTBYIOUIHX HM HAaYaAbHBIX OTPE3KOB, NpeoGpasyem 3TO
CJIOBO B HOBOE CNOBO ¢’ = Q,X;@;X; ... G}, X;a; , KOTOpoe ycJo-
BHMCSt Ha3LIBATb NYMEM, COOMBEMCMBYIOWNM CA08y q. Y]ands B 3a-
JaHHOM IyTd CHMBOJIBI BHYTPEHHHX COCTOSIHHH @;, NOJYYHM BXOJHCE
CJIOBO, COOTBETCTBYIOllee NAHHOMY ITyTH.

Bynem eme ynotpeGasTh Tak HasbiBaeMble Ype3awHvie nymu, I0-
JiyyaiomiHecst U3 OOBYHBIX IyTell BLIGpAacLIBAHHEM KpailHEro mnpasoro
CHMBOJIA BHYTPEHHEro COCTOfHHS a;,. IlyTh, cooTBercTByromui paH-
HOMY BXOJHOMY CJIOBY ¢, 0003HAuYHM Yepe3 ¢’, a ypesaHHbH myTb—q .

OueBHJHO, YTO )AJ5 NPHHAAJEHKHOCTH HEMYCTOTO BXOJHOTO CJOBA §
coOuTHIO R;, npeacTaB/isieMoMy B aBToMare A BLIXOXHLIM CHTHAJIOM y;,
HeoO0XOIUMO M JOCTaTOYHO, YTOOBI COOTBETCTBYIOWMH CJIOBY ¢ ype3aH-
HbIl NyThb ¢’ OKaHYHBAJCS Napod a;,  X;,, A KOTOPOH (pyHKUHA
BLIXOJIOB IPHHHMAET 3HayeHHe, paBHoe y,. Hasosem Bce Takue (ypesan
Hble) OYTH nymamu muna y; Hax, obobwas (pas Jobore i), nymamu
npedcmagasoweso  muna.

[Tytn (Heype3anHble), COOTBETCTBYIOUIHE BXOIHBLIM CJOBaM, mepe-
BOASIIMM aBTOMAT H3 KaKOro-jH0O COCTOSIHHMS ¢; B TO XKe caMoe CO-
CTOSIHHE @;, HA30BEM NyMAMU MUna a;, WIH NYmamu YUKAUYECKO2O
muna. Ec/iu B HEKOTOPOM IYyTH ¢’ UHKJIHMYECKOTO THIIA @; He Cojep-
}Karcsl CHMBOJIbI KaKHX-HGO BHYTPEHHHX COCTOAHHH @, @y, ..., Qp,.
To nyTk ¢' GyaeMm Has3pBaTb TaK¥XKe IIyTEM THINA a,-[a,zl, Qs woer Ol
{CHMBOJILI, CTOSIIHE B KBA[pPaTHbIX CKOOKax IIPH 3TOM HAa3LIBAIOTCS
3arnpelieHHbIMH).

[TyTb ¢’ NpPOH3BOJLHOTO THNA HA3LIBAETCS NPOCMbIM, €CJIH COOT-
BETCTBYIOUIHI eMy YDe3aHHBbIH NyThb ¢” He COAEPHKHUT ABYX OJHHAKOBbIX
CHMBOJIOB BHYTPEHHHX COCTOsAHHH. B KoHeYHOM aBToMare CyIecTByer
NHIIb KOHEYHOE YHCJO Pa3/HyYHBIX MPOCThIX IMyTedl. Bee mpocTehie nyTH
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M060T0 JAHHOrO THMA MOIYT ObITh HaflIeHH HENOCPENCTBEHHO IO Ta-
GJInie NEPEX00B HIM (A7 MyTedl NPeACTABJAOMEr0 THNA) Mo Tabauue
nepexojoB H TaGJHue BbIXOJOB aBTOMAaTa.

HOCTpOHM HEKOTODblE BCIOMOraTeNbHblE COGLITHS B  afdaBure
3 = (%), X «oe, Xy Q4 @y, ..., @,), SNEMEHTAMH KOTODHIX SABJAIOTCS ype-
3aHHBIE HyTH B sanaunom aBTcmare A. Co6bitie S(y,) tuna Y1 onpejie-
AHM KakK CcOOBITHE, .CcOCTosiee M3 BceX (ype3aHHhlX) myTell THHa y,,

npocrtoe co6uiTHe P(y,) THIA y; — KaK AM3BIOHKLHIO BCEX IPOCThIX (ype-
3aHHBIX) myTeil THOA y4,. [IpocTeiM cobbiTHeM P(f) s060ro AaHHOTO IH-
kandeckoro tHna f - -ada, , a,,....a,) (j=1,2,...,p,r<p—1)

OyreM Ha3biBaTb HTEPANMIO JU3BIOHKIMH BCEX TPOCTHIX NyTed THna f
(TU3BOHKIUA DYCTOrO MHOXKeCTBa NMyTeH eCTh HEBO3MOMKHCE COOLITHE,
HTepals KOTOPOIro COBMNA&AaeT € MYCTHIM CJIOBOM ¢€), a coOntHem S(f)
THna ¢ -— coObITHE, COCTosINlee H3 BCEX YPe3aHHBIX mmyTeld THoa f.
Hakoren, yeaosrno npocmoim  coeimuem U(t) tana ¢ - ajla, , a, .

.» a,,| HasoBeM uTepaumio yaCTH coObTHs S(f), comepxxamieil ‘coBa
JHIIb C OJHHM BXOXJEHHEM CHMBO.Ja d;. .

[TycTe gaHO HEKOTOPOE MHOXKECTBO (ypesaﬂnux) nyrefi THNA Yy,
33JJaHHOE C [OMOIIbIO DEryJIAPHOTO Bhipawmenus Q. Berasasss B 3t
peryJsipHoe BhIpa)KeHHe Mepen JOOLIM BXOISUIHM B HETO CHMBOJOM
BHYTPEHHEro COCTOSIHHSI @; peryJisipHoe BelpaxKenHe cobbiTust S(a;)
THIIA @; HJH COOBITHA THINA a,[ak,ak, o @y | = ¢, nonyyum HoBoE
peryJspHoe Bbipa:Ke€HHe, NPENCTABJSIOUIEE [1O-NPEKHEMY JHHIb NYTH
THna y,. Hasosem Takyio onepauuio écmaskoli cobeitis S(a;) B cobbitie Q.

[IycTe Temepb ¢” — NMPOH3BOJBHBEIN (ype3adHblf) nyTh THIA y,.
IlepBriM (c/1€Ba) CHMBOJIOM BHYTPEHHErO COCTOSIHHSI, BXONSILUM B
3TOT NyTh, OYAeT CHMBOJ @,. BhAesJHM TaKke nocaennee (kpaiinee
NpaBoe) BXOXKIEHHE CUMBOJA @, B nyTb ¢ ¢"=a, ... a,s, TAe CJOBO §
yXKe He CONepKHT CHMBOJA a,. Torza mytb ¢” MOXKHO TPE€ICTABHTH
NPOH3BEJIeHHeM HEKOTOPOTO YHCJA CJOB YCJIOBHO IIPOCTOTO COOGBLITHS
U(a,) T™na a, 4 cjaoBa a,s.

B cnoBe s Bbine/MM NEpBHIA (CjeBa) CHUMBOJ BHYTPEHHEro COCTOS-
HUSID § = X;, Qiy...; HAHJS TaKkKe noCJejHee BXOXKJEHHE 3TOTO CHM-
BOJIa B CJOBO §, MOAYYHM BO3MOXKHOCTb MPEICTABHTH CJOBO § IIPOH3BE-
AenveM OYKBBI X;,, HEKOTOPOTO YHCJA CNOB YCJOBHO MPOCTOTO COOBI-
THsl THNA a;,[a;] 1 HEKOTOPOTO CJI0BA @, 7, TAe r He CONEPKHT yiKe JBYX
CHMBOJIOB BHYTPEHHHX COCTOSIHHE d; H @;,.

[ajee mpuzeMm X BLIBOAY, YTO MYTh ¢” COAEPKHUTCH B COGBITHH, KO-
TOpOE Iosy4aeTcss B pe3yJbTare BCTABKH B HEKOTOPHIH NpocToll myTh
THNA Yy, 1nepej eIUHCTBEHHOH BXOAsmIEA B Hero G6YKBOH 4, YCJOBHO
IPOCTOTO COORITHS THNA @,, a Mepej CAEAYIOMMMH [0 MOPSAKY CHMBO-
JIaMH BHYTPEHHHX COCTOSHHH @j,, @j,, ..., BXOASAMHMH B 3TOT NYyTb, —
YCJIOBHO NpOCTHIX cobbituil THna ajlail, a;la,, ;) u 1. 1.

Ho Touno Takoii ke mpouecc, 04eBHAHO, MOXKET ObITh MOBTOPEH CO
CJIOBAMHM YCJIOBHO MPOCTHIX COOBITHH, KOTOpble OBbIJM BBIIEJNE€Hbl U3 HC-
xopaHoro nytH ¢”. [locsie 3Toro mpHaeM K BHIBOAY, 4YTO MyTb ¢” THOA Y,
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BXOIHT B COObITHE, KOTOpOE MOJy4ydercsl B pésy/bTare BCTABKU B MPO-
cToe CoObiTHe P(y,) THHa y, y:Ke He YCJOBHO MDPOCTBIX, & OJBLIUHBIX
NPOCTHIX COOBITHH THMOB @, @, [a,], ... W nocnenyiowei BCTaBKH B
IyTH, H3 KOTOPbIX COCTOSAT BCTABJIEHHbIE IIPOCThIE COOLITHS, YCJOBHO 1POC-
TBIX COOBITHH : /151 IPOCTOrO COGLITHA THNA @) — HEKOTOPHIX THIOB @, la, ],
aylay, al, ..., qna mpocroro cobertusi tHnma ajla,] — HeKoTOpbIX  TH-
NoB aula,, 4], @, |a;aa,l... v TR

Jlasee mpuaeM K BHIBOAY, YTO H HA BTOPOM 3Tane€ MOXHO BCTAaB-
JIAITh He YCJOBHO IpPOCThie, a OObIYHbIE MPOCTbIE COOLITHSA, BCTaBJsAs, B
CBOIO ouepeb (yKe Ha TPeTheM 3Talie), B COCTARJIAIONIHE HX CJIOBA YCJIOB-
HO IIpOcTble COORITHA elle GoJslee BHICOKHX (B CMbICJIE YHUCJA 3arpelieH-
HBIX OYKB) HHKJHYECKHX THIIOB.

YBequuHBAs YHCJAO 3TANOB HOCJIEJOBATE1bHBIX BCTABOK, NpPHAEM,
B KOHIle KOHIOB, K BCTABKE COOBITHH LHKJHUYECKHX THIIOB, ¥ KOTOPHIX
Bce OYKBbI, KpOMe OJHOH, SBJSIIOTCA 3amnpelleHHbMA. [T0CKOMLKY A/
TAKOTO POjia THIIOB PAa3HHIBL MEXKJY YCJIOBHO MPOCTHIMH H OGBIYHBIMH
IIPOCTBHIMH COOBITHSAMH OJHHAKOBOTO THIA YXK€ HE CYUIeCTBYeT, TO IPO-
11eCc yBeJIHYeHHs YHCJIA STANOB U HOBBIX BCTABOK TEM CaMbIM 3aBEPUIAETCH.

B pesyJbraTe NpHXOJUM K BHIBOAY, YTO HYTb ¢ BXOAHT B COOLITHE
S,, HoJyyarolieecss B pe3yJibTaTeé KOHEYHOTO YHCJA MOCJIeN0BaTe/IbHbIX
BCTABOK (pa3GHTHIX HA PsJ 9TANOB) B IPOCTOE COObITHE THIA Y, NMPOCTHIX
coOpiTHi BCe GoJlee H 0OJiee BHICOKMX HUKJHYECKHX THMOB. BBHAY HpO-
M3BOJILHOCTH BbI6Opa YTH ¢”, COGLITHE S, COEPKHT B cede cobuitHe S(y,).

Bwmecre ¢ Tem, KaK OTMEYasloCh Bhbilue, MPOLECC BCTABOK, MOROCHBIM
OnHCaHROMY Npolieccy, He MOXKeT IPHUBECTH K COGBITHIO, -copepXKaiuemy
NyTH OTJIHYHOro oT y, tHna. CuaegoparesnwHo, S; =S(y,), a omuca-
HBII HAMH [IpOLieCC BCTABOK JaeT peryJsipHoe Bblpa:KeHue R, A5 co-
Owits S(y,), cocrosiilee H3 BCeX myTell THMA Y.

Onyckas Teilepb B PeryJ/sPHOM BHIDAXKEHHH R, BCe CHMBOJbLI BHY-
TPEHHHX COCTOSHMH (3aMeHfsT HX MTYCTHIM CJOBOM), MOJYYHM pery-
JpHOe BhIpaxKenue R, KOTOpOe, Kak J€rKO BUjpeTh, fBAAETCSA HE
YeM HHBLIM, KaK pPeryJisipHLIM BbipaXKEHHeM [AJisl HCKOMOro coObTds,
[PEACTABJEHHOTO B aBTOMAare A BBIXOAHBIM CHTHAJOM Y.

Hamu JokasaHo cJaegyolee MpepsoXkKeHHe.

TeopeMa 1. Codbunue, npedCmaAeHHOE 8 RPOUIBOALHOM KOHEHHOM
asmomame Muau (a c1e008ameabHO, U 8 NPOUBOABHOM KOHELHOM ABMO-
mame Mypa) 106bim MHONCECMBOM BbIXO0HbIX CUBHAN08, 0OA3UMENBHO pe-
eyaapro. Cywecmsyem obuull KoHcmpykmussoii npuem (areopumm
QHAAUZA KOHEHHbLL (BIMOMAMO8), NO360AUOUL HAX00UMb pE2YAAPHLIE
sbipancenusn 0asn cobbimull, npedCmagAeHHbLX MHONCECTIEAMIL BbIXOOHDLY
CUBHO08 8 RPOUIBOABHOM KOHEYLHOM asmomame.

OnuCaHHOMY aJropUTMy aHAJNH3d KOHEYHBIX aBTOMAaTOB MOXKHO [IPH-
JaTh Gosiee yAOGHYIO 1Js1 MPAKTHYECKHX MpPHJIOXKeHHH ¢opmy [?2].
Ias sToro 6yzem onepHpoBaTh HE COGHLITHSIMH B MHOMeCTBE MyTeH, a
GopMaNbHLIMH BBIPAXKEHHSIMH, HA3bIBAEMBIMH KOMNACKCAMU.

Idnsa mo6oro MHoXectBa M BBIXOAHBIX CHPHAJOB 3aJ@HHOr0 KO-
Heygoro apromara Musu A xomnaexcom muna M (MIH KOMIIEKCOM
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BbLx00H020 Mun@) Has3bIBaeTCsl NH3BIOHKIMS BCEX IPOCTbIX Ype3aHHBIX
nyTed, KOHHAWUHUXCS NapaMH &;x;, KOTOPbIM COOTBETCTBYIOT BLIXOA-
Hble CHTHAJIE, cojep¥Kailuecs B Muoxectee M. Komnaexcom muna
a,[a,._, a,,, -, ;) (KOMNAEKCOM LUKAUYECKO2O muna) HaswBaercst ¢op-

MaJbHOE BHIPa)KeHHe, NOJyyaemoe B pedy bTaTe 00befHHEHHS 3HAKOM
AU3BIOHKIHH BCEX MPOCTHIX HyTeH THMa a,[a,‘, a, ..., a,] ¢ Bbluep-
KHYTON OYKBOH @, H 3aKJ/IOYEHHS [OJYYEHHOTO (POPMAJBHOTO MHOro-
ulena B HTePaUHOHHble CKOOKH (4, 4, ,..., @, — Mobbie MNONmapHo

pasJ/iHYHble BHYTPEHHHE COCTOSIHASA aBToMaTa, a0 < r < p— |, rnep —
YHCNO BHYTPEHHHX COCTOAHHI aBToMata A).

[lepewili wae aseopumma anasusa. Tlo TaGjaHpam nepexonos H BH-
XOOB aBTOMAaTa H JAHHOMY (IIPEACTAaBJISIOLIEMY) MHOKECTBY BBIXOAHBIX
CUrHAJIOB IyTeM Mepefopa BCEX BO3MOXKHBIX BApUAHTOB IIPOCTBIX NY-
Teil Haxoaum Kommiexkc K(M) tuna M u xommaexkch K(a,) pas BceX
BHYTPEHHHX COCTOSIHHH @, aBToMara 4.

Bmopoii wae. Tlo xomniekcaMm K(a;)- HCK/OUEHHEM HEHYKHbIX
TEPMOB B HTePALMOHHHIX CKOGKAX HAXONHM HYyXKHHE JJ AajabHeil-
IIHX MOCTPOEHHH KOMIJIEKCH BHICIIHX HHKJIMYeCKHX TUNOB ala;,,
a ... a,l (r>1).

Tpemud wae. Vicxona u3 xomijekca Tuna M, moc/ienoBatesibHO
3aMeHsieM BCE CHMBOJIHI BHYTPEHHHX COCTOSHHH 4, KOMILTEKCAMH IIH-
KJIMYECKHX THIOB JO MOJYYeHHs BhipaxKeHHs R, He cogepkKallero HH
OJJHOMO H3 CHMBOJIOB BHYTPeHHHX cocTosiHuil. [IpaBH/o 3aMenbl MOKHO
chopMyTHPOBaTL TaK:

ecau nymo 1x; @, X; A; ... 6X00uMm 8 KOMIIEKC gbLxo0Hoeo muna M,
mo Oyxea a, 3AMEHAEMCA KOMNAEKCOM MUna a,, Oykea a; — Komnie-
xcom muna a;la,), 6yxea a; — komnaekcom muna aija., a,) u m. 0.
Ecau unen x,‘a,|x Qi exodum & xomnaexc muna a,N), 20e N —

MmHoorcecmeo {(Obime moxcem, RYCMoe) BHYMPEHHUX COCIMOAHUL, OomAuM-
Holx om a, mo OYykead @, 3AMEHAEMCS KOMMNAEKCOM muna a,‘[a,, N,
6yK6a @, — KOMNIEKCOM mund a, la,, a;, Nl u m. 0. —

Ha Tperbem ware, B pesyJibTaTe NPHMEHEHHS KOHEYHOro YHCAA
pas npaBHJa 3aMeHbl, IOJy4YaeM HCKOMOe peryJsipHoe BhipaxKenue R
151 cOGLHITHSt, MPEeACTaBJeHHOIO B aBToMare A MHOMXKeCTBOM M BhIXOp-
HBIX CHTHAJIOB.

W3 onucaHHOTO aJropUTMa HErmocpefCTBeHHO BLITeKaeT CJenyioulee
npenJoXKeHHe.

Teopema 2. Bcaxoe cobvunue. npedcmasieHHoe 8 KOHEYHOM Q8O-
mame Muau (urw Mypa), umerowem n suympenrux cocmoanuti, dony-
cKaem pe2yAapHoe 8bipadCeHue, yuKAuMeckan eaybura Komopozo He npe-
eocxodum n.

B KkauecTBe npuMepa HaljJeM peryJspHoe BhIpaKeHHe 1Js cobhl-
THa S, UPEACTABJEHHOTO BHIXOJIHLIM CHTHAJOM U B aBToMaTe, TaGJIHin
MePexo/OB H BLIXOOB KOTOPOro ObliH BHINHCaHb B § 1 Hacroguiei
rnaBel (ero rpat HaobpaxeH Ha pHC. 7).
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Henocpeacreenno mo TabuauuaM HaXofuMm Kommjeke K(v) tima v
K@) =1y V 1sx V 1X2xax
W KOMIIJIEKCHl THMOB 1, 2 U 3
K(l)=e K@) ={yV %y} K@) ={xV yx}.
BolnuiieM HEKOTOPblE KOMIWIEKCHI BBICHIHX IMKJIHYECKHX THIIOB:
K@) =K(2) K@3[1,2]) = {x);
K(2[3]) =K (211, 3]) = {y}; K(3[1]) =K @3)
OGo3nayasi OMepPamHio BCTABKH KOMILJIEKCOB CTPEJIKOH, MONYyYUM
CJAEAYIOMYIO MOCJEN0BATENbHOCTE BCTABOK:

K (©) >y V yK (3111)x V xK (2[1]) xK (3[1, 2]) x =
=yVylxVygxjxVaiyVaylxixix—>y\VyixV
VyK@IL3)x x VxiyV xK @I, 2])y}x (x) x =
=yNVyxNylylxpx\x yv/xix;y xixx.

IMocneasee U3 MOJy4YeHHBIX PEryJIIPHbIX BbIPaXKeHHH M sBJseTcs
HCKOMBIM PeryJISIDHBIM BbipaxKeHHeM JJst colbitiss S. OHo Jomyckaer

npeoGpa3oBaHUsl U YIPOUIEHHS] C HCHOJb30BAHHEM COOTHOLICHHH, Cy-
IIECTBYIOMHUX B ajare6pe COOBITHH.

§ 4. AGCTpakTHLIA CHHTE3 KOHEUHBIX aBTOMATOB

3ajaya abCTPAKTHONO CHHTE3a MPOTHBOMOJOXKHA 3ajade aHa/IHM3a
KOHEUHBLIX ABTOMATOB: HEOOX0JUMO HaHTH 3¢p¢exkTHBBHI! MeTOx, IIO-
3BOJISTIOUINA MO PEryJIPHLIM BhIpaXKeHUAM COOLITHA HaAHTH Tabnuubl Ie-
PexOJIOB H BHIXOIOB KAKOTO-HHOYAb KOHEYHOTo aBTOMAaTa, NPeCTaB/Isio-
ILero 3TH COOBLITHA.

3agaya cuHTesa aBTOMaToB Mypa sBJsercs. GoJee ofuiedl, uyem
3ajaya CHHTE3a A4BTOMATOB MHJH: MOCKOJbKY BCSAKHH  aBTOMAaT
Mypa MOXHO HHTEPIPETHPOBATb Kak aBTOMaT MHJH, TO, HAyYHBIIHCb
CHHTEe3HPOBATh aBTOMaThl Mypa, TeM CaMbIM Hay4HMCS CHHTE€3MPOBATb
H apToMarel Mus. ByjpeMm mosToMy pelnaTh 3ajayy CHHTE3a aBTOMa-
ToB Mypa.

[IycTe B HeKoTOpOM KoHeyHoM aJjpaBuTe X = (X, X5, ..., X,) 3a-
AaHO p peryaspHbIX Bbpawenuft R,, R,, ..., R,. 3auymepyem BCe
BXOXJeHHs OykB andaBura X B BolpaxeHuHa R,, R,, ..., R, mocJe-

JAOBATeIbHbLIME HATypaJbHEIMH YHCJAaMH, KOTOphle B JaJbHeHlIeM
OyleM HasbiBATb UHOEKCAMU COOMBEMCMBYIOUILX MECT ITHX BbIPAMXKEHHH.
Oco6o mofuepkHeM, YTO Pas3JHuHbiE BXOXAEHHS OJHOH H TOH XKe
OyxBel anpasdra X MOJNYYAIOT NPH 5TOM Pa3JHYHble HHJEKCHI.

Ilpn pasBopayHBaHUH pEryJsPHOIO BHIPAXKEHHS B CJAOBO KamIylo
H3 [ocJefoBaTeNbHO BHITUCHIBAEMBIX OYKB 3TON0O CJIOBA OTOMXKIRCTRB-
JsieM C TeM HJIH HMHBIM BXOXJEHHeM COOTBETCTByiomell OYKBbl B
pasBopayHBaeMoe BhipaxKeHHe. YCJOBHMCS CUYHMTaTb, YTO IIPH TAKOM
OTOXJECTBJEHHH MH IlOfajaeM B Te HJH HHbBIE MecTa peryJ/spHOro
BhIDaXKEeHHs, a HMEHHO: IpH OTOXKIECTBJEHHH MocjiefHell BbIIHCAH-
HOH GyKBLI C BXOXKJEHHEM, 3aHyMEPOBAaHHBIM HHjeKcoM j, OyaeM CYH-
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TaTh, YTO HAXOQHMCSI B j-OM MECTe COOTBeTCTBYIOUIErO [eryJisipHOTO
BoipaxKenusi. ['OBOPAT, 4TO j-e MECTO PeryJsipHOTO BbIPAXKEHHS X,-
caenyeT 3a I-bIM MecTOM, eCJIH [OCJle OTOXJIECTBJIEHHS MOCJeLHeH
GyKBbI HEKOTOPOTO CJIOBA ¢ C BXOXKJEHHEM, HMEIOLUM HHAEKC f, MOMHO
OTOLKJAECTBHTD IOCJERHION OYKBY CJOBA ¢X, C BXOXJEHHeM, HMEIOmHM
uHAEeKC j. B KaXaoM pery/sipHOM BhIDaxKeHHH BbIEJSIETCs elle Ha-
YaNbHOE Mecmo, KOTOPOMY NPHMHChBaeTcsl HHAeKC 0 (OMMHAKOBHIH A/
Bcex IAHHBIX peryJsapHbBIX Bhipaxenuii). Ecim B npomecce otoxpe-
CTBJIEHHS nepsas OYKBa X, HEKOTOPOro CJOBA OTOXKJECTBJSETCH C Ka-
KUM-JHOO ee BXOXJeHHeM B peryJsapHOe BHpaXKeHue, HMEKIHM HH-
JEKC j, TO CYHTAIOT, YTO j-€ MECTO X, CJeAyeT 3a HyJIeBbIM (HayaJibHbIM)
MeCTOM (OGUIHM AJ1s1 BCEX 3aJaHHBIX peryJsipHbIX BbiparmKeHHH).

Hakonen, ec/H NPHUHALJIEKHOCTL HEKOTOPOIO CJIOBA p COGBITHIO C
peryJisipHbIM BeIpaxkeHHeM R ycTaHaBiMBaeTCs B pe3yJsbTaTe OTOXK[eE-
CTBJEHHs MocaefHeill OYKBbI C10BAa p C ee BXOXjieHHeM B R, MMel-
UM HHIEKC j, TO j-€ MeCTO BbIDAXKEHHS KR HA3bIBAETCH KOHELHbIM
Mecrom 3TOTO BBIPAXKEHHS. .

Jlast  11060ro  KOHEYHOTO  MHOXKECTBA PEryJSAPHBIX BhPaXeHHi
Ry, R,, ..., R, B OfHOM H TOM Xe angpasute X, 1oJ/p3ysch Ompeje-
JIEHHbIM Bblllle MOPSAKOM JEACTBHH B ajredpe COGLITHI, HETPYHHO CO-
cTaBuTh mabauyy caedosarus mecT. CTPOKH TakoH Tabjuus 0603Ha-
yapored OykBamMu aagaeuta X, a cTosa0ubl — HHIEKCAMH BCeX MecT
Boipaxenuii R;, R,, ..., R,. Ha mepeceuennd x;-off CTPOKH C j-bIM
CTOJIOLOM TaGJMubl CJAEJOBAHHS BLIMUCHIBAIOTCS HHAEKCHI BCEX MECT,
KOTODLIE X;-CJEAYIOT 34 j-bIM MeCTOM. ECJIH TakHX HHAEKCOB HET, B CO-
OTBETCTBYIOILEM MecTe TabJIHibl CTABHTCS CHEUHAJbHHH 3HAuoK, 060-
3HAYAION[HA MyCTOe MHOXKECTBO HHAEKCOB. YCJOBHMCS B KayecTBe
TAKOIo 3Hayka ynorpebJIiATh 3BE3ZOUKY.

[Moctpoum aBromMaT Mypa A, BHYTPEHHHMH COCTOSIHHSIMH KOTOPOTO
GyayT BCEBO3MOXKHbIE IOJMHOXKECTBA HMHJEKCOB MECT B 3aJlaHHBIX pe-
ryJaspHbIX BRIpaXeHHAX R,, R,, ..., R, (BKmoyas nycroe MmoAMHOXe-
cTB0). DyHKUHA MepexojfoB § 3TOro aBToMaTa CTPOHTCH CJIENYIONMM
o6pasoM: JJs JII0OOr0 COCTOSIHMS @; aBToMaTa A (MHOMKECTBA HHJEKCOB
MECT 33JJaHHHX COOBITHH) M JiIo00H GYKBBL X; BXOAHOTO a/(aBUTA CO-
croaune a, = 6(a,, x;) onpenensercs KaK MHOMXECTBO HHIEKCOB BCeEX
MeCT, KOTOpHE X; -C/IeAYIOT XOTA Obl 32 OJHHM H3 MeCT, HHJEKCHI KO-
TOPBIX BXOAAT B ;. ‘

CnpuHyTas QyHKUHS BBIXOZOB p aBTomara Mypa A crpourcs pas
BBIXOJAHOIO aji¢arHTa ), COCTOAIIEr0 H3 BCEBO3MOMKHBLIX MOJMHOXKECTB
(BKaioyasg mycroe IOJMHOXKECTBO) MHOXKECTBa BCEX CHMBOJIOB R,
R,, ..., R, 3ananHbpix peryJ/spHeix Boipawenuii. [Ia1s mo6Goro cocros-
Hu A a; (MHOXKeCTBAa MHJeKCOB) aBToMara A B KauyecrBe p(a;) BHIOHpa-
eTCsl MHOXKECTBO BCEX TeX peryJ/IspHbIX BelpaXeHHH R,, R,, ..., R,
JJI KOTOPBIX XOTSl Obl OJHH H3 HHJEKCOB, BXOASIMHUX B @, SIBJASIETCS
HHAEKCOM KOHEUHOTo MeCTa.

Hamu noctpoen Hekui#i Konewnwmi#i asromar Mypa A. HMs cnoco6a
HNOCTPOEHHsT €ro (hyHKIHH NepexofoB H BLIXOJOB HENOCPEICTBEHHO Clie-
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Jlyer, 4To OH IpencTaBiseT (IpH BbI6Ope B KaYECTBE HAYAJIBHOIO CO-
crosiuus () Kaxaoe U3 3ajJaHHbIX CoObITHl R, R, ..., R, ¥ jononse-
HHe S Hx obbequHenus. CoGuiTHe R; MPEACTABJIEHO MHOXKECTBOM BCEX
TeX BbIXOJHBIX CHTHAJIOB (MHOMECTB CHMBOJOB R,, R,, ..., R,), B co-
CTdaB KOTOPBIX BXOAMT CHMBOJ R;(i =1, 2, .., p). Cobbitue S npen-
CTaB/IICTCS], OUEBHIHO, MYCTHIM MHOXKECTBOM CHMBOJIOB Ry, R, ..., R,

B pesynbrare HaMH J0KA3aHO CJEAYIOEE TPELJONKEHHE,

Teopema 1. Jlwoboe peayrsaproe cobbimue moxcem Obime npedcmasieto
6 Koneurom asmomame. Cyujecmeyem eOunbill KOKCMPYKmMubHslll npuem
(@reopumm cunmesa), noseoruMOUUl no A0O0MY KOHE4HOMY MHOMCE-
<My pecyrapHoix cobbimuil, 3A0AHHbIX PEYAAPHBIMU  BbLPANCERUAMU,
nocmpoums npedcmasasiougue mu cobbimusa Konedrsie asmomames: Mypa
ua Muau.

OO0bepuuss Q0KA3aHHYI0 TEOPEMY C pe3yJbTaToM, MOJYYEHHbIM
B § 2, nmoJay4YuM cCJeyiouidi pe3yJabTar.

Teopema 2. Peeyaapuvie cobuimus u moavko oHu npedcmasums
-6 KOHeUHBIX ABmomamax.

AnajioruyHpifi pesysbTaT AJs aBTOMATOB CHEUHANbHOrO BHAA (Hep-
BHBIX CeTeil) H AJs Gojiee IPOMO3AKOro MO (opMme OnpejesNeHus pery-
JIIPHOTO COORITHA Gbln moJiyyeH panee Kumuu [40].

M3 noaydeHHblx pe3yJbTATOB BLITEKAET TaKXKe CJelyiowee mnpes-
JIOXKeHHe,

Teopema 3. ITepeceuerue 0syx ( a sHauum, u A006020 KOHELHOZ0 1iLCAQ)
pe2yraprbix cobomutl u OonoarHerue (8 MHOXCECMBe 8CeX CA08 8 OCHOBHOM
anpasume) 106020 peeyrtpro2o cobbimus ABAOMCA MAKKE pecyrip-
HbIMU COObIMUAMU.

OmnHcaHHbIH BHINE aJTOPUTM CHHTe3a KOHEYHLIX a4BTOMATOB JIONY-
CKaeT TakXe cjelymomylo Oojee yaoOHYIO ISl MPaKTHYECKHX Ieqed
uurepnperaudio [21].

ITycts namo p peryaspHBX Bepaxkendit R,;, R,, ..., R, B mpo-
U3BOJBLHOM KoneyHoM aJddaBute ¥ = (xy, X, ..., X,). ECJH Kakoe-
JIHOO M3 BpIpaKeHHH R, sABJAseTc JH3BIOHKUHEH HECKOJbKHX TepMOB,
TO MOXKHO, He Hapymas oOUIHOCTH, CYHMTATh, YTO OHO 3aKJIIOYEHO B
o6blyHBIe (HenTepanHoHHbie) CKOGKH. Mecrmamu B BhHpaKeHHAX R,
R,, ..., R, Gynem HasbiBaTb CHELHAJbHO BBOJHMBIE 3HAKH Dasjesa
(BepTHKAbHBIE YEDTOYKH), CTaBSMIMECS MeXKIy JIOObIMH ABYMs 3Ha-
KaMH (OyKBaMH, CKOGKAMH, 3HAKAaMH JHM3BIOHKIHH) 3THX BbIpaxKeHHH,
@ TakXkKe CJeBa OT BhIpaXKeHHs (HayajbHOe MeCTO) M CrpaBa OT BbIpa-
XKeHHsl (KOHEYHOe MeCTo).

Mecra, HemocpencTBeHHO CJieBa OT KOTODHIX CTOHT OYKBa OCHOB-
HOro ajngapura X, H Haya/JbHOE MECTO HA3bIBAIOTCS OCHOBHOIMU Me-
CMamu; MecTa, HerocpeaCTBEeHHO CIIPaBa OT KOTOPBIX CTOHT OyKBa aJj-
tbaButa X, — npedocrosnoimu. Hauanbuble MecTa BCeX BhIpamKeHHH
Ry, R, ..., R, OTOXJECTBJIIEM MeX1y COGOfi B ONHO ENMHCTBEHHCE
HayasnbHoe Mecto. Bee ocHopHble MecTa o603HayaeM pasJiMYHBIMH He-
OTPHUATEJbHBIMA  [EJbIMH YHCJIAMH — OCHOBHbIMU — UHOPKCAMU 3THX
mecr. HavasbHoe mecto mosydaer npH 3ToM ocHoBHOH Hupekc 0.
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JleficTBHe KaXaoro OCHOBHOrO HHAEKca pacnpocTpaHsieTcss He
TOJILKO Ha COOTBETCTBYIOLLEE MECTO, HO H HA MeCTa (OCHOBHLIE H He-
OCHOBHbI€), eMy NofuHMHeHHble. [IpaBU/IO MOJYMHEHHS MECT BLIpaXKaeT
NopsIOK aeficTBHI B anredpe cobutHi. OHO onpenensiercs CaeqyioWHM
npasuAom PAcnpoCMpPAHerus UHOeKco8.

Hulexcor mecma neped awbomu ckoOKamu (umepayuorHoiMu Uiy o0bL-
KHOBEHHOIMU) PACTLPOCIPARSOMCA KA HAYAAbHOIE MECMA 8CEX MEPMO8,
cmoawux sHympu smux ckobox. HHOexcot KoHednozo mecma  anbo2o
mepma, 3aKAO4eRH020 8 CKOOKW, pacnpocmpanAromea Ho Mecmo, Heno-
cpedcmeeno caedyowee 3a mumu ckobkamu. Hudexcor mecma, Heno-
CPeOCmBerHO NPeOUlecmBylOe20 UMEPALUOKHOIM CKOOKAM UAU CUMBOAAM
nycmoeo CcA08a, PACRPOCIMPAHAIOMCA HA MECMO, HeNnocpeoCrnéerno cie-
Oyrowee 3 3mumi cKOOKAMYU (COOMBEMCMBERHO — 34 OQKHBIM CUMBO-
ao0m ¢e). Haxowmey, unoexcor mecma, HenocpeocmeeHHO CAE0yOWeeo 3G
UMePAUUOKRHbIMU CKOOKAMU, PACRPOCIT DAHAIOMCA HO HAYAAbHbIE MECMQA
8CEX 3AKAIOLEHHHIX 8 MU CKOOKU Mmepmos.

Bee uHpekchl, BO3HHKIIHE HA OCHOBHBIX H HEOCHOBHBIX MECTax B pe-
3yJbTaTe MNPHMEHEHHS! TOJBKO 4YTO c(hOPMYJHPOBAHHOrO IIpaBHJA,
HAa3bIBAIOTCA HeoCHOosHbiMu. CaMO NPABHJIO NPH 3TOM JOJKHO NpHMe-
HATBCS JO TeX MOp, NOKa ero npHMeHeHnHe He OyAeT GoJiblie NPHBOAUTH
K TOSIBJIEHHIO HOBHIX WHIEKCOB HH HA OJHOM MeCTe.

Mupexkcauus 3agaHHbIX peryJispHbIX BblpaX<eHHH, pa3MeTKa MecT
U pacnpocTpaHeHHe HHIEKCOB COTJIacHO c(OpMYJTHPOBAHHOMY NPABHJY
COCTaBJSIOT NEpebLd wiaz anropHT™Ma cHHTe3a.

Bmopod waz coctout B nocTpoeHuH TaGJHILI NEPEX0JOB HCKOMOTO
apromara A. IlpH 3TOM BXOAHBIMH CHTHAJIAMH CJIY2KAaT GYKBBI HCXOLHOTO
anpasuta X, a BHyTPeHHHE COCTOSIHHSI aBTOMAaTa OTOXAECTBJSIOTCS C
MHOXECTBAMH OCHOBHBIX WHJEKCOB. YCJOBHMCS AJSl ONPEAEJEHHOCTH
0003HaYaTb 3TH MHOXECTBA JH3BIOHKLHE COCTABJAIOUIMX HHIEKCOB,
a4 MYCTOE€ MHOXEeCTBO HHJAEKCOB — 3Be3JJ0YKOH.

[Tpasuso nocmpoerus mabauyst nepexodos aBTOMaTa COCTOMT B CJie-
JYIOLIEM.

Hawarenoim cocmosnuem asmomama A cayscum 00HOINEMEHMHOE
MHOXcECmB0, cocmosuyee u3 unlexca 0. Cocmosnue a; nepeso0umcs
6XOOHOIM CUBHANOM X;, 8 COCIMOAHUE ;. COCMOAU4Ee U3 OCHOBHOIX UHOEK-
CO8 6CeX OCHOBHbIX Mecm, OmOefeHHbIX OYKEol X, om KHenocpedCcmeenHo
npedwecmsyrowux um npedoCHOBHBIX MECM, 8 Hucae UHOEKCO8 KOMOPLLX
(ocrosubix uau neocro8HbLx) codepacumen xoms Obl OOUK UHOEKC U3 HUCAR
UHOeKCO08, 8X00AUUX 8 COCMOAHUE ;.

Ilpumensis na npakTuke chopMyJHPOBAHHOE MPABU./IO, YAOOHO Bbi-
A€JAATb OCHOBHLIC MHJAEKCHI, NOMellass HX Haj ChnelMaJbHO npOBOlIHMOPUr
1151 3TOM LlesIH FOPH30HTaNLHOY YepToil. Bee HHIeKCH (OCHOBHLIE H HE-
OCHOBHbI€) TIPEIOCHOBHBLIX MECT TaKXe 1ejecoo0pasHO BblIeNATb, Ha-
NpUMep 3aK/Movasi HX B NPSAMOYrOJBHYIO paMmky. [IpH nmocrpoenun
Tabaullbl NMEepPexofoB JOCTATOYHO OrPAHHYUTHCS JHIIb COCTOSHHAMH,
(bakTHYeCKH NOSBJISIIOIIMMHCS B MpOLleCCe NMOCTPoeHHs1 TalJHIllbi, OT-
NpPAaBJsACh OT HAYaJbHOrO (HYJEBOTO) COCTOSTHHSA.
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Tpemull wae CHHTE3a COCTOMT B NMOCTPOEHHH CABUHYTOR TaOJHIb
BLIXOAOB, HJIH, YTO TO XKe caMoe, B OTMETKe COCTOsAHWH artomara A
COOTBETCTBYIOIIMMH UM BHIXOJHBIMH CHTHAJIaMH. B kauecTBe BLIXOHBIX
CUTHAJIOB BEIOMPAIOTCS Pa3J/IUMHBIE MHOXKECTBA CHMBOJIOB HCXOJHBIX pe-
I'yJSIPHBIX BhIPAXKEHHH (BKJIOYAsh mycToe MHOXeCTBo). [Ipasuio om-
MeMmKU COCMOAHUE COCTOHUT B CJEAYIOLIEN.

Cocmoanue a; ommedaenica MHOXCECneom Mex CUMBOA08 6bLpANCeHUL
R, Ry, ..., Ry, 8 cocmas undexcos (OCHOBHOLX U HEOCHOBHOLX) KOHEYHbIX
Mecm Komopuix gxo0um xoms 6bt 00ur uHdexc us a;.

CocTosiHHSI, OTMEUEHHBIE MYCTHIM MHOXKECTBOM CHMBOJIOB, HAa3blBa-
IOTCS TaKXKe HEeOMMEYeHHOIMUL.

3ameTHM, 4TO MOCTPOEHHHIl aBToMat Mypa npeacrasnser coObiTHe
R; MHOXeCTBOM BC€X TeX BLIXOJHLIX CHIHAJOB, B COCTAB KOTOPHIX
BXOIHT cumBoa R; (i =1,2, ..., p).

Yemeepmoil waz anroputMa CHHTe3Z COCTOH1 B nepecOC3HAYeHUil
BHYTPEHHHX COCTOSIHHH H BHIXOJHBIX CHIHAJOB ¢ Le/bI0 6osee NpocToi
3anucy Tab/Hubl NEepPexoqoB H CABHHYTOH TabuHunl BrixogoB. [lpn
3TOM BHYTPEHHHE COCTOSIHMA 4Yauie BCero HYMEpYIOTCs TOC/eNoBa-
Te/IbHBIMH HAaTypa/bHBIMH uncaamu 1, 2, ..., k.

Haxkoneun, nameut wae anroputmia cHuuresa ynotpebisercs: Toraa,
Korpa Tpebyercsi CHHTE3HpOBAaTh He aBTomarT Mypa, a aBromat Musu.
OH 3ak/oyaercs B NMOCTPOEHWH OOBIMHON (HecABHHYTOH) TabJHILI Bbl-
xonoB. Kak caenyer u3 § 1 Hacrosmell rrasw, 495 3TOro JOCTaTOYHO B
TabJHIly NEepexojoB MOJACTAaBHThL BMECTO BHYTPEHHHX COCTOSIHHE OT-
MEYarlHe HX BBIXOJHBIE CUTHAJIBL.

Ilpu pemenun npakTHYECKHX 3a1a4, BO3HHKAWOUWUX NPH CHHTe3e
aBTOMAaToOB, 4acTo YAOGHO MPHMHCHIBATH HEKOTOPHIM OCHOBHBIM MeCTaM
O/JHHAKOBble OCHOBHble HHIEKCHI, TEM CaMbIM OTOXKJECTBJISIS1 3TH MECTa.
Takoe e 0oTOXjecTBJieHHe BO3MOXHO, €CJH OTOXKJECTBJ/SIEMEIM Me-
CTaM TNOJYHHEHbl OJAHHAKOBblE MHOXECTBA NPEHOCHOBHLIX M KOHEYHBIX
MeCT (MecTa, YIOBJETBOPSIOUINE 3TOMY YCJOBHIO, HA3BIBAIOTCS Mo00O-
HoLMU).

Hpyroit cayuail, korga OKa3bBaeTcsi BO3MOXKHBIM OTOXKIeCTB.Je-
HHe MeCT, OTHOCHTCSI K TaK HA3bIBAGMBIM COOMEEMICHIBeHHbIM MECTaM.
CooTBeTcTBEHHBIMH HA3LIBAIOTCS BCE T€ MeCTa B Pa3HBIX PErYJspPHBIX
BhIpaXeHuax Ry, R, ..., R, WM B DPa3/MUHBIX TepMax, 3aKJIO4YeH-
HBIX B OJIHH M Te Xe CKOOKH, K KOTOPLIM BeAYT OfHAKOBbIEe MyTH (MHO-
JKeCTBa CJIOB) OT HAYaJIbHOTO MECTA HJIH COOTBETCTBEHHO OT MecTa, Helo
CPeJCTBEHHO HPENIIECTBYIOUIEro CKOOKaM.

Tlpn HCcnoJIb30BaHHW OMUCAHHOTO BHINIE AJTOPHTMA CHHTE3a OCHOB-
Hble WHAEKCH COOTBETCTBEHHBIX MECT BXOAST B COCTOSIHMSI CHHTE3UPY-
eMOTo aBToMara Bcerja BMmecre. lMeHHO 3THM H 06YCJIOBJUBAETCS
BO3MOXKHOCTb OfHHAKOBOH HX HHAekcaunH. OGOCHOBaHHE BO3MOKHOCTH
OTOXJIeCTBJIEHHS] TOJOOHBIX MECT BHITEKAET W3 aJropuTMa MUHHMH-
3audH, OMHCHBAeMOro B § 5 HacTosedl IJaBbl.

3ameTHM, UTO MECTa CJEIyeT OTOXAECTBJATh JIHHIb IO OZHOMY
H3 TNpH3HAKOB (MOJOGHA HJH COOTBETCTBEHHOCTH), TaK KaK OfHO-
BpeMEHHbIe OTOMJAECTBJEeHHS Mo o6OMM NPH3HAKAM MOTYT MPHBECTH K
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omifkam. B YacTHOCTH, NMOCKO/MBKY HAYaJbHbIE MECTA OTOMKECTBJIEHBI
(baKTHYECKH MO NPH3HAKY COOTBETCTBEHHOCTH, HEJb3s, BOOOIIE . Tro-
BODS, NPH HAJMWYHH Gojiee OQHOrO COOLITHS OTOMIECTBJATL HAYAJbHOE
MECTO B KAKOM-JIHG0O COOBITHH € APYTHM MECTOM [0 NPH3HAKY MOJO-
Oud.

HerotpencTBeHHO W3 ONMCAHHOrO AJIrOPHTMA CHHTE3a BLITEKAET
‘CHpaBeqJMBOCTL CJILYIONIETO IIpeqJIOKeHHS,

Teopema 4. Cobuoimus, 3a0aHHbIE pPERYAAPHOIMU  BbIDANCEHUSMU
Ry, Ry ..., R, 6 nexomopom woHedroM aapasume X, moeym Obirib
npedcmasaenst 6 Koredrom asmomame (Muau uau Mypa), umerowem He
60.1ee 20+ gpympennux cocmoanuil, 20e N — CYMMapHOe LUCIO 8XOHCOEHUL
6yxs arpasuma X 6 evipaxcetrus Ry, R,, ..., R,

PaccmoTpuM, KakHe U3MEHEHHsI B aJI'OPHTM CHHTE3a CJIefyeT BHECTH
B TOM CJy4ae, KOraa, KpoMe HCXOAHbIX coOutHi R, R,, ..., R, B
andpasute X = (x;, Xy, ..., X,,) 3amaHa Takxke obsacTb 3zampera S.

O6aactb 3aripera MoXeT ObiTh 3alaHa U060 C TOMOUILIO HEKOo-
TOpOro PeryJ/sipHOro BHIPAXKeHHs, JHO0 KaK COBOKYMNHOCTb CJOB - B
anpasute X, HE BOWICAUIMX HH B OAHO M3 COOBITHH R,, R,, ..., R,.
{062 31u cnocoba o CYUIECTBY KBHBAJEGHTHH MEXAY co6ol, MOCKOJIb-
Ky OT IiepBoro crnocofa 3ajaHHsl MOXKHO NepPedTH KO BTOPOMY H Ha-
060pOoT.

O6uactb 3anpera S mo camoMy ONpefe/eHHI0 JONYCKaeT yMHOXKe-
HHUe CripaBa Ha COBOKYNMHOCTb F BceX cJOB (BKJOYAsl NYCTOE CJIOBO)
B andasure X: SF =S§. Tlostomy mnpu 3aganuu objactH 3anpera
pery/sipHeiM BbIpa)keHWeM R MOXHO, He Hapymas oOmiHoCTH, Npef-
rojiaratb, YTO BbIpaxKeHHe R umeer BHJ

R=Ri{aVx,VV...Vx,)

Onucanubifl BhIIle aJrOPHTM CHHTE3a Jaer pelleHHe 334aYd TNpH
naanuuy objactd 3anpera. OxHako NpH 3TOM MHOTHE NePexojsl B CHH-
TE3HPOBAHHOM AaBTOMATe OKaXYTCSl JIMIIHHMH B TOM CMBICJ]E, YTO HH-
xorga He OYAYT HCNONb30BAThCS NPH peatbHoii pabore aBTOMAaTa.
3ajaua cocTouT B TOM, YTOOHI BEISIBUTL BCE TAKHE NEePEXObl H MOCTPOHTh
B8MECTO OOBLIYHOrO (BIIOJIHE OMNpEeNe/IeHHOr0) aBTOMATa YACTHYHLIA aB-
ToMaT, B TabJHMLAX [iePeXOJIOB U BLIXOJOB KOTOPOro Ha MeCTax 3anpe-
1NEHHBIX [ICPEXON0B CTOSIT 4YepTOuKH. Ilepexoi K YacTHYHOMY aBTO-
MAaTy JaeT AOIOJHHUTeNbHblE BO3MOXHOCTH K INOCJAEAYIOUIeMYy YIipolie-
HHIO aBTOMATA.

YKasaHHasg 3ajgava B cJyuae 3ananusa obJacTH 3anpera Kak COBO-
KYIIHOCTH CJIOB B aJjdaBure X, He BOUICANIHX HH B OJHO U3 3aJaHHbIX
‘PeryJisipHbIX BbIpaXeHH# R;, R,, ..., R,, pemaercs COBEpUIEHHO oue-
BHAHBIM criocofom. [locse BbINIOJIHEHHS ONMHCAHHOIO BHILIE AJIFOPUTMA
CHHTE32 BLIXOJHOH CHIHAJ, 0G03HAYCHHBIA NYCThIM MHOXECTBOM CHM-
BoJOB R, R,, ..., R,, Oyzer COOTBETCTBOBATb IOSBJICHHIO 3aripe-
MEeHHOro BXoAHOro cJjoBa. CJenoBaTe/IbHO, NOCTATOYHO 3AMEHHTH 3TOT
BLIXOAHOH CHrHaJ B TaO/ulle BBIXOJAOB YEPTOYKOH M TNOCTABHTL 4Yep-
TOYKH BO BE€eX MecTax Tab/Hubl 1€PEeXONOB, COOTBETCTBYIOWIMX NOSBJE-
'fIHI0  3aNpeNIeHHOro BLIXOJAHOTO CHrHAJAa (MPH HAJOXKEHHH TaOJ/HIlbl
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BLIXOJOB Ha Tab/Huy NEepexofioB Mecra, OTMEUEHHble 4epTOYKofl, B
o6enx TabaHUAX JMOJKHBl COBMNANATH).

B cayuae 3apanus o6jactd 3amnpera DeryJsipHelM BbIPpaKeHHEM S
c/lenyeT MNPHMEHHTb OOLIMHBIH aJrOPUTM CHHTE32 K BLIPAXKEHHAM
S, Ry, Ry, ..., R, ¥ CUUTaTh 3aNpeUIeHHBIMH BCE BBLIXOJAH, O603HaueH-
Hble MHOX@CTBAMM, B COCTaB KOTOPBIX BXOIMT CHMBOJ S. 3anpelieH-
Hble BbIXOAbl B TalJuie BHIXOJOB 3aMCHAIOTCA YEPTOYKAMH, KOTODbIE
OIHMCAHHBIM BLIIe criocofoM mepeHocsTcsl Ha TabJHUy [epexojloB.
SlcHo, 4yTo Takol IpueM JACHCTBUTEJLHO NMPUBOAHT K PEIEHHIO HOCTAaB-
JICHHOH 3aJauH,

B paccmoTpeHHOM cjyvae cjefyeT CYHTaTh, YTO BHIPAXKEGHHE UMEET
BHJ

S=S(x:Vx\V...Vx,l

Ecav nepBoHAYaNLHO 33JaHHOE BHIpa)KeHHe A.151 o6JacTd 3anpera
HE YIOBJIETBOPSJIO TOMY YCJOBHIO, €ro CJeAyeT 3aMEeHUTb Bblpaxe-
HHEM

R=S{xVxV.. .Vl

B kauecrBe rpumepa pAacCMOTPHM CHHTE3 YaCTUYHOI'O AaBTOMATa
Muny, npencrasisioniero cobeiTie R = x {y}, OPH HANUYUH O6JIACTH
sanpera S = yx{x\/y}. Ha nepsoM mare mposeseM pasmeTKy MECT,
UHAEKCAUHI0 M PAacIpOCTPAHEHHE WHIEKCOB B BHIpaXeHHAX R u S,
HCIOJIb3YSl BO3MOXKHOCTb OTOXKJIECTBJIEHHA NMOJOGHBIX MECT:
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HO TaGnuue mepexonoB asromata Mypa
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Ha wuerBeprom mare Bsefem nepeofosnauenus 0 — 1, | — 2,
2-~3 *- 4 3-5 ( )=>u R-—~v, S~ w (ckobkamu ( )
3/lecb 0603HAYEHO MYyCTOe MHOXeCTBO cHMBOJI0B R u S). Ilocse storo
fI0JIyYHM OTMEYEHHYIO TalJHIy INepPeXxojoB
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CoBepmrass Ha nsiTom MIare nepexof K aBTomaty MHJIH, moJaydHm
TaGaHlLbl NepeXoJ0B ¥ BbIXOJOB
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Hakonell, coBepmiaem nepexoJ K YAaCTHYHOMY aBToMary. 3amnpe-
IleHHBIM B JAHHOM CJy4ae cjenyer cuHTaTh curuaa w. Torpa tabuauubl
nepexofoB M BHIXOJOB OyIAyT HMEThb BHJ
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Onnako coctosinue 5 sIBJseTCs JIMLIHHM, TOCKOJBKY aBTOMAT HH-
KOIZa He Tepefifer B Hero, OTHPABJSACh H3 HaAyaJbHOTO COCTOSIHHSA |.
OrfpacuiBas 3TO JIMIIHEE COCTOSIHHE, MPHIEM K OKOHYATEeJBHBIM Ta-
6/M11aM 1EePeXOf0B H BLIXOJIOB
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§ 5. MunumMH3auus aGCTPAKTHBIX ABTOMATOB

Kak ykaseiBasoch Bbllu€, a6CTPAKTHBIE aBTOMAT paccMaTpHBAeTCs
HAMH KaK YCTPOHCTBO AJIsl DeaJIM3alliH ABTOMATHBIX OTOOPaXKeHHH.
B cBA3M ¢ 3THM €CTECTBEGHHO HE Pa3J/IH4aTh aBTOMATHI, SKBHUBAJICHTHHIE
Mexay coOoH, T.e. aBTOMAaThl, MHAYLUDYIOUIHE OAUHAKOBHIE OTOOpa-
KeHH .

OcHoBHOH 3azjaved, pelnaeMoll B JaHHoMm naparpade, sBJseTcs
3aja4a MHHMMH32ALUH 2aBTOMATOB, T. €. 33/a4a HAXOXJAEHHs aBTOMATA
¢ MUHUMAJIbHLIM YUCJIOM COCTOSHHH B KJAcCe BCEX ABTOMATOB, JKBH-
BaJIGHTHLIX JaHHoMmYy. H3naraemele merofgbl pemeHdss 3ToH  3ajauH
nipeacTaBasioT  coboit  pasButHe wuaefl Muam [55], Aydenkamna
u Xona [3,4].

Ilycth @ M b — ABa COCTOSIHHS OJHOrO H TOTO XKe HJU JBYX pa3JHu-
HbIX aBTOMartoB Muau, uMenowux oOmHi BXOAHOH H OOLIMH BLIXOAHOM
antaButel. Ecan g5 mo6oro BXOAHOro CHIrHAJA X; BHIXOJHBIE CUTHAJBI,
ompenejsemble napamy (@, x;) v (b, x;), OAMHAKOBH, TO COCTOSIHHS &
W b HaspIBAIOTCA |-3KBUBANEHMHLIMIUL.

Ecan 1-3KBUBaneHTHBIE COCTOSIHMSI NEPEBOASITCS JHOGbIM BXOLHLIM
CHIHAJOM X; TaKXe B |-5KBHBAJICHTHblE MeX1y co0OH COCTOSIHHA, TO
OHY HAa3LIBAIOTCH 2-3x8usareHmuomu. Eciy 2-5KBHBaNeHTHBIE COCTOAHUSA
nepeBojsATCS JOOBIM BXOJHBIM CHIHAJIOM B 2-9KBHBAJIGHTHBlE MEXAY
cob0i COCTOSIHHMSI, TO OHH HA3BLIBAIOTCH 3-3KBUBAAEHMHBIMU, U T. A.
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Jlerko moHATb, YTO [-3KBHBAJEHTHbIE COCTOSIHHSA B cJydyae npHMe-
HEHUSl K HHMM JI0OOro BXOAHOTO CJIOBA AJMHEL { TNOPOXKAIOT OJHHAKO-
Bhle BBIXOJHHE cqoBa (i =1, 2, ,..).

OrTHolleHHe [-3KBHBAJEHTHOCTH pJs Joboro [ = 1,2 ... obaa-
JaeT cBoiicTBaMu pedJIeKCHBHOCTH, CHMMETPHYHOCTH H TPaH3UTHBHO-
cti. Orciofla cJjienyer, 4TO MHOXECTBO BCEeX BHYTPEHHHX COCTOAHHH
JanHoro aBromata Mu.M pazbuBaeTcs 3TUM OTHOMICHWEM Ha NMONMApPHO
He IepeceKamlHecs KJacchl [-3KBHBAJEHTHHIX MeXAy coloii cocros-
nuit. Takue kJjacchl 6ylem HA3wBaTh KJACCAMH [-3KBUBAAEHMHOCHIU,
UJIH [-Kaaccamu.

CocTosiHU S, SBJSIOMMECS [-3KBHBAJIEHTHBIMH JJIfl Beex [ = 1, 2, ...,
HA3LIBAIOTCS IKBUBAACHIMHOIMU COCIMOAHUAMU, a ONpeje/sieMble OTHO-
LIEHHEM 3KBHBAJIEHTHOCTH KJACCH — KAQCCAMU 3KBUBAACHIMHOCTIL, WU
oo - KAACCamuy. .

M3 oripeleneHns 5KBHBAJEHTHBIX MeXIy Co0ol COCTOAHHI He-
TIOCPEACTBEHHO BBHITEKAET CHPABEAJHBOCTL TAKOIO TNPEJIOXKEHHS.

Teopema 1. [sa cocmosrus o0Ho20 U moeo oce uau 08YX PASAUMHOLX
asmomamos Muau moeda u moavko moada sxeusasermust mexcly cobotl,
Koeda npumererue K Hum 1106020 8XOOH020 CACBQ  6b13b16aLIT NOAGACHUE
00020 U Mo2o Kce BbiXOOHO20 CA06A.

Jannoe mnpensoxenHe mno3BoJsieT chOPMYJHDPOBATE TaKXKe CJe-
AYIOIHA pe3yJbTar.

Teopema 2. [sa asmomama Muaiu mozda u moavko moeda 3Kau-
eanenniusl mexcly coboil (8 cMuicae COBNAOEHUN UHOYLUDYEMBLY UMY ABMO-
MamHelx omobpancerutl), Koeo0a sKBUBAAEHIMMOL UX HAYAAbHBIE COCIOAHUS.

IlpumeHeHHe OQHOrO H TOTO e BXOAHOTO CJOBA P K ABYM 3KBHBa-
JIGHTHBIM COCTOSIHHMSIM @ M b NMepeBOJHT HX CHOBA B 3KBHBAJIEHTHHIE CO-
crosauda ap H bp. TloCKOMBKY SKBUBAJIEHTHBIE COCTOSIHHS SIBJISTHOTCS
BMECTE C TeM H 1-3KBHBAJIEHTHRIMH, TO JJIs JIOGOr0 BXOAHOIO CHTHAJMA X;
napsl (a, x;) ¥ (b, x;) ONpeAeJsiOT OZHHAKOBBHIE BBIXOLHbIE CHIHAJIBL.

Takum o6pasom, A/151 Kaxaoro aBromata Musid A MOXKHO IIOCTPOHTh
HOBLIl aBTOMAT MuJM B ¢ TemH Xe, uTo H y aBToMata A, BXOAHBIM H BHI-
XOAHBIM andaBUTAMM, NPHHHMAsl 32 MHOMECTBO €ro BHYTPEHHUX CO-
CTOSIHHN MHOXKECTBO BCeX KJ1acCOB SKBHBaJeHTHOCTH aBTomara A. Ilepe-
Xombl W BHIXOAH B aBTOMAaTe B onpejesioTcs CJAENYIOIHM 06pasom:
KJ1acC SKBHBAJEHTHOCTH K, NEePeBOJXUTCS BXOAHBIM CHIHAJIOM Xi B
KJacc 5KBHBAJNEHTHOCTH K ,, colepXamud cocrosiHHe a;x;, The a; —
Jo6oe cocTosinHe, cogepXkauieecs B Kaacce K,. Ilape K,x; conocras-
JsieTcs npH 3TOM BLIXOAHOH CHrHAJ, onpepesnsiemuil mapo#t a;x;. Ilo-
CTPOEHHBI TaKHM o00pasoM aBToMarT Oy[E€M HAa3blBaTb KAHOHUYECKOU
MuHumusayuelt apromata Muau A.

M3 cuocoba nocTpoenns aBromara B M W3 npemyioXenus: | BhiTe-
KaeT CnpaBel/IMBOCTb CJEAYIOUIETo INpenJoXKeHHS.

Teopema 3. B karonuueckoli munumusayuu aoboeo asmomama Muau
0061 08Q PABAULHBLX BHYMPEHHUX COCMOARUS HE IKBUBANCHIMHbOL MY
coboii.

Hns peanuszauuy aBTOMATHBIX COOTBETCTBHH JOCTATOYHO OTpaHH-
YHTbCA PacCMOTPEHHeM JIHIIb TaK HAasblBAeMLIX C8A3HbIX ABTOMATOB,
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T. €. TAaKHX aBTOMATOB, Y KOTODHIX KaxkKmoe COCTOosiHUe SBJSIeTCS IL0-
CTH/KUMBIM, HJIH, HHA4Ye rOBOPS, KOTOPLIe B pe3yJbTaTe BO3AEHCTBHS
[OAXOJSIIEro BXOJXHOTO CJIOBA MOTYT OBITh IePeBejeHbl H3 Ha4a/JbLHOro
COCTOSIHUSA B JI060€ JPYyroe BHYTPEHHEE COCTOIHHE.

[leficTBHTENILHO, €cAd  OTOOpaXKeHue ¢ WHAYUHPYeTCs HECBA3HBIM
aBromatom A, TO JOCTHXKUMBIE COCTOSSHHS aBTomara A ob6pasyior
HOBLIH aBTOMAaT B, KOTOpBIN SBJAETCS CBSA3HBIM H HHAYUHPYET TO XKe
camoe otobpaxeHHe ¢. 3aMeTHM, YTO B pe3yJbTare NPHMCHEHHS OIH-
CcayHOrO B MNpEeIbLAYyIieM Naparpage ajJroputMa CHHTE3a Bcerja Io-
JIy4aioTCcsl CBSI3HBIE ABTOMATHL.

. Paccmorpum Kakod-1ubo cBsisubifi aBromat Musn A, uHpyuupyio-
WM 33ajaHHOe aBTOMarHoe orto0paxkenue ¢. KaHoHHYyecKasi .MHHHMH-
3auus B aBromaTta A TakxKe CBSI3HA M peaJIM3yeT TO Xe camoe otofpa-
enue ¢ (npH BhGOpe B KaYeCTBe HAUYAJLHOIO COCTOSIHHA KJacCa 3KBH-
BAJIGHTHOCTH Ky, CojepiKallero HayajbHOe COCTOsIHHE aBTomara A).

[lycte ) — npoH3BOJILHBIN ABTOMAT, PeaM3yIoOniuil To Ke camoe
COOTBETCTBHE, a d; — ero HavaJbHoe COCTOsiHHe. B cusy cBA3HOCTH
apromaTta B a/1s Kaxnaoro ero cocrosiHus K, MOXHO BHIODATb BXOAHOE
CJIOBO p, TakK, 4ToOn Kyp; = K, (i € M). Tloctpoum orobpaxkenue P
MHOXKECTBA COCTOSIHMH aBTOoMaTta B B MHOXECTBO COCTOSIHHH aBTOMara
D, nonaras P(K;) =dop; (I € M).

$lcno, uto HauanbHble coctosinua K, W d, aBTomatoB B U D 3KBH-
BaJjleHTHBl MeXny coOoil. Ho Forna sKBHBA/NIEHTHBIMH SIBJISIIOTCST TaKXKe
cocroauust K; u d;= P(K;) npu mobom [ € M. Ecau ¢(K,) = P(K)),
TO OTCIONA BHITEKAET IKBUBAJICHTHOCTb COCTOSIHUA K ; H K;. B cuny xe
npenJioxenus 3 31o osxavaer, 4to K; = K,. Takum o6paszom, CooTBeT-
CTBHE 1 B32HMHO OJHO3HAYHO, 4YTO BJleder 3a coboi CHpaBeRJIHBOCTh
CJISAYIOUIEro TNPEIJIOKEHHS.

Teopema 4. Kanosuuecxas munumusayus céaszroeo asmomarma Muau,
unOyyupyroweeo awboe 3adanroe asmomammoe omobpascenue ¢, npeo-
cmagasiem coboll asmomam, uUMeruUll HAUMEHbLIEe B03MOXCHOE HUCAD
sHympenrux cocmoarull cpedu ecex asmomamos Muau, uxlyyupyowjux
mo ace camoe omobpadxcenue ¢ (m.e. cpedu 6cex a8mMoMamos, IK8uU6aA-
senmuolx asmomamy A).

IT0O yTBEPXKAEHWE M[OJHOCTHIO Pelaer 3a7avyy MUHUMU32LUHU aBTO~
MatoB MWiM IpU YCJIOBHH, YTO CYIIECTBYET KOHCTPYKTHBHLIH TNpHEM
HNOCTPOEHUs KJIACCOB SKBUBAJEHTHOCTH AJs M060ro 3ajaHHoro (CBA3-
Horo) aBtromata Muan. Taxofi npuem Obn npepsoxked AydeHkamnom
1 Xounom [4] ans caydyas koHeynbix aBtomartoB Musu. OH ocHOBaH
HAa CJeyIOmleM Jerko J0KazyeMoM MNpPeiJIoKeHHH. ‘

Teopema 5. Ecan 0as mexomopoeo i pasbuerue cocmosinuil asmo-
mama Ha (i + 1)-xaaccot cosnadaem ¢ pasbuenuem Ha [-KAQCCHI, MO OHO
feanemcs pasOuenuem U HO ©c-KAACCHL.

B camom gmene, ecnm mobGas napa (a,, a;) {-3KBHBAJIEHTHLIX COCTOSA-
HUii ABAgeTcs Takke ({ - 1)-9KBUBAJEHTHOH, TO COCTOSIHHA a4, U G;
Ji06bIM BXOJHLIM CHIHAJIOM X, MEPeBOASITCS B [-3KBHBAJIEHTHBIE MEXKAY
co6oit cocroanus. Ho Torma oHH mepeBOgATCS ITHM CUTHAJOM H B
{{ - 1)-akBHBaseHTHBIE wmMeXAY cobofi coctosuns. CreqoBare/bHO,
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COCTOSIHHSI @, H @, He ToabKo (i -} 1)-3KBHBa/NeHTHbl, HO H ([ - 2)~
3KBHBAJIEHTHbl MeXIy CoOoH.

[anee nonyydm, 4To COCTOAHHA G; U 4, N-3KBHBAJCHTHH NPH BCEX
n=i [ +1, {42, .. H, caefoBaTe/LHO, SBJSIOTCS KBHBAJEHT~
HEIMH Mexny coOoii cocTosiHHsSIMH. BBHAY _npoW3BOJLHOCTH BbiOOpa
COCTOSIHUM @; U @, TpenJioXKeHHe 5 JOKA3aHo.

Asncopumm Aypenramna — XoHa HOCTPOEHHs KJACCa HKBUBAJICHT-
HOCTH (=<-KJIACCOB) OCHOBAH HA NMOCJENOBATE/LHOM [OCTPOEHHU [-KJjac-
coB s Beex [ =1, 2, ... . Tlockoabky pasbuenue ua (i -+ 1)-kaaccn
ABJAETCsT MojpasbHeHWem DasOHeHHs Ha [-KJacCul, TO B CJy4Yae KO-
HEYHOCTH aBTOMAaTa A yepe3 KOHEYHOe YHCJO HIAroB MOJYYUM Ha OCHO~
BAHWH TeopeMbl D HCKOMOe pas3fueHue HA o0o-KJAacCHl.

Pasbuenue Ha [-KJacchl COBEpHIAETCSl HENOCPEACTBEHHO MO Ta-
6sMue BLIXOJOB aBTOMAaTa: B OfWH H TOT Xe l-KJacc o6BeRnHATCH
BCE COCTOSIHUSI, KOTOPBIM COOTBETCTBYIOT OJMHAKOBBIE CTOJOULI B Ta-
Gaulle BeIXONOB. Jlanee CTPoHTCA Tak HasbiBaemas l-tabavua, mnoJay-
4amasncsa B pesyJbTaTe 3aMeHbl B TalJHlle I[IePeXOf0B AaBTOMAaTa
BHYTPEGHHUX COCTOSIHMH cCOmepKaIHMH HX |-KJaccamH.

B omur u TOT XKe 2-Kjacc OGBEOHHSAIOTCA BCE COCTOSIHHS, MNPH-
HajJeXalHue K OfHOMY H TOMY e l-Knaccy, KOTOPHIM COOTBETCTBYIOT
OJIMHAKOBLIe CTOMOUBI B I-tabiuue. [Jasee moCTYMAlOT aHAJOTHYHBIM
o6pa3oM: 3aMmeHss B Ta0JIHIlE NEPEXOJ0B COCTOSIHHA aBTOMAaTa Coaep-
KauuMy Ux 2-kJaaccamu, nogydawor 2-tabauny. [lo 2-rabnvue maxopar
3-KJ1acChl, OOBENHHAS B OQUH 3-KJIacC BCe COCTOSIHHS OJHOIO U TOrO Xe
2-KJaacca, KOTOPBIM COOTBETCTBYIOT OfHMHAKOBBIE CT0/01BI B 2-Tabiuile,

[IpHns Yepe3 KOHEYHOE YHC/IO IArOB K pas0UeHHI0 HA oo0-KJacCHl,
CTPOAT KAHOHHYECKYI0 MUHHMMH3ALMIO UCXOQHOIO aBTomMara A Hemo-
CPENCTBEHHO Mo ero Tab/HiaM MepeXofoB M BHIXOJIOB.

B pesyjbTare HaMu NOCTPOEH aJrOPUTM MWHUMU33LHH [IPOU3BOJIb-
HBIX KOHeYHLIX aBTomatoB Muan. [aa cayvas asmomamos Mypa wne-
06X0/JMMO BHECTH B 3TOT a/JIFOPUTM HEKOTODbIE M3MEHEHHUS, [IOCKOJbKY,
HHTEpNipeTHPYs aBTomMaT Mypa kak aBtomMar MHaM ¥ MHHHMU3UDYS
€ro B COOTBETCTBUH C OMMCAHHLIM QJTOPHTMOM, MBI [IOCTPOWM AaBTOMaT,
XOTSl H 3KBUBAJICHTHLI HCXONHOMY, HO, BO3MOXHO, He SIBJSIOLIHIACS
yxe aBTomatoM Mypa.

Inas Toro uroGel npH MHUHHMHU3aunuM asromaT Mypa ocraBasncs
astomarom Mypa, oueBHZHO, HEOOXOAHMO M JOCTATOUHO, YTOOBl OfH-
HAaKOBO OTMEYEHHbIE€ COCTOSIHUS aBTOM aTa He OTHOCUJIUCH K PasJIH4HbIM
KJ1accaM 3KBUBAJEHTHOCTH.

Hanbosiee mpocTo MOXKHO YAOBJIETBOPHTH 3TO YCJOBHe, BBOAS A4
asroMatos Mypa noustue 0-9kgueasenmHocmu COCTOSIHUNA U pasbue-
HUS MHOXecTBa cocTosiHuii Ha 0-xaaccor: 0-5KBUBAJICHTHBIMH OyreM
HasplBaTh JOGbIE 00UKAKOBO OMMeyerHble COCTOSHUS aBTomata Mypa.
Ecau n8a 0-5KBHBAJICHTHLIX COCTOAHHSA TIOOBIM BXOIHBIM CHTHAJIOM Tiepe-
BonsATCA B JBa (-KBUBAJICHTHBIX COCTOSIHWS, TO OHH HA3LIBAIOTCA [-3Ks
BHBAJIEHTHLIMH,

Bee nasnbhelinine nocTpoenust (onpeaeeHde {-KJaaccoB Ags [ X 2,
orpeseieHHe KJacCOB 5KBUBAJEHTHOCTH M NOCTPOCHHE KAHOHHYECKOH
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MHMHHMH3AIHUH) OCYUIECTBJSIOTCS] TOYHO TaK XKe, KaK H B cJyyae aBTo-
matoB Muqu. Pasymeercs, B ciyvae aBtoMaroB Mypa mpH nocTpOeHHH
KAHOHWUYECKOH MHHHMH3AUHH B MOXHO 3ajlaBaTh JJis Hee He TabJHIy
BLIXOAOB, a cOsuHymyio TaOJULYy BBHIXOJNOB, OTMeYast COCTOSIHUA aBTO-
Mara B (kjacchl KBUBAJCHTHOCTH) Te€MH XK€ BLIXOAHBLIMU CHI'HAJaMu,
KOTOPBIMH, OTMEUEHB! BXOJSAIIMe B HUX COCTOSIHHSA UCXOJHOrO aBTOMAaTa.

OnpHako TeopHs MUHMMH3AaUUdM asToMaToB Mypa B 'TOJLKO 4TO
onucaHHol ¢opMe He BIIOJHE SKBHBAJIGHTHA COOTBETCTBYIOILCH TeopHH
Jaas caydas aproMaroB Musu. B uacTHocTH, npensioXeHue, aHaJOrHY-
noe Teopeme 1, Ha aBromathi Mypa He pacnpocTpaHsiercs.

JIna  JOCTHXKEeYHsl IKBHBAJIGHTHOCTH o06eHx TeopdUHl HEOOXOAUMO
B KauecTBe PeaKIMH aBToMaTa Mypa Ha BXONHOE CJIOBO p pacCMaTpH-
BaTb HE TO BHIXOJHOE CJOBO ¢, KOTOPOe MOJy4yaercss B CHAY oOLIEro
onpeseenHs aBTOMAaTa, JaHHoro B § 1, a ¢j0Bo y,q, rie y; — BbHIXOLHOM
CHIHAJI, OTMEYAIOWMH TO COCTOSIHUE, B KOTOPOM HaXOJHJCA ABTOMAT
JO HayaJja nojauyu cjoBa p. [Ipu TakoMm olipeieseHdH peakLUHW aBTO-
mata Mypa Ha BXOJHOe CJIOBO JJid 3TOro aBromara OyAyT, OYEBHIHO,
CIIpaBeJIMBEL NPEJJIOXKEHH, NoJyvalomuecs u3.teopeM 1, 2, 3, 4 Ha-
crosmero maparpaga 3aMeHOH BceX BCTPEYaIMUXCS B HX (POpPMYJIH:
poBKax aBToMatoB Musm na aBromatsi Mypa. Teopema 5 ocraercs,
pasymeercs, CnpaBejJIMBoil 1151 aBToMaToB Mypa M npH oObIYHOM Ompe-
Ile/IeHHH BHIXOAHBIX peaKLUHH aBTOMATOB.

Ilpu nepexoge K oOBIMHOMY NMOHUMAHHIO BEIXOJHEIX peaKlUi aBTO-
Mara B 0co00OM MOJIOXKEHHH OKa3bIBAIOTCS JIHIIb TaKHe COCTOSIHUSA, B
KOTOPbHi€ aBTOMAT He MOXKeT nepefTH, OTNPABJssCh U3 APYTHX COCTOS-
Hull (/15 cJay4asi CBSI3HBIX aBTOMATOB TAKHM CBOHCTBOM MoXeT of6.na-
IaTh JHNIb HAYaJbHOE COCTOsIHMe). JIerko IrpoBepHThb, YTO AJS BOC-
CTAHOBJIEHHS] NAPaJIJIeJH3Ma B TEOPHSX MHHMMH3AUMH aBToMatoB My-
pa ¥ Musu B 3TOM cJaydyae JOCTATOYHO He OTMeYaTh HOAOOHBIE COCTOdA-
HHSI HHKAKHMH BBIXOAHBIMH CHIrHaJIaMH. DTO no3BoJiser npH o6paso-
Banuu (-KNaCCOB OTHOCHTH TaKHe COCTOSIHUS K Jio6oMy 0-kjaccy H
YBEJIHYNBAET TE€M CAMbIM BO3MOXXHOCTH MHHHMH3AILIHH.

Bosnuxawomuit 3gecs napanjienusm HMeeT, 0JHAKO, MeCTO HE IipH
MHHHMH3AUUH OCBIYHBIX BCIOLY ONpeleJeHHbIX AaBTOMATOB, a NpH
nepexoje K 6oJjee ofuiel 3a1aye MHHHMH3AUUH YACTUYHBIX ABTOMATOB.

CywHocTs 3aga4ydl MHHHMHM3AIHH YaCTHYHBIX ABTOMATOB COCTOHT
B CJENYIOmeM: JaH uacTHYHbi aBtomar (Mypa wam Mumi) A, usay-
LMPYIOUMH 4acTHYHOE aBTOMAatHoe oTofpaXkeHHe ¢, OIlpeAe/eHHOe Ha
HEKoTOpoM MHoXecTBe M cnoB BxojgHoro asndpasura. Tpefyercsa no-
CTPOUTb YacTuHbill aBromar (Mypa uam cootBerctBenHHo Muau) B, Ko-
TOPHIH HHIYLUHDYET YacTHYHOEe aBTOMaTHoe oTofpaKeHHe, COBNAJAI0-
uee Ha MHoXectBe M ¢ oToOpaxKeHHeM ¢, H HMECT HAHMEHbLIEEe YHCJ/I0
BHYTPEHHHX COCTOSHHA cpean Bcex aBtomaroB (Mypa uan Muan),
YAOBJIETBODPAIOWIHUX 3TOMY YCJIOBHIO.

ITocko/LKY ecTh JUHIb KOHEYHOe YHCJAO PAa3/UYHBIX YaCTUYHBIX
aBTOMATOB, y KOTOPHIX BXOXHOH H BBIXOXHONH aJ/ihaBHTLI OO He ¢ JaHHBIM
KOHEYHBLIM YaCTHYHBIM aBTOMAaTOM A M YHCJO COCTOSIHHH KOTOPBHIX He
[IPEBOCXOAHUT UMCJA cocTosuHii aBromata A, To chopMYJHPOBAHHASA
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3ajavya aJropHTMHuecKH paspemuMa. OZHAKO CYIIECTBYIOUIHE METOIbl
€€ TOYHOIrO pellleHHs] cBA3aHbl ¢ GOJIbUINM MepefopoM (CM. HampHMEp,
C. Tuns6ypr (19]) u nosToMy npaKTHYECKH MaJONPHIOAHHI.

Ha npakrtike 06bIMHO NOJIb3YIOTCSL CJAEAYIOUIMM NPHEMOM MHHH-
MH3alHH YaCTHYHBIX ABTOMATOB: MBICJIEHHO 3aNOJIHSIA NPOYEPKHYTbiE
Mecta B TaOJHIIAX TNEPEeXONOB M BBIXOJOB JAHHOIO YacTHYHOI'O ABTO-
MaTta A, oObeIHHSIOT COCTOSIHUS B (-KJacchl H MHHUMH3HDYIOT 1O TeM
’Ke CaMbIM NMPaBH/1aM, 4TO H B cjyuae oObIYHBIX (BCIONY ONpeNe/IeHHbIX)
aBToMartoB. Bce MaM HeKoTOphie H3 BO3HHKAIOMHX BApHAHTOB O6mne-
JAMHCHUS COCTOSIHHH B KJIaCCHl NPOBEPSIIOTCS, H H3 NOJYYEHHBIX KAHO-
HHYECKHX MHHHMHU3aLMi# BHIOHPAIOT Ty, KOTOpasi MMeeT HAMMEHblIce
Y4HC/I0 COCTOSIHHH.

YKaszaugblil npHeM JeACTBHTE/NbHO DeH1aer 3ajayy MOCTPOEHHd
YACTHYHOrO aBTOMATa B C MEHBIIMM YHCJIOM COCTOSIHME, UeM y HCXOJ-
HOro apromaTta A, npudeM WHAYLUpYyeMOe aBTOMaToM B yacTHuHoe
dBTOMAaTHOe OTOOPaXeHHe 1 COBNAJNAET C YACTHYHLIM ABTOMATHLIM OTO-
OpakenHem ¢, WHAYLUHpyeMbiM aBToMaToM A Ha 06JacTH onpefesieHyst
otobpaxenust ¢. I[Ipy sTom o6nacTL onpepesieHHss otobpaxeHHS P,
BooOute roeops, 6oJblie 061aCTH ONpeneNeHds OTOOpaXKeHHS ¢.

IMoxaxem, kak pa6oTaer OnNHCAHHLIH NpPHEM MHHUMH3ALUUH HA
npuMepe 4YacTHYHOro aetoMata Musm A, 3ajaHHOro ClAEAYIOIIUMH
TabJMLAMH TEepPexofoB H BLIXOJOB:

1234 1234
x2— 24; xlu —u u.
yl—3 44 yl—uvowv

MUBHMH3HDPYS 33JaHHbIH ABTOMAT, NOJYYHM JBe HCXOJHLIE BO3«
MOXKHOCTH OOBeIHHEHHS B l-K/accel, NPHBOASIIHE K HaWMeHbUIEMY
KOJIHYECTBY KJIACcCOB,

a, :(l, 3, 4.), bl =(2) H Q, =(l.2)- b] = (3-4)

PaccMoTpHM  CHAuasjia TNepBYI0 BO3MOXHOCTh: |-tabnuua  3sanu-
1ercs

L 234
o X [bl - bl al . P

yl—aaaq

Us 1-tabnuupl BHAHO, YTO KJaCC @, HYXHO ‘pasflelNTb H& - AB&
2-knacca: a, = (1, 3) u ¢, = (4); Tperuii 2-kaacc b, copnapaser ¢
l-xnaccom by, = (2); 2-ta6nuua Gyner ¥merb BHJ :

12 314

7 b ——bg Ca. i
!/\-— QaCy Co il

et o 5

U3 2-tabauipl BHAHO, 4TO 3-KJacchl COBNAJAlOT C 2-K/1accaMy,
KOTOphIC SABJSIOTCA, CJENOBATENLHO, HCKOMBIMH oc-Kaaccamd. Kauo-
HAYeCKasi MHHMMM3alHs B pa3o0paHHOM BapHanTe NpeJCcTaBHTCs Tal-
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. las by o 'Aob,Co ¥
o x|b2~« ce Xiu—u.
ylcs a; ¢, youv

Bo BTOpOM BapHaHTe MHHUMHM3aNMU pasbueHHe na lKJlaccbl al =
é:(] 2) u b, = (3, 4) npuBoguT K l-tTabauue o

. "2 34 . e

- FE—an,
Y \— b b b|

H K pasbHenuto Ha 2-KJaccol a, = (1, 2); by = (3), c, = (4). 9.726-
JiMLa 3anHuercs .

__\l 234 ) oo
xla, —a, cs, o -
Yi— bzl,z Cy -

OTKYAa CJIelyeT, UTO NOJyyeHHOe pa3bHeHHe Ha 2-KJacChl jaJjiblie He
H3MeabyaeTcs H, CJAe0BATeNbHO, COBNARAET ¢ pa3bleHHeM HA oo-KJ4cs
col. KaHoHWYeckas MUHHMHM3auus B 5TOM BapHanTe GyieT 3a44BaTbCh
TaGAHLAMH

az b2 02 ag b‘) Co
X, as Cs; xlu uou.
Y lbz Cy Cy lu v v

HOJIy‘leHHbIe KaHOHHYECKHMEe MUHHMH3aNHH CYLIeCTBEHHO PAa3JIH4HbI:
nepepasi pearnpyer Ha BXOJHOE CJIOBO Yy BLIXOAHbLIM CJIOBOM ¥, a BTO-
pass — BbLIXOJHLIM CJIOBOM «.

§ 6. CrpyxkrypHblii CHHTE3 KOHEUHbIX ABTOMATOB

Ha stane cTpyKTypHOro CHHTe3a BhIGHDPAIOTCS 3J€MEHTapHLIE aBTO-
MarThbl, M3 KOTOPBIX OCYILECTBJSETCS] CHHTE3 CTPYKTYpHOH cxembl 3a-
JAaHHOTO abCTpakTHOro aBTomatra Muau uau Mypa. Dyaem npeano-
Jaratb, YTO 3JIeMeHTADHble aBTOMATLI ObIBAIOT ABYX POAOB: 3JEMEH-
TAPHLIE A8MoMAMbL ¢ NAMAMBI0, MW 3aMOMUHAIOILME 31emeHmbl (TPUr-
repel, JIMHHH 33JepXKKH ¥ T. [.), ¥ 3JeMeHTapHule asmomames. 6e3 na-
MAMU, HA3BIBAeMble TaKXKe Jqoeudeckumu sremenmamuy. Iasi npocToTht
OTPAHHYMMCS cJlydyaeM, Korja B HAINeM pacHoOpsi2KeHUH JHIIb OAHMH
THII 3a[IOMUHAIONIUX 3JIEMEHTOB.

BXxoaHble U BBIXOAHEIE CUTHA/BI KAK 3J€MEHTAPHBIX ABTOMATOB, TaK
H BCEro paccMaTpuBaeMoro asToMaTa B ueJoM o003HauaiwTcs (Koau-
pPYyIOTCSl) KOHEYHBIMH MHOCJeAOBATEILHOCTAMU OYKB HEKOEero (puKCHpo-
BAHHOTO KOHEYHOTO a/1paBHTa, HA3bIBAEMOTO CIPYKIMYpHbIM aapasumonm.
OG6LIYHO B KauecTBe CTPYKTYPHOro aJgdaBuTa BLIGHpaeTCs O080uHHbuk
arpasum, coctosimuit M3 aAByx 6yks: 0 m 1. Bropoim addasutoM,
UTpaomMiM BaXkKHe#dInyio poJib Ha 3Tane CTPYKTYPHOro CHHTe3a, fBJs-
eTcsi aJagaBHT, COCTOSALIHA H3 CHMBOJIOB BHYTDEHHHMX COCTOSIHME Bhl-
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GpaHHbLIX 3/IEMEHTOB MaMsTH. Haszosem ero asaBHTOM COCTOSIHK,
An(haBUT COCTOSIHUA MOXET HE COBNAajZaTh CO CTPYKTYPHHIM a/J(aBHUTOM,
OJlHAKO HA NpDaKTHKe B KauyecTse ajdaBHTAa COCTOAHHI BhIGHMpaercs
OOBbIYHO TAKXKE ABOUUHBIA asaBuT.

QuHoli M3 IVIaBHBIX 33j1ay, PELIAeMbIX B IPOLECCE CTPYKTYPHOTO CHH-
Te3a aBTOMATOB, SIBJISIETCS BBIITUCLIBAHUE TAK HA3LIBAEMBIX KAHOMUMECKLLX
ypasHerul, YCTAHABJMBAIOWMX 3aBUCHMOCTL CHTHAJIOB, N0OAABAEMbIX Ha
BXOJbl 3a[IOMUHAIONIUX 3JIEMEHTOB, OT BLIXOAHBIX CHFHAJIOB 3THX 3J1EMEH-
TOB U CUTHAJIOB, TIOJAaBaeMblX HA BXOJ BCero aBTOMaTta B uUeJoM. YTobki
ofecrneynTh NMpaBU/JAbHOe QYHKUHMOHUDOBAHHE CXeM, HeJAb3sl JONYCKATb
y4aCTHs! BXOJHBIX CHTHAJ/IOB, MOJABAEMbIX HA BXOJ 3aNOMHUHAIOUINX 3Jle-
MEHTOB, HEITOCPEeCTBEHHO B 06PA30BAHUH BHIXOJHbLIX CHTHAJIOB, KOTOpLIE
no uensM o6paTHON CBS3U NOJABANHKCH Obl B TOT ’Ke CaMblii MOMEHT Bpe-
MEHH Ha 3TH BxoJbl. MHaue rosops, 3a10MHHAIOMKE SJEMEHTH JOJIKHbI
npeacTaBasATL co60i aBToMaTh Mypa, a He aBTomaTel Muvin. CaoxHBik
JKe aBTOMAaT, 00pa30BaHHbIH 5THMH 3JEMEHTAMH, MOXeT, pa3yMmeercs,
6LITh KakK aBroMaToM Mypa, Tak H aBToMaToM Muuu.

IlpeanosokumM, 4YTO HCHOJL3YeMble IPH CTPYKTYPHOM CHHTe3e
5JeMEHTapHBIE aBTOMAThl C NaMATHIO SBJSIOTCA apToMaTamMH Mypa.
CaBMHYB COOTBETCTBEHHO HAyaJsio OTCYETa BPEMEHHBLIX HHTEPBAJIOB AJ1d
BLIXOAHBIX CHUTHAJOB, OyleM CUHTATh, YTO BLIXOAHOH CHUTHAA B /06O
MOMEHT BPeMeHU [ KaXKAOro 3JeMeHTa NaMATH ONpeiensercst BHYTpeH-
HUM COCTOSIHHEM STOTO 3JIEMEHTA & MoMm e camoil MOMEHT BPEMEHH.

YT1o6Kl MMETh BO3MOXKHOCTb CHHTE3HPOBATb I1POM3BOJILHBIE ABTO-
MaThl NIPH MHHHUMAJILHOH 3aTpaTe 5J/IeMEHTOB NAaMATH, UesecoobpasHo
B KauecTBe TAaKHX 3J/leMeHTOB BLIGHpaTh aBToMaThl Mypa, umeomne
NOAHYIO cucmemy nepexodos u NOAHYIO cucmemy 6vtx0008, KOTOPLIE AJR
KpaTKOCTH OyJeM HasbBaTb noAubimu asmomamamy. llosnora cu-
CTeMbl Mepexoj0B O3HAUYART, YTO AJs JI0O0H napbl COCTOsIHUI aBToMara
HalfeTcs BXOAHOH CHTHAJ, NMepeBOASIHY NepBbIi 3JeMEHT 3Toil napwl
BO BTOpPOH. JT0 TpefoBaHUe 3KBUBAJEHTHO TPEGOBAHHIO: B KaXK0M
crosfue TaGJHUBI TEepexooB JOJIKHB BCTPEUYATLCS BCE COCTOSHMUSA
JaHHoro amstomara. [losHOTa cHCTeMBl BHIXOJOB B CJydde aBTOMATOB
Mypa o3HauaeT, 4To KaXJAOMY COCTOSIHMIO aBTOMAaTa NOCTaBJeH B CO-
OTBETCTBUE CBOH OCOOBIH BBIXOAHOH CHIHAJ, OTJWYHBIH OT BBIXOJAHLIX
CUTHaJoB Apyrux cocroanuil. [losTomy AJNa noaHBIX aBromMatoB Mypa
€CTECTBEHHO NPOCTO OTOXJECTBJATh BLIXOAHbIE CHTHAJBI C COOTBET-
CTBYIOUIMMHY BHYTPEHHUMH COCTOSIHUSIMH aBToMara. B janvHeiluiem
OyzeM TpPHAEPKUBATLCH TaKoro cnocoba.

Bui6epem B KauecTBe 3JeMeHTa MAMSITH HEKOTODBIH MOJHEIN. aBTO-
mat Mypa B. BHyTpeHHHe COCTOSIHUSI 3TOrO aBToMara o00603Hauum
OyKBaMHU 2y, 24, ..., 2, {r > 2). OHH, COrJIACHO IIPHHATOMY YCJ/OBHIO,
OynyT Tak)Ke BBIXOZHBIMH CcHrHagamu. [as 0603Ha4eHHsl BXOAHBIX
CUTHAJIOB 3JeMeHTa NaMATH OyAeM YyNoTPeb/aTh OYKBHL Sy, Sg; -.-, S,
Andasur (2,, 2,, ..., 2,) €CTb He YTO WHHOE, KaK a,1¢aBUT COCTOSHUH.
CrpykTypHHIl angasdT BeIGepeM HECKOJLKO MO3JHee, a IOKa IOKa-
JKeM, KaK HaxOpHMTh TaK Ha3blBAEGMbIE KAHOHUHECKUE {YDABHEHUA aBTO-
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Mara, naMmfATb KOTOPOro COCTaBJAe€TCA H3 3JIEMEHTOB BblﬁpaHHOPO
THIIA.

[IpexnoJsiokuM, uTo 3ajaH aGCTPAKTHLIA KOHeUHHIH aBTomatr Muad

uau Mypa A c¢ BxogubiM andhaButoM X = (X, Xs, ..., X,), BBHIXOJHBIM
anpasutom Y = (41, Ya» .--» Ym) H MHOKECTBOM BHYTPEHHHX COCTOf-
Huli A = (q,, a,, ..., a,), 3agaBaeMbld (yHKUHEHd nepexopoB &(a, x) B

¢yHkuHed BeIXoZOB Az, x). [lycTe BoIOpaHHBIA 3JeMeHT naMaTd B
3anaetcsi GyHKnHeil mepexonoB v(z, s). [locTaBuM 3ajauy Haxoxpe-
HUSl KAHOHMYECKHX YypaBHeHHii aBTomMaTa A mnpH YCJOBHH, UYTO €ro
namMsiTb CTPOMTCSL M3 HECKOJLKHX 3sK3eMmiasipoB B, B . Bk
3JleMeHTapHOro aBTomaTa B.

Hns noctpoenust aBromata A 4HCTO R 3J€MEHTOB NAMATH JOJKHO
YIOBJIETBOPATL YCJAOBHIO r¥ > p. B sToMm ciyyae passnuiinie BHYTpeH-
HHE COCTOSIHHSl @; MOXKHO OTOMIECTBJSITb C pa3/HYHbIMM Habopamu
cocTosiHud asromaros B(M, B@, ..., Bt. Tlpouecc Takoro oroxje-
CTBJIeHHs1 GyleM HAa3hLBaTh KoOwposaHuem COCTOsHHH aBTomata A B
MIPUHATOM aJiaBUTE COCTOsHHI. Pasymeercsi, mpouecc KOAHPOBaBUS
fI0 CaMOMY CBOeMY CYIIECTBY He oiHo3HaueH. OnHako He OyjeM BXo-.
JUTbh B NOAPOOGHOCTH BONPOCA, CBA3AHHOTO C BHIGOPOM TOTO KJH HWHOTO
BapHaHTa KojMpoBaHHs, a OyjgeM CUHTaTh 3TOT BAPHAHT YXKe 3ajaH-
HEBIM.

ITocne xopuposanusi cocTosindss aBromaTa A O6yayT o603HaueHh
k-mépubiMu  Bekropamu (20, 22, ..., 2®)), KOMIOHEHTaMH KOTOPBIX
CAyKAaT pasjnyHbie GYKBBl 2; 23, ..., 2, A1(ABUTA COCTOSIHME; ABYX-
MecTHas (GyHKUHsI BEIXOJ0B Ma, x) aBTomaTta A rpesparturcs B (B + 1)-
mecTHYIO QyHKuHio A%(zM,... A, x), KoTopyio ro-npexuemy Gyaem
Ha3bBaThb (YHKUHeEl BHIXONOB. DKBHBAJIEHTOM (YHKUMH [EDEXOJOB
8(a, x) mocne KopupoBaHus Oyner cucrema H3 k (k- l)-mecTHBIX
odynxkunit (20, .., 2®, x). ..., gW(2M. .., 28, x) nepexodos 6 3aemet-
max namamy. OyHKUUs ¢Y) ONMpefessieT COCTOSIHHE, B KOTOPOe JOJIXKeH
TIepeiiTH i-i 5J1eMeHT NaMATH B MOMEHT BPeMeHH ! - 1. ecii B MOMEHT
BpemenH ¢ aBTomaT A HaXogW/cs B coCTosium (21, 20 . .., 2(A),
a Ha ero Bxoja 61 mojaH curxana x(f — 1,2, ..., k; ¢ —=0,1,2,..).

CrenyomuM BaXKHBIM 3TaloM  SABJAETCsl  NOCTPOeHHe  ¢hynKkuyud
8o3bycdenun o' (21, ..., 2®, x) saemedtToB mamatd (i =1, 2, ..., k).
3HaueHHe KamjaoH Takoil (YHKUMM ¢ npu BHIGPAHHOM COCTOSIHHH
z®, 2®, .., z») asromata A M BXOJHOM CHTHA/E X ONpefessercs
KaK BXOAHOH CHTHaJ s [-To 5JE€MEHTa NaMmATH, BBI3LIBAIOLWKWH mepe-
X0l B i-OM 3J/eMeHTe MaMmATH, OOYCJOBJEHHHH i-0off (QyHKuUMeHd mepe-
Xo0B, T.e. mepexon 20—@® (20, ..., 2® x)(i =1, ...,k). Bxoxn-
Hoii curuan s momer OblTh BHIOpDaH He oinMm cnocobom. [lostomy
NOCTPOEHHE (DYHKIMI BO3OYXKIEHUS 5JEMEHTOB NMaMsiTH 1O GYHKUHAM
IepEXONOB B HHX OCYUIECTBJSIETCS HEONHO3HAUHO.

Boifop Hauayumero crnoco6a nocTpoeHus ¢GyHKHUE Bo36yxie-
HHUS CBS3aH C 3ajauaMd MOCJELYIOLIEro 3Tana — 3Tana KoMOHHALMOH-
HOTO CHHTe3a. BrpoueM, /sl MHOTHX THIIOB 3JIEMEHTOB NaMmsiTH (JH-
HMH 32J€PXKKH, TPUITEPHI CO CYETHLIM BXOAOM M JP.) COOTBETCTB YHOUIHH
TIepexoy BHLIIOJIHsETCsl OAHO3HAuHO. I/l psiaa THIIOB 3JIEMEHTOB MOXKHO
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yKaszaThb 4YaCTHYHbIE KOMOWHATOPDHO-BHIYMCJIHTENbHBIE [PHEMBI, NO-
3BoJisiiomiMe GoJsee MPOCThiM, MO CPABHEHHIO C H3JIOXKEHHBIM OOLLHM
npueMoM, crnocoGoM HaxXOZuTh GYHKUUH Bo3Gyxnenus [23].

OyHkuMH BO36yXKaeHHs o), mpHpaBHeHHLIE ONpejeNsseMblM HMH
BXOJAHBIM CHIHaJaMm s%, W [4l0T HCKOMble KAHOHHYECKHe YPaBHEHHS
4451 obpaTHuix CBsA3ell B aBTomMate A. OfHaKo 5TH (YHKUHH HMEIOT
ey e He BIIOJIHE YJOBJETBODHTENLHBIH BHJ: COCTOSIHUS aBTomMaTta A
3aKOAMPOBAHE B YHHBepCaJbHOM (IJ11 BEIGPAHHOTO THUIA SJEMEHTOB
namsTH) ajadaBuTe COCTOSIHHH, He 3asucawem om svibopa asmomama A,
4151 0603HAUYeHHA BXOAHBIX H BLIXOJAHBIX CHT'HAJIOB MCIOJB3YIOTCS Pas-
JuuHble aJhaBHTHl, B TOM YHCJe H TaKhe, KOTOPHE 3aBHCAT OT BhiGopa
aBromara A. HeoGXxoahmMo NOSTOMY (HKCHDOBATb CTPYKTYpHBHIH aJ-
tdasuTt B, onpesensempli O6LIMHO (AKTHUECKH NPHUHSATHIM KOXHPOBa-
HUeM BXOAHBIX CHTHAJOB 3/JeMEHTa NaMATH, ¥ 3aKOAUPOBATL KOHEYHBIMH
N0C/1e{OBATENLHOCTAMH GYKB 3TOro asdaBHTA He TOJNbKO BXOJHBIE CH-
rHAJBl 09 3J1eMEHTOB MAMATH, HO TAKXKe BXOAHBbIE H BHIXOIHbIE CHTHA-
Jbl X H y BCEro aBTOMara B uenoMm. Takoe KopHpoBanHe npeoGpasyer
HalJeHHYIO BHIE CHCTeMY (YHKUHH BO36YyXKjaeHHs ¢ B HOBYIO CH-
creMy GyHKUHH

o (@D, 2wy, ug, e )= 12,k j=1.2,0..,])

’

rge kaxnas u3 ¢yHKuud o@ npeacrasasier coGoil BXOAHOH CHIHa
(6ykBY CTPYKTYPHOTO aJi(haBHTa), KOTOPLIH HYXKHO NOjaTb Ha j-it
BXOJHOH KaHaJ {-TO 3JIeMEHTa NMamsATH B TO BpeMs, Korga aBromar A
HAXOMUTCSl B COCTOSIHHH (21,200 . .| 2¥), a HA ero BXOJHBIE KAHAJIEL
NOjAI0TCS  CUTHAJbl (GYKBHl CTPYKTYDHOTO ajiaBWTa) Uy, U, ..., Ug.

AHanoruyHo HaljeHHas Bolllle GYHKIHSA BRIXOXOB A(zD), ..., 2% x)
3aMeHHTCS CHCTeMOM GYHKUMH A;(z®, 2@, .., 20, ujuy, ..., u)j=
=1,2,..., h), rae QyHKUHA A; onpenensieT BLIXOAHOH CHrHAN (OYKBY
CTPYKTYPHOTO a/paBHTa), MOSBJIAIOIMACA HA j-OM BHIXOJHOM KaHate
asromaTa A B TO Bpems, Korza aBToMaT A HaxoZMTCS B COCTOSIHUH
(z1), 2@ | (.., 2®), a Ha ero BXOJHbIE KaHAJbl IOJAIOTCST CHIHAJIBI
Uy, Ugy «vos Ug.

[onyueHHble GYHKUMH 0;) B A; Ha30BeM COOTBETCTBEHHO CHMIPYK-
mypHoIMy  QYHKYUAMU  6030YxcOerull u CMPYKMYPHOIMU (HYHKYUAMY
eévixo0os asmomama A.

B cayuae (o6b1uHO BCTpeyaromieMcsl Ha NPaKTHKe), KOrMa Kak CTPYyK-
TYpHBIH andaBHT, TaKk H andaBHT COCTOSIHUH SBJAIOTCA JBOUUYHEIMH
and)aBHTaMH, CTPYKTYpHbIe GYHKUMH BO30YXKAEHHH M BHIXOZOB MOKHO
paccMaTpHBaTh Kak oObluHble OyJeBbl (QyHKUMH. 3ajaua jfajbHedluero
sTama (3Tana KOMOMHALHOHHOIO CHHTE3ad) 3aKJiouaeTcsl B (DAKTHYECKOM
HOCTPOEHHH HAHJEHHHIX QYHKUHH H3 5J1eMEHTApPHBIX JIOTHUECKHX GYHK-
LM, peasIi3yeMbiX 66lODAHHbIMY AO2UHECKUMU 3daemermamu. Metops
pelieHHsi 5Toi 3aiaud ObLIM pa3BepPHYTH B § 4 npexbiaymied TJaBbL

B kauecTse 371eMEHTOB aMATH B GOJILUIHHCTBE COBPEMEHHBIX IMbpO-
BbIX AaBTOMATOB YNOTpeGasiioTcs IOJIHBle aBTomartel Mypa ¢ aByms
BHYTPeHHHMH cocTosiHHsiMH. HHTepecHo mnpoanasd3HpoBaThb BOMPOC

133



O TOM, CKOJIbKO 3JIEMEHTAPHBIX ABTOMATOR H KaKHe YHOBJETBOPSIOT
STHM CBOMCTBaM. PaccMoTpHm cJayuail, Korga moJHbli asTomaT Mypa
¢ aByMs cocTosiHHsAMH O H 1 MmeeT TOJILKO ABAa BXOAHBIX CHUCHAJA —
x ¥ y. Y3 ycnoBHIH MOJHOTH! CJAENYET, YTO B KAXKAOM CTOJGLE TaGJauLbl
nepexojioB aBTOMAra JOJIKHBEI BCTpeuarncsl o6a coctosiuust — 0 u 1.
DTo orpaHuyeHve NPHBOIUT K TOMY, YTO CYIIECTBYET BCEro 4 BO3MO K-
Hbple TabJUibl epexojoB :

N S o] o1
S %0 03 x0 1y xT1 x 0. o
o yll 1 yl1 0 ylo o ylo 1

[Tocne nepeoGo3HaueHHsT BXOAHBIX CHTHAJOB TpeThbs TaGaHNA COB-
nagaet ¢ nepmoil, BTOpas — ¢ uerBeproil. Takum o06pasom, HmeeTcs
JHLIb JBA CYUIECTBEHHO Pa3.JHYHBIX aBTomara Tpefyemoro BuAa, 3a-
JasaeMblX TaGJHUAMH [epexonoB

_p _fot-
x0 0 " x0 1.
yll 1 yll 0

Ecau nosoXxute x = 0, y = 1, To nepBasi Ta6anua 3agaeT Xopolo
M3BECTHHIH SJIEMEHT NaMmsTH, Ha3blBaeMmblil 3JeMeHTOM 3adepocku (HA
OJIMH TaKT), a BTopasi — HE MEHee WM3BEeCTHLIH 3JIEMEHT, HasbiBaemblil
mpuzeepom co ciemuom 8vo0om. 3aMeTHM, YTO OGHLIYHOE 3JeKTpoMa-
IHUTHOE peJie C 3aMBIKAIOUHM KOHTAKTOM MOXHO PacCMATPHBATL KAk
3JIeMEHT 3aJePKKH.

[Ipy yBesnueHMH 4MC/Ja BXOAHBIX CHTHAJOB IOfBISIOTCS HOBLIE
THUNB! 3JIEMEHTOB MaMATH: mpuezep ¢ pasae/zbnbmu éxo0amu, 3ajaBa-
embiil TabJauued nepexojoB

(]

|

NS x|
—oo
—_— O —

CMEWIaNKOULL mpy2eep, 3ajaBaembiii Tabauueli »

s

S NS x|
OO —

M JpyrHe.

[lpy HanWukM JMIB IBYX BHYTPEHHHX COCTOSIHMi GeCIO/Ie3HO
YBEJIMUYMBATH UHCJIO BXOJAHBIX CHCHAJOB 0oJee uem 10 4YeThipex, NO-
CKOJIbKY npH 060JbIeM YHCJe BXOAHBIX CHIHAJMOB HEKOTOpble H3 HHX
HAuHyT Ay01MpoBaTh APYT Jpyra (BbI3LIBATh ONHHAKOBHIE [EPEXOAB
B aBToMare). HeTpyaHo mo3TOoMy COCTaBHTL KAaTaJIOT BCEX MOJHHIX CY-
WECTBEHHO PAa3/HYHBIX 8BTOMATOB Mypa ¢ AByMsl COCTOSHHMSMH (Cylue-
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CTBEHHO pasjHyHbiMu OyleM CUMTATh aBTOMATH, TaGJHLLl NEpexXonoB
KOTOPHIX HE NePeXONAT OfiHa B APYTYIO NPH nepeoGO3HAYEHUAX BXOLHBIX
curnagnos). Kpome nepeuHcC/eHHEIX 4YeTbipex THUIIOB aBTOMATOB, B 5TOT
KaraJor BOMAYT emwe TPH dBTOMATa, 3aaBaeMblX Ta6IHnamMu mepe-
X0J10B

o1 ol ()
x01; x01: xi00.
y00 gyl 1 gyl
z{L 0 2zl 0 z]10

Pagymeercsi, KaXjblii M3 NePEUHC/EHHbIX THIIOB aBTOMAaTOB JOIY-
CKaeT pasJjuyHple MOAZHQHKALMH 3a CYeT DPa3JHYHOrO KOJAMPOBAHHUSA
BXOJHHIX CHTHAJNOB B jBoMuHOM aJjdaBute. PaccmoTpum B KauecTse
npumepa NOJHbIH cuHTe3 (a0CTpPakTHHIA ¥ CTPYKTYPHBIL 70 moayue-
HYsA KAHOHHUECKHX YpaBHeHUil) aBTomara Mypa A, mpencras.asioniero
co6oii mocJefoBaTeNbHBIH ABOHUHBIA KBajpartop. Aetomat A paGoraer
caeqyomiy 06pa3oM: Ha ero BXOJ paspsAj 3a paspajioM MJAALIHMH
paspsiiaMM Briepe]] MOAAETCsl ABYXPas3psiHOE ABOMYHOE LEJNOe YHCJO.
Ha Buixome aBTomaTa Takxke IOCJeIOBATeJLHO, HAYHHAA C MJAALINX
PaspsioB, HOJKeH MOSIBUTLCA KBajapaT 3Toro uucsaa. Muaue rosops,
aBToMaT A JoJKeH peasi30BaTh CJENYIOllee YACTHYHOE OTOOPaXKEHHE @:

. 0000 — 0000
1000 — 1000
0100 - 0010
1100 — 1001 .

Herpyauo npoBepHTb, uTO oTo0pakeHHe ¢, INPOROMIKEHHOE HA
HauaJbHLlE OTPE3KH CJOB, YJOBJETBOPseT YCJOBHIO aBTOMATHOCTH.
OG6o3Hauas HyJeBoil CHrHaJ Ha BXoje OYKBOH X, a HA BBIXOAEe—u U CO-
OTBETCTBEHHO EJIMHHUYHBLI CHTHAJA HA BXOJe — Y, 4 HAa BHIXOAe — U,
3anuieM 5TO COOTBETCTBHE B BHJE

XXXX ~> uuul
yxxx — vuuu
XYxx - uuou
Yyxx — ouuv.

B nosy4eHHOM COOTBETCTBUH BBIXOJHBIM CHUTHAJIOM 4 NPEACTABJIEHO
cobuiTHe R = x\/xx\/xxx \/XxxX\/ yx\/ yxx\/ yxxx\/ xy\/ xyxx\/ yy \/
\/ yyx, a BHIXONHLIM CHTHAJOM U — cOObiTHe @ = xyx\/y\/ yyxx.
Cusiosa, He Bomejmue B coOHTHS R ¥ Q, sBAAIOTCS 3ampelieHHbIMH.
3a cuer 3anpemeHHbIX CJOB MOXKHO YBEJNMYHBATb 3TH COOBITHs Ge3
OnaceHUH HAPYIIHTH B CHHTE3UDYEMOM aBTOMATe ero peakuuio Ha 3a-
JIAHHBIE CJ0BA. .

[Tocko/bKY co6uiTHA R H  He mepeceKaioTcsi, MOXXHO Ha OCHOBa-
HMH CKA3aHHOTO 3aMEHHThL coGuiTHe R jonoJHenHem Q' coGbitus Q.
B rtakom cayuae aBTomMaT MOMKHO CHHTE3HPOBATb IO OAHOMY JHIlb
Co6bITHIO Q: CcOGbiTHe (' OKaXKeTCst ABTOMATHYECKH INpeNCTaBJ/IEHHbLIM
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MHOKECTBOM BCEX HEOTMEUEHHBIX COCTOSIHMH 5Toro asTomara. limes
B BULY, YTO JJiIs1 OTMETKH COCTOSIHMH TaK HJH HHaue OyAyT ynotpe-
6s1ATbCSl TIOTOM CHMBOJIEL & H v, 0003Hauhm cobpTHe @ GyKBOM U, a
ero gonoJjHenue Q' — u.

[lpouecc abeTpakTHOrO CHHTE3a NPHBOAMT K CJAENYIOWEH pa3MeTKe
peryJISipHOro BLIPAXKEHHS JJs1 COOBITHA Q=u:

= YA
1 i]pl 134 |56 4

0 10 0 I
o o 4 L

34ech OIHH H Te XKe OCHOBHLIE HHJEKChI IPHCBOEHHI Hiape CooTBeT-
CTBEHHHIX MeCT (MHJAeKC 1) u mape nogoOHBIX mecT (HHaekc 4). Orme-
yeHHasi TtabJauua nepexoaoB aBTOMATA, COOTBeTCTBy}OLLLaﬂ [IPOBEJEH~
HOH pa3sMeTke, 3amuiueTcs

iy,
REEEI

wovuwuuwuvuunwu - .
oY 0123456 °F
S YlgFF LG

TTockoabky HauasabHoe cocTosiHHe O NpeiCTaBfeT JHIb nycToe
CJI0BO, €ro OTMETKY MOXHO CuHTaTh HeomnpejeleHHOH.
- Tlocae nepeoGo3HaueHus1 COCTOSIHUA (*) NOJAY4YHM TaOJHLLY :

MHoxecTBO cocTosnui aBTOMaTa Mypa, 3alaBaeMOro nocJjejlHei
tabauued, MOXKHO pa3buTb Ha ABa O-xaacca: o, =(0,2,3.5.6,7) n
by = (1,4). Crponm O-Ta6auuy ¥ no Hell ompejeisieM 1-KJacchr

01234567
: _ay be ay a4 by ay ay 4y,
TAT x ]ao @y Qo by @y ao by Gy’
. ylbo Qo Ay Qg Qg Qy Ay Qg
a=(0), b =(14. ¢=(2517, d =(3.6).
Iloctpoum 1-Tabmuity W ompesenum 2-KJaccH:

012 345¢67
i e dbede, @=0, b=(L4), o=, d=@36);

xle, ¢ ¢ b6 dy by 6 fa =), g2=(7).
ylohca dy 6, 6 ¢ ¢ o
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2-ra6autta ¥ 3-knaccbl 6yAYT HWMETh BHJ

01 2 3 4567
—_(12 bz Co d2 b2 fg dz g2 -
x'cy g2 2 by ga dp b2 g5’
ylbz fads @2 82 2 G2 &>

[TockonbKy 3-KJacchl COBHAfAIOT, KAk JIETKO NPOBEPHTH, C 4-Kjacca-
MH, OHM OYAYT M o00-KJaccamH, TaK YTO aBTOMAT MOXKHO YIPOCTHUTL 3a
cuer o6beauHenus cocrosiHuil 3 u 6. Ilocse cooTBercTBYIOWUIEH NEpeHyMe-

panyH COCTOSIHHH OTMedYeHHasi TaGJauLla NepexoJoB HCKOMOrO aBTOMaTa
Mypa A sannumercs

I

as = (0), b3 = (1), c3=(2). d3 =(3.6)5
ez = (4), fa =(5), g3 = (7).

—vuUvuuuU
1234567

Ilepexoas x CprKTypHomy CHHTE3y, BLIGEPeM B KadecTBe 3JieMeH-
TOB NaMATH, JAHHHH 3ajlepXKKU ¢ TabJuiell Nepzxo4os
101
0/00.
111
Tak Kak CHHTe3Hpyemblii aBTOMAT HMeET 7 COCTOSIHH{, a ajieMeHT
naMaTH — 2 COCTOsIHHS, TO cJaefyeT BHIOpaTbh 3 s/emeHTa namatd (23>
> 7). O6Go3nauuM WX BHYTPEHHHE COCTOSIHHS OYKBaMH 2;, 2, 23, 4
BXOJHBIE CHTHAJBl — §,, Sy, S3 (BCe 3TH BEJHUYMHBI MOTYT NPHHHMATb
3HayeHuss 0 u 1). Cocrosinuss astomara A 0003HAYUM 3HAYEHUSIMH
BeKTOpa (2, 2,, z3). BuibepemM Tak Ha3LIBAEMYIO eCTeCTBEHHYIO CHCTEMY
KOJHPOBaHUS COCTOSIHHH, TNpPH KOTOPOH KaXKaoe COCTOsIHME KOAHpy-
€TCsl 3anMCbI0 CBOE[O HOMEPAa B JBOWUHOH CHCTeMe CUMCJIEHHS

1=001; 2=010; 3=011; 4=100; 5=101; 6=110; 7=111.

OGosnaunm ¢Hu3ndeckHil BXxopHOH cHrHan Bcero asromatra A Oyk-
BOI ¢, (PU3MYECKHH BHIXOZHOH CHrHalm — d M NepenuuleM OTMeYeHHYio
TalJ/IMIly NEepPexoJoB 3TOr0 aBTOMATa B COOTBETCTBHH C NMPHHATOH CHCTe-
MOH KOIHpOBaHHA (Takyio TaGiHny HasLIBAIOT OOLIMHO gusuueckoll Tab-
Juued nepexoioB aBTOMAaTa, B IIPOTHBOIOJIOXKHOCTH paccMaTpHBas-
weiics panee abcmpaxmrod Tabule nepexoioB, B KOTopod He ObLIH
yuTeHbl OCOGEHHOCTH KOAMPOBAHMS) :

trprrrgan

d \ —l1]o]1 , ol oo
X) 001 ’010'011 100\ 101 | 110 | 111
0 lon 11| 111 111‘110 100 | 111

1 lOlO 101\110 111
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[Moayuennas ¢pusnueckas Talauua NepexosoB aBTOMara 3ajaer coc-
TostHMS 2] = 2, (£ -+ 1), 2 = 2,(¢ + 1), & = 25 (¢ +1) snemenToOB na-
MATH B KaXIbIH MOCJAENYIOMHUHA MOMEHT BpemeHH f -+ 1 Kak GyJeBbl
GYHKUMH HX COCTOSIHHH 2, = 2{ (#), z2=2(¥), 2, = 23 (#) 1 BXOmHOTO
cHruata ¢ = ¢(f) asTomata A B HacTosMi MOMEHT Bpemenu f. M3
Tabauipl NEPeXOf0B SJEMEHTA 3afepXKKH BHIHO, YTO €ro COCTOSIHUE
B J1I060H NOCJAENYIOUH MOMEHT BpeMeHH f - | coBmajaer ¢ CHrHAJIOM
Ha ero BXojie B HACTOSIIMi MOMEHT BpemeHH. MOXKHO I03TOMY CUMTATH,
UTO BLIMHCAHHAS Ta6JHIA 3ajaeT CTPYKTYPHble GYHKUHH BO36YKIEHHS
HCcKoMoro aptomara A .

$s=0; (21, 2 23 ¢) (i=1, 2, 3).

Ta6auupl 3HAYEHHEH, ONpeNe/sIonHe COOTBETCTBEHHO (QYHKIHH s,
S;, Sg, BbIMMIeM cpasy B Buje KapT Kapuay (em. § 4 ra. [I) -

Xoo(m‘n\io_ X\»oom\ntm
o0 |1 -ToTo | T[T
o [tlulifr] o |1

|
a oo o]

J10[1]1]1]o

Metogamn, PAa3BHTLIMH B npegbaylied rJase, HaXOTHM MHWHHMAbs
Hble JIU3BIOHKTHBHLIE HOPMasibHble (GOPMBI 1151 QYHKIMA BO3CYXKIeHHS
(BXOAHBIX CUTHAJIOB 3JIEMEHTOB NamsiTH) aBTomara A

S1=2 V2, Sa=23\V 2V 21C \/ Z:C: S3 =2\ %1223V
VzRs V23V 2c.

CTPYKTYPHYIO (YHKIHIO BBIXOJOB (OMPEAESIOULYIO BBIXOXHOH CH-
ruan d aBToMara A Kak QYHKHMIO COCTOSHHME 3JEMEHTOB €ro MamsiTH)
TAKKEe OIpejesisieM HENoCPEJCTBEHHO 10 OTMEUEHHOH (H3HYECKOH
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rabanue nepexonos asromata A. Kapra Kapunay pns stoil (YHKIHH
3anuiercs, -

2, 0 j] A
2120
Aoo—iﬁ—_l“:
o1 1o
1 ‘Ihg—o}
1010

Tlo kapre Kapuay nerxo naiimem MuHuMa.nbnyio JHA3BIOHKTHBHYIO
topmy, 3apaomyo Tpebyemyo GYHKIHIO BLIXOAOB d, .

d = 212; \/ 2-2;3.

3ameTHM, 4YTO BCe HAWM GYHKIMM OKa3aJHCh onpenesieHHBIMH He
Ha BCeX HAGOPaxX ¥ Mpl JOOMPeAe/ MM HX TAKUM o6pasomM, 4TOGH NO-
JYUHTb MO BO3MOXKHOCTH 0o0Jiee MPOCTHIe NPEACTABJECHHS JJIS HUX.
BBenem B KauecTBe JIOPHYECKHX 3JEMEHTOB MHBEPTOPHI, a TaKxe
JABYXBXOJOBLIE COBnajeHHst W pasgesnenusi. OGo3Hauasgs HX KPYKKaMH

S
5
SI
i
£
Puc. 9.
C CHMBOJIAMH COOTBETCTBYIOIIMX HM omepauuit 71, A, \/, a 3JeMEHTHl

namATH (33JepXKKH) KBajpaTHKaMH ¢ OyKBamMH 2, 2, H 23 BHYTPH,
nmosydyum cxeMmy aBTomaTa A, KoTopast M3o0paxkeHa Ha puc. 9. Dra
CXeMa KpOME Tpe€Xx 3JeMEHTOB 3allepXKKHM BKJwoYaeT B ce6s 4 HHBeEp-

TOpa, 5 coBmajieHHil u 7 pasgenenuii (Bcero 16 JIOTHYeCKHX 3/1eMEHTOR
H 3 3JIeMEHTa NaMsTH).



Frasa IV

CAMOOPTAHHU3YIOUWHUECA CHCTEMbI

§ 1. lloHsiTHe 0 CAMOM3MEHEHHH M CaMOOPraHH3allWH B aBTOMAarax

C nousTHem aJroputmMa H JHCKPETHOTO AaBTOMATAa CBA3LIBAETCS
0O6LIYHO IMpEeACTaBJeHHe 06 HX HeHM3MeHHOCTH Bo BpemenH. CooTer-
CTByIOLLME HM aJndaBUTHLIE OTOOpaXKeHHs NPEACTABJISIOTCS YeM-TO
JKECTKHM, pa3 HaBcerja 3ajaHHbiM. [IpHMEeHHTENBHO K KJaCCHYeCKOMY
[OHSITHIO AJIFOPHTMA H K OOLIYHOMY NOHHMAHHIO cnoco6a ¢yHKIHO-
HUDOBaHHsl JUCKPETHOT0 aBToMaTa MNofoGHOe MpeACTaBJeHHe SBJs-
eTcs B KaKoH-TO Mepe OGOCHOBAHHLIM. BmecTe ¢ TeM HM aJg KOro He
CeKperT, YTO CaMbie COBeplIeHHble H3 MOAENHpYeMbiX B HACTOsAee Bpems
CaMOOPTraHU3YIOMHUXCs CHCTEM MOAEIHUPYIOTCSI HA YHHBEPCAJIbHBIX 3JleK-
TPOHHBIX IHGQPOBBLIX MAIIWHAX, NPEACTABJSAOMMUX co0oil HE UTO HHOe,
KaK AHCKPeTHbie dBTOMATHl C «XKeCTKOH» CTPYKTYPOH, C NOMOMLbIO Npo-
rpaMm, KOTODHIEe SIBJISIOTCH MO CYLIECTBY 3alHCAAMH aJrOpHTMOB B He-
KOTOpO#l crnenuaJbHOi ¢opme.

Bosuukalouiee 3aech npoTHBOpeUHe SIBJIAETCS B 3HAYHTEJBHOH Mepe
Kaxyuwmcs. McTHHA COCTOMT B TOM, YTO Da3JjiHuHE MEXKIY «KECTKH-
MH» H «CaMOH3MEHSIOUMHCA» MNpeobpa3oBaTessaMu HHGOpPMALMH B
GOJILIIMHCTBE CJyYaeB JOCTATOYHO YCJIOBHO H ONpene/sieTCss He CTOJb-
KO KOHCTPyKLMeill camoro mnpeoOpasoBaTesisl, CKOJbKO OpraHu3allued
3KcnepuMenTa ¢ HAM. OfuH H TOT Xe npeo6Gpa3oBaTe/ib HHQOPMALHU B
OJHHX YCJOBHSX CJELYyeT pPacCMaTPHBATh KaK KeCTKHH, HeH3MeHHbIH,
a B JPYIHX — KaK CAMOHW3MEHSIIOWHICS H CaMOOpraHu3ymlomHuics.

Jlns yTouHeHHsl CKa3aHHOTO PAacCMOTPHM NPOH3BOJIBHEIA JHMCKpeT-
Hbli aBTOMAT A ¢ BXOAHLIM aipaBuTOM X, BHIXOAHBIM ajdaBuTOM ),
MHOXECTBOM BHYTPEHHHX COCTOSHHMH 91 H HayaJbHbIM COCTOSIHHEM Q.
OO6bluHoe mnpepcTaB/iendHe O xapakTepe (GYHKLUHOHHDOBAHHS aBTOMATa
HEesIBHO MNpeANoJaraer, Yyro [OCJ€ MOJaYyH Ha €ro BXOJ Kakoro-jn6o
cjoBa p B andapute X H noJydeHHs COOTBETCTBYIOUIENG BHIXOZHOTO
cjaoBa ¢ = {(p) B andaBuTe Y} aBTOMAT CHOBA BO3Bpaumlaercs B Ha-
yaJbHOe cocTossHHe. TakuM o6pasom, B MOMEHT Hayaja NMOJAduH KamkK-
JIOTO HOBOrO BXOJHOTO CJIOBZ ABTOMAT OKa3blBaeTCs BCErJa B ORHOM
H TOM XK€ COCTOSIHHH q,. DJaarozapsi 3ToMy HHAYLMpyeMOe ABTOMATOM
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oTo6GpaxkeHue { SIBJIseTCs MKECTKHM, HeH3MEHHLIM B TOM CMLICJE, YTO
pesyJibTaT npeobpasoBaHus oTofpaxendeM { Jo60ro BXOAHOro CJIOBA p
3aBHCUT JIMILb OT CaMOr0 CJI0Ba p, a He OT TOrO, B KaKoi MOMEHT OHO
6LlJI0 TIOAAHO HAa BXOJ 4BTOMATA.

HasoBem Kamxjpoe U3 BO3MOXKHLIX BXOJHBIX CJIOB aBTOMaTa 60npo-
COM, @ COOTBETCTBYIOILEE €My BLIXOJQHOE CJIOBO — omeenmom. B Takom
cJlyyae «ReCTKOCTE» dBTOMAaTa COCTOHT B TOM UTO HA OQWH M TOT XKe
BOTIPOC OH BCerda H NPH BCex YCJOBHAX JaeT OQHMH H TOT XKe OTBeT.
ABTOMAT Tem CaMbim JIMLIEH KaKOH 6bl TO HH GBLIO CNOCOGHOCTH K 06y-
4eHHI0O H COBEpILEHCTBOBAHHI0 CBOHUX OTBETOB.

OnHako onuCaHHKIH BhILIE IEPEBOJ; aBTOMATa B HAYAJbHOE COCTOSHHE
nepej KaxJblM HOBLIM BONPOCOM BoBCce He oGs3arteseH. DBoJee Toro,
OH He NPEeAYCMOTPEH HelOCPEACTBEHHO B TOM ONpejeseHHH QyHKIHOHH-
poBaHHsl aBTOMAaTa KoTopoe Obwio nano B § 6 ra. I11. Tpencrasaserca
€CTeCTBEHHbIM OINpefensaTh (YHKLUHOHHPOBAHHE AaBTOMATa TakKUM 06-
pasom, uyToObl HayaJo KaXIOro CJefyloljero BONIpPOCAa 3acTaBaJjio aB-
TOMAT b TOM COCTOSIHHH, B KOTOPOM OH OKasaJjCs Ioc/Je OKOHYAaHHSA
oTBeTa Ha npeablnymvi Bonpoc [IpH Takom onpenesneHWH aBTOMAT,
KOTODHIH ™Mbl PaHee CIHTAIM XKECTKEM, HEHCMeHHhM, OyaeT, BooOlle
IOBODSI MEEfATH ¢ TeleHkeM BDeMEeHHM CBOM OTBeTbl M MOXeT, B 4acT-
HOCTH, OEA43aTihCcsl OOy4aloIMMCS. CaMOCOBEPIIEHCTBYIOIIMMCA M T. M.

Onpenenum tenepe GoJiee TOYHO CNoco6 GYHKUMOHHDOBAHUS JH-
CKPETHOTO aBTOMAaTa NPHMEKHTeNbHO K TEeOPHH CaMOOPTraHH3YIOmHXCS
CHCTeM. BaXXHeHIIMMH MOHSTHSMH. ONpeleNsiomuMH CcrnocoG (YHKIHO-
HUDOBAaHHUS aBTOMAaTa, SABJISIOTCA INOHATHS YUKIG H  YUKAUPOBAHUS
urhopmariuu.

ITycTe H2 BXoj aBTOMata TNOjJaHa HeKoTopas (KoHeuHass HaH Gec-
KOHEUHast) MNOCJ/IeFOBATENbHOCTb GYKB: Xy, Xy,... X; . Ef cooTBercTBYyeT
HEKOTOpasi MOCJEeJOBATCJbHOCTL OYKB Yy, ... Yy;, HA BBIXOLE aBTO-

Mmata. Ilpegnonox<HM, 4TO HaMH BhigeJieHa HEKOTOpas Bo3pacTamonias
NOCJIei0BATEILHOCTD £, [, ... MOMEHTOB AMCKpeTHOro BpemenHu (1<(k <
<1< ..). Torma kaxpmas napa ciaoB (x;X;, ... X, YiYi, ---Yj,)s
Kip Xipyg - Xip Yigs Yigwo - Yip - OyneT HasLIBAaTbCA UKAOM,
a cama omepauus BLIJEJEHHUS NHUKJIOB — onepayuell yukAUposarus
(BxonHOH M BHIXOAHOH) HMHGOPMAaLHHU AJs pacCMaTPHBAEMOro aBTOMATA.

B pasnbHefiiem Oyzem mpennosaraTh, YTO AJS KaxXJoro paccma-
TPUBAeMOI'c aBTOMAaTa BbljeJeH TOT WJH HHOH KAacc QonycrmuMmbvlx no-
credoeamensrocinell BXOAHLIX GYKB M 4YTO KaxKnas Takasi IOCJieoBa-
TeJbHOCTh (BMeCTe C COOTBETCTBYIOLLeH ed [OCJ/e[0BATeJbHOCTbIO Bbl-
XOAHBIX OVKB) pasbura Ha UMKJbL. Orepaunuss LUKJIMPOBAHHS OKAashl-
BaeTcsi TaKUM 06pasoM OnpejfeseHHofl, Boobuie roBops, He Ha OXHOM
KakoH-1u60 nape nocjeJoBaTe/bHOCTEH, a Ha BCeX Napax JAONYCTHMbIX
nocJenoBaTeJbHOCTEH .

Ilpu aGCTPaKTHOM NOXXOAE B MOHATHA LHUKJA W LMKJIHDOBAHHS He
BKJaJbIBA€TC HUKAKOrO JOIOJHHTEJbHOFO CMBICJA CBepX TOro, 4TO
6b10 yxe onpeneteHo. OfHAKO Ha NpaKTHKe LUKJIHPOBaHHE BCerya
npexrnoJiaraer, yTo Inapa CJOB (BXOJHOe H BHIXOJHOE), COCTaBJsoLLas
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KaXKblll TaKo# abCTPAKTHBIA yuka, npeAcTaBsieT COO0H B TOM HJM HHOM
CMBICJIE 3aKOHYEHHbIH peaJsibHHIA LHMKJ (QYHKIHOHHPOBAHHS aBTOMATa,
KOTODbI MOMKHO paccMaTpHBaTh OTAEJbHO OT OCTaJbHBLIX LHKJOB.
HauGonee uacto BcTpewarmoTcst jgBa cJyuasi: cJydaifl, Korja nepsoe
CJI0OBO Tiapnl (BXOJHOE CJIOBO) HpeICTaBJseT cofoll 3ajaBaeMblii aBTO-
MaTy BONpOC, a BTOPOe C/JI0BO Haphl SIBJSE€TCS OTBETOM HA 3TOT BOTIPOC,
H CcJydail, Korja BTOPo€ CJIOBO NAapbl NO-NMpeXHeMYy sBJSETCS OTBe-
TOM, a IlepBoe, KpPoMe BONpPOca, BKJOYaeT elle H OUEHKY JaHHOro
otBera. Pazymeercsi, H B TOM H B APYIOM CJyvae Mpeanoaraercs, 4to
Bxojsumue, ObITb MOXeT, B COCTAB KaK MepBOro, TaKk U BTOPOro CJOBa
nycTole OYKBbl He J0JIKHbI NPHHHMAaTbCS BO BHHMAaHHeE.
Bo3HuKaionas B yKasaHHBIX JBYX CJyYasix CUTyalusi H300paxeHa
COOTBETCTBEHHO Ha puc. 10 u 11, :

dunn Yunp ———
Bonpoc Banpoc l Quenna )
Ombem | ~ omem l
t - ¢
Puc. 10. | : Puc. 11.

3ameTuyM, YTO B ofWleM cJydae 4acTo LeJecoofpasHO NpPH KOH-
CTPYHPOBaHHH aBTOMATOB OCYWIECTBJSATh YACTHUHOE (8 HHOTAA H TIOJTHOE).
HepeKkpLITHE OTBeTa M BOMpPOCA (HAYWHATh OTBET DAHBILNE, 4eM OKOH-
ynscs Bompoc). 3T0 06CTOATENLCTBO oTpaxeno Ha puc. 10 u 11. ['pa-
HUIK IMKJIOB NPH BHINOJHEHHH Olepalud LUKJIMPOBAHHA ONpene-
JSIOTCA TaKXKe JBYMS OCHOBHbIMM croco6amH. MoxHO, BO-NepBsIX,
npocto (DUKCHPOBAaTh HEKOTOpOe HATypajbHOe YHCJI0 Kk H norpe6o-
BaTh, YTOGHI BXOAHOE H BbIXOJHOE CJOBO B Kama0M LHKJE COAEepKaIH
POBHO TIO & 6YKB (BKjiouasi U mycThie OyKBbl). [logoGHOe LHKJHPOBa-
HHe OyleM Has3bBaTh k-yuxAupoearuem. Bo-BTOpHIX, MOXHO OIpe-
J€JSTh TP4HHIY UHMKJOB, (PHKCHDYs IJ1 3TOH LeJH ChenHaJsbHYyl0
6yKBY WJM CJI0BO, HaspiBaemoe memxod. HanGosee ynoGHO pajst pas-
JTeJeHUs [UKJOB CTaBUTh TAKyl0 METKY B HauaJjie KaXKIOro O4epelHoOro
Bonpoca (OyJem CUMTaTb NHPH 3TOM, YTO METKa ABJAETCA 4YacTbio BO-
npoca). [logoGHeii crioco6 LHMKANPOBAHMS YCJOBHMCS HashiBaTb 4u-
kauposaruem no memxe. Camo COGOH pasymeercs, 4TO KOMOMHAUHA
6YKB, (UKCHpPOBaHHAsi B KayecTBe METKH, JOJUKHA HCNOJIb30BaTECS
HCKJIIOUMTEILHO [Js 3ToH Uenu. BHyTPH [HKJa Takke MOMKeT ObiTh
HCIIO/Ib30BAHA MeTKa (Hanupumep, AJf YKa3aHHs Hauasna OIEHKH),
HO 3Ta MeTKa JO0JIKHA OTJHYaThCs OT METKH, 0GO3HAuaroliedl rpanuily
mukJaa. Yacto okasmiBaercss yaoOHbiM INPH KOHCTPYHPOBAHHHM aBTO-
MaTa MpefycMaTpUBaTh BbIfauy MM CleNHa/JbHOH METKH B KOHIE Kax-
Jgoro ortBera. byjem cuurarth, uTo NpH paboTe aBTOMATA BCTPedalOTCA
JIHIIb JONYCTHUMbIE MOCJSL0BATENBPHOCTH BXOAHBIX CHFHAJOB H UTO AJA
KaXJol TakoHl mocJieoBaTeNbHOCTH [POU3BEJEHO COOTBETCTBYOLILEEC
pasbHeHHe Ha LUKJbI.
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Y nopadouennas nocaedoeamesbHOCMe YUKA08, Npedulecmseyrouux Oan-
Homy yukay C 8 mol uau unod Gurcuposanrol donycmumol nociedo-
eameabHocmu KaKko20-iubo asmomama A, Hasweaemcs ucmopueli o6y-
yenus asmomama A npumerumesoro K yuxay C.

ABTOMAT eCTeCTBEHHO HAa3blBATb CAMOCOBEPUICHCMIBYIOUUMES, WJIH
CamoodyHauuMcs, €CIM 10 Mepe YAJIHHeHUS HCTOPHH o0YydeHUs OH
yJyuinaeT CBOH OTBETHl. JTO ONpejesieHHe, pasyMeeTcs, HUKOHM 00-
pasoM He NpeTeHAyeT Ha TOYHOCTb M JOJIKHO DACCMaTPUBATLCH Kak
npeasaputenbnoe. OrnipefedeHuss AJS NOHSATHS COBEPIIEHCTBOBAHHSA
(camooGyueHns)) aBTOMATOB OGYAYT YTOYHEHbI B OJAHOM H3 CJEIYIOUIMX
naparpactoB nocje MNpeABAPHTENLHONO DAaCCMOTPEHHST HeoOXO0IHMbIX
JJis TIONOOHBIX ONpeJesieHHl TeopeTHKO-BepOSATHOCTHLIX NoHATHH. [lo-
JIe3HO, OXHAKO, yXKe 3[eCh HAMETHTb NyTH TAKOro yTounenus. [lpexne
BCEro HeoOXOAMMO YTOYHHTb NOHSITHE KayecTBA OTBETa C NOMOLIbIO
BBeJeHHs HEKOTOPOH YMCJOBOK ero olleHkH. FIpH 3ToM yC/0BHH MOMKEO
BJOMKHTL TOYHBIH CMBIC] B TIOHSTHe YJIyullleHHs KAauecTBAa OTBeETa,
UCMOJb30BAHHOE BblIIE NPH ONPEIEJEHHH CaMOCOBEPIIEHCTBOBAHHSA
4BTOMATOB.

Janee, Heo6xopUMO HMETb B BHAY, UTO JaxKe aBTOMArThl C HanboJiee
SPDKO BbIPAaXKEHHOH TeHJEHLMeR K CaMOCOBEePIIeHCTBOBAHMIO He o6si3a-
TeJIbHO YJY4YIIAlOT CBOM OTBeThl alCO/IIOTHO Ha Bceé BOTPOCH. Peub
JIOJ2KHA MATH 3/1eCb 06 YJIYUIIEHHH KaueCTBa OTBETOB B cpeqHeM. To xe
camoe KacaeTcs H HCTOpuH oOyuyeHHs. HekoTopble, OTHOCHTeJLHO
pelKo BeTpewatromuecsi HCTOPUM o0yueHHs, MOTYT, OUEBUAHO, HPHBO-
JHTb K YXYAIIEHHIO CPEJHEro KayeCTBAa OTBETOB, OJHAKO, €CJH OCTaJb-
Hble HCTODHM OOydeHHs TPHBOASAT K DE3KOMY YJYUIIEeHUIO KauyecTBa
OTBETOB, aBTOMAT BMOJIHE MOXKeT OhThb NPH3HAH CaMOCOBEDILEHCTBYIO-
mEMcCH.

Hakonen, cnenyer, oueBHAHO, pa3/H4aTbh CAMOCOBEPLIEHCTBOBA-
HHMe, 3apaHee IMpejonpejeseHHOe KOHCTPYKTODOM aBToMaTa (He3aBH-
CHMO€ OT BHJa HCTOPHH 06YyueHHs), U JNeHCTBHTEJNbHO CaMOTPOH3BO.Ib-
HOe CaMOCOBEpLIEHCTBOBaHHe, omnpegensiemoe (GaKTHYECKH HMeBIlel
MecTo HcTopHuell o6yueHHs M MOTOMY He IJjaHupyemoe 3apaHee. SlcHo,
YTO JIMIIb BTOPOH THI CaMOCOBEPIIEHCTBOBAHMS JEHCTBHUTEJbHO 3a-
CJYKHBaeT 3T0 Ha3BaHHe. UTo XKe KacaeTcsl NepBOro THNA, TO B 3TOM
cJyyae KOHCTPYKTOP (PaKTHUeCKM 3apaHee BKJajbiBaeT B aBToMar
[PaBHJIbHbIE OTBETbI, HO C 11€JbI0 UMHTHDOBAHHS TPOLECCa €aMOCo-
BePUIEHCTBOBAHUS 3aCTaBJsieT aBTOMAaT /0 MOopbl JO BPEMEHH Jep¥kKaTb
5TH 3HAHMA NOJ CnyAoM. B pesysbTaTe aBTOMArT BHAuaJe BbIJAET OT-
BeThl IJIOXOIO KAayecTBA H JIMIIb [10 HCTEYEHHHM HEKOTOPOro BPEMEHH
(HEeKOTOPOro uHC/a IHKJOB) HauHHAaeT, HCIOJb3yS BJOXKEHHbIE B HEro
3HAHH#A, JaBaTb NpaBUJbHbIE OTBeThl. Bpsii JsM, ogHako, nojobHoe
yJyulleHHe KauyecTBa OTBETOB aBTOMATa C TEYEHUEM BPEMEHH cJiefyer
Ha3blBaTh CaMOCOBEPIIEHCTBOBAHHEM. i

Bce cka3aHHOe faeT H3BECTHOE MOHATHE O TeX TPYLHOCTAX, KOTOPLIE
HeoOXOAMMO MpEoROJeTh NPH TOYHOM OHpefe/eHHH MOHATHS Camo-
COBEPIUEHCTBOBAHMA. B aHAJIOTHYHOM MOJIOXKEHHH HaXOAUTCd H M0-
HATHE camoopeanusayuy, KOTOpPOE B HallleM MNPeACTaBJIEHHH SABJIAETCS
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HECKOJILKO GoJsiee OOLIHM, Y€V MOHATHE CAMOCOBepILeHCTBOBAHUA. [1pu
.CaMOCOBEPLIEHCTBOBAHHH 0643aTe/IbHO JOJKHO YJydINaThCs  Kade-
<TBO oTBeToB. IIpH caMoopraHM3al'MH KayecTBO OTBETOB MOKET BOBCE
He onpenensTbca. Heob6xoaumo Jauimb, 4To6bl aBTOMAT 1O Mepe O0y-
Yenusi yBeJHUYHBAJ B CpeJHeM ONpeneseHHOCThb cBoMX oreeroB. Co-
OTBETCTBYIOLlEE YTOUHEHHOe OnpeaejeHHe OyHeT JaHO T1ocJe BBeje-
pUs HEOOXOJUMBIX TEOPETHKO-BEPOSTHOCTHBIX MOHATHI.

Tlpu yTouHeHHMH MOHATHH CaMOOPFaHHU3aLMH H CaMOCOBEpIIEHCTBO-
BaHHUs YJA0GHO TMOJIb30BATLCS TAaK HA3bIBAEMBIM YUKAUHECKUM npueede-
Huem aBToMmaToB. LIMKJHvecKoe npHBeLeHUe onpeneasercss AJs aBTO-
MaTOB, y KOTOPHIX (PUKCHPOBAHO MHOXKECTBO JONYCTHMbIX BXOAHBIX
nocJefOBaTe/bHOCTeH M TNPOH3BeJeHO UHMKJIHPOBAHME BXOZHOH U BhI-
xoaHo#i HHpopmauuH. Jasa jwboro aBToMata A npH BHINOJHEHHH 3THX
YCJOBHI BXOJAHOH H BBIXOJHOH aJihaBUTHl MOTYT ObIThb 3aMEHEHH CJe-
IytomuM 06pa3oM: OyKBAMH HOBOTO BXOJHOIO andasuta X' CuH-
TalTCs BCE pasJiMYHble BXOAHbE CJICBA BCEX LMKJOB BO BCEX JOMYCTH-
MbIX TIOCJIEHOBATEJNbHOCTSX, OYKBAMH HOBOTO BBEIXOJHOTO aJjcdasura )’
aHaJIOTHYHO CYMTAIOTCS BCe Da3jIMyHble BHIXOAHLIE CJIOBA YKa3aHHBIX
I KJIOB.

Hana moboro coctosuusa a aBtomata A W moboit 6ykeu x' ajdaBu-
ta ¥’ (BXOZHOTrO CJI0Ba KaKOro-HuOyab lLuKJa) 4epe3d &'(a, x”) ob6o3Ha-
YHM TO COCTOSIHHE, B KOTOpOe NepexoAuT aBTomMar A H3 COCTOSHHA @
nojJ JAeHCTBHEeM BXOHHOro cJjioBa x'. A'(a, x') 0603Ha4MM BhIXOJHOE
CJIOBO, BhigaBaeMoe aBTomatoM A noj nefdCTBHEM BXOIHOro CJ0Ba X',
B CJly4ae, eCJIH COCTOsSIHME a NpHHATO 3a HauaJbHoe cocTosiHHe, Jliobas
JONycTHMasi BXOjHAas MOCJeNOBaTeNLHOCTL aBToMaTa A MOXKeT pac-
CMaTpUBAThCs Kak nocJenoBaresbHOCTh x'(1)x'(2) ... 6yKB HOBOrO BXOJ-
Horo andasuta X’. Paccmorpum mHOXKecTBo 9° Bcex Tex COCTOSHMH
.aBToMaTa A, B KOTODHIE OH MOXeT OblTh TNepeBeleH M3 HadajbHOTO CO-
CTOSIHMA @, BXOAHBIMH cJioBaMH BHAa x'(1) x'(2)... x'(k) (B > 0), T.e.
BCEBO3MOXKHLIMH HAuyaJibHBIMH OTPE3KaMH DAa3JjHYHbIX JOMYCTHMbIX
BXOJIHbIX MOCJeN0BaTeJbHOCTeH. B 3T0 MHOXKeCTBO BXOAUT 00513aT€/bHO
CamMo HayvaJlbHOE COCTOSIHHE q.

Tenepb HeTpYAHO NMOCTPOUTH aBTOMAaT A’, Y KOTOPOr0o MHOXKeCTBOM
BHYTPEHHHX COCTOSIHHH sBJisieTcs MHO:KecTBO ', BXOJHOH aJpaBuT
COBNIAJaeT C MHOXKeCTBOM X', a BHIXOJHOH ajiaBUT — C MHOXKECTBOM
9)’. OYHKUMAMH NepexofoB M BbIXOZOB 3TOr0 aBTomMara OyayT CJYy¥KHTb
onpexeseHHble Bblile GYHKUMH §° MU A’, @ HadaJbHbIM COCTOSIHHEM —
cocTosnue q,. Ilpexnosaraercs, 4To Ha BXOJ NOCTPOEHHOTO aBTOMATa
6ynyT nojaBaThCsl JHIOb JONyCTUMblE BXORHBIE MOCJEROBATEJLHOCTH
(mepesanucanHbie B ajcaBuTe X’). B TakoMm ciyuae, Kak JErko Ipo-
BeDHTb, OlpejnejeHue aBToMata A BIOJIHE KODPEKTHO: KaK COCTOSIHHI,
Tak M BBIXOQHBIX GYKB BrOJHE JOCTaTOUHO JJIsi ONHCAHMA (QyHKIMO-
HHDOBaHHS ABTOMATa npH BO3JeHCTBHH HA HEro NPOU3BOJLHOH Homyc-
THMOH BXOJHOH MOCJIEJ0BAaTeNbHOCTBIO.

ITocTpoeHHbl TakMM o6pasoM aBTOMAT A’ YCJOBHMCS Ha3bIBaTh
yukaugeckum npueedenuem ucxopHoro astomata A. llukaupopanue
HHpOpMALIHH, COOTBETCTBYIOmEe MCXOAHOMY LHKJHpOBaHHIO, Oyger,
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oueBUHO, B aBToMate A’ l-umkauporanveM. HMHbIMH cioBamu, B 1u-
KJM4YeCKOM NpHBEJEHHH IIPOM3BOJIbLHOTO aBTOMAaTa KaK BONpOChI, TaK
¥ OTBEThl SBJSIOTCH OAHOOGYKBEHHBLIMH.

ITpn UMK/IMYECKOM MPHBEJEHUH ABTOMATOB YHCJO MX BHYTPEHHHX
COCTOSIHUH MOXKeT TOJIbKO yMeHblaTeCsi JH60, B KpafiHeM cayuae,
COXPAaHATLCS HEU3MeHHbIM. UHcJa0 O6YKB BXOAHOrO M BEIXOAHOIO aJ-
¢aBrTOB, BooOmie rosBops, OyAeT NPH 5TOM BO3pacTath. SICHO, uTo
NPH R-IMKJIMPOBAHMH HCXOAHOH HMH(QOPMALKM [MKJHYECKOE MpHBe-
JleHHe He MOXeT BLI3BaTb M€pexo], OT KOHEUYHbIX aJ(aBUTOB K GeCKo-
HeunbiM. OfHAKO B c/yyae NHMKJIHPOBAHHA MO MeTKe NOQoOHbIH nepe-
XOZ SIBJISETCS yXKe BIIOJHE BO3MOXHBIM — KOHEUHBLIH BXOJHOH HJIH Bbl-
XOfHOH aJ/ipaBHT MOCJ€ LMKJHYECKOTO INPHBEAEHHS MOXeT [peBpa-
THUTbCH B GECKOHEYHBIH.

PaccmoTprm B BHJe IipMMepa LHMKJHYECKOe NPHBEJeHHe aBTOMa-
Ta A ¢ Tpews cocTosHUAMH 1, 2, 3, nByMsl BXOAHBIMH OyKBamM x, y
¥ JIByMS] BbIXOJHbIMH 6yKBaMPI u, v, QYHKIHH nepexonoa H BBHIXOJIOB
KOTOPOrO 3ajaHbl COOTBETCTBEHHO TabjMuamu - !

~’1_2 3 123 o
x229: xuou- Gy
321 0 ybwuo - e

lpexnosiarast BCe BXOAHbIE NOCJENOBATENLHOCTH ONYCTHMBLIMH H
fIDHHHMAasi COCTOSIHMe | 3a HauaJbHOe COCTOsIHHe, B pe3yJibTare M-
KJHYeCKOro TIpHBEJEHHUs! TIpUaeM K aBTOMaTy A’ ¢ ABYMs COCTOSTHHSIMH,
YeThIpbMSl BXOIZHBIMH OYKBaMH X; = XX, X, == XY, Xz==YX, X4 = yy,
4eTbIPbMS BHIXOJHbLIMH OYKBaMH U, = WU, Uy = UV, U3 = UU, Us= OU.
OyHKIMH HepexojoB U BLIXOJ0B 3TOFC aBTOMATa 3ajaloTCsl COOTBET-
CTBEHHO TabjHIaMH

2 1 2
LB 3 - e
o 22 X1 (U2 Uy . .
o 22, X3 Uy Us-
o x322 X3 Us Vs )
' xq|1 2 x4’v4 U

C nomouwiblo LHMKJHYECKOrO TpPHBEJeHHs BecbMa Har/sjHO pe-
ulaercss BONPOC O TOM, sIBJISIeTCS paccMaTpHBaeMblit aBTOMAaT npuMe-
HUTEJbHO K AAHHOMY UMKJIMPOBAHUIO MKECTKUM HJH CaMOHU3MEHSIO-
wiMcsi.  JIeldCTBHTE/IbHO, MOXKHO C(OpMYJHMDPOBATh CJefylomee npej-
JIOXKeHHe.

Hasn moeo umobet Ouckpemuoui nemomam A ¢ 300aHHBIM YUKAUPO-
eanuem Goa acecmxum (T. €. He usmensr Ool c8ou Omeems. HQ OOHU U
me e ONpOCHl € IMeHeHUeM Bpemenl), Heobxo0umo u O0CmamodHo,
4mobbl noCAe YUKAUMECKO20 Npusederus (pyHKyus evixolos A'(a, x) He
3aeuceiq om cocmofHull npusedertoeo asmomama A’.

HesaBucuMOCTb (PYHKIHU BbIXOJOB OT COCTOSIHHI aBTOMATa O3Ha-
YaeT, OYEBHJHO, PABEHCTBO MEXKAY COG0l BCeX 3JEMEHTOB KaXaoH
CTPOKM TabJMIbl BLIXOJOB 3TOTO AaBTOMATa (3J€MEHTbI, CTOsIIHE B
PasHbIX CTPOKAaX, MOryT ObiTb, Pa3yMeeTcsl, Pa3JMYHbIMH).
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IIpuMeHHTENILHO K DAaccMOTPEHHOMY Bblllle NPHMEPY TOJLKO dTO
chopMyaHpoBaHHOE INPAaBHJIO cpa3y oOHApYyKHBAaeT caMOM3MeHse-
MOCTb aBTomara A jJis cjaydasi 2-LIHKJIMPOBAHUS €rG BXOAHOH HHpopMa-
IUH.

Jlerko noHsATb, 4TO aBTOMAT, y KOTOPOro ()yHKUHS BbIXOJOB He 3a-
BHCHT OT COCTOfIHMH, MOXKET OLITb 3aMeHeH 3KBHBaJeHTHHIM €My (T
HHAYLUMPYIOWHM TO 2Ke caMoe aJipaBHTHOe OTOOpaKeHHe) aBTOMATOM,
MMEIIMUM OfHO-EJUHCTBEHHOe BHyTPEHHee COCTOosiHHe. ABTOMAT C Of-
HUM BHYTPEHHHM COCTOSIHHEM sBJ/ISieTCsi IO CYILeCTBY aBTomaToM 0e3
namMsiTH. B a6CTpakTHO# TeOpHH aBTOMATOB MOKAa3bIBAeTCsd, 4TO BCSI-
KM jguckperHbtéi aBTomMaT A MoxeT ObiTb MHHHMHM3HPOBaH, T. €.,
HHbIMH CJIOBaMH, 3aMEHEH 3KBUBAJEHTHbIM €My aBTomaTtoM B (a6co-
JIOTHON MHMHHMH3anue#d aBToMaTta A), UMEIOIIHMM HauMeHbllee YHCJIO
COCTOSIHME Cpefy BC€X aBTOMATOB, KOTOPhiE HHAYLHPYIOT TO XKE Camoe
andasuTHoe oToOpaxeHHe, yto KM aBToMar A.

Ecan nocsie UMK/AMYECKOTO NpHBEEeHHs JIO60ro JUCKPETHOrC aBTo-
mata A (C 3ajaHHbIM LHKJHpOBAaHHeM HHGODMAUHH) OCYLIECTBUTH ELIe
abCoMOTHYI0 MHHHMH3ALHMIO, TO MOJYYHM OIepauHio, KOTopyro Oyiaem
Ha3LIBaTb NOAHLIM YUKAUMECKUM Npuederuem paccMaTPHBAEMOIo aBTO-
mata A (npUMEHHTeJbHO K 3ajaHHOMY UHKJUpoBaHHi0). M3 npusenen-
HbIX BBIIIE€ PACCYXKIEHHH BBbITEKAeT CrpaBeNJMBOCTb CJELYIOULErO 1IPen-
JIOXKEHH .

Has moeo umobet Ouckpemuoui asmomam A ¢ 3a0aHHOIM YUKAUPO-
Baruem urpopmayuu 064a0a0 CEOECEOM HEUSMEHHOCTIL C8OUX OMBEN08
60 8pemeru, HeoOxo0uMo U OOCIAMOHHO, 4mMobsl 8 pesyibmame NOAHO20
yuKrauneckoeo npueederus agmomama A NOAYHaACA QBMOMAIM, HE UMEr-
wuld namamu.

BepHo u o6paTHoe: HaJHuHMe HeTpHBHAJBLHON NamATH y aBToMara,
ro/1y4ampmerocss B pe3yJbTare MOJHOTO IHKJIHYECKOT0 NpPHBENEHUS
paccMatpHBaemoro aetomara A, o3Havaer, uTo aBTOMAT A OTHOCHTCs
(npUMeHHTEebHO K 33aJaHHOMY LHK/JIMPOBAHHUIO) K CAMOH3MEHSEMbIM.

OTHocuTeIbHOCT CBOHCTBA CaMOHM3MEHSEeMOCTH aBTOMAaToB (3aBH-
CUMOCTb €ro OT criocof6a LUMKJIHDOBAHUST BXOAHOH HHGOPMAUHH) JETKO
NPOMJIIOCTPUPOBATL HA npuMepe aBtomaTa C C JBYMS COCTOSIHHSIMH,
3ajaHHoro TaGJHLaMH TiepexoJoB U BhIXOJ0B i

_r2 qr2
x2 1" xluv’
yll'2  ypu

» Tlpn NpOH3BOJILHBIX JOMYCTUMBIX BXOJAHBIX MOCJ/IEOBATENbHOCTAX
B CJyyae 2-LUKJHPOBaHHS BXOAHOH MH(OpPMALMH Pe3YyJabTaTOM LHKJIH-
4ecKoro TnpHBegeHust asTomara C GyneT aBTOMAT C OfHHM COCTOSIHHEM.
Takum oGpazoM, naxe 06e3 MHHHUMU3AUMM MoJAyddUM aBTOMAT 6e3 ma-
MSITH H, B CHJY COPMYJIHPOBAHHOTOQ BHIlle KPUTEPHs, TNPHUXOAMM K
BBbIBOJY O JKECTKOCTH, HeH3MeHHOCTH aBTomara C. B 1o XKe camoe Bpe-
Msl [pH 1-LMKJAMPOBAaHMM BXOAHOH HHGpopmauuu aBTomMaT C JOJIKeR
ObITb, OuYeBHAHO, MNPH3HAH CcaMousMeHdlOmHUMcA. B npakTHueckux
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3ajavax Yjaercs JOCTAaTOYHO UETKO PA3rpandHyHTb XKeCTKHe M Camo-
M3MEHIOIIMECS ABTOMATH JUIbL NOTOMY, 4YTO LHKJIHDOBAHHE BXOJHOH
HH(opMaluH OblBaeT 3apaHee 3a]aHHLIM.

3ameTuM, YTO B PACCMOTPEHHbIX KPHTEPHsIX H DPa3oGpaHHbIX Ha
HX OCHOBe NpUMepax pedb lia He O CaMOOpPraHu3alvH HJH Camo2o-
BEPLIEHCTBOBAHUH, a JHUIb O CAMOM3MEHSeMOCTH aBTomaToB. Pas6o)
NPUMEpPOB CaMOOPraHH34llUH H CaMOCOBEPILEHCTBOBAHHMS OyAeT MDo-
BEJIEH B MOCJEAVIOIHKX naparpadax Tocje co3jaHusi COOTBETCTBYIOILEH
MareMaTHuecKoi 0a3bl K BBEJeHHS] TOYHBEIX OlpejeqeHHH.

B saksiouenne Hactosiero naparpada ocTaHOBUMCS Ha OJHOM Tep-~
MHHOJIOTHYeCKOM Boripoce. Peun Hger 06 ynorpebjeHHH TepPMHHOB:
«CHCTeMa» HJIM «aBTOMAaT» B COUYETaHUM C TIOHATUSAMH CaMOM3MEHeHUs,
CaMOOpraHHM3aluHi, CaMOCOBEDIUIEHCTBOBaHMS H camoobyueHus. Kak
SIBCTBYeT H3 YK€ TPOBENEHHBIX DAaCCMOTPEHHH, BC€ YKAa3aHHbE [0~
HATHS MOXKHO pa3BHUBATb NPHUMEHHTEJbHO K JUCKPETHHIM aBTOMATaM.
OnHako npH noAoGHOM MOZXOZe K ey N0 CYIIeCTBY TepsieTcsl Bo3-
MOXKHOCTb NPOHHKHYTb B CTPYKTYPY COOTBETCTBYIOIEIG TIPOLECCa
(camon3smeHeHHs, caMQOPraHH3an¥u H T. IL.).

HsyueHHe CTPYKTYpbl MpOLECCOB CAaMOM3MEHEHHS U CaMOOPraHH-
3anuu objerdaercss TpH TPEACTABJIEHHH TaKUX IIPOLECCOB He B BHAE
OTJ€/JbHbIX ABTOMAaToB (4JrOPUTMOB), a B BHAE CHCTEM aBTOMAaTOB
(amroput™oB). B npocreitiieM ciyyae Takas cucTemMa COCTOMT M3 JBYX
aBToMaToB (aaroputmoB). [lepBblii W3 HEX, HasbiBaeMmbli pabouum
aBTomatoM (aJropHTMOM) HENOCPEACTBEHHO TnepepabaThiBaeT HHHOP-
Mauvo, NojaBaeMyio Ha BXoJ cUCTeMbl. BTopofi aBTOMAaT (aJropuTm),
Ha3bIBAEMbIH KOHMpoAupyrouum, UIH obydaouium, OLEHHBaeT pe3yJib-
TaThl GYHKIMOHMpPOBAaHHs pabouero aBromara (ajropHTMa) H BHOCHT
B HEro COOTBETCTBYWOUIHE H3MeHeHHs (B cJydae, Korga paccmarpu-
BAlOTCA AaBTOMAaThbl, 3TH H3MEHEHHs] BHOCATCH B (PYHKUMH MePeXOfoB,
H BbIXOJ0B pafoyero aBToMaTa).

Han KoHTpO/MHMpyIOmMM aBTOMAaToM (aJIFOPHTMOM) TNEPBOH CTYIIEHR
MOXKEeT ObiTb [IOMElleH KOHTPOJIMPYIOUWME aBTOMAar (aJropHTM) BTOPOR
CTYNeHH, B 3ajayy KOTOPOr0 BXOJNHT OLIEHHBAThb JEHCTBUS aBTOMara
(anropuTMa) nepBOil CTylleHH W BHOCHTb B Hero HeoGXO[HMble H3Me-
HeHrd. [lo aHasoruM MOXHO BBOJUTb KOHTPOJHPYIOIHME aBTOMAThHE
(amroputmbl) TpeTbell, uYeTBepTol M Kakol YroiHo OoJsiee BbICOKOH
cTynend. BosHuKkaiomMe 1OL06HEIM 06pa3oM HepapxHH aBTOMAaToB
(anropuTMOB) ¥ OyjeMm Ha3bIBaTh Cucmemamy, pasBuBasi NpHEMEHHTENLHO
K HHUM TIOHSITHS CAMOM3MEHEHHS, CaMOOPraHH3alMH H CaMOCOBEpIUeH«
CTBOBaHHA.

Pasymeercsi, B a6CTpaKTHOM [J1aHe J106ast CKOJIb YIOAHO CJOXKHA#
CHCTEMa aBTOMATOB 5KBHBAJIEHTHA OJHOMY AaBTOMATy, OAHAKO IOA00-
HOE€ CBeJIeHHe CHCTeM K OT/AeJbHbIM aBTOMATaM IPHBOAMT K IoTepe BO3-
MOYKHOCTH H3Y4YeHHS HEKOTOPbIX HHTepeCHBIX A5 NMPakTUKH CBOUCTA
TAKHX CHCTeM M IperKje BCero 3aKOHOMepHOCTeil LUpKYyJsSuMd HHDOp-
Malud BHYTpHU camoil cuctembl. [TosToMy B gasbHeiitiem OyneM HUMeTh
JeJIo He TOJbKO C aBTOMaramMM (a/1TopHTMaMHM), paccMaTpHBAeMbIMH
a0CcTPaKTHO, HO M C CHUCTEMaMM aBTOMAaTOB (airopUTMOB), AJs1 H3yue-
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HHSl KOTOPBHIX 0COOLIl HHTepeC NpeACcTaB/sieT HX BHYTPEHHNS CTPYK-
Typa, T.e. CBA3M MEXIY OTAeJbHbIMH aBTOMaramM (aJropHTMamMu),
COCTaBJISAIOMHMH CHCTEMY.

§ 2. Hekoropble BcnoMoratenbHbie CBEIEHHs] U3 TEOPHH
BEPOSITHOCTEH

B nactosuunem mnaparpade H3JaraloTCs HEKOTOpPble CBELEHHS H3
TEOPUH BepOSTHOCTel, HeoGXoAHMBIe 1Js JajbHeALINX HallUX TOoCTpoe-
HHii. BBHAY TOro 4TO 3TO M3/0XKeHHe HOCHT BCIOMOraTe/ibHbIH Xapak-
Tep, HOKa3aTesabCcTBa OOJBINMHCTBA (POPMYJHDYEMbIX TPeNJIoXKeHHH He
npuBoAATCa. B cayyae HeoOGXOJUMOCTH UUTATE/b MOXKET O3HAKOMHThCS
C COOTBETCTBYIOIIMMU J0Ka3aTeJnCTBaMH HO MoOHorpagusiv B. Pes-
gepa [81] u T'. Kpamepa [48]. Ilpennonaraercs, yTo uHTaTe/b 3HAKOM
€ TAKHMII 3.JeMeHTapHBIMI TTOHATHSIMH TEOPHH BepOSITHOCTeH Kak 1o-
HATHe cOObITHSA, BEPOATHOCTH COGBLITHA H T. II.

s nocTpoeHHUS TEOPHH CaMOOpPTaHH3YIOUIMXCA cHCTeM BecbMa
CylLIECTBEHHOE 3HAaueHHe HMeeT MOHATHe caywaldrot eeAuqynst. Orpa-
HUYUMCS paCCMOTpeHHMeM CJy4alHblX BeJHUYHH, MPHHHUMAKIIHUX JHIb
BellecTBeHHbie 3HaueHHs, [IpH 3ToM, Kpome OObIUHbLIX, TaK HaskIBa-
€MblX OJHOMEDHBIX CJy4YalHbIX, BEJIHYHH, HaM NPHAETCS paccMaTpHBaTh
H MHO2OMEpHble CJydailHble BeJMYHHBI, 3HAYEHHsIMH KOTOpbIX OYAyT
KOHeUHble YIOpsjoueHHble Ha0Opbl BeleCTBEHHbIX YHCeJ HJH, 4TO
TO Ke caMoe, — BelIeCTBeHHble BEKTOpbl TOH HJH HHOH (KOHEYHOH)
Pa3MepHOCTH.

BaxHOo Tak:Ke pas3jHyaTb HenpepuiBuble W OuckpemHble caydaiiHbie
Bennuudb. HenpepoiBHas ciayvailiHas BeJMYMHA MOXeT NPHHUMAThb
Mo6ble 3HAaYeHHs B TOH HJH WHOH O0GNACTH (OTKPLITOM MHOKECTBE)
COOTBETCTBYIOIULEF0 BEKTOPHOTO TPOCTPAHCTBA, HanpuUMep Ha KaKom-
HuGy b HHTEpPBAJIe BEIIECTBEHHO{l OcH (B TOM WHCJie H Ha BCel OCH)
B Cjy4yae OJHOMEPHLIX CJydaiHbix BesMuHH. COBOKYITHOCTAMH 2Ke BO3-
MOKHBIX 3HAYeHHH JHCKPETHOH CJy4alHOH BeJIMYMHBI MOTYT CJYXKHTb
JIMIIbL QTUCKPETHBIE MHOXKECTBA TOYeK, T. €. TAKHEe MHOXKeCTBA, KaxKIylo
TOYKY KOTOPBIX MOMHO 3aK/JO4HTh B cepy (ObITb MOXKeET, oueHb Ma-
JIOTO pajMyca), He COJAeprKallyl APYrHX TOYeK TOTO JKe CamMoro MHO-
KecTBa. llpuMeépoM IHCKPETHOTO MHOXKECTBA MOXKET CJYXKHUTh MHOXKe-
CTBO BCEX TOYEK TOr0 MJH HHOTO 5BKJHAOBA MPOCTPAHCTBA, MMEIOLIHX
11e/I0YHCJIeHHbIE KOODAHHATHI.

CBOHCTBO CJay4allHOCTH paccMaTpHBaeMblX HamMH BEJHYHH TIpO-
ABJISIETCS B TaK HA3bIBAEMBIX ucnoimarnusx. B KaKJoM HCNLITAHHH pac-
CcMaTpHBaemasi CAy4yalHas BeJHYMHA TPHHUMAaeT TO HJH HHOE 3Ha-
yeHHe K3 006,1aCTH ee onpejeseHUsi. BeposTHocTb, npHHsATas ciaydad-
HOH BEJMYMHOl TOrO HWJM HHOTO 3HAYCHHS, ONpEeLEJAETCH 3aKOHOM
pacnpejesieHust 3TOfl CJAydadHON BeJUUYHHHI. 3aKOH pacrpejesieHHs
JACKDeTHOH CJyvailHO#l BeJHYHMHb! X (OJHOMEPHOH HUJH MHOTFOMEDHOH)
3aJaeTCsi C INOMOUIbI0 BellecTBeHHON ¢(yHKUMM f(x), onpejaeJeHHOM
I BCeX 3HA4YeHMi, KOTOpble MOXKeT TNpHHMMAaTb JaHHAas cJydadHas
BEJIMYUHA- TaK 4YTo AAs J000r0 TAKOrO 3HAYeHHs Xx; BeJMUHHA f(x;)
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pPaBHAETCH BEPOATHOCTH TPHHATHA CJYy4adHOH BeJHYHHOH x 3Hade-
HHUSl X; B AaHHOM HCIOBITAaHHH,

O6aacTH onpeneseHHs pacCMaTpHBaeMbIX HaMH JIHCKPETHbIX cay-
YaifHbIX BEJHYHMH MOTYT ObITh JnOO KOHE4HbIMH, JHO0 cueTHbiMH Gec-
KOHeuHbIMH. B o06oHX cjyuasix BHINOJHSIRTCH, OYEBHJHO, YCfOBUE
HOPMHPOBKH

Yiw) =1, (47)
i
rie CyMMHPOBaHHe IpefroJiaraeTcsi pPacnpoCcTPaHEHHbIM Ha BCIO 06-
JIacTb onpeje/ieHHs JaHHOH cJy4alHOH BeJHYHHbI.

Korga cayuafinasi BeqMuMHa x HenpephiBHA, 3aKOH €€ pacripese-
JIeHHs 3aJaeTCs C TOMOWLbI0 TaK HAasblBaeMoll yHKyuu niomuocmu
sepossimuocmu  @(x). Dra GYHKUHs NpeanoJiaraeTcsi onpefe’eHHON B
o6:1acth M onpenesendsi paccMaTpUBaeMo#l CaydailHOH BeIWYUHBL X
H uHTerpupyemoil B 31Ol oGaactu. [Ipu KaxagoMm ouepenHom HCHBITa-
HUH BeposTHOCTL p(N) Toro, 4To cyayuyaiiHas BeJHUYHHA X [pHUMET 3Ha-
yeHHe H3 HeKoTopoidl mogo6sactH N ee obsacTv olpejeseHds, PaBHA-
eTcsl MHTerpajy oT MNJOTHOCTH BEepOSTHOCTH, B3SITOMY IO 3ToH MNOL0G6-
JIaCTH

p) = (@) dx. (48)
N

Orcioza HETOCPEACTBEHHO CJEAYET BLINOJHEHHE YCJIOBHS HOPMH-
POBKH

S(p(x) dx = 1. (49)
M

I{Be cayualinbie BeJHYHHLI X U Y HA3LIBAIOTCA HE3ABUCUMBIMU MEXCOY
cobodi, eCyiM MPUHATHE BEJHUYHHOH X TOTO WJH HHOTO 3HAYeHUs He Me-
HsleT 3aKOHAa DacnpejesneHus BeJUYHMHb § W Hao60poT. AHAJOTHYHO
HEe3aBUCHUMOCTb JJ11 JiI0G0TO MHOXKECTBA CJYy4aliHbIX BeJHYHH O3HAvaerT,
4TO NPHUHATHE BCEMH BXOAAIMMH B 3TO MHOXKECTBO BeJHYMHAMH, Kpome
OJHO# BEJHYMHbI X, KAKUX-Ju00 3HaueHWH He MeHSET 3aKOoHa Daclpe-
JeJieHUs1 3ToH Toc/enHell BeMUMHBLI TpHU Jio6oM BbiOope BeJHYHHB! X
H3 YKa3aHHOFO MHOXKECTBA.

Hcnbitanus, npoeoauMble ¢ TOH WM HHOH ciy4alHOH BeJHMYHHON X,
Ha3bIBAIOTCS HE30BUCUMbIMI KCTILITAHUSIMH, €CJIM 3aKOH pacrpejeseHHst
BEJIMYHHBl X OCTAeTCsl HEH3MeHHbIM Ha KaKAOM HCNLITAHHH H HE 3aBH-
CHT, CJefoBaTe/ibHO, OT 3HaueHHH, KOTOphle BeJHYHHA X TPHHHMAaJA
B NIPEIBIAYIIHX HCHOLITAHHSX.

O6JiacTb onpenesneHUsl HenpepbLiBHOH CJAyYyafHOH BEJMYMHBI MOXKHO
BCerja, B Cjyyade HeoOXOQMMOCTH, PACMPOCTPAaHHTL Ha BCE NPOCTPaH-
CTBO, MOJIarasi, 4TO Be3jle, KpoMe [epBoHayanbHOH o6aactu onpe-
JleJIeHHs, NJOTHOCTb BeDOATHOCTH PABHSAETCS HYJIO.

MorkHO Tak:Ke npuOMHKAThL HempephiBHbIE 3aKOHbI PaclipefeseHus
RMCKPETHBIMH 3aKoHaMH M Hao6opoT. B nepBom cJayuae 10CTaTOYHO
pasbuth o6jacTbh omnpejeneHHs M COOTBeTCTByOUleH HelpepuBHOM
CayualiHoll BENMYMHH X Ha KOHEYHO€ YHCJO JOCTaTOYHO MaJbix (He
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ToNBKO Mo o6beMy, HO-H N0 AHameTpy) mojobsacreit M,, M,, ..., M,,
BHIOpATh BHYTPH KaxkJ0H M3 TakMX mojobsacreli M; TOUKy x; U BBECTH
JUCKPETHBI 3aKOH pacnpeneﬂeuuﬂ f(x) Ha BHIOPAHHBIX TOYKax, IO-
aaras f(x;) = j(p(x Ydx (i =1,2, ..., n), rie @(x) — NJIOTHOCTL Be-

POSITHOCTH cholmou HEeNMpepLBHON cJayyaiiHoil BenuuuHul. IIpH 3TOM
BEpPOATHOCTH, OTHOCHBILIHECS paHee K COOTBETCTBYIOUIMM N0j00nacTsiM,
KOHLLEHTPHUPYIOTCSI B OTAeJbHBIX TOYKAX.

[Tpu o6paTHOM Nepexofe OT JUCKPETHOTO 3aKOHA paclpejesieHHst K
HenpepuIBHOMY, HA00OPOT, NMPOM3BOJUTCS «PasMa3blBaHUE» BEPOSTHO-
cTell, COCPENOTOYEHHBIX TNEPBOHAYANLHO B OTHEJNBHBIX TOYKaxX X; Ha
COOTBeTCTBYIOWHEe Nofo6nacTd M; Tak, yToOwbl 151 BO3HHKAIOWeH Ta-
KM o0pasoM (YHKUHH TJIOTHOCTH BEPOSITHOCTH @(x) "OKa3biBAJIHCh
CnDaBefJIMBLIME COOTHOLIEHHS]

S ¢(x)dx = f(x) i=12..n).
M; .

YacTo NPHXOZHUTCS DPaccMaTphBaTh OeCKOHEHHbI€ TNOC/eN0BaTe/b-
HOCTH JUCKPETHBIX 3aKOHOB pacnpenenesus f;(x) (i =1, 2,...), ume-
10lllMe HEKOTOPHl HeNpephHBHHIH 3aKOH pacnpejeneHuss ¢ (QyHKuuel
NJOTHOCTH BePOSITHOCTH @(X) B KayecTBe CBOEr0 TaK Ha3bIBAEMOTO
npedeavro2o 3aKoHQ pacnpedeserus. B ToHsTHE NpeNesbHOTO pacnpe-
JIesleHHs] BKJaIbiBaercs cJenyomui tounwiil cmbicsi. Bo-nepBrix, 06-
JIACTH 3HauYeHHH M JAUCKPETHBIX cnyqapmux B&JHYHH C SaKOHaMH
pacmpesneenns fi(x) cxonsitcs K o6aactd 3xauveHuit M uHenpepoiB-
HOH cusyyaiiHoil BenuuuHbl x. B paccmaTpuBaembix Hamu cayuasix
Takasi CXOJHMOCTb GyjleT o3HauyaTh, uto Bce M; comepxarcs B M,
M A5 J11060ro CKoJib YTOAHO MAaJloro NOJIOKHTENBHOTO YHCAA g, JIo-
60oro ckosb yrogHo Goavlioro uncaa N u anasa Jo6oil ToukH x 13 M B
Ka)kJoM H3 MHOXecTB M; ¢ { > N Haiijercs xoTs1 Obl NO OJHOH TOUKe,
yIaJeHHoll OT TOYKH x MeHblle yeM Ha e. Bo-BTophix, AJ1 q060d mox-
obnacte P o6nacth M # /s 060TO CKOJIbL YTOIHO MAJIOTO MOJIOXKH-
TeJILHOTO YHcJia & JJ151 BceX HOMEPOB f, HayHHAas ¢ HEKOTOPOTO HOMepa,
JOJ2KHO BBINOJIHSITLCST HEPaBeHCTBO

Jotdx = Fr| <. (50)
X eP N M;

CymmupoBaHHe B J1eBoH vyacTH 3Toil (opmyJsl Gepercsi No BceM
Toykam H3 M;, comepxkamumcsi B mojobaacty P.

Jast panpHeHINX TOCTPOeHHH BajKHOE 3HAUEHHE HMEIT NOHSTHS
cpedreeo 3Hauenuss (MaTeMaTHYeCKOTO OXKUJAHHA) CiaydaHHoH Besu-
UHHBI H €€ YeHMpAAbHbLX MOMEHIN0S BTOPOTO MOPSAKA.

ITycts x = (%4, X, ..., Xn)—H-MEPHAS HETPEpLIBHASA Clyyalinas Be-
JUYHHA ¢ (QYHKUHeH TJIOTHOCTH BEPOSITHOCTH @(Xq, X,, ..., %n). Kax
OTMEUYaJI0Ch BHIIE, He Hapywas OOMHOCTH, (QYHKUHIO ¢ MOXKHO CYH-
TaTh ONpeJesIeHHol Ha BceM OeCKOHEUHOM IpocTpaHcTBe. Torjga cpen-

->
Hee 3HaueHHe CJyYaifiHOH BeJMUHHEI X ONpenessiercss Kak BeKTOp m =
== (my, My, ..., Ma), BHUHCJsEMblH 10 ¢opmy.e
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. B B . (== T - - B - -] .
N d : > o -
e m:(ﬂl.l’m2v-'-,mn):\5‘ S e » e S X @ (X1, Xa5. « o0
N —E0 —cO —c0
o Xn)dxydxs. .. dxp. (1)
HEHTpaJIbele MOMEHTLl BTOPOro MNOPSiiKa A, ONPEHENsioTCsl 110
dopmysam

xR O f==]

Aig = S \ e \ (x,-—m[)(xk—mk)w(xl,-xz,....
. oo Xn) diydy .. dx, )

(k=12 ...,n).
HOns opHoMepHOll cayyalHO! BeJHUMHBI X HMMEETCS €AUHCTBEHHBIH
UEHTPasJbHbli MOMEHT BTODOrO MOpSiiKa, OIpenefsiemblii no dopmyne

(==]

| (x —m)’ (x) dx. (53)

—2c

DTOT MOMEHT Ha3kBalOT OGBIYHO Aucnepcueti COOTBETCTBYIOILEFO
pacnpenesneHus.

Bce nepeuncieHHble MOHSITHS H HX ONpeJeIeHHs] €CTECTBEHHO mepe-
HOCATCS M HAa JHUCKPETHHIE CJyuaiHble BeJWYHHBL.

Heo6xopgumo sums B dopmynax (51)—(53) 3ameHuTb HHTErPHpO-
BaHHe CYMMHPOBaHHMeM, pacnpocTpaHeHHBIM Ha BClO objacTb ompe-

-
Jenenust M COOTBETCTBYIOUIEH JHCKPETHOH (BEKTOPHOW) BEJIMUHHHL X,
a BMeCTO (QYHKUHH IJIOTHOCTH BEPOSITHOCTH (X, X, ..., Xn) MHCATDH

_)
dpYHKIHIO paclpefesieHHs] BepOSITHOCTH 3TOH BeJIMUMHEL f(x) B pesyan-
Tare ¢opmyna (51), Hanpumep, HepenuuIeTcs

5?:? (). o (54)
xe M

AHa/NOTHYHO M3MEHSTCS M Bce OCTasibHbie (HOPMY.JIHL.

Jl1s1 MHOTOMEPHBIX CJYUYalHBIX BeJHYUH ILEeHTPaJbHbie MOMEHThI
BTOPOTO TNOPSAKA Ay YAOOHO OGBEIMHATH B MATPHUY (|[Aix!| ¥ CTPOHTD
Y3 HHX (B c/lyuae HX KOHEYHOCTH) KBaiapatuuuyio dopmy Q (4, s, ...

Gty = uk irtily. DTy (POPMY C TOMOIIBIO OPTOTOHAJBHOTrO MNpeobpa-

BOBaHH;{ (HOBOpOTa) CHCTeMBl KOOPJAMHAT BCerja MOXKHO [PHBECTH
K BUAY ual (£,), Tae ¢; -~ HOBble KOOPJMHATHI, & ¢; — II0JIOKHTE/LHHIE
{=1

=
xosduumentst (i =1, 2, ..., m). PopMbl TaKOro BHAA HA3LIBAIOTCS
TIOJIOMKHUTEIBHO NI0ayolpeaeneHnbiMi. Ecay m =n, T. €., eCJIH UHCJIO KBa-
1patoB nocjie npuBeneHust Gopmbl @ B TOYHOCTH PaBHO Pa3MEPHOCTH
TIPOCTPAHCTBA, TO GopMa Q HA3LIBAETCS NOAONCUMEALHO ONpPedeIerHOM.
B stom cayuae ee onpenenurens |Q = |Ai] oOsi3aresnbHO OTJIHYer OT
HyJIst H (CTPOrO) NOJIOXKHTEJIeH. e
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Ina noJoKHTEbHO omnpereneHHoll ¢opMer Q :izkk,-k {;t, MO¥KHO
onpenenuTs obparuyio dopmy Q' =Q7(#, &y, ..., )= L?-:Jkp,-kt;tk,

KOs(UUHEHTH KOTOPOH 3ajatorcst QopmyJsiaMu g, :l%lk’ rae Qix —

anreGpanyeckoe JONOJHEHHE 3JleMeHTAa A, onpeaenntens |Q = A |
(i, B =1,2,...,n). Dra QdopmMa cHOBA GyjeT NOJOXKHTEJNbHO ONpe-
penentoil. Tlosyvennass marpuua ([ Oyader, odeBuiHOo, obpaTHa
marpuiie |[A;gll, HOCKOJbKY TOCJAEAHAS — CAMMETPHYHA (CHMMETPHU-
Hol OyjpeT, pasymeercsl, Takie W mMatpuua |/
" B Teopun BeposiTHOCTefi HMmeeT OOJbLIOE 3HAUEHHe CJleNYIOW U
dynaamenTa b pe3ysbTar [48].

Teopema 1. Ecau n-meprsie cayuainsie (Henpepvigrbie i QUCKper-
HblE) BEAUHUNbL Xy, Xo, ..., Xp HE3QBUCUMbL U UMEOM 00HO u Mo Je pac-
npedenenue ¢ KOHEUHOIMU UERMPAAbHOIMU MOMEHMAMU BIMOPO20 NOPAOKE
Miw, Oan komoperx opma Q(fy, s, ..., tn) = E Mirlily nOAOHUMENbHO

ik

onpedesena, U co CPeOHUM 3HQHEHUEeM, PABHbLM WYM0, Mo npu k— >

1
BEAUMUHA X = V—__(x1 X3 ... Xp) umeem npedeabroe HENpPEPLIBHOE
R -

pacnpedeserie maKxce ¢ Hyaesoim CPEOHUM SHAYEHUEM U C (MHO20MEPHOL)
pyHKYUeld NAOMROCIMU 8ePOAMHKOCHIU

1 ANttty
(P(tlvt27 LS ;tn,) = 2 n)

n
@m) 2V Q|

B cnyuae, xorga dopma @ BHPOXKAeHHAsI, NMepeXoAsT K paccMo-
TPEHHIO HEKOTOPOTO TNOANpPOCTPaHcTBa L HCXOJHOTO TNPOCTPAaHCTBA,
3ameHsIss CAyuyadHble BEJHUHHHL X, Xy, ..., Xz HX IPOEKUUsIMH Ha 3TO
noanpoctpanctso. [loanpoctpanctBo L BreiOHpaeTcsi Takum oOpasoM,
4yToOBl MOJIyY€HHAsl B pe3yJbTaTe YKAa3aHHOTO NPOEKTHPOBAHHS HOBast
thopMa @ UEHTPAJbHEIX MOMEHTOB OblJIa YKe NOJI0XKHTEIbHO ONpeleseH-
HOH, a TNPOEKTHPOBaHHe B JioOoe TNepNeHAHKYJSIpHOE K  HeMY
TOANPOCTPAHCTBO TNPHBOAM/IO K BHIpOXKJeHHOH ¢opme (Takoe Mpo-
CTPaHCTBO Bceria cymectByer). [Ipumenenne Teopembl 1 B MOCTpoeHHOM
NPOCTpaHcTBe L AacT B 3TOM C/lyyae pacnpejeseHde H B HCXOJHOM MpPO-
CTPAHCTBE, IOCKOJBKY BCe BO3MOXKHEIE 3HAYeHUs] CJydalHbIX Beé-
JIMYHH %y, Xy, ..., X (@ 3HAUAT, U UX CYMMBHI) C BEPOATHOCTBIO | JleKaT
B 3TOM MOANPOCTPAHCTBE,

B psnme cayuaeB orpanHumBaiorcsi BHIGOPOM KaKOTO-HHOGYAbL MOA-
NpOCTpPaHcTBa A MAaKCHMaJsbHOH BO3MOXKHOH pa3MepPHOCTH H3 YHC/A
BCeX MNOJANPOCTPAHCTB C HeBBIpOKJeHHOH ¢opmoil Q. Ilokaxem, urto
NOANPOCTPAHCTBO L MOXHO TOJYUHTHL H3 MNOANpPOCTpaHcTBa A B pe-
3yJbTaTe HEBHIPOXKJEHHOTO JHHEHHOTO MpeoGpa3oBaHHUs.

Ecan B ycioBHsix TeopeMmbl | cpefHee 3HaueHHe BEJNHUHH X, Xo,
..., Xy He PaBHO HYJIO, To, 0603Hauyass 3TO CpelHee 3HAYEHHE UYepes

m = (my, my, ..., my), J€rkKo HaijeM, UYTO CPEIHHUM 3HaueHHeM CJY-

YaiHOH BeJUUHHBLI X =i/—. (x1-+%x4+ ... + x) Oyger BenuuHa (my)’ k
k .
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mo V;?,, cees Mn ]/E) U TpH JAOCTaToOYHO  OoJibUIOM £  XODOWINM
NpUO/IHIKeHHeM [/ 3aKOHA DPAacrpefeeHHsl CJAy4YafiHOH BeJIHUHHBL X
OyaeT HeNpepbIBHBIH 3aKOH € MHOTOMEPHOH (YHKLMeH IJIOTHOCTH
BEPOSITHOCTH BHJA

-~

1 oYy —m Vi ViR, .. tn—m Vi) .
@i to oo ty) =g g TR i

@m 7V Tq (55

IIpumeHnM Tenepn Teopemy 1| W dopmyay (55) K Tak Ha3bIBaeMOMY
6uromuareomy pacnpedesenitro. DHHOMHANBLHOE paclpenesieHne BO3-
HUKaeT B pe3yJbTaTe MNPOBEJEeHHUs] HE3aBUCHMbIX HCIBLITAHHH NO Tak
HaspiBaeMoll cxeme Lepuysau. Drta cxeMma, NMOMHMO CBOHCTBA He3aBH-
CHMOCTH HCHBITAHHH, XapAKTepU3yeTcs ellie H TeM, UTO NPH KaxJIom
UCMBITAaHHY BO3MOMKHBI TOJIBKO JBa HCX0Ja, BO3HHUKAIOIUE C BEPOSIT-
HOCTSIMH p M ¢ = 1 — p coorBerctBenHo. HasoBem nepBuiii ucxofn
yCIIeXOM, a BTODOH — HEYCIeXOM HCIBLITAHHUSI U BBelleM CJYUYalHYIO
BEIMYHHY Xx;, NPUHUMAIOILYI0 3HaueHHe | B caydae ycnexa i-To HCIbI-
Tanusl ¥ 3HadeHue 0 — B cayuae ero Heycmexa ({ =1, 2, ..., n).

Cayvafinass BenwuuHa k = Xy -+ Xy -~ ... - X, paBusiercs, oue-
BH/IHO, OOLUIEMY YHCJYy YCNeXOB. MPH 7 HE3aBUCHMEIX HCIIBITAHUSIX.
O6o3nauas C* yucso coueranuit U3 n no k (no onpenenennio C? = 1),
JieTKO HafJieM, UTO 3aKOH pacnpeieneHus: (IMCKPeTHOI) ciydaiiHoi Be-
JUYHHBL k 3ajaeTcsl GyHKLHMed

fa(k) = Ciptgr—t (k=0,1,...,n). (56)

" DTOT 3aKOH HasblBaeTcsl GHHOMHAJBHBIM 3aKOHOM pacrpenene-
HHUs, NMOCKOJBKY BenuunHa Ckpkgn—F mpencrasiisier coGoil, OYeBHIHO,
(n—k - 1)-plil uNex passoxkenys BeIpaxkeHus (p -i-g)" no dopmyJie GHHOMA
HetoTona.

CayyaiiHpie BEJUYUHBL Xy, Xs, ..., Xn MMEIOT OJHH H TOT e 3aKOH
pacnpejesienuss co cpensum 3HadeHHem m = l-p +0«(l — p) = p
H jucrepcHed (LeHTPaJbHbIM MOMEHTOM BTOpDOTO nopfajgka) d =
=1 ~=pp?-p+(—p* —p) =p(l —p). U3 reopemsi I u ¢op-
MYJb (B5) BHITEKAET, YTO AJs1 AOCTATOYHO OOJIBIIHX 3HAaUeHHH 1 Xopo-
UM npHONMKeHHeM 3aKOHA paclpegeeHHst BeJHUHHB X =n=
=‘—fn(x1 -+ Xy - ... - x,) OyIeT CNYXKHTb 3aKOH pacHpefeseHHss ¢

(hyHKUMeHd MJOTHOCTH BEDOSITHOCTH BH1A

1 (x—p 1/;1)2 .
= —— ¢ “%iu—p) - ’ (57)
V 2ap (1 —p)

3akoH pachpepenendsi ¢ (GyHKUHell NMJOTHOCTH BEPOSTHOCTH BHJa

1_ e—(x_mm)z (npu a > 0) Gymem HasbiBaTh (0600IIEHHBIM) 00HOMED-
V 2na

P (x)
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HbIM HOPMAAbHBIM 3aKoHOM  pacnpedesenus. Herpyapo HaiTu, 4ro
CpejHee 3HAaYeHHE CJyyalHOH Be/JHUUHEl, PaClIpeles]eHHOH [0 3TOMY
3aKOHY, PaBHSETCA m, a e2 AUCIEPCHsl paBHA .

JIerko MOHATB, YTO MPH YMHOMEHUH HODMA/bHO pacnpeneseHHo
‘cly4aiiHoil BeJHUHHBI ¥ HA [OCTOSHHBI MHOXKHTE/Nb ¢ HOBAsl BeJMUHHA
Yy = cx OyIeT TaKike HOPMa/JbHO pacHpeie’eHHOH caydallHOH BesH-
4MHOI, MPHYEM ee cpejHee 3HaueHHe OyJeT B ¢ pa3 GoJiblie, a JAHUCIIep-
cHsl — B ¢® pa3 GoJiblile [0 CPABHEHHIO COOTBETCTBEHHO CO CPEHUM 3HA-
yeHHeM M JHCHepcHell HCXOAHOH BEJTHYUHEL X.

CormocTaBasisi NoNydeHHBIE pe3yabTaTel ¢ (opmynoil (57), npuaem
K CAeyioLeMy MpeaJokKeHHlo.

Teopema 2. [Tpu Oocmamouro 6oavtiom yucae n ucrsimanuti bepHya-
AU € BEPOAIMHOCIBIO YCNexa p 3aKOoH pacnpedeierus 043 oOweeo 4ucia
ycnexos k moxcem Goimb NPUOAUNCEHHO BOIPANCER HOPMANOHOIM 3AKOHOM

(k—pn)?
¢ pynkyueti naomuocmu seposmrocmu 8uda G(k) = —————— - ¢~ mp(i—p),
~Vomnp(1—p)
Cpedree 3HAYEHUE COOMBEMLMBYIOUEL SMOMY  3AKOHY - CAYHALHOU,
BeAuduHbl  paswsemcs pn, a ee Oucnepcua passa np(l — p), amo
cognadaem ¢ MOYHbIMU 3HAYEHUAMU CPeOHell -geaudturvl u Oucnepcuu
UCXOOHOU OUCKpPemuOl CAYHAiHOL 8eAULUHbL k.

Bnaropaps Tomy, YTO NMpY BHIBOJE YTBEPHKIEHHsI, COJepHKalierocs
B TeopeMe 2, BeJHYHHA X YMHOXKaJaCh Ha MHOXHTeNb 'n, Henpe-
pLIBHOE paclpefeseHne ¢ 17151 BeJHUHHB £, TIOJyueHHOEe B Teopeme 2,
He obsajaeT, BooOule TOBOPS!, CBOACTBOM NpefeNbLHOTO pacnpeneneHus
JUJIst HCXOJHOTO (IUCKPETHOTO) paclpeeseHHs [ BejMUHHBI £ IPH He-
OTPaHMYEHHOM POCTe UMCJIA HCTIHITAHHH 7.

Herpyaxo, omHako, 3aMeTHTh, YTO NPH J0CTATOYHO OGOJIBLIIMX 3HA-
YEHHSIX N BBLIYHCJEHHHIE B COOTBETCTBHH C pacrpejgeleHHsIMH ¢ H f
BEPOSITHOCTH HaXOXK/JeHHS BeJHUYHHBI k& Ha Jiio0oM HHTepBaJe, IJHHA
KOTOPOTO HMEET NOPSAOK BEJHUHUHB ) n (T. €. UMeeT BHJY ¢} n, TAE
L—KOHCTaHTa), OyAyT OT/IHYaThCs MeXAY CO00# CKOJb yrojHO MaJo.

Ha npaxkTHKe npuxonutcsi OOGBIYHO BHIYMC/ISTH BEPOSITHOCTH Ha-
XOXJleHUsl BeJMYHHBI k& Ha MHTepBajax Buua [pn, pn 4 zol, rae Be-

JuunHa ¢ ==}/ np (I — p), paBHas KOPHIC KBajpaTHOMYy H3 JHCTIEp-
CHH pacnpelesieHtst ¢ (a 3HAUUT, H pacnpeneneHusi f), HOCHT Ha3BaHHe
cpedxexeadpamudroeo pasdpoca (MNH CPEIHEKBAJPATHUHON OWIHOKH)
pacnpenenenuit ¢ u f. CrpaBenauBa cjeaylomas Teopema.

Teopema 3. /[as 4100020 NOA0HUMEABHOLO YUCAQ Z 8epOAMHOCTL O(2)
noeo, 4mo obugee wucao ycnexos 8 n ucnsimanusax bepryaiu c eeposm-
Hocmblo ycnexa, paswoid p, Oydem saxawovero 6 uxmepease lpn, pn +

-+ z;/np (I — p)l, ewpanaemes Gopmyroti o(2) ~D(2) = l/fégt X

X \e H dx. Ipu amobom 2z, ewbupas n docmamouno BGoabLLUM,

MO:)ICHO cOeaamo owubky 8 seriucreruu o(z) no amoil gopmyse cxoab
yeoo0Ho maaoll.
IlpuBenem uncseHHble 3HaueHUs1 QyHKUHH (B(Z) 471 HEKOTOPHIX 3Ha-
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UeHHH Z ¢ 4eTHpbMs JecATHUHbIMHA 3HakaMu: @ (1) = 0,3413; @ (2) =
= 0,4772; @ (3) = 0,4986; nns z > 4 3uauenus D(z) oTJHUAIOTCA
ot 0,5000 meHee UeM Ha TOJOBUHY €IMHHILI YETBEPTOrO AECATHYHOTO
3HAKA. ‘

Ilpubauxennyo Gopmyay B yCJAOBHH TeopeMil 3 GYyaeM HasuBaThb
dopmynofi Myaspa-—/lannaca. Kak ykasaHo B Teopeme 3, TOUHOCTb
3TOH (POPMYJIbI BO3PACTAET N0 MEpe POCTa YHUCJ/A A [POBENEHHBIX HCITBI-
TaHHUH.

PaccMOTpHM CepHio HEe3aBHCHMBIX HCHOBITAHHE, KaXKp0e U3 KOTOPLIX
HMeeT m pa3JHYHBIX HCXOMO0B, H NYCTh p; (p; > 0) o3nauaer BeposT-

HOCTb {-TO Hcxona Hemwitauust (i = 1, 2, ..., m). O6oanauum obuiee
YHUCJIO NPOBEIEHHBIX HCHOBITAHUE OYKBOH 71, a UHCJO TeX H3 HHX, KO-
TOpBIE KOHYWJIMCH [-bIM HCXOgoM, — k; (i =1, 2, ... m). Jlerko no-

HATb, YTO Ka)Kgast U3 BeIMUUH k;, paccMarpuBaevas cama no cebe, pac-
npeleseHa o OGHHOMHMAJbHOMY 3aKoHy.  IlocraBum 3agauy Haxo-
JKJEHHs] COBMECTHOIO (MHOTOMEPHOTO) 3aKOHA pacCIpejeeHuss He-
CKOJIbKHX BeJHUYHH k;, HampUMep BeJHUHH &, ko, ..., & (1 < r < m).
Kak uerpyano npoBepuThb, pelllende 3TOH 3agauu jaercsi (opmyJoi

f(kth,-‘.’k,):

n!
B RN RN [y Yy ng—y R

X plaply pir (1 == pr — po— % p) bt ok (58)

Ilns 3TOrO 3aKOHA pacnpenesneHysi, KOTOPbIH Ha3biBaeTcst OOBIUHO
NOAUHOMUAAbHBIM  3AKOHOM —pacnpedeieHus, MOMXKHO TOYHC TaK IKe,
Kak OblIo cjefaHo Bhille, TNPHMEHHTENBHO K €ro yacTHOMy (oiHo-
MEPHOMY) cJIy4alo, NOAYUHTL HenpepbiBHOe npubanxkenue. C 3Toil
Lebl0 PacCMOTPHM MHOTOMEPHble CaydaiiHele BenuuMHnl x/ = (x],
X, ..., x{), Tak#e, uTO BeqMYMHA X’/ TPHHHUMAET OJHO M3 3HAYEHHUH

{100 ... 0), (010 ... 0), ..., (00 ... O1) nam (000 ... 00) B COOTBETCTBHHU
€ TeM, KaKofl HCXOJ HMeNO j-e HCTBITaHHe paccMaTpuBaeMOH HaMH

CepUH — NepBuil, BTOPOH, ..., r-# UM JI0GOH OTJIHYHBIA OT HUX (j =
= 1,2, ..., n). Bce cayvafiubie BesMUMHB X/ MMEIOT OfHH H TOT XKe
33aKOH paclpenesedus;, MX CpelHHe 3HAUYeHHs] paBHBI, OYEBHIHO, (p,,
D2 »-.., pr). LlenTpanbHpiil MOMEHT BTOpPOTO MOpsiiKa A; paBeH, ode-
BUAHO, Beauuue (1 — p,)2 p; 4- (0 — p)2 (1— pi) = pi(1 — pi) (0 =
=1, 2, ..., r). llenrpaibubil MOMEHT BTOPOTO NOPSAAKA Ai NPH [ <~ k
TaKxKe JIETKO BHIYHC/THTD hir = (1l —p) (0 — px) pi +

40— ps) (1 — pr) pp+ (0 — pi) (0 — ps) (I — pi— pe) =— PiPe-
Onpenenutenb |A;| MaTpuubl || Aiel| UEHTPANbHBHIX MOMEHTOB Oy-
AeT B 3TOM Cjydae paBeH, KaK HETPYAHO INIPOBEpHrb, MNPOU3BENEHHIO
piPs ... p(l — py — p, — ... — p;). Takum o6pasom, maTpHua [{A.l
6yJeT BLIPOXKIEHHOH JMIIL B Cjaydyae, Koraa r == m. Bo Ecex ocranb-
WBIX cayuasx Keappatwunas ¢opma Qfy, fy, ..., #) = Fhie ity =

-
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= i‘,p,- (1 — p)t2 —Z piprtit, OYyAET TNOJIOKHTENLHO ONPEJeNIeHHON,
= itk

TaK Kak ee onpefeutenb |Q |= [A;] NOJIOKHTE/EH. 1
Ilpumensisi TeopeMy 1 K caydailHOH BejHuuHe y:vﬁ(y1+y2+---

v +yn), THE Y = (xI —p), Xi— Py, ..., X} — p,), TNPHUXOLMM K
BLIBOZY, 4TO NMPH 7 < m OHA HMEET NpefeJbHBIH (IPH 1 — CO) 3aKOH
pacnpegenenus ¢ QyHKUHEHA TJIOTHOCTH BEPOSITHOCTH BHJA

1
1 _e—§Q~l (€7 T 75 T

4 PN
@m 2 1V Q|
o Ry kg -
MuoromepHas caydaiiHasi BeJIHUHHA 2 = ( Pl Pu == =P .
b ) .
,71’~ — p,) CBs3aHa C BEJTHUHHOH Y COOTHOLLEHHEM 2 = «r—?y n Oyaer

NO9TOMY HMETh TOT K€ 3aKOH pacnpejlesieHHsi, HO C AHCIEPCHEH, B 1
pa3 MmeHblied AucnepcHd Benuunub y. CrienoparenbHo, QYHKUHMS IJOT-
HOCTH BePOSITHOCTH MNpeNeJbHOTO 3aKOHA pacnpenesneHus AJs 2 3afu-
wercs

n
1 e—éQ ](21-2.-».....2,)_

Tenepb HETPYAHO YCTAHOBHUTL CJEYIOWUA pe3yJbTar.

Teopema 4. [Tycmo 0GHQ cepust HE3ABUCUMBIX UCBIMAHUL ¢ M pas-
AUMHBIML  UCXOOAMU, UMEIOUUML  COOMBEMCHIBEHHO 6ePOAMROCIU Py,
Das --.s P (OOuHAKOBbiE 042 scex ucnvimanutl). Ecau 8 cepuu us n ucnoi-
maxuli uepez ky, ky, ..., k, o0003HauUMb  KOAUMECTBA UCNOIMAHULL,
BAKOHYUBLIUXCA COOMBEMCIMEEHHO 1-biM, 2-biM, ..., M-biM uCX000M, mo
045 406020 Haneped 3a0aHHO20 NOAOKHCUMEALHOLO YUCAA & OASL 6EPOAM-

N

k.
HOCMU @ OOHOBPEMEHHO20 BbINOAHEHUS 8CEX HepaBeHCMa | nL —pl <e

(i =1, 2, ..., m) cyuecmsyem oyerxa Q> 1 —f-mil et (2 a u b—
n 2
noAOKHCUMEAbHbIE KOHCMAHMGL, He 3a8ucauiue om h).
Iast poxasaresincTBa chOpMyJJUPOBAHHON TeopeMbl 3aMETHM Ipe-

k; .
JKJe BCero, 4YTo BCe HEPaBEHCTBA 71’— —p <e(i=1,2,.. m
3aBeJIOMO BLINOJIHSIIOTCS], €CJIH BBITOJHEHH m — | HepaBeHCTB
k; &
L — p; — i=12...,m—1). 59
S <=1 € ) (59)
 JleliCTBUTENbHO,
1»k_m_ n—k—k— ) —kmr (lmﬁp —p—l
n m n M1 2 bc.o

s



oo™ Pm—1) ’ =
I

k, k
(F—M)‘{‘(;Q—Pz)"r‘ .. .+

=+ <&n——l —pm—l> < m—iT(fil— Iy =¢.

n

Kak caepyer H3 npoBeleHHbIX TNepen (GOpMYJaHPOBKOH Teopembl 4
., ki .
paccMOTpeHuil, BeJIHUHHB Z; :7‘ —p: (i =1,2, ..., m— 1) umeror

npeeabHblil (IpH 7 — 00) 33aKOH pacmpelesieHdss ¢ QyHKuwel njoT-

m—1
HOCTM BEpOSITHOCTH BHJAA @(Z;, 2s, ..., 2pp—1) =an 2 e~"PE. 22y,
rie a — HeKoTopasi  MOJIOXKHUTeJbHasl KOHCTaHTa, a P —nojoxu-
TeNbHO OmnpejesieHHass KBajpaTHuHas ¢opma ¢ Ko3bHIMeHTaMH, He
3aBucsIMMH OT #. JLasl jocTaTo4Ho OOJBIIHX /1 BEPOSITHOCTHL f§ TOTO,
uyTo XOTSl OBl OfHO M3 HepaBeHCTB (DY) He BBINOJHSETCS, HMEET, Ooue-
BHJIHO, OIEHKY CBepXy BHJA

B < H . .Scp(zl,zg,...,zm_l)dz,dzg .. dzmey,  (60)
o

1

rie ofjgactb R,—BHeWHssS 4YacTb TuMepKyba, OrpaHHYeHHOro TH-
NEepPIVIOCKOCTAMH 2, = o (51 < ﬁ—b_l’ i=12,...,m— 1) .

ITocse noBopoTa Ocedl KOOPAHHAT C I€/1bi0 TNPHBEIEHHA (HOPMBI
P K cymMMe KBajgpaTOB C MNOJOKHTEJbHBIMH Kos(xpuuuentamu b,, by,

, bim_| MOXHO B NOBEPHYTHIH OTHOCHTE/IbHO HOBBHIX OCeH runepky6
BIIHCAThL HOBLIA Tunepky6 R, orpaHHYeHHHId THMEPNJACCKOCTAMH
2, =0 (<9, i=12 .,m—1). HuterpupoBanne mnpeobpaso-
BaHHOH (DYHKUMM TJIOTHOCTH BEPOSITHOCTH M0 OGJIACTH, BHeIIHeH mo
OTHOIIEHHIO K 3TOMY HOBOMY THIepKyOy, HacT CHOBa OLEHKY BHAa
(60), KOTOPYIO MOMHO JIHUIL YCHJIHTb, 3aMEHHB BCe KOI(XDUIMEHTH b,
by, ..., b, | HaUMeHBIINM CPeAH HHX KO3(xpuuHeHTOM, 0003HaUeH-
HbIM uepe3 g.

B pesysbraTe moJyydM HOBYIO ouem{y

Bp<an 2 (2 S e~ gyt (61)
Tak kax |
s 17 1
—gnx? . —gnx? = . ~gnd?
§e dx<6 Se xdx = - ane ,
TO JIETKO MOJIYYUTh OKOHYATEJBbHYIO OLEHKY _
o 2 , S
R . (62)
(gd)™in * |
_O6o3nauas - GyKkBoii a, a gb* Gyksoil b, nosyuum TpeGyemyio

(5’"
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B YCJIOBHY OLEHKY, NpaBja, 110Ka JJg Bcex 7, HauyHHasg ¢ HEKOTOpOro,
BO3MOXHO J0CTATOYHO 6O0/IBLIOTO, 3HAadeHHs. MOXKHO, OJHAKO, YyUecTb
B BLIBEIEHHOH OLEHKE TaKXKe H OCTAolIeecs] KOHEUHOE MHOXKeCTBo M
3HauYeHWd n, YBeAMUUBas, B CJydae HeOGXOJUMOCTH, KOHCTAHTY 4.
ITocKo/IbKY BepOSAITHOCTL @ 3aBeoMo OoJibliie HYJsl, AOCTATOYHO BHI-
O6paTh BeJUYHUHY a cToJb OoJblIoH, yToObl NpaBas YacTb OUEHKH, O
KOTOPOI HIET peub, cTajla OTPHUATENBHOH A/ BCeX 3HAYEHHH n, npH-
HaJJekKauNX MHOXKeCTBY M.

Tem campiM Teopema 4 MOJHOCTLIO JJ0KasaHa.

B sakJjiouenye HacTosiuero naparpada OMHIIEM €€ OJHO YacTo
BCTPEUA0IEECs pacnpeesneHne—TaK Ha3blBAEMOE NYACCOHOB0 pachpe-
Oesenue. DTO pacnpejenedde MOXKHO TPAKTOBaTh KaK MPUGIHKeHHe
U1 GHHOMHA/ILHOTO pacHpenesieHdsl npH YCJAOBHH, YTO YHCJO HCIHI-
TAHUA 71 BeJHKO, BEPOSITHOCTL yCleXa @ B KakK[0M HCIILITAHMH MaJa,
a MpoM3BeJeHHe A = np He Majo, HO U He BesaHko. B rtakoMm ciyuae
BEPOSITHOCTL ¢ TOTO, YTO TOUHO & HCHbITaHHH NpUBeIYT K ycnexy, BHI-
paxaercst HpH6JIH}KeHHOH thopmyion

M o 62
a==e }; . . (63)

B uacrHoctd, g kB =0 ae?*.

Pacnpegenenne IlyaccoHa HMeeT MaKCHMYM BepPOSITHOCTH —TIPH
MaKCUMaJbHOM 3HAYEHWH £, YIOBJETBOPSIOLIEM HepaBeHCTBY k < A.
B Teopu# AHCKpPETHHIX CAMOOPTAHH3YIOMIMXCS CHCTEM € NYacCOHOBHIM
pacnpeneseHeM NPUXOAUTCS BCTPeUaThCsl NPH OpraHu3anuu obyde-
HUsl aBTOMATOB CJIOBAaMH HJIH TNOCJEN0BaTelbHOCTSMH CJIOB Pa3JIHYyHON
Jouubl. [lpu cayudaiiHom BeiGope CJ0B, HA KOTOPHIX ITPOH3BOAHTCS
ofyueHHe, YACTO JOCTATOYHC XOpoIllee MNpUOIHIKeHHe HJIsT 3aKOHa
pacnpegeseHdst AJHH CJOB JaeT HMEHHO IYACCOHOBO paclpeieneHye.

3ameTuM, YTO CpelHee 3HAueHHe BEJIHYHMHE, pacrpeleNeHHOd No
aakony Ilyaccona (63), paBusiercst A. '

§ 3. KosuyecTsennas Mepa CaMOOPraHM3aumum ' -~ %
M CaMOCOBEpUIEHCTBOBAHHS B ABTOMATax SR

B nepeom mnaparpade Mbl TO3HAKOMHMJHCH C TIOHSTHEM Camo-
uU3MeHeHUA B aBTOMaTax: aBTOMaT €CTeCTBEHHO Ha3biBATb CaMOM3Me-
HSIIOMIUMCS, eC/H OH MEHsleT ¢ TeyeHHeM BPEMEeHH OTBETHl Ha 3ajaBae-
MBI€ €My BONMPOCH! ([MIPHMEHHTENBLHO K KaKOMY-HHOYAhL LHKJHPOBAHHIO
BXOJHOK H BbIXOgHOH HHpopmauuu). OfHAKO He BCSAKOe CaMOH3MeHe-
HHE CJefyeT OTOXAECTBAATh ¢ camoopearusayueli. Omipasch Ha HHTY-
UTHBHOE TMNpeJCTaBJIeHHe O CaMOOPTaHH3aLUMH, Mbl AOJKHBL HA3LHBATHL
CaMOOPraHM3YIOMHMCsl TAKOH aBTOMaT, KOTODHIH yJaydllaeT oOpraHu-
3alMI0 CBOMX OTBETOB [IPH YJYyYIIeHHH OPTaHU3alli¥ BO3MOMKHLIX €r0
HcTopHit o6ydeHusi. 151 KOJHUECTBEHHOH XapakTepHCTHKM YKasaH-
HBIX VJYUIIEHH{l eCTeCTBEHHO BOCIMOJNb30BATLCSI TaKMM  TEOPETHKO-
BEPOSITHOCTHBLIM [IOHSATHEM, KaK IIOHSTHE JHMponuu.

Bynem HCHO/b30BaTh NOHATHE SHTPONUH JHMINL AJASI  JUCKPETHBIX
caydaiinbix BesHuMH. [lycTh 3amana AuMCKperHas ciydyaiiHasi BeJHYH-
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Ha x ¢ oOsacThio onpejeneddss R ¥ ¢ 3aKOHOM pacnpeneseHus f(x).
B-Takom cayuae anmponued amoii 8eiuduHsl, YIJIH, YTO TO K€ CaMmoe,
snmponueti pacnpedeserus f(x), 6yseMm HasbiBaThb pPaCHPOCTPaHEHHYIO.
Ha o6JacTe onpefeseHHsi R. JaHHOH cJydalHOH BeJHWYHHBI OTPHUILA
TEJLHYIO CYMMY TpOM3BeNeHHH BeposiTHOocTeH f(x) Ha uUX JorapHdms

H=—Yf(x)logf(x). (64)

Ilpu nosb3oBaHHH 3Toit QOpPMYJIOH NMPUHHAMAETCS, 4TO Aas f(x) =
npousBenedue f(x) log f(x) paBHo Hymo. B KayecTBe OCHOBaHHUS CH-
CTEMBI JIOTApU(MMOB MOXKeT GbITh BHIOPAHO JI000€ BEIECTBEHHOE THCJIO,
cTporo Gosibuiee equHuLb. JIerko BHAeTh, YTO IPH H3MEHEHHH OCHOBA-
HHUSI CHCTEMBI JIOTApHQMOB BEJHUHHBI IHTPOMHE A/ BCEX 3aKOHOB
pacnpejesieHHs] YMHOMXKAIOTCST HAa OJYH U TOT XK€ NOCTOSHHBIH MHOXHK-
Telb. OOLUHO HA MPAKTHKE [OJh3YVIOTCS JHOO ABOHUHEIMHM JIOTapudg-
MaMH (C OCHOBaHWeEM, PaBHbIM JABYM), JJHOO HATYpaJbHBEIMH, JHOO, HA~
KOHEIl, JeCSITHUHBLIMH.

Kak nokaswiBaercst B TeopHH HudbopMmauuH (cMm., Hanpumep, C. Tong-
Man [32]), sutponus npeacraBisieT co6ofl €CTECTBEHHYIO MEPY Heonpe-.
JeJIEHHOCTH 3HAYeHH# CJAYYalHOH BeJUUUHBI: YeM 3Ta HeolpeaeseH-.
HOCTb GoJiblie, TeM GoJblue BelMYMHA SHTpPonuu. B dacthoctH, ecsn
cJayyafiHas BeJIMUYHHA MOXKET MPUHHMMAThL BCEro JIMIIbL JBa 3HAUEHHS
C BEPOSITHOCTSIMH p W ¢ — | — p COOTBETCTBEHHO, TO HAHGOJIbIIIES
3HAYEHHE IHTPOIMH JOCTHTAeTCsl MPH PABEHCTBE 3THX BEPOSITHOCTEH !

|
p =q = 7, YTO COOTBETCTBYET HHTYUTHBHOMY IIOHSITHIO O MaKCHMaJb~

HO BO3MOXHOH B 3TOM CJyyae HeomnpeaesneHHOCTH. Ecay Ke ogHa u3
BEPOSTHOCTEH p HAH ¢ ofpaliaeTcss B HYJb, TO, KaK JIerKO BHJETb,
ofpauaeTcs B HyJb ¥ 3HaueHHe SHTPONHUHU, YTO OMNSTb XOPOUIO COrJa-
CyeTcst €O 3]paBbiM CMBIC/IOM, MOCKOJIBLKY B 3TOM CJydae HeonpejeseHs
HOCTH (DAaKTHYECKH HeT.

Ilpn obbenMHeHWH ABYX HE3aBHCHMBIX CJYYAHHBIX BEJWYUH X U Y-
B OlHY MHOTOMEPHYIO (C Pa3MepHOCTbIO, PABHOH CymMMe pasMepHoCTed
BeJHUMH X U Y) CIAyyaliHylo BeJHYHHY 2 — (X, y) SHTponHs pacmpe-
JEJEHHUS] BeJUUYHHBl Z DABHAETCS CyMMeE SHTPOIUMH paclpejeneHuil Be-.
JHUYHH X H 4.

JIefiCTBUTE/ILHO, €C/IM 3aKOHbI PACMIpEfe/NeHdl BeNMUUH x M Yy 3a- |
Jatorcest QyHKUAAME fi(x) U fy(x), TO 3aKOH pacnpeneseHus BeJHUHHBL 2- |
3ajaercs, OYeBH]HO, NpousBefenuem 3THX QyHKUHA fi(X)f(y). DHTPOA
nHusl BeJH4HHBl 2 (H,) BuuHc/sieTcst Torja no dopmyse :

H.=— X Y1 @ fh@loglh )@l =

xePs ye P,
—=— D) X fr () logfi () — 2 fo () X fa(y) log fa () = H. + Hy,
yepP, xepP, xepPy yep:

roe P, u P, obnactu onpzienenust BetuuH x u oy, a He nu H, —
HX 3HTPOIHH.



CBOACTBO 3HTPONHII HE3aBHCHMBIX PAaCNpefeseHHH CKJaghBaThCs
11pH OOBbEIMHEHHH 3THX pacnpezeseHHH B OLHOH HA3bIBACTCS CBOLCMBOM
addumusHocmu SHTPONUH.

[IpumenuTesNbHO K aBTOMATaM, PaGOTAOWMM MO NPOCTOMY UHKJY
BONpOC — OTBeT (6e3 OLEHKH KauecTBa OTBETA), K ONPEAEJeHHIO KO-
JIMYECTBA CAMOOPTraHH3alMH MOXKHO MOROATH C MOMOINBIO paccMoTpe-
HHSL JABYX OHTPONHMHHBIX XapPaKTePHCTHK — sHmponuu obyuenus W
IHmMponuu 3k3amexwa apromara. B panbHefilem H3joXKeHuH OymeM ciie-
JoBaTh B OCHOBHOM patore [25].

[lyers (py, pay --.» Pn) = P — mocaenoBaTe/IbHOCTE BONPOCOB (BXOf-
HBIX CJOB), 3a/aHHBIX aBTOMATYy B NMepHOR ero ofyueHus. Ity nocJe-
JIOBaTeLHOCTL OyAeM HasbiBATb obywaowiel nocae0osamessHOCbI.
[TpeanosnoxuMm, 4TO B TOH HJH HHOH (PUKCHPOBAHHOH CEpHH 3KCIepH-
MEHTOB C aBTOMATOM JJIsl KaXKpoH oOyuaiomed hoc/en0BaTeqbHOCTH P
3aaHa BepoATHOCTL @(P) NOABJEHHA 3TOH mMOC/IeJ0BAaTENLHOCTH B
IKCIIePHMEHTAX PAacCMaTpHBAeMOHR CepHH (mpejmoJsiaraercs, uTto B MOpe-
Jlesax JaHHOH CepHH 3Ta BEPOSATHOCTb HE MEHSIETCS OT 3IKCHEepPHMEHTa
K sxcnepi'Menty). Tem camblM 3azaercss HEKOTOpoe pacnpejeseHne R
BepoarHocTell o(P) o6ydamommx noc/JefoBaTebHOCTeH. DHTPONHS 3TOTO
pacnpegesieHHsi, KOTOpylO OyleM Ha3wBaTbh awmponued obyueHus ¢
JaHHBIM 3aKOHOM pacnpefe/eHHst Ajs OOy4YeHHs, BBIYHCJSETCS 110
oObiuHOH dopmyse

HR(oéyq):——EQ(P)logQ(P)."~ (65)
P

Jas onpenesieHHOCTH YCJIOBHMCS NPH MOJACUETe 3HTPONHHA MOJb-
30BaThCSt HATYPAJbHBIMH JIOTapH(MaMH.

B cnyuae, Korna GHKCHpOBaHb aBTOMAr A M €ro HauyaJbHOE COCTOS-
HHEe g,, BCAKOE pacmpeieseHde BepoaTHocTel o(P) obyuarouux mocJe-
JOBATEeJIbHOCTel OLHO3HAYHO OMNpefessieT HEKOTOpoe pacnpepeseHHeé
BeposATHOCTeHl «a(a) Ha MHOXECTBE BCEX COCTOSIHHH 3TOr0 aBTOMArTa.
34ech a(a) o603HaueHa BEPOSITHOCTb TOTO, UTO MOC/E€ OKOHUAHHS MpO-
1ecca 06yUYeHHS] aBTOMATa OH OKaXKeTcsl B COCTOSIHMH a. Ecun uepes S,
0603HAYHTH COOLITHE HA BXOJE aBTOMATA, NMPEACTABAAEMOe COCTOSSHHEM d
{MHOXECTBO BXOJHBLIX CJIOB, NMEPEBOASIIHX AaBTOMAT M3 HAYaJbHOIO CO-
CTOSIHHS B COCTOSIHHE &), TO NOJYYHM :

a@= Yo o (66)

PeS, i

rjle CYMMHPOBaHHE PACIIPOCTPAHEHO HA BCE CJ10BA BHAA P = p; Py ... P,
cogepxamHecs B S, (1A KDPAaTKOCTH 3anmHCH MOCJ€LOBATEIbHOCTD
c10B P =(p,, P2, ..., Pn) OTOXKAECTBJICHA 34ECHL CO CJOBOM P; Py ... Py
COCTABJIEHHBIM H3 3JIEMEHTOB 3TOH IMOCJELOBATEe/bLHOCTH).
DHUKCHpYeM Tenepb HEKOTOpOe pacrpegeseHHe BeposTHOCTEH y(p)
BONPOCOB p, 3aJaBaeMblX aBTOMATy IOCJ€ OKOHUAHHs Mpouecca ero
o6yuennsi. Pacnpenenenust a(a) u y(p) BMecTe ¢ GyHKUHMAMH NEPEXONOB
H BBLIXOJOB PacCMaTpHBaeMOro aBTomaTta A OZHO3HAYHO ONPeAENsIoT
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pacnpenesieHne BepositHocTel B(p, ¢) A1 nap «Bonpoc (p) — OTBeT (g)».

DHTPONHIO MOCJENHEr0 pacnpenesieHnss HA30BeM IHMPOnuelt 3K3amena

u obosnaunm H9(3k3). Uepes @ 0603HAYMM TaK HA3LIBAEMBIH 3QKOH

IKCNEepuMeLmuposarysa C aBTOMATOM, NPEICTaBJSIOUHA CO60A oObnenu-

HeHHe [ByX 3aKOHOB DacClpeleseHHs — pacnpefeseHns 0GyqamomHx

[OCJEIOBATENLHOCTEH M pacnpelesieHHst BONPOCOB HAa 5K3aMmeHe.
Benuunna HQ (2k3) onpegensiercss no dopmyne

HO(3k3) = — Y\ B (p, 9) log B (p. 9). (67)

Hcnonbays B cilyyae HeOOXOAMMOCTH ONEPANHI0 [HKJIHYECKOTO
IpHBENEHUS ABTOMATOB, MOXHO, He Hapymas oOLIHOCTH, paccMmaTpH-
Barb BOCJEACTBHH JIHIIL OfXHOOYKBEHHBIE BONpPOCHI M OTBeThl. [lpw
3ToM oOydaloliHe MOCJAeNOBATEALHOCTH P mpeBpaTsitcst B CJOBa, CO-
CTaBJ/ICHHbI® H3 OTIEJbHHIX COCTABJSIOIIHX HMX OYKB-BONPOCOB, pac-
[OJIOXKEHHBIX B TOM NOPsIKe, B KOTOPOM OHH 3aJaBajIiCh ABTOMATY
B npoiuecce o6yueHHUs .,

Jns panbHedmero NMOCTPOeHHs TEOPHH HeOOXOJHMO 3a1aThCst HEKO-
TOPBIM KAQCCOM 33KOHOB 3KCMEPHMEHTHPOBAHHSI C AaBTOMATOM H TMpPH-
CBOHTH KaXJOMY BXORSIIIEMY B 3TOT KJacC 3aKOHY Q HEKOTOpyio Be-
POSITHOCTb MJIH, B CJIyuae HENpephIBHEIX 3aKOHOB  pacnpenesieHus,
HEKOTOPYIO NMJOTHOCTb BEPOSITHOCTH @(Q).

IMpocTednM CyuaeM SIBJISIETCS CXeMQ HE3ABUCUMbBIX ucneimanull,
KOTA Ha KaxIoM Liare, kaKk B pexXuMme oO0yueHHs, TaK H B pPeXHME K-
3aM€eHa, BeposITHOCThL Y(P) mosiBNeHHst JoGOro JAaHHOTO BONpPOCA HO-
CTOSIHHA M 33BHCHUT TOJIBKO OT 3TOro Bompoca. BBHpy orpaHuyenust
JHLbL [-UHKJHPOBAHHBEIMH aBTOMAaTaMH, 3ajaHHe 3akoHa @ 3KcHepH-
MEHTHPOBAHHS C dABTOMATOM 3KBHBAJIEHTHO B 3TOM CJly4ae NPHCBOEHHIO
HEKOTOPLIX BEPOSITHOCTER v, = v(X;) HNOsBJEHHsI HA BXOJe AaBTOMAara
Kaxnao#t M3 6yks x; ero BxojgHoro andasura. Cymma Bcex v;, pasy-
MeeTCsl, HOJ/KHA PAaBHSATHCS [IPH 3TOM efHHHUUE.

B cnyyae cxeMbl H€3aBHCHMBIX HCHBITAHHH 3aKOH 3KCHEPHMEHTH-
POBaHHS C aBTOMAaTOM ECTECTBEHHO OTOXKIECTBJATL C BEKTOPOM V =
=(Vy, V2, ...), COCTABJIEHHBIM H3 BEPOSITHOCTEH NOSBJEHHS Pa3JHYHBIX
BXOZHbIX OYyKB (BXOZHOH aNdaBHT MPefnosiaraeTcss KakKHM-jJHO0 o06-
pasoMm ynopspodenHsiM). Kiacc 3akoHoB Haufosee eCTeCTBEHHO OTO-
JKIECTBJISITh C MHOXKECTBOM BCeX BEKTOPOB v = (Vy, V,, ...), YEOBJIETBO-
PAIOIIMX ecTeCTBeHHLIM orpannueHusM 0 <v, <l w0 Zv;, =1 ({ =
=1, 2, ...), ¢ 3a0aHHbLIM HA TOM MHOXXECTBE PaBHOMEPHHIM 3aKOHOM
pacnpenenenusi. CXeMy He3aBHCHMBIX HCMBITAHHH C YKAa3aHHBIM BBIOO-
POM KJ1aCCa 3aKOHOB pacrpelleieHHsl YCJIOBHMCS Ha3bIBATb PABHOMEDHOU
cxemoli Hezagucumolx ucneimaduti. TIpH 3ToM orpaHu4yHMcsl CJyudaem,
KOTZa AJuHAa ofyualomieli NocaefoBaTe/bHOCTH (QHKCHPOBaHA, JHGO, B
cinydae HeoOxoguMOCTH, Oylem Ipexno/ararsb, 4TO 3TH IJIHHBL ONHCHI-
BAalOTCA HEKOTOPHLIM 32KOHOM pacnpefesieHust (4ame BCEro Iyacco-
HOBBIM).

Ecnm pgan Kakoifi-mu60 3aKOH 3KCrepHMeHTHpoBaHusi @, To OH,
KaK OTMEYaJioCh BHIIIE, BKJIIOUAEeT B Ce0st IBA 3aKOHA pacHpefesieHus —
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3aKOH pacnpeneeHHs 06ydaoimyux nocje0BaTe/IbHOCTEH H  3aKOoH
pacnpeseseHHsl BONPOCOB Ha 3k3ameHe. COOTBETCTBYIOMHE HM CJyuaii-
Hbl€ BEJHYHHB MPH OOBIUHO TNPHHATOH OPTaHH3AlHH 3SKCHEPHMEHTOB
MO0 CaMOCOBEPIIEHCTBOBAHHIO ABTOMATOB CJIEAYeT CUHTAThb HE3aBHCH-
mbiMH. [lo3TOMy SHTpPONMHSI COBMECTHOTO pacnpejeneHHs 3THX IBYX
BEJHUYHH, KOTOPYIO YCJOBHMCs HA3LIBATh IHMPONUE COOMBemCmayio-
Wieeo 3aKOHA xcnepumenmuposarus Q u o6osHauats H9, 6yger paBHsA-
TbCSI CYMMe ABYX SHTPONHH — 3HTPONHH o6yuenus HQ (o6yu) H sHTpO-
MHH BONPOCOB Ha 3K3ameHe HQ (Bonp). [locrenHion sHTPOMHIO He CJe-
JyeT CMEIIHBATb C SHTPOMHeR sk3ameHa HQ (K3), KOTOPas OTHOCHTCS
He K pacnpelesieHHI0 BOMPOCOB HA 3K3aMeHe, a K pacnpejesieHuio nap
BOIIPOC — OTBET. DHTPOMHUS 5K3aMEHA 3aBHCHT He TOJLKO OT pacrpe-
IEJNeHHS] BOMPOCOB H pacnpefeseHdsi OGYYalOMHX HOCIEJOBATENbHO~
CTeH, HO M OT CaMoro aBTOMATa, B TO BPEMSl KAK SHTPOMHs 3aKOHAE
3KCMePHMEHTHPOBAHHSA C AaBTOMATOM OT ABTOMAaTa He 3aBHCHT.

IMpennosioxkuM, uTo B kJjacce K 3aKOHOB 3KCMEPHUMEHTHPOBAHHSA C
aBTOMAaTOM 3aHKCHPOBAH KaKOH-HHOYXbL 3aKOH (,, HMEIOWHH MaKCH-
MaJbHYI0 BO3MOXHYIO 3HTponHio H%. Beogsi npupamenus 3HTpOHHH
3KCMepUMeHTa H- %K3aMeHa no dQopmyaam

AHQ = H? — H%, AH?(3k3) = H? (3k3) — H9%(3K3), (68)

NOJNYYHM BO3MOXKHOCTL HJit JiloGoro aBTomara A W knacca K 3aKOHOB
SKCNEPHUMEHTHPOBAHHST C aBTOMATOM (C TJIOTHOCTBIO BepOSITHOCTH
¢(Q)) BBeCTH ABe YCDENHEHHbIE XapaKTEPHCTHKH

$(AK) = — [ AH? (oK3) 9 (Q) dQ: (69)
K
\ AH@
k)= (M0 g @ae (70)
K

Hurerpansl B 3THX opMynax Gepyrcsi Ho 06J1aCTH, COCTOAIIEH H3
BCeX 3aKOHOB paccMaTpHBaeMoro kjacca K. Uem 6oJblie BeJIMUMHA
3THX HHTerpajoB, TeM O6ojiblie y paccMaTpuBaeMoro aeroMara A
CpelHsast CnOCOGHOCTL K camoopranusauud. HyneBoMy sHaueHHIO
COOTBETCTBYeT OTCYTCTBHE CNOCOOHOCTei K CaMOOpTaHU3allMH,
a OTpHIaTeJbHbe 3HAaueHHs O3HAYAlOT, YTO NPH YJyUlleHHH Opra-
HU3allHH OOy4eHHs] OpTraHH3allusi OTBETOB aBTOMaTa B CpelHeM
yxynaercs. MHaue rosopsi, aBToMat Beger ce6s He KaK caMmoopra-
HU3yIOIasicsl, a KaK «CaMOAEe30pPraHH3yoIlascsy cHcTeMa.

[Tockonbky ¢opmyna (70) npHBOAMT K 3HAUHTEbHO GoJlee
CJIOXKHBIM BHIYHCIEHHSIM, YyeM (opmyaa (69), B KauecTBe OCHOBHOIO
KOJHUECTBEHHOTO KPHTEePHs MAJs OLEeHKH CHOCOGHOCTH aBTOMAarTa
K caMoopraHuzauuu BbiGepem Kpurepuit s (A, K), a He KpHTepuit
z (A, K).

PaccMoTpHM B KauecTBe npHmepa nBa aBromatra A u B, dyHk-
IIHY MepexOLOB M BHIXOAOB KOTOPBHIX 3amaiorcst Tab/HiaMH:
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2 1 2
aast astomata A— * 1 1, xlu v,
y2 2 yuwv

2 1 2

mnst asromata B— x |1 25 x ‘u« v.
yi2 2 yu v

B atux Tadsmuuax uucppamu I u 2 0603HauYeHBl COCTOSIHHSL aBTOMA-
TOB, OYKBaMH X, §y — BXOJIHbI€ CHTHAJbl (BONPOCH), a 6YKBAMH U, U —
BBIXOJHBlE CHTHAMbl (OTBETHI).

B kauectBe kjacca K 3aKOHOB pacnpenefieHHst BuIOepeM TaKo#
KJ1acc, B KOTOPOM BEPOSITHOCTH MOSIBJIEHHS] BONPOCOB X H Yy HA 3K3aMeHe
PaBHBl MeXIYy COG0H, a 3aKOHBI pacnpefiesleHHs 00y4YamOUX NOCJAER0-
BaTeJbHOCTel BO3HHKAIOT H3 CXeMbl HE3aBHCHMBIX HCILITAHHH INIDH Be-
POATHOCTAX MOSABJIEHHS] BONPOCOB x H y, PaBHBIX p H | — p cooTBer-
CTBeHHO (p npoberaer B mpefenax kJjacca K Bce 3HaueHHst or 0 go | ¢
paBHHIMH BeposaTHocTsmMH). Kpome Toro, gukcupyem ZauHy n obyuaio-
IIMX MOCJIELOBATEbHOCTE, 4 COOTBETCTBYIOILMI BHIGPAHHOMY 3Haye-
HHIO n KpHTepHil (A, K) o6osnaunum s.(A, K).

ABromar A 6ymeT HAXOQHTLCA B COCTOSHHM 1, ecsiH mocaegHHi 3a-
LaHHBIA eMy NpPH O6yueHHH BONpPOC OblI X, H B COCTOSIHHH 2, €CJIH 1o-
CJeIHWH 3agaHHBl emy Bonpoc Owil y. Orcioga clegyer, uTo BEPOSAT-

HOCTH nap BONPOC — OTBeT OYAYT pAaBHBL: A5 napwl (x, u) — 5 P
AJ1s1 napsl (y,u)—Qp, L8 napel {x, v) —i (1 — p) wu gns mnapw
1
(y, v) — Taxkxe 5 (1—p). CnegoBareNbHO, SHTPONHA 3K3aMeEHA
1 l 1 1 1 I
Q _— e — —p—— (1 — —(l —p) —
Ho(k3)= — g plngp—5plngp——5(I—ping(—p
L it (1 —p)=—plnp — (I —p)In(l—p)— ln-~
—5=pn5—p)=—pinp—(—p p 9

MaxkcumanbHoO#l SHTPONHS PKCIIEPHMEHTHPOBAHHS OYJET, OUeBHIHO,
1
mpu p =1 —p =5 DHTpOMHsST 3K3aMeHa B 3TOM CJydae omnpe-

A€JIUTCA BbIDAXKCHHEM

1
H%(3x3) =———;—ln—é———;—lné——-]n%=—-2]n—2—.

HpnpameHHe SHTPONHH 3K3aMe€Ha

AHY3k3) = — plnp—(l —p)iIn(l —p) + In %
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[110THOCTb BEPOSTHOCTH 3aKOHOB () B BHI6paHHOM Kjacce K parua.

oyesuano, egunuue. [Ipumenenne dopmynl (69) maer
1

s, (A, K) = Y(plnp»ii%(l —p)In(l —p) —In —;—)dp ~In2—
5 .

1
— 5= 0.19.

AptoMar B Gyger HaXOOMTHLCS B COCTOSIHHH | TOJIBKO TOrAa, KOTZAa
o6yuaroliast noC/egoBaTeIbHOCTb COCTOHT M3 OJHHX JHIUb x. BeposT-
HOCTb 3TOTO PaBHA, O4eBHAHO, p". OTCIONA BEPOSITHOCTH 3K3aMeHalHOH-

HBIX nap (x, ) u (y, uw) paBHH ; , a BeposiTHOCTH map (x. v) u (y,v)
paBHbI7(1 — p7). Kak u B ciyuae HaxomxpeHHd s, (A. K), HalgeM

AH? (3k3), B pesyanaTe 4ero noJiyydMm Uenouyky ¢dopmya

l I
sn<B,K)=“p Inp 4 (1= p) Ing (1 ) — 5 10 g —

0

I I R ! |
n 1 1y ' 1 N +...
1<1+7>(2+7> 2<2+7><3+7)

! I
_< [-2.2% T 2395 +>

Ucnonb3ysi nocjiegHee COOTHOLIEHHE, MOJNYYHM OLEHKY

nln2+l n 1
T nF 12T an

U3 3To#l OLEeHKH JIETKO Y3HAeM, 4TO IpH 1 > 5 BenwuHHa s, (B, K)
otpuuaresbHa. MHbIMH C/loBamMH, NpH 0Gy4eHHH MOCAEI0BATENbHOCTAMH
AJHHBL, GoJibliuell 4, B BEIOPAHHOM KJacCe 3aKOHOB SKCIEpPHMEHTHPOBA-
HHA aBToMarT B sBAsieTCs B CPEXHEM «CaMOJE30PTaHH3YIOUHMCS»,
B TO BpemMsl KaK aBToMaT A B TeX Ke YCJIOBHSIX OOHADPYKHBAeT Co-
COGHOCTb K CaMOOPTraHH3alHH.

3ameTHM, YTO BBIBOA O HAJHYHH HJH OTCYTCTBHH y aBTOMAaTa CHo-
COGHOCTH K CaMOOpTaHH3aiHH 33aBHCHT OT BHOOpa Kjacca 3aKOHOB
9KCIIEPHMEHTHPOBAHH S C 3THM aBTOMATOM. Ec/iM, Hanpumep, B pasobpaH-
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HOM TmipUMepe B KadecTBe K BHIOparh KJacC 3aKOHOB dKCIEPHMEH-
THPOBAHHsI, BO3HHKAIOIHA H3 pPABHOMEPHOH CXeMbl HE3aBHCHMBIX
HCMBITaHHU, TO, KaK HETPYZHO NPOBEPHTb, AaBTOMAT B TaKwKe craj Obl
B CpefHeM CaMOOPraHH3YOUMIMMCSH, XOTs BeJHYHHA 3TOH CaMOOpraHu-
3alMH ocTaBanach Obl MeHbIeH, YeM y aBTomara A.

Ilpu nepexofie OT NMOHATHSI CAMOOPTAHH3aUHH K HOHSITHIO CaMo-
OOYUEHHsI Y¥Ke HeJb3st JOBOJbCTBOBATHCS YHCTO TEOPETHKO-BEPOSIT-
HOCTHBHIMH MOHATHAMH. Heo6xoguMo BBOZMTH TNOHSITHS, KOTOpHIE
XapaKTepH30Ba/H Obl TY HJIH HHYIO HAMPaBJIEHHOCTb MNpOllecca Camo-
opranusaiuu. C 310 1e/bI0 HaHbo/ee eCTECTBEHHO BBECTH OMpEREJeH-
HYIO Ha MHOXKEeCTB€ BCEBO3MOMKHBIX Iap Bonpoc (p) — OTBeT (g) Bele-
CTBEHHYIO (YHKIHIO f(p, ¢), BEJMYMHA KOTOPOH XapaKTEpHU3YeT Ka-
yeCTBO JIIOGOTO OTBETAa HA J0GOH JaHHBIH BOmpoc p.

Kaxk ormeuanoch Bhie, pis jo6oro gagHoro asromata A ¢ GukcH-
DOBAHHBIM HAauyaJbHBIM COCTOSIHHEM @, 33ajaHHe 3akoHa Q pacmpepe-
JieHHst BeposiTHoCTed @(P) Ha o6y4awmMx noc/efoBaTeJbHOCTAX P
OJHO3HAYHO OmnpenefsieT pacnpefesieHie BepOATHOCTed a(@) HA MHO-
’KeCTBe COCTOSIHHA aBromata. O603HauHM elle 4yepe3 ¢ = Ala, p) oTBer
aBromata A, HpPHBEJEHHOTO MPEIBAPHTENLHO B COCTOSIHHE g, HA BO-
npoc p. Beanunna fQ = Lf(p, Ma, p') v(p) a(a) npexcrasasier co-

p.a
6ofi ycpelHEHHbIH KDHTepHii KauyeCcTBa OTBETOB aBTOMATa Ha «3K3a-

MEHe» NPH OGY4EeHHH €i0 NOC]AEIOBATELHOCTSIMH, pPacnpene/]eHHLIMH
no 3akoHY Q (y (p) — BEpPOSTHOCTb MOSIBJIEHHS BONPOCA p HA SK3aMEHE).
Koaunecmeom camoobynenus aBromara A ecTeCTBEHHO Ha3BaTb Te-
nepb pasHoctb fQ — f, rpe Qp — anpuopHbIi 3aKOH pacmpenesne-
HHS! BEPOSITHOCTEH OOyUalOUIMX MOCHENOBATENbHOCTeH, W3BECTHHI KOH-
CTPYKTOPY B MOMEHT CO3JaHHMs aBTOoMaTta, a ( — anocrepHOpPHbIN
3aKOH pacnpefeseHHs!, KOTOPbIf PAKTHUECKH HMMET MECTO IJisi HEKOTO-
poro KJjacca sKCepHMeHTOB no obyuenuio. Kak npasujo, suTpomus
pacnpefenennsa @, OOJbIIe SHTPONHH pachpenenends Q.

Ecau rtenmepn 3agan ksacc K anoCTepHOPHBIX 3aKOHOB pacnpene-
JeHHsi Q ¢ NUIOTHOCTBIO BepPOSITHOCTH (@), To HHTerpan b (A, K) =
=QjK (f9— f) @(Q) dQ npegcraBHT coGofi yCPEIHEHHYIO KOJIHUe-

€

CTBEHHYIO XapaKTePHCTHKY AJsi CIOCOGHOCTH PAacCMATPHBAEMOTO aBTO-
MaTa K CamMooOyueHHIO (IPHMEHHTeNbHO K BhiOpaHHoMy kjaccy K,
aBTOMaTy A M BellecTBEeHHOH (QYHKUHH f).

v § 4. ABTOMaTH CO CAYYANHBIMH MEPEXOAaMu
TMoMuMO Qdemepmuruposanrsix aBTOMATOB B TEOPHH CaMOOpTraHH-
3YIOIHXCS CHCTEM HPHXOAHUTCH PAacCMaTpHBAaTb ABTOMAThl, HMEIOL[HE
cayuatinoie nepexodel. Kaxk ussectHo (cM. ra. III) B merepmuuupoBaH-
HOM aBTOMAaTe 3aJaHHe MPeLYIero cocrosuus a{t — 1) u Texkyiero
BXOJHOTFO CHTHaja Xx(f) OHHO3HAYHO ONpenesseT Cleyouiee ouepesHoe
COCTOsIHHE a(f), B KOTODOE nepexogdT aBTOMAT NOX BJHAHHEM 3TOTO
BXOAHOTO CHrHaJa M3 cocTosuus a(f — 1). B aBToMare co cayualiHbIMH
nepexonamu 3afanue mape a(t — 1), x(f) onpenensier JMiIbL BEPOAT-
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HOCTH p.;(X) nepexoga aBromara M3 coctosiHus a(f — 1), kotopoe o6o-
3HauMM 4Q;, B J060e ApYroe COCTOSIHHE @; MOJ BJHSIHHEM BXOZHOTO
curnana x(f) = x.

Jlerko BHOETb, UTO JETEPMHHHPOBAHHBIH aBTOMAT MOMKHO paccMma-
TPUBAThb KaK YACTHBIH CJydalt aBTOMAaTa CO CAyYalHLIMH MEepPeXofamH,
y KOTOPOro jJIsi K&XJIOro X nNpH JOO0M JAaHHOM { JIHIUb TOYHO OZHA H3
BepoaTHOCTeHl p;;(X) PaBHA eNHHHIE, a BCE OCTAJbHBIE BEPOATHOCTH
paBHBI HYJIO. '

Beakuit aBToMaTr co CAy4YaHHBIMH NepeXojaMH eCTeCTBEHHO 3aja-
BaThb C MOMOILLIO CHCTeMBbI MATPHILL |(|pi (x) [/, rae x mpoGeraer mocJe-
JOBATEJbHO BCE BXOLHLIE CHTHAJBI aBTomata. Pasymeercsi, Kpome
nofo6HOMA CHCTEMbl MATPHIL, IO/KHBL OBITh 3ajaHK TakKKe QPYHKIHS Bbl-
XOLOB H HauajbHOE COCTOsSIHHE aBTOMAra. ' _

MarpHusl |[pi/(x)|| 06/1a8a10T T€M CBOHCTBOM, YTO CYMMa 3JIEMEHTOB
JTI060H H3 HX CTPOK PaBHseTcsl efHHHIe. Bynem npegmosiarath Takxke,
YyTO B aBTOMAare HET COCTOSIHMH, BEPOATHOCTH NEPeXofa B KOTOpbie H3
BCEX APYTHX COCTOSIHHE OblIM Gbl PABHBLIMH HyJIIO. DTO O3HAYaer, oye-
BHHO, YTO MaTPHUBI [|p;j(X)|| HE HMEIOT CTONGLOB, COCTABJEHHBIX H3
omHHX JHIIb HyJeli. Kpome Toro, Bce ajiemMeHTHl KaXKAOH H3 MaTpHIL
||pi;(x) || mpexcTaBJSIOT co60it HeOTPHLATENbHEE BEIECTBEHHLIE YHCJIA,
HE MpPeBOCXOAAIHE €JHHHILY.

Marpuibl, YIOBJETBOPAIOIHE TPEM TNEPEUHCJEHHBIM CBOHCTBAM,
IPUHATO HA3LIBATh crmoxacmudeckumu mampuyamu. TaxkaMm o6pasom,
B CJyuae aBTOMAaTOB CO CAy4YaHHLIMH nepexofaMH poJb QyHKUHH nepe-
XOHOB BHIMOJHAET GYHKUHMA |'p. (x)], opHO3naupo oToGpaxkaromas
MHOXECTBO BCeX BXOAHBIX CHTHAJI0OB aBTOMAara B MHOXKECTBO CTOXa-
CTHUECKHX MATPHIL,

Oco6blif HHTEPEC NPEACTABJAAIOT ABTOMATHI CO CJAYYAHHLIMH mepe-
X0JAaMH, HMEIOUIMMH OJHH-€JHHCTBeHHbIH (MTOCTOSIHHBIN) BXOAHOH CHr-
naj. Takue aBTOMATH H3YYaJHCb B KJACCHUECKOH TEOPHH BepOSITHO-
cTelt noj HasBaHHeM odHopodweix (Quckpemmvix) yened Mapkosa. Bui-
XOIHble CHTHAJB B TONOGHBIX ABTOMAaTax HTHOPHPYIOTCS (MJM OTO-
YKIECTBJSIOTCS C COCTOSIHHSAMH), YTO NMO3BOJIsET 3aaBaTh 3TH aBTOMAaThl
¢ NOMOIIbIO €IHHCTBEHHOH CTOXacTHYecKoft matpuunl. [las onpenesen-
HOCTH CYUMTAeTCs OObIYHO, UTO MePBasi CTPOKA (Kak M MepBHIfl cTosbeL)
TAKOH MaTPHLBI COOTBETCTBYET HAYAJbHOMY COCTOSIHHIO aBToMmata (Map-
KOBCKOH I(eMH).

[lenu MapkoBa HMEIOT H IPYTyl0 (He ABTOMATHYIO) HHTepIpera-
I[HI0 — B TE€PMHHAX, OOLIYHO MPHMEHSOIHUXCA B TEOPHH BEPOSITHOCTEH.
Srta HMHTEPNpeTAalMs OCHOBAHA HA TOHATHH MCHLITAHHWH, pPaccMarpH-
BaBIIHXCS B mpepbigyiieM naparpade. OpHako peub RODKHA HATH
Tenepb HE O HE3aBHCHMHIX HCIBITAHHMAX, @ O TAKHX HCHLITAHHSIX, NPH
KOTOPHIX BEPOSITHOCTH T€X HJH HMHBIX HCXOHOB KamKJAOTO OUEpPEefHOTro
MCHIBITAHHS] 3aBHCAT OT HCXOLA HENoCpeOCmserHo npeouecmayioue2o
eMy UCnbIMARUA 1 He 3aBHCAT HeMOCPEICTBEHHO OT HCXOJI0B BCEX OCTAa/lb-
HbIX HCOBLITAHHE (CaMO MHOMECTBO BO3MOXKHBIX HCXOLOB HE MEHSETCS OT
HCHIHTaHHSl K HcnbiTanHio). Takum o6pasoMm, BO3HHKAaeT MaTpHua
ilpi;| TaKk HasbiBaeMblX nepexodHbix eeposmHocmeti. TIpOH3BOJIBHBIR
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3JIEMEHT p; 3TOf MaTPHUB MNpeACTaB/sieT co60ofi BepOATHOCTL j-TO
#CX04a B KaAXKIOM OYEPEAHOM HCIBHITAHHH TNPH YCJOBHH, YTO HCXOZX
HEMOCPENCTBEHHO MNPEALIECTBYIOMEr0 €My HCObLITaHHA Obl1 .

Jlerko BUxeTb, YTO NOAOGHAS TPAKTOBKA BMOJHE 3KBHBAJIEHTHA
ABTOMAaTHOH TPAKTOBKE: HCXOJ HCMLITAHUS MpencTaBjsier co6ofi, Mo
CyUIeCTBY, NMPOCTO ZPYTOe Ha3BAHHE [JIsI COCTOSIHHA aBTOMaTa (HMelole-
TO €IHHCTBEHHBIH BXOZHOH CHIHAJ) CO CJOyYalHbBIMH TepeXOojamH.
HUmeercs, npaBga, B OZHO OTAMYHE: B aBTOMATe CO CAYYaHHLIMH Me-
pexogaMH (HKCHPOBAJOCh BHOJIHE ONpENeseHHOe HAauaJbHOe COCTOS-
HHe, B nensix MapkoBa NpHHSTO 3agaBaTh BEPOSITHOCTH DAa3JIHYHBLIX
HCXONOB HAYaJbHOTO HCIBITAHUS Py,Ps, ..., Pn, YTO COOTBETCTBYET CJIY-
YaHHOMY BHIGOPY HAYAJLHOTO COCTOSIHHS 4BTOMATa, TaK 4To - Co-
CTOSIHHE MOXeT ObITh BbIOpAHO B KaueCTBE HAaYyaJbHOro COCTOSTHUS C
BepositTHocThiO p; (i =1, 2, ..., n).

Takum o6pasom, asst G6onee MONHONH aHAJOTHH C MApKOBCKHMH Ie-
f1IMH HEOOXOAHMO pacCMaTPHBaTh HE NMPOCTO aBTOMATHI CO CAYYAHHBIMH
nepexofaMH (MMEIOIHMH €JHHCTBEHHbIH BXOJHON CHTHaJ), a TaK Ha3bl-
BaeMble cAydalinbie asmomamyt, Y KOTOPHX C/Iy4adiHa He TOJBKO (yHK-
11451 NePexXooB, HO H BbIOOP HAYAJIBHOTO COCTOSIHHS, 4 €CIM K TOMY XKe
PacCMOTPEHHIO HPHBJIEKAIOTCS BHIXOLHBLIE CHTHAJbl, TO CJOyuailHOH
JI0JKHA ObITh, BooOmwe roBops, H GyHKuHs BexogoB. MHaue rosops,
GYHKUHS BHIXOZOB JOJDKHA 3alaBaTh HE MPOCTO BHIXOJHOH CHTHaJ, a
HEKOTOPOE pacnpefieleHHe BEPOSITHOCTEA Ha MHOXKECTBE BCEX BO3MOXK-
HBIX BBIXOJHBIX CHI'HAJIOB.

[lenn MapkoBa (HMJH, COOTBETCTBEHHO, CJyYadHLIE ABTOMATHI) Ha-
3LIBAIOTCS] KOHEYHbIMU HJIH OeCKOHedHoimU B 3aBHCHMOCTH OT TOTO, KO-
HEYHO HJIH GeCKOHEUHO BO3MOXKHOE MHOMXECTBO HCXOHOB (MJIH, COOT-
BETCTBEHHO, MHOJMXECTBO COCTOSIHMH aBToMara). bByzem TpeGoBath A4
CJy4yadHbIX KOHEYHbIX aBTOMATOB OOIIEro BHAA TaKXke KOHEYHOCTH
MHOXECTB €I0 BXOLHBIX H BBHIXOXZHBIX CHFHa/OB. OrpanHuHMcsi H3yde-
HHeM JIHLIb OJHOPOAHBIX uenefi MapkoBa, T. e. Takux Ueneff, y Ko-
TOPBIX MAaTPHIA NepexXOXHBIX BEPOSITHOCTEH NOCTOstHHA. HeodwopodHsie
mapkosckue yeny (C 3aBUCSAIEH OT BpPEeMEHH MATPHIlEH NepexXOiHbIX
BEPOSTHOCTEH) B JajbHedllleM HaM BCTPEYATLCS HE OyAyT. IMosToMy
I/ KPaTKocTH Oymem POBOPHTbL NPOCTO O Hensix MapkoBa, moHHMas
BCAKHMH pas, €CIM He OTOBOPEHO MPOTHBHOE, 4YTO peub HAET 06 OXHO-
POAHBIX LENsX.

PaccmotrpuM aBromar A co CayyalHHBIMH nepexoiaMH (MapKOBCKYIO
1IeNb), MATpHILA MEPEXOQHBIX BEPOATHOCTeH Kotoporo P=/|| p;|l. Kak
OTMEUaJIOCh BBIILE, NMPOHM3BOJBHBIN 3JEMEHT p;; 3TOH MAaTpUUBl Npea-
CTaBJjseT co6ol BepoATHOCTL nepexoja aBromara A M3 {-T0 COCTOSHHSA
B j-e. BakHo moguepkHYTb, UTO 3[leCb Peyb HAET O mepexofe 3a oduH
maxkm (T. €. 32 IPOMEKYTOK MEXAY OBYMSI COCEIHHMH MOMEHTAMH JH-
CKPETHOTO aBTOMATHOTO BpeMeHH). JIerko MOHSATb, 4TO NPOH3BEJEHHE
p::Prj TPEACTaBJsieT CoOOH BEPOATHOCTH nepexofa aBToMata A H3
{-TO COCTOAMHA B j-€-3a JiBa TaKTa INPH YCJIOBHH, YTO aBTOMAT NMPOAAET
depe3 k-e cocrosinHe.

Cymma Lpi. pgj, PacnpoCTpaHeHHAss HA BCe COCTOAHMSA, HACT, oOue-

k
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BHIHO, MOJIHYIO BEPOSITHOCTh Mepexofa aBroMara A H3 {-T0 COCTOSHHS
B j-e 33 1Ba TaKTa. Bmecre C TeM 3Ta cymma npejicTaBiisier coGoi, oye-
BHIHO, 3JeMeHT Martpuusl P.P = P2, crosiuil Ha mepeceyeHHH [-of
CTPOKH H j-TO CcT0JI6LA. AHAJOTHYHO MOJYYHM: BEPOSITHOCTb NepPexofa
aBTOoMata A W3 [-r0 COCTOAHHSI B j-€ 3a TPH TaKTa ero paGoTh pasHa
(i, j)-My anementy marpuubl P?.P = P3. Tlponomkas n01106HmM 06-
pasoMm, NMpHAEM K CJELYIOWEMY NPeLJOXKeHHIO.

Teopema 1. [as caysaiinoeo aemomama A ¢ 00num ex00Hom
cuenaiom (00HOpOOHOI MAPKOBCKOU Lenu), Mampuya NepexoOHsix ée-
poamrocmell Komopo2o — P, 6eposmHocmes nepexo0a U3 (-20 COCMoAHUR
8 j-e MO4HO 3a N MAKMo8 PasHa 3iemenmy mampuys P?, cmoswyemy
Ha nepecevenun i-oft cmpoku u j-e0 cmosbya (n =1, 2, 3, ...).

DnemeHTs! MaTpHuBEl P" €CTECTBEHHO HAa3LIBATbL NEPeXDOHLIMU ge-
posmHocmamy 36 n wazos. JIns onpemeneHHs THX BePOATHOCTEH B
c/lyuae KOHEUHHIX Uened MapKoBa noJsib3ylOTCsi OGBIMHO TAK HA3LIBAE-
MOB hopmyaoti [leppora, KOTOpast BLIBOJHUTCSI B TeopHH marpuu. Ha-
NOMHHM CHAa4aja HEKOTODHIE ONPeAeJeHHs H TOHSTHS 3TOH TEOPHU.

[Mycte mana marpuua P = ||p; || n-ro mopsiaka. Omnpegenureb

A — py — P12 <+« P
Py | TP T T
— Pm - Puz R Pnan

npencTaBisieT Co0OH MOJHHOM A-OH CTeNeHH OT A, Ha3bIBAEMBIH XQpaK-
mepucmuueckum noauromom mampuyst P. KopHH 3TOro noJHHoMa Ha-
3bIBAIOTCS XA PAKMEPUCULECKUMU LUCAAMY MATPHIBI P.

O6o3nauum uepes E egHHHYHYIO MaTpHuy n-ro nopsgka. Torga
snemenT MaTpuunl ( AE— P)~!, crosmuil Ha nepeceueHHH [-0f CTPOKH

H j-ro cTos6ua, 6yneT paBeH = - Py (A), roe P;(L) — anreGpaunueckoe

1
P(})
JIOTIOJIHEHHE 3JiemeHTa onpenenutens P(A), CTOfILero Ha nepeceyeHHH
€ro j-ol CTPOKH H {-T0 CTOJONA.

[Tycrs Tenmepn Matpuua P = ||p;;!|| MMeeT XapaKTepHCTHUECKHe YH-
cna A, Ae, ..., A,. O603HAUHM uepe3 m; KPaTHOCTb [-TO YHCJIA A;, T. €.,
HHBIMH CJIOBAMH, MAaKCHMAaJibHOe YHCAO § TAKOE, UTO XapaKTepHCTHue-
ckui mnonuHoM P(A) penurcss Ha (A — A;)S, H OnpemesHM MOJHHOM
¥;(A) mo dopmyne

l A—Ay)m ’
Torna anement p{# wmatpuuel P®, crosmHii Ha nepecedeHu” f-oi
CTPOKH H j-TO CTonﬁua MOXHO ONpeNeNuTh 1o dopmyse

pl = 2 Dyt | MPii (A)

(m * P, (M)
Qopmyna (71) aBasercs dopmynoi Ileppona. B neit D',?v—l 0603Ha-
YaeT NPOH3BOJHYIO MO A nopsigka my—i. IlojgcTaHOBKa 3HAYUEHHST A=Ay

. (71)
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JOJIKH a GBITh BBINOJHEHA Mocae Augdepenurposanusti. Buson Gopmynt
Ileppora MOMHO HaAUTH B JIOGOH MOHOTPAagHH MO TEODHH KOHEUHBIX
ueneii MapkoBa (cm., nanpumep, B. M. Pomanosckuii [68]).
Ocobenno npoctoii BHE (opmyna [leppoHa mpuoGperaer B TOM
Clly4ae, KOTJa BCe XapaKTepHCTHUECKHe 4YHCJa MaTpHULl P UMeoT
KPaTHOCTb, PABHYIO €IMHHUE, T. €. KOTHA M, =M, = ... = m, = l.
$IcHO, yTO B 3TOM cnyyae r = n. [lockogbKy (akTopHas HyJst paBeH
€IHHHMIEe, a TPOM3BOAHAS HYJEBOIO MNOPSJKAa O3HauyaeT OTCYTCTBHE
Kakoro-au6o pHdpepeHIIpOBaHNs, TO AJs yKA3aHHOTO YAaCTHOTO CJy-
yast MOJyYHM HPOCTYIO (opMyJay
AP, (A)

e . L (A

pl/ ’lpv (A'v) ( ]

v=lI

YeaoBrMmcst HaspiBaTh opmyay (71) obwed, a dopmyay (72) —
cneyuaavroti gopmyrol Ileppona. Popmyast (71) m (72) mnossoasior
pelnTb OfHY BeCbMa BaXKHYIO 3afayy TEOPHH KOHEYHbIX MAapKOBCKHX
uened — 3afauyy HaxoXEHHsl TaK HA3bIBAEMOTO npedeavHozo pacnpe-
Oeaenus. Ecnu cyuecTByer npeges limP* = P, 10 3JeMeHTbl MaTpH LLbl

L,2,....n. (72)

k>
P® = || p;;®|| €CTeCTBEHHO HA3bIBATb NPeOCAbHLIMU NEPeXOOKbIMU  ée-
poamuocmAmu. Yimes HaualbHOe pacnpegenieHHe, T. €. BePOATHOCTH
D1, P2, ..., Pn PA3JIMYHBIX HCXOJOB HAuyaJIbHOTO HCIKLITAHHS, MOXKHO MO-

JYYHTb BEPOSITHOCTH pS° PA3JIHUHBIX COCTOSIHHH B IPEJEeJbHOM pac-
IpefeseHnH no QopMyJiam

n
pr=Y ppe (=12,...,n) (73)
J=1

Kaxercss ecrecTBeHHBHIM HPEINOJNOMKHTL, UYTO TNOCJe JOCTATOYHO
60JIbLIOTO YHCJIA NePeXoJIoB CIyuafiHoro aBToMara, XapaKTepH3YIOLEero
MapKOBCKYIO lienb, BJHSHHE HA4YaJpbHOTO pacrnpejgeseHHsi BePOSITHO-
CTeil COCTOSTHMH HA paclpefeneHue COCTOSIHHMH, MoJyueHHoe B pe3yilb-
Tare STHX Nepexoj0B, MOXKeT ObiTh CLETAHO CKOJb YTOAHO MaJjbM.
MHbiMH crioBaMH, npefenbHoe pacnpeneseHde, noJydyaemoe no ¢op-
myaam (73) He JO/MKHO 3aBHCETb OT HAuaJbHOTO pacnpeneseHust (py,
Pzs ..., Pn). Ecny mpepenbHoe pacnpepesnenne o6jagaeT TaKMM CBOH-
CTBOM, TO COOTBETCTBYWOIIAs MAapKOBCKAas LEMb HasplBaeTcst apeodu-
yeckoti. CBOKCTBO 3PrOJHYHOCTH GyHeT, OUeBHAHO, HMETb MECTO B TOM
H TOJBKO B TOM CJiydae, KOTAa JJist JioGOTO HaHHOTO { BCE 3JIEMEHTHI
P (j =1,2, ..., n) O4MHAKOBHI, T. €., HHLIMH CJIOBAMH, KOIJa Bce
CTPOKH MATpPHIbI NPELeNbHLIX NMePEeXOAHLIX BEePOSITHOCTEH OAMHAKOBBHI.
MoXHO noOKasarb, YTO XapaKTEePHCTHYECKHE YHCJA CTOXacTHYe-
CKHX MaTpHIl HE MOI'YT NPEeBOCXOZHTb N0 MOAy. o exunuuy. Herpyano
BHJETh TaKiKe, YTO EIHHHUA SBJSIETCS XapaKTePHCTHYECKHM YHCJIOM
AJ15 6o cToxacTHuecKol martpuubl. Ec/iM Bce ocTajibHble (OTJHYHLIE
OT €IHHHUBI) XapaKTePHCTHUYECKHE YHCJIA CTOXaCTHUeCKOH maTpHuml M
10 MOAYJIIO CTPOTO MEHbIIE eXHHUIEI, TO MaTpHLa M H COOTBETCTBYIOLIAS
eif MAPKOBCKas! leNb HAa3bIBAIOTCS npasuibHomy. ECIH y MpaBHABbHOM
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CTOXacTHUeCKofl MaTpuilsl P eluHHIA fBJsEeTCS OPOCTHIM KODHEM Xa-
PaKTEPHCTHUECKOTO MOJUHOMA, TO MatpHua P M cooTBercTByMomias ei
MApKOBCKasl Iellb HA3LIBAIOTCS PecyAsPHoLMIL.

CnpasepinBo chaenyloinee npejsoxenne [141

Teopema 2. Mapkosckas yene C ¢ KOHEHHbIM 4UCAOM COCMOSHULL
moeda u moasko moeda umeem npedesvHoe pacnpedeserue, Ko2da OHA
npasuisHa. [{as mozo umobbr yens C yOosaemeopsiia ceolicmay 3peodud -
Hocmu, Heobxodumo w Oocmamouro, 4mobbr oHa Obiaa  peeyasproi
yenoio.

HOna cayuast pery/sipHOil KOHeuHOH MapKOBCKOH LEMH Tpefe/ibHbe
fepexojlHbie BEPOSITHOCTH onpefensiorest GopMynamMu

w _ Pit(A)
Pii =%,

Otv dopMyJbl 10JYYAKOTCs M3 crnenuasnbHoi ¢opmydst [leppona
(72) B pesyJbTate NpeReNbHOrO Nepexoja NpH Rk — co.

OnucaHHple BhIlIE Pe3YJbTAThl MI03BOJIIOT NOCTPOHTH TEOPHIO MO-
BelleHHs aBTOMAaTOB (CJAYYalHbLIX H AETePMHHHPOBAHHBIX) B CJYyYaffHBIX
cpenax. OrpannuMMcsi pacCcMOTPeHHeM OJHHUX JIHIIb aBTomaroB Mypa,
MOCKOJIbKY B cJiyuae aBTOMAaToB MusM BO3HHKaeT HEOOXOAHUMOCTb B
HEKOTOPLIX YCJIOKHEHHSIX TEOpUH, [e/aloNUX ee MeHee MPO3pauHoi.
YcnoBuMCA TakiKe PacCMaTpPHBATh JAETEPMHHHUPOBAHHBLIE aBTOMATHI KAK
q9acTHLI CcAyvyail cayuailHbIX aBTOMATOB, 4TO, KaK yXKe OTMEYaloch
Bblllle, BCErja BO3MOXKHO.

[Ipu ykasaHHBEIX TpeNIOJOXKEHHSIX BCHKHUH aBTOMAT A MOXKHO 3a-
Japatb matpuueil L = || Ayl 8oixo0nbix seposmuocmerll ¥ CeMeACTBOM
marput D™ = || 8 || nepexodnoix eeposmuocmed. T1pou3BosbHBI
3J1eMEHT A;; MepBOA MAaTPHILI PABHSAETCH BEPOSTHOCTH HOSBJEHHSA j-TO
BLIXOJHOTO CHIHAJA B CJlyuae, KOrja aBTOMaT A HaXOZUTCS B {-OM CO-
crosiHHH. Besnuuna 6 ecTh He uTO MHOE, KaK BEPOSITHOCTH Iepexona
aBTOMAaTa M3 (-fO COCTOSIHHA B k-0€ NOJ BJAHSIHHEM mM-T0 BXOJHOTO
CHTHaJA.

Cpena 3amaercss AAsl HEKOTOPOTo KJacca aBTOMAaToB, HMEIOIHX
OJHHAKOBBIE MHOXKECTBA BXOAHBIX CHTHAJOB (X,, X3, ..., X;,) H OJHHA-
KOBbI® MHOXKECTBA BLIXOJHBIX CHTHAJIOB (v,, Uz, ..., Us). 3a4aTh Cpeny
ISl paccMarpHBaeMoro ksacca K o3Hadaer 3ajaTh 3aBHCHMOCTb BXOA-
Horo cursana x(f) moGoro asromata A H3 Kjacca K B IIPOU3BOJIbHBIN
MOMEHT JHCKPETHOTO ABTOMATHOTO BpeMeHHM { OT 3Hauenus u(f — 1)
€ro BLIXOJHOTNO CHTHA/a B MOMEHT BPEMEHH, HEeIIOCPeNCTBEHHO Mpes-
IIECTBYIOUIMH paccmMaTpHBaemMoMyY MOMEHTY Bpemenu {. Ilpemmosara-
eTcsl, UTO 3Ta 3aBHCHMOCTb OfiHA U T4 Ke AJs BCEX aBTOMAaTOB H3
naHHoro knacca K. MHbIMH CJI0BaMH, TIOBEREHHE CPeibl Olpenessiercs
TOJIbKO JeHCTBUSIMH (BHIXOJHLIMH CHIHAJIAMH) ABTOMATOB M HE 3aBHCHT
HENOCPeNCTBEHHO OT BHYTPEHHEro YCTPOCTBA aBTOMATORB.

PaceMoTpuMm cayuaiinee cpeder, B KOTOPHIX ONpeeNeHbl TAK Ha3bl-
BaeMbIe GEPOSMHOCI pearyull iy, o0beauHseMble B (IPAMOYTOJBHYIO)
mampuyy eeposmuocmed  peaxyuit R = |[r;ml. Benuuuna r;, upH-
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HMMAeTCs PABHOH BEPOSITHOCTH BO3HHKHOBEHHsl HA BXOje JeACTBYIO-
1ero B paccMarpuBaemoil cpene aptomara A (43 knacca K) m-ro BXog-
HOTO CHTHAa/a, €CJH B HENOCPEJCTBEHHO IPENIICCTBYIONNE MOMEHT
BpemMeHH aBToMatoM A OblL1 BbliaH j-# BBIXOZHOH CHrHAaJ.

Ec/in BepoSiITHOCTH peakI{Hil cpefbl NOCTOSIHHE, TO COOTBETCTBYIOMLAS
cpena Ha3LIBAETCS crmayuoaproll caywatinol cpedol. B necmayuonaprbix
CNyuafiHbpIX Cpefax BePOSATHOCTH pPeaKIUi# MOTryT H3MeHATbLCHd C  Te-
geHHeM BpemeHH. Kak M B ciyyae aBTOMATOB, [eTepMUHHDPOBAHHELIE
cpenbl  (co cTporo onpeneseHHoil MYHKUMOHANBHON 3aBHCHMOCTLIO
x(f) = f(v(t — 1)) moOryT paccMaTpHBATLCSl KAaK YaCTHBIA Cayuyail
CJy4aiiHbIX cpef.

Jlerko BumeTb, uTo H3yueHHe MoBefeHUs aBromaToB Mypa (xaxk pe-
TEPMHHHPOBAHHBIX, TAK H CJAYuYalHbIX) B CTALMOHAPHBIX CJAYYAUHBIX
Ccpefax CBOJIUTCS K OMHOPOAHBIM llemsiv MapkoBa, COCTOSIHUS KOTOPBIX
MOJKHO OTOXKJECTBJSATL C COCTOSIHHSIMM pacCMaTpPHBAeMbiX ABTOMATOB.
JeitcTruTeNIbHO, cocToAHUe a(f) apTomMata A B 000 MOMEHT BpeMeHH
OlHO3HAYHO ONpefieNsieT BePOSITHOCTH BBIXOJHBIX CHLHAJOB u(f), a
CJIEAOBATENIbHO, B CHJIY ONpefieNeHus CTallHOHAPHOH caydafiHofi Cpenwl,
H BEPOSITHOCTH BXOJHLIX CHFHAJOB ABTOMAaTa B HEMNOCPENCTBEHHO CJe-
JAylouiiit MOMeHT BpemeHH ¢ - 1. [locsieqHHe BEPOSITHOCTH OXHO3HAYHO
ONPENeNSIOT BEPOSTHOCTH TNepexofoB astoMaTa A H3 cocTosHHST a(f)
B J000e W3 CJEAYIOmHX COCTOSHHI.

[1p# npUHATHIX Bhle 0003HAYEHHSIX IePEXOAHBIE BEPOSITHOCTH P
COOTBETCTBYIOIIE!l MAPKOBCKOH LeNH omnpegenstcst GopMmynamu

Pir=2 N Ao imd i (75)

f m

Onumem, caenys M. JI. Llermuuy [82], psg upocreiimmx sagau o
NIOBEJieHHH aBTOMATOB B CyuailHeIX cpegax. CaToll LeJablo PacCMOTPHM
Kjaace K JgeTepMHHMUPOBAHHBIX aBToMaToB Mypa, MMeromHX JABa BXOA-
HBIX cHurHana x, =0 U x, = | ¥ ABa BHIXOAHBIX CHUrHana v, =0 ¢
v, = 1. Crauvonapuywoo cayuaituyio cpeny C 3ajgagum Mmatpuueir R
BEPOSITHOCTEH peakuui
I —py po
I —p p

YcnoBUMCS BXOJHOH CHIrHAN X, HA3bIBATh wmpagom, a BXOAHOMH
CHrHAaN X, — Hewmpagom. Torna MOKHO CKa3aTh, YTO MPH BHIXOJHOM
CHTHaJe v, Cpefia wrpadyer aBTOMAT C BEPOSITHOCTHIO Py, 4 IPH  BBIXOJ:-
HOM CHTHaJle v, — C BEPOSITHOCTBIO p,.

PacemoTpum cHayana asromatr Mypa A ¢ IBYMSI COCTOSIHHSIMH &, =]
4 a, = 2, 3ajaHHblii MaTPHIIeH BLIXOAHLIX BeposiTHoCcTell L = 1[3?“ H
MaTpHIAMH  MNepexoiHbiX  BepositHocTedl DO = H(l)?H, DM = il
HMuauye romopsi, A sgBJaseTcs NETePMHHHPOBAHHLIM ABTOMATOM, BbIAA-
IOIHM B [1€PBOM COCTOSIHUH BBLIXOJHO# CHrsan v, = 0, BO BTOPOM coO-
CTOSIHHH — BBIXOJHOK CHUrHaJ v, = 1, COXpaHSIOUIUH CBOE COCTOSIHUE
Noj BJMSIHHEM BXOJHOIO CHTHANa Xo = 0 M HM3MEHSIOHHI COCTOsIHHE
Ha [POTUBOIOJOKHOE 10 BJHAHUEM BXOJHOTO CHrHana x, == l.

R =
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B coOTBETCTBHH CO CKAa3aHHBIM Bhille, QYHKUIHMOHUPOBAHHE aBTOMATA
A B cpeae C onHCHIBAGTCS OHOPOIHON MAPKOBCKO 1enbio M ¢ apymsi
COCTOSIHUSAMH @, = 1 U as = 2. Tlo dopmynam (75) nerko Haiinem
MaTpHly P nepexogHbix BeposiTHOCTeNl 3ToM lenu

P = L—py —po ‘
—p 1 —p
X apakTepHCTHUeCKHil noJHHOM P(A) —\ A—1+4po — po mar-

A—I1+p,

pHILbI paBeH A*—A (2—;)0—;),)—}—1—p0 pi, 4 ee xapaxrepncmqecxnmu
YHC/IAMH  SIBJSIIOTCS COOTBETCTBEHHO Ay =1 U Ay =1 — p, — p,.
Eciin 06e BepOSITHOCTH p,  p, HE PABHbI ONHOBPEMEHHO HYJIO HJIH €H-
HHIlE, TO BTOPOE XapaKTEPUCTHYECKOE YHCJO A, HNO MOAYJMIO MeHbile
eAUHHIBI, H, 110 Teopeme 2, uenb M GyneT B 3ToM CJyuae 3proJH4ecKoi.

[Toavnom {,;(A) 6yner, oueBHaHo, paBed A— | 4 po-+ p,, U nocje
npuMeHeHus Qopmys (74) Jerko Haiijem npefeNbHLHIE MEpeXoAHbIe
BEPOSATHOCTH pacCMATPHBAeMOil LenH

P(h D1 h
PV =Pa = Py (l) T Po+Pi pot+ M

L—14+po  po
po + P Po+p:’

Takum o6pasoMm, npH AOCTATOYHO AOJIroM (YHKUHOHHPOBAHHWH B
cpene C aBTomMat A, HE3aBHCHMO OT BbIOOPA HAYaJbHOTO COCTOSHHS,

— L=~
PG = p5 =

6yIl8'1‘ HaxXOoJHUThCSI C BEPOATHOCTHIO p—z_l——p— B IIEPBOM COCTOSIHUH, a
0 1
C BepOHTHOCTblOp _ﬁop — BO BTOPOM COCTOSIHHH. Tak kak BEepPOSITHOCTDL
0 1

mrTpada B NepBOM COCTOSHHM aBTOMATa PaBHA p,, 4 BO BTOPOM COCTOSA-
HHH — p;, TO MaTtemMatHdeckoe oxkmujauume S mrpada asTomatra A Ha
KaXKI0M [are (Mocje [OCTATOYHO JJIUTENBHOTO IIPeJBAPHTEbHOIO
GYHKLUHOHHPOBAHUS) BbIpA3UTCH (PopMYyJOil

Pr_ g Po_ 2P
Po—t+P1 PotP1 PotP1

[Ipu p, #+ p, BeanuHHa S CTPOro MEHbUIEe CpPeJHEA BEPOATHOCTH

S:pO

wrpada S, 1 (79 -+ py). HeiicTBHTENBHO,

Sy—S = (Po + p1)* — 4popr _ (Po — p)

>
2(po + p1) 2 (po+ p1)

NpUYeM PaBeHCTBO JOCTHIAETCSl, OUEBHAHO, JIMIIL TOTAA, KOraa po D1+
Takum o6pasom, paccMoTpeHHBI aBToMaT A oOsanaeT yerecoodpaswsim
nosedesuem B TOM CMBIC/IE, YTO MIPU NOMEMEHHH B MOOYIO CTALHOHAPHYIO
cayualiHyio cpeny, pas/MUaiomy!o JBEe €ro BO3MOXKHBIE Peaklu#, OH
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CTPEMHTCS K TaKoMy INOBEIEHHIO, INPH KOTOPOM BeJHuYHMHA iuTpada
OKasbiBaeTcsl B CpefHeM MeHblIeH, ueM y aBTOMAaTa, BHIAAIOLIEro ¢ PaB-
HbIMH BEPOSITHOCTSAMH 00a BO3MOMKHBIX AJsi aBTOMata A BHIXOAHBIX
CHrHana (peaxiiuu).

Broi6epem Tenepp BMeCTO PacCMOTpPeHHoro aBTomata A asToMar
An ¢ 2n cocrosimusamu 1, 2, ..., n, n->-1, ..., 2n—1, 2n Tlonoxum,
49T0 B COCTOsIHMSIX !, 2, ..., n OH BbIJaeT BBIXOZHOH CHMIHaN y, = 0,
a BO BCex OCTaJIbHBIX COCTOSIHHSIX—BBIXOAHOH CHrHaJ v, == 1. ITycTs,
Janee, tab.auua nepexoJoB aBToMata A, 3amuuercs

N\ @

XN\
0 ‘112. . .n—2 n—I1 n+1 n+l n+2 . . .2n—2 2n—1
1 234, . .n 2n n+2 n+3 ntd4 . . . 2n n

123, . .n—] n n+1 n+2 n+3. . .2n—1 2n

droit TabnHIle COOTBETCTBYET Ipad NepexomoB, H3oGpamKeHHH Ha
puc. 12.

Puc. 12.

Takoit aBToMar no BUAyY ero rpacda eCTeCTBEHHO HA3HIBATD ABMOMAIMOM
¢ auHelnoti maxkmukoil, Paso6GpanHblii BhIIIE aBToMaT A  npen-
CTaBJisieT COOOH, OUEBHAHO, YACTHHIN cayuafl aBToMata A, ¢ JuHedHON
TaKTHKOH, AJIS1 KOTOPOTo 3HaueHWe n paBHo eaunuue. [loBegenue aBpTo-
maTa A, ¢ auHelHoil TakTHKOH B obweM cJjyuyae M3yuyaercsi TOYHO TaK
}e, KaK U B PACCMOTPEHHOM YaCTHOM CJjydae, XoTsl, pasymeercs, co-
OTBETCTBY!OUIHE BHIKJIAJKH 3HAUMTENBHO YCJOMHSAIOTCH, DTH BBIK/IALKH
MPUBOAST K BbIBOAY O TOM, YTO BBIUMC/IEHHOE IO AHAJIOTHH C Mpeabl-
OYUIMM cJlyyaeM 3HAYeHHe MAaTeMaTHYeCKoro oXHupauus S, mrpada
aBToMata A, 3a ofuH wiar ero paGoThl (IOCJe JOCTATOYHO AJHTEIBHOTO
NpHCnocoGUTeNbHOT0 NeprHofa) MDY HEOrPAHHUEHHOM YBEJIHUCHHH 9H-
clla n CTPeMHTCH K eCTECTBEHHOMY MHHHMMAJIbHOMY SHAUEHHIO Spyin,
PaBHOMY HaMMeHblleMy M3 ABYX 4HCeJ] p,, p,. JIerKo MoHsATh, 4TO Be-
JUYHHA S, ABJAsIETCS a6COMOTHEIM MHHHMYMOM MATEMAaTHYeCKOro OXH-
Janus mrpada 415 BCeX aBTOMATOB, AeCTBYIOIMIUX B paccmaTpHUBaeMoil
cayuailHoil cpene.

Okaspipaercs, 470 B psfe C/IydYaeB annapar OfHOPOAHHLIX MADKOB-
CKHX lieneif MOXHO C yCIieXOM HCIHOJIb30BaTh HNpH H3y4YeHWUH MOBEJeE-
HHSl aBTOMATOB HE TOJIbKO B CTAllMOHAPHBIX, HO H B HEKOTOPLIX HECTa-
IHOHAPHHX cayuaiiueix cpegax. [lycTs, nanpumep, HMeercsi HECKOJBKO
CTALMOHAPHEIX cJyuaiiHeix cper Cy, C,, ..., Ck, AHANOTHYHBIX OMHCAH-
HOM BbIIe cpefe C, HO UMEIOUIMX PAa3/IMuHbIe 12Dl BEPOSITHOCTER Do, p,.
M3 sTix cpeg MOKHO MOCTPOMTH HECTALMOHAPHYIO CAyUaiiHyIO cpeny N,
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BBOAA MaTpHuy B = [|b;]| nepexonHbIX BepOSiITHOCTEH HEKOTOPOH Map-
KOBCKOH 1en# ¢ & coctosuusiMi. B mo6Goil faHublii MOMEHT { JHCKpeT-
Horo BpemeHu cpega N pelicTeyer Kak omua uscpen C,, C,, ..., Ck.
Ecau o6pasnom 17191 ee felCTBUE oKasbiBaeTcs cpena C;, T0 FOBOPHM,
uto cpega N HaxomuTCst B {-OM COCTOSIHMM. Benuuuna b, npeicras-
AsieT co6oil BEepOSTHOCTb Tepexofa cpeibl N M3 {-r0 COCTOSIHUS B j-&
(i, y =1, 2,..., k). BepoaTHoCTH b;; NPeANONAraloTCs MNOCTOSHHBIMH
H He U3MEHSIOTCS C TeYyeHHeM BPEMEHH.

Ecau Tenepp B cpene N ¢YHKUHOHHPYET HEKOTOPBIl amToMar A,
To napei (C;, a;), cocrosiiie u3 coctosinus C, cpenst N H COCTOSIHHUSA 4
aptromata A, MoryT ObLITb BHIOPAHbI B KAauecTBE COCTOSIHHI HEKOTOPOii
OJIHOPOJHOH MAapKOBCKOH uend. Marpuna HepexofHbIX BepOSATHOCTEl
3TOH 1enuH MoxKeT GhITb JIEFKO NMOCTPOEHA MO MAaTPHIIAM BePOSITHOCTell
peakuwuit cpeg C,, Cy, ..., Cr, MaTpuie B ¢pyHKuMH nepexojoB H GYHK-
IIMH BBIXOJOB aBToMaTta A.

Moxno nokasatsb [82], uto B ksacce K aBromaToB A, C JHHEHHON
TAKTHKOH, JENCTBYIOHIMX B OMHUCAHHOW HECTallMoHapHOU cpeae N,
€CTb (3aBHCAMIMN OT Bbi6Opa cpefpl N) onTHManbHLIE aBTomar Ag,
o6/afaouil MUHHMAJbHbIM (B KJacce K) maTeMaTHYeCKHUM OXKuja-
HYeM IpefesbHON BeJMUMHL! mTpada Ha KaxaoM Imare csoell paGiThHl.
Takum o6pasoM, B OT/AHUME OT CTAIMOHAPHBLIX CPEfi, JJS ABTOMATOB C
JHHEHO . TAKTHKOMN, QYHKIHOHHDYIOUINX B HECTAUMOHADHBIX cpefax,
o0beM namsiTH (4HCJa COCTOSIHHMII) aBTOMATa lenecoolpasHo YBeJIHYH-
BAaTh JMIb J0 H3BECTHOIO IIpefesa, IocJje uero nafjbHeflree yBeanye-
HHUe [AMSTH NPHUBOAHT HE K YJYYLIEHHIO, a K YXY/UIEHHIO KauecTBa pa-
60TLl aBTOMATA.

§ 5. Mlpobnema ofyuyenns pacno3naBaHulw oGpa3oB

Opnuoit ¥3 nHanOosiee 3HAUUTENbHBEIX 00JacTeil MPUMEHEHHS TeOpHH
CaMOOPraHM3YIOIMHXCS CHCTEM $BJsieTcsl MpobseMa pacno3HaBaHHs 3pH-
TeNbHLIX 00pas3oB. Pacrossasanne 3puTesbHbIX  00pa3oB U obyue-
HHE TAaKOMY pacHO3HABAHHIO — SPKHH TpHMEp NPHCHOCOOHTENbHBIX
CBOHCTB Mmo3ra uenoBeka. CMbICJ pacrio3naBaHusi o6pasoB 3akJioua-
ercs B TOM, YTO Y€JIOBEK 0OBeHHSIeT HEKOTOPhIe MHOXKecTBa Habmosae-
MBIX HM TpEIMEeTOB HJIH SIBJEHHIl B OfHH KJacc, HasblBaeMblii 06pa3oM.
O6pasni, KOTOPHIMH OMEpHpPyeT ueoBeK,— 3TO He clyuaiiHble 0Gbhefu-
HEHHS NpeaMeToB, a TaKHe OGBLEeUHEHHS, KOTOphie CBS3aHbl KAKMMH-
Ju6o o6uiMMH cBoiictBamMH. PaccmaTpuBass B OCHOBHOM 3pHTE/bHBIE
obpasbl, 6yneM B fajbHeilnreM HAasbiBaTh OTAEJbHBIE COCTABJSIONINE
3T0T 00pa3 NpeiMeThl u300paxceruUsML.

[TpumepamMu 3pHTENBbHBIX 00pa30B  MOTYT CJAYXKHTb MHOMKECTBO
BCeX H300paxeHHid Toit UM MHON OYKBBI WUJIM LH(PHLI, MHOXKECTBO M30-
6paxKeHHl BCEBO3MOXMHHIX 3maHUil H T. n. [lo a”aJjoruu co 3purelib-
HbIMH 06pa3amMy MOMKHO PacCMaTpUBaTh TaKikKe 3ByKOBble 06pasml (Ha-
IIPHMEp, MHOXKECTBO BCEX NPOU3HOUIEHHH TOH WM MHOU (OHEMBI, MHO-
JKeCTBO BCEX BaNbCOB M T. M.) M o6pasbl Joboit apyroit mpupoas. B
JajibHediieM OrpaHHYUMCH PACcCMOTpPEHHeM B KauyecTBE MPHMEpPOB Of-
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HHUX JIMUIL 3PHTEJIbHBIX 00pasoB, OJHAKO BCE HAIIN TEOPETHYecKHe Mo-
cTpoeHHs OYAYT MPHUTO[HLI HE TOJNBKO AJISL 3PHTENIbHBIX, HO U AJS JIO-
6bix apyrux o6pasos.

Inst nocneyomux nocTpoeHHd HaM Npexne BCero noTpebyrorcs
onpenesieHus abCTPAKTHBIX M306pakeHHil u o6pasos. Byaem mnpexmno-
Jlarath, 4YTO H300pa)eHUs] BOCIIPHHHUMAIOTCS HEKOTOPHIM MHOKECTBOM
YyBCTBHUTE/bHBIX 3JIEMEHTOB — peyenmopos. [lo ananoruu co ciyuaem
3DUTENbHBIX 06pa30B, BOCHPHUHHMAEMBIX [71a30M Y€JIOBEKA, HA30BeM
3TO MHOKECTBO cemuamkol. B cinyuae aOCTpakKTHBIX H3006paKeHHR u
06pasoB HaM He noTpefyercsl YTOUHSTb BONPOC O TPOCTPAHCTBEHHOM
pacrosioxenud penentopoB. OfHako B cjyuae KOHKDETHEIX 3pDHTE/b-
HbIX 00pa3oB TaKHWe YTOUHEHHS MoJie3Hbl. B 3ToMm cnyuae Gynem oObu-
HO Mpefnosarath, 4TO COCTABJSONIME CEeTUaTKy pelenTopb pacro-
JIOXEHBI HA IVIOCKOCTH B TOYKAX, 0GPA3YIOUIUX NPABHJbHYIO PElIETKY,
T. €., HHLIMH CJOBAaMH, B TOYKAX C KOOPAHHATAMH (@ +ic, b +/c)
rae ¢ +0, i npoﬁeraeT MHOXEeCTBO 3HayeHu# 0, 1, ..., m— 1 a j—
MHOXecTBO 3Hauenuit 0, 1, ..., n — 1. Takyio ce'rqa'rxy B JaJbHeiinem
OyZeM HasbBaTb NPABUAbHOU RPAMOY20AbHOU (R X m)-cemuamiol.

3amaua ceTyaTKH COCTOHUT B TOM, uTOObI MPEBPATHTH MPOEKTHDYe-
MOe Ha Hee H300pa)KeHHe B HEKOTODPYIO COBOKYIHOCTb CHTHAJIOB CTAH-
JAPTHOTO BHJA. BbIABAEMBEIX COCTABJSIOLIAMH CETYATKY pelentopaMH.
bynem passinuaTh B jajbHeiillleM IBA BHAA DEUENTOPOB: TAK Ha3blBae-
MBI€ HEnpepbleHbie peyenmopsl, BBIXOAHBIMH CHIHAJAMH KOTOPBIX MOTYT
ObITh IPOM3BOJIbHBIE BEIIECTBEHHBIE YMC/A HA TOM MJIH HWHOM (PUKCHpO-
BAHHOM OTpe3Ke YHCJOBOH OCH, U TAK HasbplBaeMmble JucKpemmsie pe-
Yenmopel, KOTOPHle MOTYT BbaBaTh JHUUIb ABa PA3JHYHBLIX BBIXOJHBLIX
curgana. He wapywias o6mHOCTH, MOXKHO (PUKCHPOBaThb B KauecTBe
0671aCTH 3HAUEHH{l BRIXOAHBIX CUT'HAJIOB HENPEPBIBHBIX PELENTOPOB YH-
cnosoit otpesok [0,1], a B KauecTBe BO3MOKHBIX 3HAYEHHE BHIXOIHBIX
CHTHAJNIOB JHCKPETHHIX pElEeNTOPOB — KOHUBLl 3TOr0 OTpe3ka, T. e.
uncna 0 u 1.

B cnyuae 3putenbHbix 06pasoB Gynem Ipepnosarath BCeria, 4to
BbIXOJHOH CHIHAJ HENPEPLIBHOTO pelenTopa PaBeH SPKOCTH TPOEKTH-
pyemoil Ha JIAHHBIA PelEeNnTOp TOUKH H300paKeHUsl, BbIPAXKEHHOH B OT-
HOCHTENbHBIX €IMHHLAX: HYJb COOTBETCTBYeT AabCOMIOTHO YEepHbLIM
TOuKaMm, a eguuuna — abcosmoto Genpim (oTpaxkaiomum 100% ma-
JAIOIIero Ha HUX CBeTa) TouKam H3o0pamenus. s IUCKPETHBIX pe-
LIeNTOPOB  YCTAHABJHMBAeTCsi HEKOTOpHit mnopor sipkoctH. Toukaw,
APKOCTb KOTOPHLIX HE IpEBBbINIAET BEJHUYHHB! 3TOro mnopora, Gyner co-
OTBETCTBOBATH HYJIEBOH BHIXOAHOH curuajs. Donee noapo6HO, OAHAKO,
B CJlydae JMCKPETHBIX peleliTopoB OyseM paccMaTpHBaTh JHulb fBY-
TOHAJIbHbIE U306paxKeHust, COCTosiuMe JHOO U3 TOUEK HYJEBON SPKOCTH
(¢ou), nubo M3 ToueK egUHHYHON SAPKOCTH (COGCTBEHHO U300paxKeHHe).
[Ipumem B paspuefilieM UMEHHO 3TY, NMOCJEHION, TOYKY 3PEHHS.

Abcmpakmusim usobpasceruem YCJIOBUMCS HasbBaTh JI06yI0 GH-
KCHDOBAHHYI0 COBOKYMHOCTb BBIXOAHBIX CHIHAJIOB peELENTOpoB, CO-
CTaBASAOMINX ceTyaTKy. Ecsn ofinee uncjio pelenTopos B ceTuaTke pap-
HO N, TOo, B CHJly MpPHHATHX Bblllle NpenjiokeHHl, a6CTpakTHOE H30-
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6pakeHHe MOXeT OLITh €CTECTBEHHO OTOKIECTBJIEHO C HEKOTOPO# Tou-
koit N-mepHoro eguuHuHoro ky6a. B cayuae HenpephBHBIX pelenTo-
poB H300paxKeHHsIM COOTBETCTRYIOT BCE TOYKHM 3Toro Kyba, a B ciydae
JHCKPETHbIX H300pa)KeHHH — TOJNbKO €ro BepuiMHb. B COOTBeTcTBHH
Cco CKasaHHBIM, N-mepHBI eruHHUYHBI Ky6 (B cjayuae HenpephIBHBIX
PEelenTopoB) HJM MHOMKECTBO €ro BepuIHH (B cJiyuae AUCKDETHBIX pe-
uentopos) GymeM HasbBaTb npocmparcmeom usobpasxcenuii. B nepsom
c/ydae 3TO IPOCTPAHCTBO SIBJSEICS HENPEpPbiBHbIM, A BO BTOPOM CJY-
yae — Juckpemusim (COCTOSIUM U3 2V DAsJUYHBIX TOUYEK).

B npocrpancTBe H306paKeHHi €CTECTBEHHO BBOJHUTCS <MEMpPUKQAY:
paccmosiHuem MeXpy ABYMSI TOUKAMH 3TOIO NpOCTpaHcTBa (T. €. Me-
KAy ABYMS H300paMKeHUSIMH) HA3LIBAETCS KOPEeHb KBAJPATHBIA H3
CYMMbI KBAJipaToB Pa3sHOCTeH COOTBETCTBYIOUIMX KOOPAMHAT 3THX TOYEK

d=1/ G =5+, —x)P + ...+ (x, — x)"

R-oxpecmuocmoio Kakoii-nu6o Toukun M mpocTpaHcTBa HM300parKeHuil
GyneM HashIBATh COBOKYIIHOCTh BCEX TOUEK ITOMO NPOCTPAHCTBA, YAa-
JIEHHBIX OT TOukH M Ha paccTosinWe, MeHblee HJIH paBHoe R.

3ameTHM, uTO BBEJEHHBIE OMpPENE/IeHHs1 MPHUTOAHLI KaK AJd Hempe-
PBLIBHOTO, TaK W JJ8 JUCKPETHOro IIPOCTPaHCTBAa H3oOpaxkenuil. Bo
BTOPOM CJyyde pacCTosiHHe MeXny JMOObIMH JABYMS TOYKAMH Ipef-
cTaBJaseT co6oil He 4TO HHOE, KaK KOpPeHb KBAaJPATHBHIH M3 CYMMApPHOTO
YHCJIA 1 HECOBNAAeHHi KOOpJAMHAT 3THUX ToueK. [{Jif Hac, ogHako, yaob-
Hée B CJyuae AHUCKPETHBIX MPOCTPAHCTB CYMUTATH PACCTOSTHUEM Camo
310 uHcao n. [Ipu aToM BCe paccrosigust OyAyT BHIPAXKATbCSl 1LEJBIMH
uynucnamu. [locne BBemeHHSI paccTosiHHUS B TPOCTpaHCTBE H300paKeHHi
MOKHO TOBOPHTb 0 6ausocmu APYT K APYTY TeX HJIH MHBIX Todek. M3
HHTYUTHBHBIX NPEICTABJEHHI, CBSI3aHHLIX C NOHsATHEM 00pasa, ciepyerT,
4yTo M300paxKeHUs, Jexamue JoCTaTouHo OJIM3KO K TOMY HJU HHOMY
1300paKeHHI0 U3 HEKOTOpOoro o6pasa, N0JDKHLI IPHHAAJEeXATh TOMY XKe
caMoMy o6pasy. 3ro 06CTOATENbCTBO J0MNKHO ObITh KAK-TO YUYTEHO HPH
onpelesieHHH NOHATHS abcmpaxkmuoeo o6pasa.

B cayuae uempepblBHOrO IpocTpaHCTBA H306paeHHil o6pasom
MOKET CYKHTh JHIIb TAKOE MHOXKECTBO TOYEK ITOTO IIPOCTPAHCTBA, KO-
Topoe BMecTe ¢ JoGoll Toukoit M eNMKOM COJepXKHT H HEKOTOPYIO &-
OKPeCTHOCTb TOYKH M (BenHuMHa & 3aBHCHT OT BmGopa ToukH M).
MmroxecrBa, ob6aagaromue nogoGHBIM CBOHCTBOM, HA3HLIBAIOTCS OMKpbL-
moimu mHoxcecneamu. HTak, B cayvae HenpepeiBHBIX peIeNITOPOB
abcmpakmuoim 06pazom 6yaeM HasplBaTh Ji060€ OTKPHITOE MHOMKECTBO
POCTPAHCTBA H300paxKeHHil.

[TpumepoM OTKpHITOTO MHOMXECTBA MOXKET CJYXKHTh BHYTPEHHSS
yactb cepsl, UMeOIIeH Ty Ke pa3MepHoOCTb, YTO U pacCMaTpHBaeMoe
(nenpepbIBHOE) NPOCTPAHCTBO H300paxKeHuil. Baxuo eme pas noj-
YepKHYTb, YTO CTENEHb MAJIOCTH H3MEHEHHIl, KOTOphble MOXKHO BHO-
CHTb B H300pa)keHHe, He MeHSs €ro TNPHHAJIEKHOCTH AAHHOMY 00-
pasy, 3aBHCHT oT Bbifopa camoro usoOpamenus. JomycTHwmble u3me-
HEHUSA JJIs M300parKeHHil, pacroJioXKeHHBIX GJHXKe K rpasHie obpasa
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(B PaccCMOTPEHHOM NpHMepe I'PaHHneHd CJAYKHT MOBEPXHOCTb Cepbi),
YMEHBHIAIOTCA, a AJA H306paxKeHuil, NOCTATOUHO YHAJEHHBIX OT Ipa-
HHIBI, — YBEJIMYHBAIOTCS,

B cayuae gHCKPeTHOTro NpOCTPaHCTBA H300paKeHHil Bce ero moj-
MHOXeCTBA OYAyT, OUYeBHAHO, OTKDBLITHIMM MHOXECTBAMH H MOLYT,
CNeJoBATEeNNbHO, PAcCMATPHBAThCS Kak abcTpakTHele ofpasbl. [ag
CYy>KeHHMsl KJaacca o0pasoB B JUCKPETHOM MPOCTPAHCTBE MOXHO BOC-
NOJIb30BATLCS MOHSITHEM epaxu4roeo uxdexca muoxecrsa. Ilycrs M —
TIPOH3BOJIbHOE TOJAMHOKECTBO BBEJEHHOTO HaMmM JHCKPETHOrO TMpo-
CTpaHCTBA R U306paxkeHHli, a m-— YHCA0 3JEeMEHTOB STOTO MHOXKECTBA.
Ecan muoxecTBo M He coBnanaeT co BCeM NMPOCTPAHCTBOM R, To cpenu
€ro 3JIEeMEHTOB HAAYTCS TaKHe, yTO HA PACCTOSIHUM, PABHOM €NHHHILE,
OT HUX OyAyT JexaTh 3JeMeHTh, He TPHHAf/exKalHe MHoKecTBy M.
HaszoBeM Takue 3MeMEHTb epaHutitbiMu dtemermanu H 0603HAYHM ue-
pe3 m, YHCI0 BCEX FPaHHUHBLIX 3JeMEHTOB MHoxKecTBa M. OTHollieHHe

m
m! Ha3bIBAETCS 2PAHULHOIM UHOEKCOM PACCMATPUBAEMOTO MHOXKecTBa M.

Jlerko moHsATb, uTO, YeM MeHblle PAHUYHLIH HHIEKC MHOKeCTBa,
TeM B 6oJblIedl CTeMeHH OHO [10 CBOMM CBOHCTBAM HANOMHMHAET OTKpLI-
Tbl€ MHOXECTBA HEMpPEePLIBHLEIX NMPOCTPAHCTB: BCE OOJIbILAS 4ACTbh TOYEK
MHOZKECTBA COJIeP:KUTCS B HEM CO CBOMMH l-okpecTHOCTSIMH. EcTecTBen-
HO MO3TOMY BBICKA3aTh npeqiosiokenne, kotopoe J. M. Bpasepman [11]
Ha3BaJl 2UNOME30L KOMNAKMHOCmIL: 00pa3amu 8 OuCKpemHom RpOCIPAH -
cmee u300pascenull Moeym cAyHCUMs AUlUL MAKLE MHONCECMSEa, epanit-
Hotll uHOexc xomopblx OOCHAMOHHO MAA.

[Ipn 6onee peTabHOM HMCCJIEIOBAHHM OKAa3bIBAETCS, YTO BHICKA3aH-
HOe NpenosoKeHHe HeoOX0MUMO YTOUHUTD MyTeM HEKOTOPBIX [OMOJIHH-
TeNLHBIX TEOPETHKO-BEPOATHOCTHLIX mnocTpoennd. [lyers R — nu-
CKpETHO® IIPDOCTPAHCTBO H306paxKeHui, B KOTOPOM 3a(HUKCHPOBAHO
HEKOTopoe MOAMHOKEeCTBO. [1ycTb, fanee, HJs KaX[AOro 9JEMEHTA X;
MPOCTPAHCTBA R 3ajiaHa BEPOSITHOCTb f(x;) MOSIBJIEHHs 3TOTO 3JIEMEHTA
(1306paxkents) B KAaKOH-JMGO CEPUM IKCIEPUMEHTOB THNA HE3aBHCH-
MBIX HCHBITaHHUI; fs(x;) — YCNOBHAS BEPOSITHOCTbL NMOSIBJICHHS 3JIEMEHTA
X; NP YCJIOBHH, UTO OH NPUHAANEKHUT 06pasy S. Ecau anemedTt x; npu-
HaAeKUT 06pasy S, To mjsa mo6oro HATypasbHOTO 4Heaa & Qu(x,) —
MHOKeCTBO BCEX TOYeK, He cojep:Kamuxcs B o6paszeS M yjajeHHBIX OT
3JIEMEHTA x; Ha PACCTOSIHHE, MEHbIIEE HAM paBHoe 2. Benuuuna gs(k) ==

= X fs(x) Z f(x;) npeacrasasier co6oil BEpPOSTHOCTb OLTHOOYHOTO MPH-
x;€S x;eQp(x;)

MUCLIBAHHST B OYEPEHOM HCILITAHHY 06pasy S He cofepxkamerocsi B
HEM 3JIEMEHTA 3a CYeT TOrO, YTO B MPEeAbIAYILIEM MCOBITAHHH, B KOTOPOM
6Ll ClyuafiHo BHIOPAH KaKO#-TO 3JeMeHT x; u3 obpasa S, B obpas S
OblJIY 3a4HC/IEHB! BCE 3J1EMEHTHI, JieKaihe B £-0OKPeCTHOCTH 3JIeMEHTa  X;.

Hasosem onepan#io BKJIOUEHHst B TOT WJIM MHOH 00pas S Bcex 3Je-
MEHTOB k-OKPEeCTHOCTH HEKOTOpOTO 3JeMeHTa x U3 3Toro o6pasa one-
payueli k-sxcmpanoasyuu no ssemenmy x. HalinedHnas Bpline BeJHYHHA
gs(k) mpencrasnsieT coGoifl BEPOSTHOCTb BO3HHKHOBEHHs OIIMOKH 3a
CyeT onepaundH XZ-3KCTPanoasiiiiy N0 cJyuaiHo BHIOHPAEMOMY 2JIEMEHTY
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o6pazd S. YTouHeHHe THIIOTE3bl KOMIIAKTHOCTH, O KOTOPOM ILJa peub
BBlllIEe, COCTOMT B MNPEANOJIOKEHHH, YTO JAJA KaKJA0ro AUCKPETHOTO
MpocTpaHcTBa H306paxkeHHit R cyulectyer Takoe uucio N = N(R),
yTo N > | ¥ s Bcex 3HaueHdit £ << N BeposATHOCTb gs(k) BO3HHKHO-
BeHUs OIINGKH B pe3ysibTaTe R-9KCTPANONSANUMY HE MPEBOCXOAMT "Hpe-
HEOPEeXKHUMO MAaNyI0 MOCTOSIHHYIO HEOTPHIATENbHYIO BeJHUYHMHY & A
Jio6oro ofpasa S. YcnoBUMCS HA3blBaTb 3Ty THUNOTE3Y 2uUNOmME30Lt
N-sxcmpanoaupyemocmu 06paszos ¢ mounocmeo do .

Onepanysi k-3KCTPANOJISAIMY MOXKET OBITh, OYEBHAHO, OMNpeIeseHa
U s o0pa3oB B HENPEPLIBHLIX NPOCTPAHCTBAX H306paweHuil. 3a-
MEHsSs] CYMMHPOBaHHe WHTErpHpOBaHHeM, MOMKHO MOJNYYUTL 10 aHa-
JIOTHH C BbIpaxkeHHeM JJIsi gs(k) BblpameHHe 711 BEPOSTHOCTH BO3HHK-
HOBEHUSI OUIMGKH 3a CYeT IKCTPANOJSIHH B HErnpepLlBHOM cCJyudae.
Touno TakuM ke 06pa3oM, Kak U [/ JHCKPETHLIX MPOCTPAHCTB, MOXKHO
chopmyaHpoBarh rHnotesdy N-3KCTpanosHpyeMmocTH o6pasoB B Hempe-
PBIBHBIX MpPOCTPAHCTBAX H300paKEHHH.

3amaua pacro3HaBaHUs o6pa3oB MPHBOAHT K HeOOXOAUMOCTH TOY-
HOro OMNHMCAHHS XapaKTePH3yIOUHX 3TOT 06pa3 npusHakoB. OnHaxo
JaJeKo He BO BCEX CJAYyuasix TAKOro pPoja OMHcaHHe MOXKHO JaThb 0€3
peojo/IeHHs BecbMa 3HauuTe bHbIX TPyAHocTeid, [TosToMy Ha mpakTHKe
HAYT OOBIUHO MO TMYTH NOCTPOEHHS AJTOPHTMOB, NO3BOJISIOUWIHX OCY-
IECTBASTL TAK HA3bLIBAEMOE 00yHeHie PACNO3HABAHHIO 00pa3oB. CMBICT
YKa3aHHOTO OOYYeHHsI COCTOUT B TOM, Y4TOOBb MOJYYUHTb MNPHUOJHIKEHHOE
onucagyue (HJH, KaK NPHHSATO OOBIYHO NOBOPHTb, ANMPOKCHMAIHIO) 06-
pasa B pe3yJsibTaTe YKa3aHUs1 HEKOTOPOro MHOXKecTBa (Booliile roeopsl,
He Bcex!) cocraBasiouiMx 3TOT 006pas H306paKeHuil.

Hexonst 13 runote3sl 06 N-3KCTPanoJHpyeMocTd 06pA30B, MOKHO
MOCTPOUTL TAK HA3LIBAEMBIH 00wjull ANRPOKCUMAYUOHHbIL AA20PUMM,
MO3BOJISIONMH OCYUIECTBASATL 00yueHHe pacno3HaBanuio obpasos. Kak
U BCAKHI aJrOpUTM CaMOCOBEpPIIEHCTBYIOIIErOoCs Tuma, ofumui anmpo-
KCHMAlMOHHLI aaropuTM A HMeeT jBa MepHojaa paboThl — MEPHOTX
0OyueHHs H MepHoJ SK3aMeHa.

B nepuop oOyueHHsi HA BXOJ anroputMa A nofawrcsl pasjidyHble
npencTaBuTend o6pasoB R,;, R,, ..., R,, KOTOpbleé NpPefCTOHT pacno-
3HaBaTb. [IpH 3TOM COOTBETCTBYIOUIME NpeNCTaBHTENH (H306paxKeHHs)
BLIGHPAIOTCA CJIyYANHO (4allle BCEr0 METOAOM HEe3aBHCHMBIX MCIIBITAHHIL)
H COMPOBOXK/IAIOTCS yKa3aHHeM: K Kakomy M3 obpaszoB R,, R, ..., R,
OTHOCUTCS KaXjoe M3 BhIOpAHHBIX H3o0paxkeHud. Bce noxasadHbole B
nepuop o6yueHus H306paKeHHs 3ANOMUHAIOTCSI H UCHOJb3YIOTCH B pe-
KUMe 5K3aMeHa JJ1s1 ONPeqesieHnsT PHHA/EKHOCTH ouepenHoro (Tak-
e CAyualHo BLIOMPaeMoro) #3o6paKeHust » TOMy HJIM HHOMY H3 00-
pasoB Ry, R,, ..., R,.

C 3Toli 1eNblo ONPeAessIOTCs PAacCTOAHUS B MPOCTPAHCTBE H306pa-
KeHHil OT H306parkeHusl r cHayana 10 BLIGPAHHBLIX B MEPHON oOyueHHst
npeicraBuTeseji ofpaza R,, 3areM [0 npeiacrasutesiell ofpasa R,
U T. 1. IO TeX rop, HOKa OyepefHoe OomnpefelseMoe pacCTosiHHe A0 Ka-
KOro-H60 MpeAcTaBUTENst HEeKoToporo ofpasa R,(i =1, 2, ..., n) e
OKaXeTCsl MEHbIIMM HMJH PAaBHBIM KO(DDHUHEHTY IKCTPANOJHPyeMOCTH
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N. B sT0M cnydae usoGpaxenue r oTHOCHTCS K o6pasy R;. Ecau xe
BCE pAcCCTOSIHHS OKakyTcs GosbumiMmu N, u3o0paxkeHue r OCTAHETCS
HEOMO3HAHHLIM, T. €. He GYIeT OTHECEHO HH K KakoMy H3 o6pasoB
R, Ry, ..., R,

Jlerko moHAITL, yTo €cAH BCe 06pa31,1 Ri, R,, ..., R, sKcrpanoau-
pyeMbl ¢ TOYHOCTbIO 0 € H MOTYT ObIThb TMOKPHITH! C NMOMOLIGIO TAKOI0o
yucaa N-okpecTHocTelt (cdep pamuyca N), KOTOpPoe CYL(ECTBEHHO

1 o
MeEHblIIe —8—, TO ONMHCAHHBLIH AJTOPHTM JA€T XOPOLIYI0 aNMnpoKCHMAUHIO

BLIOpAHHBIX 06pa30B (C Ma/oi BEPOSITHOCTbIO OMIMGKH H2 IK3aMeHe).

[TpakTHueckd 0ObIYHO pasauudble 06paspl B NMPOCTPAHCTBE H300pa-
MEeHUH HemocpeiCcTBeHHO He conpukacaworcs. EcaM BeOpaTh B Ka-
yecTBe N MUHHMAJIbHOE DACCTOSIHUE MEKAY 06pasamH, TO B JUCKpeT-
HOM MpPOCTPAHCTBE OTCYTCTBHE CONPUKOCHOBEHHS 00pa30B 0O3HAUAET,
uto N > 2. Ecau npudsTh eue, uTo BEPOSTHOCTb MOSBJIEHHUS H300pa-
MKeHWil, He MPHHALJEeNKAIMX HHU K OJHOMY H3 BHIOpaHHbIX 06palon
Ry, R,, ..., R,, paBHa HyMO, TO BCE 5TH 06pa3bl OKAKYTCS, OUEBH/IHO,,
(N—1)-3KcTpanojiMpyeMpIMH ¢ TOYHOCTbIO A0 &== (. [Ipu 3THX Npexno-~
JOXeHusix OOWHA aAropuT™M AaNNPOKCHMANHH C noMompbio (N — 1)-
OKDPECTHOCTeil npUBefeT, OUeBUIHO, B Pe3yJ/bTaTe NOCTATOYHO AJIHTENb-
HOTO NepHoAa OOY4YeHUS K CKOJb YrOJHO XOpOIIed anmpoKCHMauuu
(CO CXOAb YTOJHO MaJOH BepPOSTHOCTHIG OIIHGKH).

Onucannelit o6muil aJropUT™M AannpoKCHUMAUHH JONYCKaeT psj,
JanbHeHIIHX yCOBEPLIEHCTBOBAHHH B HOCKOJBKHX PAa3/IMYHBIX HANPAB-
JeHusix. Bo-mepBnix, Kpome OMHCAHHOTO BBILIE DPEXHUMA 3K3amena
MOJXKHO BBECTH BTOPCH THH TAaKoro pexuma. B aTom cnyyae nossasio-
ieecd B pexkume 3K3ameHa H3o0paxKeHHe OTHOCHTCH K TOMy M3 o6pa-
30B R,, R,, ..., R, B KOTOPOM COAEPKHTCS NPEACTABUTE/]b (3aMOMHEH~
fislii B mepuos o0yueHHst), pacHoJIOXKeHHbI O/HKe Bcex K H3o6paxke-
guo r. s onpejesieHHOCTH moJiardeM, 4To, €CJH Takux oGpasom
OKaKercsl HeCKOJIbKO, TIPEINOUTEHHE OTRAEeTCS TOMY M3 HMX, KOTODPbIi
HMeeT HAUMEHbUIMH HOMED.

BTopoe ycoBepileHCTBOBAHHE COCTOUT B SKOHOMHH MAMSITH: €CJn
N — 0OKpecTHOCTb KaKoro-au6o M3obpakeHud S, MOSIBUBIIErOCs B Me-
pHOA oOyueHHst, OyneT NOJHOCTbIO MOKPHITA N-OKPECTHOCTSMH JpYV-
THX HU300paxeHMil, TAK¥Ke MOKA3aHHBLIX B NEepPHOJ oO6yueHHs, TO H30-
6paxeHde S MOXKHO, OUEBHAHO, 0e360Je3HEeHHO UCKJIOUHThL U3 MaMITH
H He HCMOJIb30BATh NPH 3K3ameHe. 3TO YCOBEPIIEHCTBOBAHHE HA TpPAK-
THKe 11e/eco00pa3H0 IIPHMEHSTh B HECKOJNbKO HHOH MOIU(UKALHH,
NpH KOTOPOH 3apaHee OrPAHHUMBAETCSI MAKCHMAJbHOE YHUCJIO IpeN-
CTaBHTeNed Kaxkaoro obpasa, cnoco6HO€ 34NOMHHATbCS B NEPHOJ
oGyuenns. I Kaka0ro 3anOMHHAEMOTO MPELCTABHTENs BEIETCS CYeT
€ro OTHOCHTENLHOH MOJNE3HOCTH. B KauecTBe KPHTEPHSI OTHOCHTEJLHOM
MOJIE3HOCTH KaKOro-Jaubo H300paKeHHsl r MOXKHO HCMOJb30BaTh, Ha-
npuMep, OTHOLIEHHE YHWCJa CcJay4yaeB, Korga 37o uaolbpaxeHnue ObLio
HCMOMB30BAHO JAJs1 NMPABHJRHOTO ONO3HABAHUA [MOC/ENYIOHIUX H306pa-
JKeHUil, K obmeMy 4HCay H300paKeHMH, NMOSIBUBLIMXCS NOCJE 3aM0OMH-
Hauusi H306paxKeHHs r. 3anNOMHMHAHMIO NOJJEXKAT TOJBKO,Te HU3obna-
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YKEeHHUsI, KOTOPhIe He MOTYT GbiTb NPABUJILHO ONO3HAHH C MIOMOILKIO YIKE
HMEIOUIMXCS B naMsiTd usobpaxKenuid. Ecnu, xpome Toro, maMmsth, oT-
BeJiCHHAas [/ 3aIOMWHAHHUs TPEACTaBUTesell Toro ujad uyoro obpasa,
0KAa3hIBAETCsl TMOJIHOCTHIO 3aMOJIHEHHOH, TO BHOBb 3alOMHHaeMbld tipej-
CTaBUTEJIL BHITECHSIET U3 NamsiTH u3oOpaKenue AaHHoro ofpasa, umelo-
iee HAUMEHbIIYI0 OTHOCHTENBHVIO MNOJIEe3HOCTh.

Tperbe ycoBeplIEHCTBOBAHHE COCTOMT B TOM, 4TO, HAPSAY C «ecTe-
CTBEHHO» CETYATKOH (HA KOTOPYH) HENOCPENCTBEHHO MPOEKTHPYIOTCS
pacnosnasaemble H300paxKeHHs1), ynoTpelJsieTcsi HOBAasi CeTYaTKa, BhI-
XOJIHbIE CHTHAJHI KOTOPOH SIBJSIIOTCS MOAXOASUIMM CIOCO6OM BHIGPaH-
HBIMH (DYHKIMSIMH BBIXOJHBIX CHTHAJIOB mepBoil ceryatku. [Ipoctpan-
CTBO H3oOpaKeHuil, B KOTOPOM 3ajaloTcsi o6pasnl, CTPOUTCS U3 BbI-
XOJHBIX CHTHAJIOB BTOPOM CETHaTK# (BIPOYEM, 3TO NPOCTPAHCTBO GoJiee
€CTECTBEHHO HA3pIBATh HE NPOCTPAHCTBOM u300pakeHui, a HpocTpaH-
cTBOM npusHakos). C MOMOIIBIO Pa3yMHO BHIOPAHHOTO mpeoOpasoBaHus
HCXOJHOTO MPOCTPAHCTBA MOXKHO 3HAYUTEJLHO YIIPOCTHTbL 3a7ayy
o0ydyeHus pacnosHasaHuio o6pasoB. ¥ NOTpeGHTENbHBLIMH, B YaCTHOCTH,
ABJISIIOTC TakHe npeo6pa3oBaHUs], KOTOPHIE BHIPAGaTHIBAIOT PU3HAKY,
He 3aBUCsIKE OT Napasijie/IbHOTO MepeHoca U U3MEHEHHsl PasMepOB U30-
OpaKeHHi. '

YxaxeMm, HaKOHell, erle OAHY MoaHduKanuio obiero anmnpoxkcuma-
uMoHHOTO ajnroputma A. PexuM, nmpd KOTOPOM 3TOT aJIFOPHTM MOJY-
yaer B MEPHOJ, CBOETO CAMOCOBEPUIEHCTBOBAHUSI HEKOTOPLIE H30Gpaxke-
HHUsl C yKazaHHeM TOro, KakuM o0pasoM OHH NPUHAJJ/IEKAT, HOCHT Ha-
spanue pexcuma obywerus. IlomMuMo 3TOrO pekuma B psiie CJyyaes
uesiecooOpasHO pacCMaTpHBaTh TAK HA3bIBAEMBIR pexcum camoobyderus.

B pexiime camooOyuenHs, paccuuTaHHoM Ha oOpaszoBaHue n pas-
JHMYHBIX 00pasoB, MEPBOHAYAJILHO 33J3eTCsl 71 CJIYYaHHO BBIOPAHHBIX
H300paxKeHuii ry, 7y, ..., I, KaXJ0€ U3 KOTOPHIX NPHHUMAETCH 33 [pej-
CTaBUTe/s HEKOTOporo obpasa. BHOBbL nokaswiBaeMoe H306paKeHue s,
QIPUCOE/UHSIETCST K TOMY 06pasy, npeicTaBuTe/Nb KOTOPOrO OKAaKeTCs
rauGoJiee 61M3KO PACHOJIOKEHHBIM K ¥300paxKeHHIo s,, ¥ 4MCJIO npei-
cTasuTesiedl 3Toro ofpasa ysenuuusaercs. Ha ciepylomem wmare BHosb
nosisuslIeecs: #300paKeHHe S, CPABHUBAIOT C YBEJIHUCHHBIM KoOJuye-
CTBOM IIpEACTaBUTENEll K OmsTh OTHOCAT K TomMy obpasy, mpeiacrasu-
Teslb (KakoH-HHOY/b) KOTOPOro pAaCHOJIOXKEH K S, OiMKe, 4YeM mpep-
cTaBuTeNd Bcex JApyrux obpaszos. B panwuefiiiem Hakomiende npex-
cTapuTejIel MOXET NPOHCXOAUTh JHO0 no oOwlyHoll cxeme, JuOO mno
ONHUCAHHOH BHIlIE CXe€Me C BbiTeCHEHHeM (C OTPaHHYEHHOH NaMSIThIO).
OnoanaBanue H306paKeHui B peKUMe 3K3aMEHA MOXKEeT OCYILECTBJISITh-
Cs OMMCAHHBIMH Bhilie gByMst crnocobamu: nubo cnocobom N-3KcTparo-
Jsuy o6pasoB, au60 CIIocoGoM, OCHOBAHHBIM HA ONpPeE/e/eHud KparTyaid-
uIero paccTosHus.

OnucanHblil aJTOPUTM MOXKET NPHMEHSATbCH Kak B cllydae JUCKpeT-
HbIX, TAK U B C1yYae HelpepbIBHbIX NPOCTPAHCTB H3oOpaKenui. Mcnosn-
30BAHHBIA B HEM METOJ, aNlPOKCHMAIHH He SIBJISETCS, PA3YMEETCs, €J(UH-
CTBEHHBIM. Tak, BMECTO annpoxKcumauuud chepUyecKUMH OKPECTHO-
CTIMH MOXKeT OLiTh HCNOJIb30BAHA AannpoOKCHMALHUsl OKPECTHOCTSMH
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moGofi apyrof ¢dopMbl. Ycneuinoie pe3ysbTaThl OBLIH MOJYYEHBI MpH
annpoxcuMmanuu o6paszoB 00/1aCTsMH, OTPaHUYEHHBLIMH THIEPIJIOCKO-
cTaMH (cM., Hanpumep, D. M. Bpaeepman [11]). BosmoxHbl Takke pas-
JIMYHbIe MOLU(DUKAIIHH ONUCAHHON BEHIIIE METPUKH B NPOCTPAHCTBE H30-
Opa>keHHH, YTO MPUBOLHMT, OYEBHJHO, K HUBMEHEHHIO MOHSTHS CepH-
YECKHX OKPECTHOCTEHi: OKPEeCTHOCTH, cdepHyueckue B OJHOH MeETpHKe,
MOTYT HE OKa3aThCsl TAKOBLIMH B JPYrOd MeTpuKe, ¥ Hao0opoT.

Onuiem erre HECKOJbKO 6oJiee Criel#asbHbIX aJTOPUTMOB 151 00y -
YeHHs DAacno3HaBaHuI0 00pa3oB, YCIEUIHO NPUMEHSIBUIMXCS pasJivy-
HbiMY aBTopamu. OnuuM 43 HauOoJjiee MPOCTHIX, XOTS ¥ HEJOCTATOYHO
5(PEeKTHBHBIX, aJrOPUTMOB TAaKOTO pOJa SIBJSETCS TaK HasbiBaeMbIH
nepcenmpor PosenGnarra [69]. Kak u Bcsikoe ycTpoHcTBO nJisi pac-
NosHaBaHusi o0pas3oB, NeEpPCenTPOH CONEPKHUT HEKOTOPOe MHOMKECTBO
penenTtopos — ceTdatky. B panpHefilieM, He oropapuBasi 3TOrO Kax-
Ibll pas oco6o, OyzeM paccMaTpHBAThL JIHUIb [1PaBHJbHbIE [IPSAMO-
YTOJIbHbIE CETYATKH. B 3aBHCHMOCTH OT XapaKTepa pelelTopoB mnep-
CenTPOHBl HENSITCS HAa HenpepoleHbvie nepcenmporsi (C HEIpepHIBHBIMH
peentopamu) U OJuckpemuste nepcenmporsl (C  IMCKPETHHIMH JIBOUY-
HbIMH peLientTopamMy).

Kpome penentopoB, KaxXKapli NMepcenTpoH HMeeT B CBOEM. COCTaBe
elle 7Ba BHJA 3/IEMEHTOB, Ha3bIBAEMBIX A-3/ieMeHTamMy 4 R-3/1eMEHTaMH.

A-anemermor ipencTasiisiiorT co60H ynpoleHHbIE MOZEIH HEHPOHOB.
B cBsizu ¢ 3THM B panbHefiniemM 6yneM Ha3blBaTh UX NPOCTO Hel poOHAMU.
B cootBerctsuu ¢ xapaxktepom ynoTpeO/sIOmHUXCS B IIePCENTPOHE pe-
LENITOPOB Pa3J/IMYaloT HeNpephiBHbIE H JUCKpeTHhie HefipoHbl. Kak Te,
TaK ¥ ApyTHe Hel POHLI UMEIOT [182 BHa BXOJIOB, HA3LIBAEMbIX 8030YxHc0a:
owumu ¥ sanpewaowumu. KaKIbli HEAPOH MMeeT KOHEeYHOe YHCJIO
BXOIOB ¥ OfUH BBIXOL; KPOME TOrO, €My CONOCTABJIETCSI HEKOTOpoe
BElIECTBEHHOE UHCJIO, HA3hIBAEMOE€ 6ecoM [AHHOTO Heifipona. B kade-
cTBe 00J1aCTH 3HAUYeHHH BeCOB HEHPOHOB [PHHUMAETCS MHOXKECTBO
BCEX BEIECTBEHHbIX YHCEJ, HE3ABUCHMO OT TOTO, O KaKUX HeHpoHaX
UJIeT pedb — HENPEephIBHLIX HJH JUCKPETHBIX.

[MomMuMo Beca, yucja Bo30OYKIAWOMKX U YHC/IA 3aNPeriaomuX BXo-
IIOB, HEHPOH XapaKTepH3YeTCs ellle 3aKOHOM 8020 (YHKYUOHUPOBAHUS,
OTIpeJieJISIOIMM BhIXOZHOH CHTHAJ HepoHa Kak (QYHKIMIO er0 BXOLHBIX
curxajios 4 Beca. Ciegyer ¥MeTb B BHIY, YTO BXOABl BCeX HEHPOHOB B
nepcentpoHe MNOJCOENUHSIOTCS K pElentopam, Tak 4Yro BripabaTeiBae-
Mbl€ pelenTopaMyd CUTHAJBI CJYKAT BXOIHbIMHM CHTHAJaM4 JJIsl Heii-
POHOB.

HenpeprisHbie HeflpoHbl, pacCMaTpUBaBilivecsi nepsoHauajbHo Po-
senGiarroM [69], UMenH 3aKOH PYHKIMOHMPOBAHUS BUAA 2 = v(Zx —
— Zy), rie 2 — BbHIXOJHOH CHMTHAJ, U — BE€C HefipoHa, 2 X — CyMMma
CHTHAJIOB, NOCTYNAIOMH¥X B HefApOH no BO30YKAAOLUM BXOJaM, a
2y — CcyMMa CHTHaJIOB, MNOCTYNAOWMX IO 3aNpemaiuM BXoAaMm
{(x, y, v 4 2z — NPOU3BOJILHBIE UHCJIA).

3aKOoH (PYHKUHOHHPOBAHUSI AUCKPETHBIX HEHPOHOB 3apaercss oObLIY-
HO yKasaHueM HEeKOTOPOro HeJoro PalMOHAJbHOTO YMc/a p, HasbhiBae-
MOTO noporom cpabarbiBaHusi HEHPOHA, WJH npocto nopozos. Ecin

. 181



ajre6panyeckasi cymma 2Xx -— Zy BO30YXKIAIOWKMX H 3aNpeaionux
BXOJHBIX CHTHAJIOB MEHblie nopora, To HeHPOH CYHUTaercs HeBO30y-
JKIEHHbIM H BbIJAT BHIXOZHOH CHTHAJ, pasHuifl Hymo. IIpu gocTuKe-
HHH cymMmoii Zx — Xy mopora ¥ npHd ripeBbillileHHH ero HelpPoH BO3-
Oy:Knaercsi ¥ BhlZaeT BRIXOJAHOH CHTHAJ, PaBHbIA CBoeMy Becy v (He-
33BHCHMO OT BeJIMUMHBI NPEBHILIEHUS] CYMMBI BXOJHBIX CHTHAJOB HaJ
NIOPOTOM).

JucKpeTHrle HEHPOHHl C OMHCAHHBLIM 33KOHOM (YHKUHMOHHPOBAHHS
yno6HO xapaKrepuszoBath TpoiiKofi ueswix uuces (%, [, p), nepsoe u3
KOTOPhIX PAaBHO YuCaAy BO30YKIAOMUX BXOJOB, BTOPOE — YHCIY
3anpemani¥x BXOJOB, a TpeTbe — BeJHyHHe nopora. Bec Helipona
B JaJbHeHANMX paccMOoTpeHMsX OyjeT BCerla BeJUYMHOH NepeMEeHHOR
4 no3ToMy He OyIeM BBOJMTb €ro B XapaKTePHCTHUKY Helpona. Iuc-
KpeTHble HefPOHbI YKa3aHHOTO BMJa, UMeIOIHe OFHY # Ty Ke Xxapak-
TepUCTHUECKYIO TPOHKY uucen (k, [, p), yCJIOBUMCS OTHOCHTb K OZHOMY
U TOMY e THNY, HE3aBHCHMO OT BO3MOMXKHOIO Das3JUYUs KX BECOB.

B panbHefinieM npeanoJsiaraeTcs, YTO BCe HEHPOHHI JiI0OOTO JAaHHOTO
nepcentTpoHa NMpHHaAJIesKaT K OHOMY H TOMY :Ke Tuny. B nepcentpone,
pPacCYMTAHHOM Ha pa3jiMyeHHe k2 PasaH4HbY. 06pPa30B, MHOMKECTBO BCEX
HellpoHOB pas0uBaercsi Ha R NONAPHO HellepeceKaloluxcs rpymnn (Ioj-
MHOXKECTB), [MOCTaBJIEHHbIX BO B3aWMHO OJHO3HAYHOE COOTBETCTBHE
passuyaembiM o6pazoM. Hefiponsl. npuHagaexamue rpynmne, nociabJjeH-
HOH B CooTBercTBHe i-My o0pa3sy, OyzeM 1151 KPaTKOCTH Ha3bBAThb
Heldponamu i-eo obpasa (i =1, 2,.... k).

Bxoapl Kaxjoro HefipoHa B mepcentpoHe MOLCOEIMHSIIOTCS K pellel-
TopaM ceTuatky. Ilpexnosaraercst mpu 5TOM, YTO PasJ/MYHBIE BXOAHI
OJIHOT'O ¥ TOTO K€ HeliPOHa MOICOENUHAIOTCS K Pa3JIHYHBIM PelentopaM.
Brixoapl e HefipOHOB MOACOENMHSIOTCS K CNElHasbHBIM CYMMaTopam,
Ha3bIBAEMBIM R -3/leMEHTaMH, npHYeM BLIXOZbI HEHDOHOB OJHOIG U TOTO
*e 00pasa MOACOENUHSIOTCS K OLHOMY H TOMY K€ FYMMATOpY, Ha3bl-
BaeMOMY cyMmamopom 3mo2o obpasa.

Brixonno#t curnan cymmaropa Jo0oro ganHoro o0pasa paBHsIETCs
CyMMe BecoB BCeX B030yXKIeHHhIX HEHpOHOB 3Toro obpasa. Eciu nu
OIMH M3 HEHPOHOB paccMaTpuBaeMoro o6pasa He BO3OYKIEH, TO Bhl-
XOJHOH CHTHAJ COOTBETCTBYIOWIEr0 CYMMAaTopa NPHHHMAETCS pPaBHBIM
Hymo. OKoHYaTebHbIM BBIXOJHBLIM CHI'HAJIOM BCEr0 MEpCentpoHa CYH-
TaeTcsi TOT obpas, CyMMaTop KOTOPOTO HMeeT HAuGOJbIIMA BHIXOZHON
curHal. B caydae, Korna maxcumalsibHOe 3HaUeHue BHIXOLHOTO CHrHANA
JOCTUTAeTCSl OJHOBPEMEHHO CYMMaTOpaMM HECKONhKHX 00pasos, Bhl-
XOJHOH CHMTHAJ MEePCEeNnTPOHA CYHTAETCS HEONpelesIeHHBIM,

[Nlpunumast B KauecTBe BXOZHOTO CHTHAJa BCEro nepcentTpoHa mpo-
eKTHPYeMOe Ha ero ceT4atky H3o0paxkeHue, MNoJydyaeM B KayecTse
peakuuy mnepcenTpoHa HA 3TOT CHruast ToT ofpas, K KOTOpoMy mep-
CenTPOH OTHOCHT jAaHHOe uzoOpaxkenue. HuoTkyna, pasymeercs, He
cJeflyeT, 4TO pacCMaTpHBaeMblii NMEPCENTPOH OCYHIECTBUT NPaBUJILHYIO
KJaccubHKanuio H306paxkKeHH B COOTBETCTBUM C 3a0QHHbIM 3aparee
pasOuenueM MHOXKeCTBA H300paxKenufl Ha pasjauydble o6paspl. 70
flepBOHaya/ibHOoe pas0Henue 3amaerTcs yeslosekoM: DyseM HazbBaATDH
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ero ucxodwoti (unu anpuoproti) xknaccubpuxanueii uzobpaxKenuii B oT-
JHYHE OT ¢hakmuueckol KJACCH(OUKANMH, OCYHIECTBJIsIeMOH BhHIOpaH-
HbIM TE€PCENnTPOHOM.

Heo6xonuMo mo3ToMy eie 3a7aTh HEKOTOPHIH NpPOLECC H3MEHEHHMs
XapaKTepUCTUK MEPCEnTpOHa, MO3BOJISIOMIME N[O Mepe mnokKasa mnep-
CeNTPOHY pPAa3JHYHbIX H300paKeHui npHOMMKATL (GAKTHYECKH TPo-
HU3BOJMMYI0 MM KJACCHOHUKAUMIO K HCXOJHOH KJacCHbHKAuHd. ITOT
IPOLECC 3afaeTcsl C MOMOIILIO YKa3aHHs TaK HA3bIBaeMOlO 3aKOoHA No-
ouperus.

Inst BUCKpPeTHBIX TepCenTpoHOB B KayecTBe OCHOBHOTO 3aKOHA
noompenusi BoibepeM HeCKOJbKO 0000MEeHHbIH 38KOH NOOLIPEHUs] B Tak
Ha3LIBAEMBIX O-cucmemax, paccmarpusasumxcs [kozepom 134]. dror
3aKOH, KOTOpHIH Oyhem HAas3biBaTh (0000WEHHbIM) Q-3QKOHOM, BIOJIHE
XapakTepHayeTcs 3aiaHveM IBYX HEOTPHUATE/bHbIX KOHCTaHT a M b,
HE paBHBIX HY.I0 OAHOBpeMeHHO. CMbIC] JAHHOFO 3aKOHA TOOL{PEHHs
COCTOMT B TOM, YTO MOCJ€E KaxKJOro NoKasa nepcentTpoHy OYepesHoro
uzo0paKeHHs BeCa OJIHUX HEHPOHOB YBEJMUHBAIOTCS Ha BEJUYHHY, PaB-
HYI0O @, a2 Beca JPYrdX — YMEHbUIAIOTCS HAa BEJHYHHY, paBHYIO b,
(3aKoH noompeHus B o-cucreMax [[:Koseda nosyyaercsi U3 o6oOrueH-
HOrO €-33KOHA B CJydae, Koria a = 1, b = 0).

Pasjuualor aBa pexuma QyHKIMOHHPOBAHHMS NEPCEnTpoHa ¢ 0606-
UIEHHBIM -33KOHOM noouipenusi. IlepBriil peskum, HasbiBaemblil pe-
IKHMOM 00yueHus, COCTOUT B MOOUIPEHMH (YBEJHYEHHH Beca Ha BeJu-
YHHY @) BCeX BO30YAKIEHHbIX HEHPOHOB TOro o06pasa, KoTOpoMYy
MIPUHALJIEKUT PACCMATPHBAEMOE Ha JAHHOM UIare H3oOpaxKeHue, M B
owmTpagoBaHuy (YMEHBIIEHHH BECA HA BEJUUYHHY b) BceX BO30OYIKIEHHBIX
HeHpOHOB oOCTajbHEIX 00pazoB. JICHO, YTO YyKasauue MpPaBUJBLHOTO
o6pasa, KOTODOMY INPHHALJEXKHUT JaHHOE H3o0paxKeHHe, NOJIKHO OCY-
{I1ECTBJISITECST YEJIOBEKOM-YyuHuTesleM, HOO TOJIbKO €My H3BECTHA HCXOJ-
Hasi anpHopHas kJjaccudukanusa u3zobparkeHui.

Bropoii pe:xum, HaspiBaeMblil PEXXUMOM camoobOydenus, OTJIHYAETCS
OT pexuma oOydeHusi TOJNILKO TeM, 4TO onpepesenye o6pasa, KOTOPOMY
OpHHAAJIEKHUT paccMaTpuBaemoe H300paKeHHe, NPOUIBOLUTCS CAMHM
fIepCeNTPOHOM — B KadecTBe Takoro ofpasa Buibupaercs TOT ofpas,
KOTODHIii (hakTHUeCKH Gpll BbiZaH NMEPCENTPOHOM B OTBET HA MOKAa3 jaH-
HOro H3obpakeHusi. Pasymeercsi, NpH 3TOM HeT HUKAKOH TapaHTHH,
UYTO BhIZAHHLIH NEPCENTPOHOM OTBET OY1eT NPaBUJIbHBEIM (B CMBICJIE HCXOJ(-
Holl kJjaccuduxanuu uszobpaxensii). OnHAKO np# COOJIONEHUH He-
KOTOPBIX YCJIOBHH B CJydYae HEOTPAHHYEHHOTO VBEJIHYEHHs YHMCJa
111arog B npolecce camoo0y4YeHHsi MEPCenTPOH MOMKET HHOrZAa BOCCTa-
HOBHTb MCXOZHYIO KJAcCHPUKAIUI0 u300paKeHuil.

Kpome (060611 €HHOTO) 0-32KOHA MOOLIPEHUs, B PSIE CAYyUaes Iee-
€006pAa3HO paccMaTpUBaTh eule ABa 3aKOHA, KOTOphle GyaeM HasulBaTh
COOTBETCTBEHHO (0000uiennoim) PB-saxorom u (06061ieHHOIM) V-3AKOHOM.
B ob6oux 3THX 3aKOHAX COXpaHSIeTCsl NPHHIMN MOOHIpeHus H wrpado-
BaHHUsl, NPUHATHIA B (0006meHHOM) a-3akoHe. B jpomosHeHHe K 3Tomy
B f-3aKOHe Ha KaxkgoM uIare (Kak B pexkume oOydeHus, Tak H B pe-
KHUMme camoo0ydeHMs)) MPOMCXONUT YMeHbIIEHHE Beca BCeX HEHPOHOB
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(kaK BO3OYXKIEHHBIX, T@K H HeBO30YKIEHHBIX) HA BEJHYMHB!, TNPIMO
NpONMOPLUMOHANbHEIE HX BecaM, C oOuMM I/ BCeX HeHpOHOB KoadH-
UMEHTOM NponopuxoHasnsHoctd . B y-sakome ocyurectB/sieTcss Z0-
MOJIHHTEbHOE (K ONepanusiM a-3aKOHA) H3MEHEHHe BEeCOB BCeX Hefipo-
HOB (KaK BO3OYXKMNEHHBIX, TaK ¥ HeBO3OYKIEHHBIX) HA OJHY U Ty XKe
BeJIHUMHY, BHIOHDAEMYIO HA KaKIOM lIare Tak, 4yToGbl CyMMa BeCOB
BCex HeApPOHOB Bcerza Obl1a PABHOH HYJIO.

B cayuae HenpepniBHHIX HEHAPOHOB 0O0OOIIEHHBIH (-3aKOH TOOH{pe-
HHsI COCTOHMT B TOM, 4TO JI0OOH HEHPOH NpPaBHJILHOTO (ANPHUOPHO HJH
C TOYKH 3DEHHS TepcentTpoHa) ofpasa yBeJHYHBAET CBO BEC HA Be-
JUYUHY TIPOM3BENEHHS ¢ KOHCTAHTHl @ HA CYMMAapHbIf BXOZHOH CHIHAJ
HellpoHa: ¢ = a(Zx — Zy). AHaNOTHYHO Beca HelipOHOB BCeX OCTaJlb-
HbIX 00pa30B YMEHBIIAIOTCS Ha BeAMYHHY b(Zx — Xy) (cBolo nns Ka-
JKIOro OTHEeJbHOTO Hefipona). JlomosHenusi, oTnuyaimouive f- u y-3a-
KOHHI, OCTAIOTCS TEMH XK€, YTO U B AUCKDPETHOM C.yuae.

[Ipu noctpoeHuu Teopun oOydyeHusi U CaMOOOYUeHHsl MEPCENTPOHOB.
4aCcTo 11e1eC006PAa3HO PAacCMAaTPHBATL HE OTHAENbHBIE NEePCEeNTPOHBl, a
HEKOTODble KJACChl MepCenTpoHoB. Kaaccom nepcenmporog Oynem Ha-
3bIBATH MHOXKECTBO I[EPCENTPOHOB, KOTODbi€ MOTYT OTJMYATHCS APYr
OT Apyra JiMUIb C10CO00M COEAMHEHHS] HeHPOHOB C pelenTopaM4 4 Ha-
yaJbHbBIMH BecamH HeHPOHOB. Bce ocTasbHble XapaKTEDUCTHKHU Iepcern-
TPOHOB, BXOJSILIUX B OZMH H TOT JKe KJACC, NPeNoaraloTcsi OgHHAKO-
BbiMH. K 3THM XapakTepHCTHKaM OTHOCHTCS BHJ PEIENTOPOB H Helipo-
HOB, ofmee YMCJO PELENTOPOB H CTPYKTYpa CETUATKH, MHOMKECTBO
H300paxKeHHi W MHOMKeCTBO o0pa3oB, MCXOAHAsl KJacCH(UKALHsi M30-
6pakensil (pacnpenesenne ux no obpasam), YHCIO HEHPOHOB KaKAOTO
ofpasa 4, HAKOHEl, 3aKOH [OOLPEeHHUSI.

Cnoco0 ke CoeMHEeHHUsI HEPOHOB C pellenTopaMH ¥ HAYaJbHbIEe BeCa
HEHPOHOB CUHTAIOTCS CJy4dallHhIMH ¥ XxapakTepu3ylorcsi (B mnpegesax
BbIOPAHHOrO KJIACCA) HEKOTOPHIMH 3aKOHAMH pacrpesenenusi. HMupivu
CJIOBAMH, KJIACC NEPCENTPOHOB PAacCMATPUBAETCsl He Kak albCcTpakTHoe
MHOMKECTBO MEPCENTPOHOB, 8 KaK MHOXKECTBO C 3aJaHHBIM Ha HeM II0-
JleM BEeDOSITHOCTEH, OMNpefessiIom¥M BePOSiTHOCTh Bhlifopa TOro HJM
HHOrO KOHKDETHOTO MpejcTaBuTesi paccMaTPHUBaeMOro KJjacca. MoxKHo,
TakuM o6pasoM, CYMTaTh, YTO 3a7aHHe KJjacca onpenessieT HeKOTOphiH
CAYHQUHbIL  NEePCentmpoN.

HauaJsbHbie Beca HefipPOHOB OOBIYHO CYHTAIOTCS HE3ABHUCHMBbIMH CJY-
yalflHBIMM BEJIMYMHAMH, UMEIOUIMMY OJ¥H Y TOT Ke 3aKOH pacmpeje-
gendsi. ToyHO Tak XKe cnocob coefUHEeHUs KaXKIoro HeHTPOHA C CeTyaT-
KOH IpeAnoJiaraercst He 3aBMCHMbIM OT COEIMHEHHUH OCTAJBHBIX HeHpo-
HOB. Kaiomy e BO3MOXKHOMY CHOcoGY COEIUHEHHs! OTHEe/bHOTO:
HelipOHA € CeTYAaTKOH COlOCTaBJIsIeTCss BepOSITHOCTL 3TOro crnocoba,
obmast 1,51 Bcex HefiponoB. [lp# 3ToM nopcoeiuHeHue Bcex Hefi POHOB
[mepcenTpoHa (U3 pacCMaTpUBAEMOro KJacca MepCelNTPOHOB) K ceTyaTKe
TPAKTYETCS KaK CepUsi HE3ABUCHMBIX OILITOB, xapaKTepusyromnxm
VKa3aHHbIMH BEPOSITHOCTSIMH.

Couerasi BEPOSITHOCTHYIO XapaKTEPHCTHKY ZAJs crnocoba coe;:ume—
HHSl HEHPOHOB C CEeTYaTKOH C 3aKOHOM pacHfefleleHUsl HayaJbHbIX Be-
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COB HefipOHOB, NMPHXOIUM K MCKOMOMY 3aKOHY pacnpejesieHHs B KJiacce
nepcentponoB. OpuH 13 HauboJiee YaCTO BCTPEYAIOMIUXCS 3aKOHOB pac-
ripefiesieHHsi MoJy4aeTcsi, KOrja Bce HadasbHble BeCa JeTepMHUHUPOBAHb
¥ paBHbl OJZHOMY ¥ TOMY JKe YHMCJY (4aiie BCEro Hy.Jo), a MoACOeqUHe-
HHe BCEeX BXOJOB JIIOOOrO NAHHOTO HelpOoHA FPOU3BOAUTCS HEIABUCHMO
IPYT OT Apyra Ha OCHOBAHHH TOTO HJIM HHOTO 3aKOHA paclpeiesieHusi
(dame BCEro paBHOMEPHOrO), 33JaHHOTO HENOCPENCTBEHHO HA CeTYaTKe.

Ilpy nocTpoenHH TeopuH oOydeHUs] I[EPCENTPOHOB MPUXOTHTCS
paccMaTpUBaTh TaK HaablBaeMmble 00yuaioujue nocae0o8amesbHocmu W
Kaacevl  obyuarouux nocaedosameasvtocmeri. O6Gyuamomiasi MocaenoBa-
TeJIbHOCTh — 3TO TPOCTO KOHEUHAast MOCJEeLOBAaTe/bHOCTh H3o0paxe-
HMH, NMOKa3aHHbIX NMEPCEenTPOHY OAHO 32 JPYTHM B mpolecce ero oby-
yeHUs HJM caMmooOyuenusi. OOumiee YHCJIO MOKA3aHHBIX H300paKeHHH
(BKJIOYAsi MOBTOPEHHs) HaswiBaeTcsi Jauxol O6ydalouiedl nocJienoBa-
tesbHOCTH. Knaccom ofywamomux moc/efoBaTe/IbHOCTEH HAa3bIBAETCs
MHOXKECTBO BCeX MOC/IeN0BATEeJNbHOCTEl OfHOM U TOH ¥Ke MJIUHEL, B KO-
TOPOM 3aJaH 3aKOH DAaCNpe/iesIeHUsi, ONpeesiomui BepOsATHOCTb Bbl-
Gopa J000H NaHHOH IMOC/JEAOBATE/ILHOCTH PAacCMAaTpPHBaeMOro KJjacca.

Yaiie BCEro TAaKOH 3aKOH paclpefesieHdsi MoJy4yaercs ¢ TNOMOILbIo
TIPUNIMCHIBAHUS ONPENEJEHHOTO 3HAYEHUsS] BEPOSITHOCTH NOSIBJIEHHS JIO-
6oro u3o0paKeHHsi U3 PACCMATPUBAEMOrO MHOXKECTBa H300paKeHUii
Ha KaXJoM uiare o0ydeHus, npudem oObIYHO paccMaTpusaercs CJydail,
KOTZA 3TH BEPOSATHOCTH OZMHAKOBBI HA BCex luarax, T. e., Korga ofy-
yamulasi MoCJeJOBATENLHOCTs IpencTassaser co0oi cepuio He3aBH-
CHMbIX 3KCIEPUMEHTOB N0 BbIOOPY H306paXKeHUH C NPUMHCAHHBIMH
KaXKJIOMY H4300pa’KeHHMI0 HEU3MEHHbLIMH BEpOSITHOCTsIMH. B pasnHei-
1M OTPAHHYMMCS HMEHHO 3THM CJydaeM.

" SphexmusHocme 0OyuerHus B JAHHOM Kjlacce A TepcenTpoHOB ¢ NO-
MOIIbBIO JI@HHOTO Kjacca B obyuaomux noc/efoBaTe/bHOCTell onpe-
JleJ151eTCsl KaK BEePOSITHOCTh [PABUJILHOTO OIIO3HABAHHUS OYEPEJHOTO
u300paKeHust p, TMOJABAEMOFO Ha CJy4yalHO BhibHpaeMblii U3 kjaacca A
nepcenTpoH [oOcJe TNpeJBapHTE/ILHON mojaud Ha Hero ofyuvaromen
NOCJIeOBATe/ILHOCTH, C/ydYafiHo BLIOpaHHOH u3 kJjacca B. Pasjuuaior
nBa Bujaa s¢pdextHBHOCTEH. Taxk HasbiBaeMas no4xas >PPeKTUBHOCTH
oOyuyeHHust NOJIy4aercs Toraa, Korna usobpazkenue p BeiOHpaeTcs cJay-
yailHo (c (PUKCHPOBAHHBIMH 33apaHee BEPOSITHOCTSIMU MOSIBJIEHHs! pas-
JIMYHBIX H300paKekHil, UCHOJIL30BAHHBIMYM NPU YCTAHOBJIEHHH 33KOHA
pacnpefesieHusi B KJjacce ofydalomux nocnaegosatesnnHoctedl). pdex-
TUBHOCTb OOYUEHHUST no 00uUHOUHOMY u300pasceryo ¢ NoJydaeTcs, Koriaa
B KayecTBe OYEPeIHOro H300pa)KeHHs MEpCEnTpoHY NpenJsaraercst pac-
NO3HATh UMEHHO H3obpaxkenHe ¢. EcjHM BepOSTHOCTH OIUIHOOK OMO3Ha-
BAaHUsI OJMHAKOBEI JIJIs BCcex H3oOpaxKeHHUi, To moJHasi 3((PeKTHBHOCTD
o0yuyeHHsi, OYEBHJIHO, COBMAZaeT ¢ OJUHOYHOH 3¢heKTUBHOCTHIO 0O0Y-
YeHHs 10 Jo0oMy H300pakKeHuIo.

B crenyonieM naparpade npennpuMeM TeOpeTHUECKOe H3y4YeHHe
3¢beKTUBHOCTH OOYUeHHs 1Jisl JUCKPETHBIX MNEPCENTPOHOB C 0-32KOHOM
MOOMWIPEHHUsI. A MOKa 3aMeTuM, uTO, KaK TOKAa3biBAIOT 3KCHEPUMEHTH,
3¢EeKTUBHOCTE 00yUeHHsi BO BCeX THUIIAX OMHCAHHLIX BhLIIIE NEPCENTPO-
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'HOB OKa3HIBA€TCS CPABHUTEJNLHO HEBBICOKOH. [loaToMy B a/iroputMax
15 oOydeHHst pPacnosHaBaHuio o00pasoB, JEACTBUTEJHHO IIPHMEHs-
JOLEXCSl Ha TPAKTHKe, BBOJAUTCH OOBIYHO Psifi NOMOJHHTE/bHEIX YCOBEp-
IIEHCTBOBAHUH MO CpPaBHEHHIO cO cxemoil mnepcentpona. Hanpumep,
B cxeme adanma Po6epmca [67], B Llesom BechbMa noxoxefl Ha cxemy
mepcenTpoHa C (-3aKOHOM TMOOMIPEHHs, 3HAYHTEJHHOE MOBLIIEHUE 30-
(EeKTUBHOCTH OOy4eHHs] JOCTHTAeTCsi 3a CYeT NpenBapUTE/IbHOH HOP-
MaJH3alUuE H300pamKenusi (T. e., HHBIMM CJIOBaMH, 33 CYET aBTOMATH-
4eCKOro CHBMra H3oGpakeHus B LEHTP CeTYaTKU ¥ TIPUBENEHHS €ro K
'CTAHAApPTHOMY pasmepy). IIpuMeHSOTCS TakKe MeTOIbl NpPEABapUTEb-
HOH BLIPAOOTKH TNPH3HAKOB, CXEMbl MHOTOCTYIEHYATHIX [EPCENTPOHOB
#T. 1.

HepocTarkd mepcenTpoHa ¥ NYTH KX YCTPAHEHHst CTaHyT OoJee
SICHLIMM TIOCJIe O3HAKOMJIEHHSI CO CJEAYIOUIMMH IByMs naparpadamy,
B KOTOPHIX pAcCMaTPHBAIOTCS HEKOTOPble BONPOCHI, CBAI3AHHLIE C €ro
noBefieHHeM B pexumax of0ydeHHst H CaMOOO0ydeHMs.

§ 6. Teopus 0GYUeHHS AHCKPETHHIX q-NEPCENTPOHOB =~

B mnacrosimem naparpade HaMeTHM OCHOBHbIE KOHTYDHl TEODHH
o0yyeHus nepcenTpoHos. [Ipx 3ToM OTpaHHYHMCS PacCMOTPEHUeM JIMILb
JMCKPETHBIX [I€PCEnTpPOHOB C O0OOLIEHHKIM O-33KOHOM MIOOLIPEHHs, pa-
foTalomHUx B pexume oOyueHusi (a He camoofyueHusi!), He Oroma-
puBasi 3Toro oOCTOSITEJLCTBA KaxkAnlli pas ocofo. Teopusi obydeHus
B 3TOM CJlyyae noJjiyyaeTcss HauboJsee npocTodl 4 mnpo3payHod, no-
‘CKOJIbKY OKa3blBaercsi BO3MOMKHLIM He CJeJHTh 32 (PYHKUHOHMPOBA-
HHeM KaXKJOro OTAEJbHOTO HeHPOHA, a8 OUPAHMUMTBLCS PACCMOTPEHHEM
JIMUIL HEKOTOPBIX HHTErpPaJIbHBIX XapaKTePHCTUK.

B npensnaraeMoM HaMu BapHaHTE TEOPHM TAKOH UHTErpasbHOHR Xxa-
PAKTEDUCTHKOH CJAYKHT TAK HA3bIBAEMBbIH xapaxmepucmuudeckull men-
30p nepcentpoHa. [ToayepKHeM cpasy, YTo NpHMEHEHHe TeDMHHA «TeH-
30p» B 3TOM CJyyae He CBSI3aHO HU C KAKHMH 32KOHOMEPHOCTSMH Mpe-
00pa3oBaHusl ero KOMIIOHEHT NpPH H3MEHEHMH CHCTeMbl KOOpAMHAT, a
CJYXKUT JMIIL HAHMEHOBAHMEM HEKOTOPOH LEJIOYHMC/eHHOH TalJHIkb C
Tpemsi BXojamu. /g OnUCaHMsi TaKol TaOJHILl BBELEM OIpeAeseHHYIO
HyMepanuio Bcex H300pasKeHuit, IpepJaraeMbix paccMaTpHBAEMOMY
[epCenTpoHy, YUCaAaMH OT | 10 m ¥ Hymepauuio Bcex o0pasoB, HA KO-
TOpBIE MOAPA3NENSAIOTCS 3TH H306paKeHHus, yucsaamu ot 1 go ¢. Torza
XapaKTePUCTHYECKHH TeH30p NepcenTpoHa GyigeT NMpPeAcTaBJsiThb CoOOH
COBOKYIIHOCTb KOMIOHEHT T, Fle MHIEKCH i U j mpoferaroT 3HayeHus
oT | o m, @ WHAEKC k— 3HaueHHs OT 1 1o g. T,-’} obosna1aemcs 4UcA0
HeLZpOHOB k-20 obpasa, romopeie 8036yncOQrOMCA KAk i-moM, MaAK u
j-oim uszobpasncetuen.

XapaxkTepucTHYeCKHH TeH30p KJ1acca IepCcenTpoHOB  onpefes-
€TCsl MO CYMIECTBY TOYHO TaK 3Ke. Pasjuyne COCTOMT JHMUIL B TOM, 4TO
€T0 KOMIIOHEHTSI T,f- OyAyT Ha 3TOT pas He AETEPMUHUPOBAHHBIMH, &
CAMALHVMY BEIUYHHAMH, 3aKOHBl PAacCHpENeJeHHs] KOTOPbIX OYeBH]l-
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HEIM 0GDa30M OINPEAEJSIOTCS 3aKOHOM DacnpefesieHHs, XapaKTepHayio-
UM Crocod MOACOCNUHEHHSI HEHPOHOB K CeTYaTKe.

M3 npuBeneHHBIX ONpefesieHHI HENOCPEICTBEHHO CJIEAYeT Clipase-
JJIMBOCTH COOTHOLIEHUS

T¢ =T (Lj=1,2....m k=12...9). (76)

SlcHo Takke, 4TO JIOOOH «IMATOHABHBIAY SJMEMEHT T€H30pa, Hanpu-
mep T?, npexcrasisieT co60H YHCJO HEAPOHOB TOTO UJIM MHOTO (B 1aH-
HOM cjiyuae k-ro) oOpasa, Bo3CYKAAWIUXCS NOJ AeHCTBHEM (-TO H30-
Opaxenus. OTCIOla HENOCPEICTBEHHO BLITEKAeT CHPABENJIHBOCTh He-
paBeHcTsa _

T?;)Tf/ @Gji=42....m k=12 ... q). (77)

I'Iepcem‘pon HJIH KJ4acC IepCcenTpoHOB 6y,U,eM Ha3bIBATb CUMMempily-
HoiMiL, €CJIK KOMIIOHCHTBHl XdPAKTEePHUCTHYECKOI'o TEH30Pa HE 33BHCAT
OT BEpXHEro HHJAEKCA, T. €. €CJi¥ CIpaBeiMBO COOTHOLICHHE

kl

! To=Te (bnky=1,2,....q; i, j=1,2.... m). (78)

BepxHHi HHJEKC B 3TOM CJyuae JHIIHKH, TaK YTO CHUMMETPHUHBIE
NIePCenTPOHBI ¥ KJIACCHI NIEPCENITPOHOB €CTECTBEHHO XapaKTepH30BaTh
ne Tpexsxogosoii (T5), a IBYXBXOJOBOH TaGHues (T:j), tne T, =
=T/ ==T) =..=T% KOTOPyIO YCIOBHMCS HA3bIBATh XaPAKMEpU-
crmuteckoti mampuyell nepcenTpoHa (MJIM KJacca MepCcenTpPOHOB).

BeeneM eme opHo o6o3uayenue. JIJg npPOU3BOJILHOK (KOHEUHOMH)
I0C/IeZI0BATEILHOCTH H300paxenuii [ uepes U% (/) 0603HauuM BBIXOIH O
CHIHAN cymmartopa k-ro o6pasa, MHAYUMPYEMBIH B pacCMaTpHBaeMoM
TepcentTpoHe i-blM H300paKeHHEM, MOKA3aHHLIM mNocje ofyuyeHHUs mep-
centpoHa oOyvaromeli nocsenosatesbHocTelo [ Yepes U% obosnagum
COOTBETCTBYIOIMA CUrHAT JO HA4yasaa npouecca ofydeHusi, T €., HHbI-
mH cJjoBamu, curnan UX(/) pas cayyasi, xorga obyyaromasi noc.aeno-
BaTeJLHOCTL [ mycTa (MMeeT AJMHY, PaBHYIO HYJIO).

Benuuunn U%X(/) 6ynyT, OYEBHJIHO, JEeTEPMHHUPOBAHHLIMH B CJy-
‘yae Bpifopa OmMpefesIeHHOrO MepcenTpoHa W cJy4alHhIMH B Ciydae
_paccMOTpeHMsi kJjacca nepcenTpoHoB. Huorza uesecoofpasHo pac-
CMaTpPHBAaTh TaKKe MOCJEJOBATENILHOCTE [ KaK CJYyYaliHyI0 T[0CJjIeno-
BaTe/BHOCTb, MPOOEraylo KJace o6ydamiiux nocjefoBare/bHOCTed,

OcoGeHHOCTBIO (-3aKOHA OOY4YeHHs! MMepCeNTPOHOB sIBJSETCS CBOe-
-06pasHoe c8oticrmeo KommymamueHocmuy npoliecca oOydeHusi, BhIpaxaemoe
CJIENYIOUIUM TNpPEeNIOKEHHeM.

Teopema 1. B nepcenmporie (uauw 8 Kaacce nepcentnporos) ¢ (0600uen-
HbIM) -3QKOHOM Noolperus 6oxodHot cuznar Ut(l) cymmamopa k-To
obpasa nod Oeticmeuem i-20 usobpascenus nocre obyweHus awbol no-
caedogamenvrocmeto | He usmenumcs, ecau 8 nocaedosamesvrocmu |
Oyoem npouseedeHa npoussOAbHASL NEPECMAHOBKA COCMABASIOUUX €€ U30-
Opascenuti. Imo cnpagedaugo 048 moboeo usobpascenus i u 106020
obpasza k.
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B camom pese, BXOAHBIE CHTHAJIbI HEAPOHOB k-ro 00pasa, HHEYIH-
pyemble i-bIM H300paskeHHeM, OYEBHIHO, HE H3MEHSIIOTCS B mpolecce
o0yyeHHusl, TAK YTO OHH OCTAIOTCS OJHHAKOBBIMH MOCJE NMOKa3a ofyvaro-
mell nocjegosatesbHOCTH [ ¥ JI0OOH ApPYrofl nocjenosaTejbHOCTH [’.
Takum oOpasoM, U3MEHEHHE BHIXOZHOTO CHTHAJa CymMMaropa B [pollec-
ce ofydeHHsi OOYCJIOBJIEHO HCKJIIOYHTENHHO H3MEHEHHEM BECOB Helpo-
HOB. B cusy onpenenenus o6o0mIEHHOIO ®-33KOHA TOOINpPEHUs!, H3Me-
HEHHS] BECOB HEHPOHOB NpH MoKase Jo0oro u3o0paKeHHst B Mpolecce
o6ydenus (Ho, BooOie roBopsi, He B Mpolecce camMoobyyeHus ) He 3a-
BHCAT OT TOTO MECTa, KOTOpOe NaHHOe H3oOpakenue sanumaeT B o6yya-
fomed nocJenosatebHocTd. [ToCKOJIBKY Ke cymMMapHoe MpUpameHHe
Beca Jiro0oro Hefipona B npouecce oOy4eHHsi PABHO NPOCTO CyMMe NPHU-
paueHuii Ha KaXJOM Iiare Ipoiecca, TO CHPAaBexJHBOCTb TeopeMmbl |
TeM CaMbIM IOJIHOCTBIO J0KasaHa.

Hcnonbayst TeopeMmy 1, nosiydaeM BO3MOMKHOCTh XapaKTEPH30BATb
mo6yf 00y4aIomyI0 [10C/IeI0BATE/NbHOCTh [ HEJIOUUC/IEHHBIM BEKTO-

pom v = (03, Uy, ..., U,), E-8% KOMIOHEHTA KoToporo (iJs Jio6oro
i =1,2, ..., m) paBHa 4uc/1y BXOXKJEHHH {-T0 u300paxKeHHs B IoCje-
J0BaTeIbHOCTb [. YCJIOBMMCSI Ha3blBaTh 3TOT BEKTOP XAPAKMEPUCHIU-
yeckum sexmopom nocaedosamervrocmu I. Knacc oGyyaromux nocseno-
BaTe/ILHOCTE# TakK:Ke MOMKHO 33JaBaTh C MOMOLIBI0 XapaKTepHCTHUE-
cKoro sekropa. OIHAKO KOMIOHEHThI BeKTopa OyAyT B 3ToM Ciyudae,
BooOLLe TroBOPSI, YK€ He JeTepMHHMPOBAHHLIMH, a CJyYaHHLIMH BeJlU-
YYHAMH..

[ns onucands npouecca oOydyeHHsi mnepcentpoHoB ¢ (o6obieH-
HBIM) @-32KOHOM TNOOMIPEHMs] UCXOAHBIA MepcentpoH (UM Kjacce mnep-
CEeNTPOHOB) JOCTATOYHO 3a7aBaTh JIMIIL €r0 XapaKTePUCTUUECKUM TeH-

k .

sopom (7;;) ¥ MarpHuued Haya/JbHLIX CHCHAJIOB CYMMaTopoB 006pasoB
UH 6 j=12 ...,m k=12 .. m). O6yqaiomas e Nocaeio-
BATeJILHOCTD [ (MJM KJace o0ydaromux Moc/ieloBaTeJbHOCTelH) 3agaercs
CBOUM XapaKTepPUCTHYECKHM BeKTOpoM (v, Us, ..., U,). B obmeM cay-

yae BCE BEJIUUMHBI Ti’}, Uk, v, 6ynyT ciayuadnsiMg, OQHAKO Yapie BCETO
paccMaTpHBAIOTCSl Pa3/iMyYHble YAaCTHbiE CJyyau, KOrja Te HJU HUHbie
M3 YKA3aHHBIX BEJMYMH JeTepMUHHPOBaHbL. 3ameT#M, uto Gynem obbiy-
HO BKJIIOYaTh YKasaHHe O BHIOOpe MHOMKecTBa H3oOpaskeHuil u olyya-
IOUX MOCJIEN0BATe/bHOCTEH B ONpeje/eHHe NEepPCenTpoHa.

Hst Toro ytoOnl He MyTarh HzoOpaxKenusi 4 oOpaskl, YCJIOBHMCS
o6pasbl 0003HAYATH JATHHCKUMH OyKBamH, a H300parKeHHs! NO-Mpex-
HEMY OTOXKJAECTBJIATh C HX Homepamu. Paccmotpum Bompoc o6 ompe-
JeJEHHH BBIXOJHBIX CHFHAJOB CymMaTopos obpasos U'(l). Jlerxo
MOHSATh, YTO [IPH HCNOJIb30BaHUH (0O0OHIEHHOTO) (-33KOHA MOOLIPEHHS
peauunna U%(l) mpexcraputcss B BUE CYMMBI HAauaJbHOTO CHTHAJIA vs
M MPYpAaeHuii BecoB Bcex HelipoHOB P-ro ofpasa, Bo30y:KHAIOMUXCs
i-biM H300paKenuHeM, Ha BCex Iuarax npouecca oOydenus.

Xapakrtep#sys KJjacc oOydalomux IocC/egoBaTe/IbHOCTEH Xapakre-
PUCTHYECKUM BEKTOPOM (Uj, Uy, ..., Up,), HETPYAHO HAHTH BbpaxKeHue
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145 CYMMapHOTO mpHpamienus Beauuuns U%(J), monyuenno#t 3a cuer v,
noKas3oB j-ro usobpaxenus. Kax ciepyer us onpegenenus: (oGoGuien-
HOTO) (-3@KOHA C KOHCTAHTaMM 4 ¥ b, mpu KaXKIoM noxase j-ro usobpa-
KeHusi JoGoi BO3GyXKJAwOWMACS 3THM uzoOpaKeHHeMm Hefipon P-ro
ofpasa yBeluyuBaeT CBOH BEC HA BEJIUYMHY-a, eciH j € P, U ymeHb-
{1aer pec Ha BesquudHy b, ecau jeP. OOmee Ke 4ucjio HeHpoHOB
P-ro o6pasa, y4yacTBYIOIHX B 0OpasoBAHHH BBLIXOAHOI'O CHIHAJA
Uff(l) ¥ B030yXKAalOmHUXCs j-biM H300paxKeHHeM, PABHO, OUEBHIHO, Tf;,
Takum o6pasoM, CyMMapHOe NPHPAlEHHe BEJHYMHBI 33 CUeT ©U; TO-
Ka3oB j-TO H300paxkeHus Bbpasutcs dopmysoii aThv;, ecad j € P,
o P el

u dopmynoli — bT;ju;, eciu je€ P. CrpaseisiuBo no3ToMy cCJepylomiee
npefiJIoKenHe.

Teopema 2. [lycme 3adan Ouckpemmuoiui nepcenmporn (uan Kaacc
OUCKpemHbIX NepcenmpoHos) ¢ xapaxmepucmuuieckum mensopom T4
U Mampuyeti HAUANbHLIX B6LXOOHbIX CUZHAA08 Cymmamopos obpasos U
(i,j=1,2,..,m; P€R). Ecau 8 paccmampusaemom nepcenmpoxe
(kaacce nepcenmpotos) Oedicmsayem (0000wenHbul) Q-3AKOH NOOWPEHUR
¢ KoHcmaumamu a, b, mo nocie obyueHus nocAe008amesbHOCHbI0 (Uil
Kkaaccom nocaedosamenvtocmet) | ¢ xapakmepucmuueckum 8eKmopom
(v1, Usy «-es 0,,) 028 a06020 006paza P u aw06020 uzobpasierus i 6vixo0-

v P « .
nott cuenar U'(l) cymmamopa P-20 obpaza nod Oelicmeuem i-20 uso-
Opascenusn soipascaemces popmyaot

UP(l)—UP—I—aETPv——bVTPv. . (79)

iyl
jep iepP }

Has moGoro usobpaxkeuusi { depes P; ycJjosHMmcsi 0603HauaTh
TOT 06pa3, KOTOpOMY NPUHAJJIEKUT u3o0paKeHHe [ B HCXOZHOH KJiac-
cudukanuyu usobpaxkeuuit. Hcmosbayst 310 ofOo3Hauenue, HETPyZHO
BHIMUCATh HEOOXOAUMOe ¥ JOCTATOYHOE YCJOBUE [/ TOro, Yrolhl rmocie
of0y4eHusi MEPCEnTPOH MNpPaBHJILHO KJaccHduuuposan i-e uszobpaxe-
due. Takum ycyioBuem OyjieT, OYeBHIHO, BHINOJHEHHE HEPABEHCTB

U ()> U’ () as seex P+ P (80)

C nomouibio cootHowwenu# (79) u (80) HeTpyAHO paccuuTarh S(pdEKTHB-
" #HOCTb oéyqeﬂﬂﬂ nepcentpona B Jilo60oM KoHkpetHoM ciyyae. Ocoben-
_HO TNPOCTOH BHI 3T COOTHOLIEHHS MPUHHMAIOT B CJyyae cmwme'rpuq-
“HBIX nepcemponos B camom jfefte, MOCKOJIBKY B 3Tom cayuae TV =

=T} = Ty, 10 cootnourenusi (79) ¥ (80) MOXKHO 3anucaTh B BHJe
“CHCTEMbl HEPaBEHCTB

Ul +aXST,0—b% T,0,>Ur +aXT, 0, —bNT, 0. (81

YA
jePy jeP; jeP jeP

B nepasencrse (81) cnaraempie Bupa — bET;; v;, AJsi KOTOPHIX |
‘He COfepKHTCS HH B P;, HU B P, BXOAAT KaK B JIeBYIO, TaK H B IPaBYIO
qacTh ¥ NMOTOMY B3aMMHO YHHUYTOXaloTcs. [locie HX HCKJIOYEHHs
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nosyyaem GoJjiee NpOCTbie COOTHOUIEHHS, 3KBHBAJEHTHBIE COOTHOILIE-
o (81):

Ufi + (a 4+ b) )Y T, >U+(a+ b)E T,v; Ans Beex P<+P;. (82)
jepP

1€P,

Hepagencrsa (82) 1aioT HeoOXOAHMbIE H JOCTATOYHBIE YCJIOBHSA 15T
NPaBUJBLHONR KJAaCCHOHKAUHH {-TO H300paxKeHHS CUMMEMPUUHbIM Tep-
CEeNTPOHOM € XapaKTepHCTHuecKoit wmarpuuedt ||T;|| u HaqaanbIMI»i
CHrHaJaMH CyMMaropos o0pazos U% nocae o0yueHHs noc.neaosaTe.nb-
HOCTBIO C XapAKTEDUCTHYECKHM BEKTOPOM (0Uy, U, ..., U,,). DTH Hes
PaBEHCTBA MOXKHO YNPOCTHTL €mie OoJblle [Jsi MePCenTPOHOB C CuMs
MEMPULHbIMU HOYAAbHOIMU YCAOBUAMU, T.€. TAKUX NEPCEeNnTPOHOB (UMK
KJ/1aCCOB MEePCEeNTPOHOB), AJsi KOTOPBIX BHIMOJHSAIOTCS YCJOBHS '

U = UY aas Beex i=1,2,...,m (83)

u 1as Bcex P u Q.

Henonb3ys cootHowenns (83) W BCNOMHHAs, YTO, B CHJy ompefe-
JeHHsi 06OOIEHHOTO a-3aKOHA a4 4 b =+ 0, MpuxoiuM K CleAYIOLEMY
pe3yJbTary.

Teopema 3. [Tycmo 3a0an Nnpoussosbibil OUCKpermnHbiLl cummempuy-
Holl nepcenmpor (Uau KAacc OUCKpemHbix CuMMempu‘tltblx nepcenmpo-
no8) ¢ xapaxmepucmudeckoli mampuyed ||T,;ll u ¢ cummempusnbimy Ha-
YAABHbIMU  YCA0BUAMU, 8 Komopom Oeticmeyem (0600ueHHbIE) a-3aK0M
noowperusn. Toeda reobxodumbie u GocmamodHbie YCA0BUA NPABUAL -
HOCIU  PACNOSHABAHUA NEPCENMPOHOM (KAACCOM NEPCENMPOH08) NpO«
U3B0AbHO20 -20 u300pascerus nocae 00y4eHUA NOCAC008AMENbHOCINLIC
(raaccom  nocaedosamenvrocmel) ¢ XAPAKMEPUCIUMECKUM — BEKMIOPOM

(01, g, s V) BOIDASAMCA  COOMHOULEHUAML
Y Ty, > XNTp,  Aaa seex PP, i (84)
iep; ep R

CnepcrBHe: apdexmusnocmo 00yueHUA 6 CUMMEMPUHHLIX
OUCKPeMHbIX NePCenmponax ¢ CUMMEMPUYHbIMIL HAYQANOHUIMU YCAOBUAMLE
npu 8oinoarenu 8 Hux (0600LeHH020) A-3aKOHA NOOUPEHUA HE 3A8UCLT
om evtbopa (HeompuyamebHblx) KOHCIMawm a u b, xapaxkmepusyrowjux.
3AKOH.

Takum o6pa3oMm, mnpH H3yYeHHH CHMMETPUYHBIX JHCKPETHBIX
MepcenTpoHOB € CHMMETPKUHLIMH HAUYaJLHBIMH  YCJIOBHSIMH MOXHO,
He dapymasi oOUIHOCTH, EMeCTO OO0OOILeHHOro a-3aKOHA [OOULPEHHUS
¢ KOHCTaHTaMH (g, b) HOAb30BATLCSH OOLIUHBIM (-3AKOHOM MOOLLPEHHs C
Kouctantamu (1,0).

Ilpu KCHKpeTHHIX pacderax 3({enTHBHOCIH OOYyUEHHs B KJjaccax
NepcenTpoOHOB OOLIYHO NPHHHMAETCsi, YTO BCE€ HCHPOHBI MOJACOENH-
HAIOTCA K CeTyaTKe HE3aBHCHMO OJHH OT JPYToro, NpHYeM BepoOAT-
HOCTb @;; TaKOro NOJACOeNHHeHHsi HeHpoHAa, yTo ok OyleT Bo30yKiaa-
TbCSi KaK [-bIM, TaK H j-bIM H300paxkeHHeM OfiHa W Ta XKe JJia BCeX
HeipoHOB NIPH JMOObIX (HKCHPOBAHHBIX 3HAYeHHMAX { H |.
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Ecan ofo3naunth uepe3T” ofuiee uncao HepoHoB P-ro ofpasa, 1o
Komronenta T';; XapaKTepHCTHYECKOTO TEH30Pa PaCCMaTPHBAEMOTO KJ1ac-
€a NepcenTpoHOB MOXKET TPAKTOBATLCs KaK YHCJO HACTYIJIEHHH HeKo-
TOpPOro COObITHS, HMEIOIIETO BEPOATHOCTb «,; NMPH 7% He3aBHCHMbix
HCIIBITAHHUSX. B cuay TeopeMbl 2 u3 § 2 HacTOosiled rJaBe, MaTeMma-
THyeckoe oxunanue E(TH) n aucnepcus D(T)) cayuaiinoit BenHuHHbl

P
T;; BoipaxawoTcsi popMyJaMu
Py — TPq - Py — TP
E(T?) =T a,;, D(T}) =T o, (1 —a,)
@Gi==1,2,...,m; P€R). (85)

Cama e BeJIHUHHA Tﬁ NpH J0CTATOYHO OONBUIMX 3HaueHHsx TF
MOXKeT CYHTATBLCS HOPMAJILHO pacnpeleseHHOH. 3aMeTHM elle, uTO B.
C/lyuae CHMMETPHUHEIX NEePCeNTPOHOB BeNHUUHH 7% JJs pasjHuyHbIX
o6pasoB P paBHH MexAy coOoi. [1oaTomy 0603HAUNM HX HPOCTO GYKBOH
T, onyckas HMHIekc P. Matpuuy |ja,;| yCJIOBHMCS HasblBaTh OCHOGHOL
8epOAMHOCMHKOL mampuyerl pacCmaTpPUBAEMOFO KJacca MepcenTPoHOB,

AnanornyHo kJacc oOyuamouiux mHocjaefoBaTtenbHocTedd K, o6pa-
3yeMbll C MOMOILLIO CAy4aHHOro BblOopa H300pa)KeHHs HA  KakKioMm
mare o6y4yeHHsi, He3aBUCHMO OT H300paKeHHH, BbIOPAHHBIX HA OCTaJlb--
HBIX 11arax, MOMKHO XapaKTepH30BATb BepPOAMHOCIHbIM. BEKMOpPOM
(B:s B2y ---. B,,) PaccmaTpuBaeMoro kaacca. [Iaa moboroi =1, 2, ..., m
- KOMIOHEHTa f; 3Tor0 BeKTOpa paBHA BEPOATHOCTH BHIGOPA B Ka-
yecTBe H300parKeHHsi, MNOKAa3bBaeMOTO Ha JIOOOM JAaHHOM wiare o6y-
yeHus, {-ro H3o0paxeHHs. B TakoMm cayuae i-1 KOMOOHEHTAa v, Xapak-
TePHCTHYECKOTO BeKTopa kJacca K npeictasaseT cofoit yHCJI0 HACTYM-
JeHHH COOLITHS, MMelolnero BeposiTHOCTh f;, nMpH N HE3aBHUCHUMEIX
HCNBITAHHSX, Tle N — AanHA 06y4alolMX MOCJeN0BaTeILHOCTeH KJac-
ca K (corjlacHO ompejiejieHHI0 KJjacca OOYy4YalUHX HOC/eNoBATEe LHO-
CTeil, BCe BXOJfiliHe B KJACC MOCJEN0BATEAbHOCTH HMEIOT OfIHY U TY Xe
JJIHHY).

Ilpu nocratouno GosbliMx 3HaueHHsix N gnas moGoro H3obpa--
XKeHHs [ BeJHYHHA U; MOXKET CYHTATLCs HOPMAJBHOH pacnpejeseHHoH,
a ee MareMaTHYeCKoe OXHJAHHE H JAHCNepcHs JalTcs (opMmynaamu

E(w)=Np;, D(v)=NB(1—B) (i=1,2,...,m). (86}

3aMeTHM, 4TO C/yyafiHble BeJHYHHHI U;, KAK U CjyyaiHble BesH-
YHHEI Tﬁ NpH Da3JHMYHHIX [ M j He ABJAIOTCHA, Boolule roBop#A, He3a-
BHCUMBIMH, YTO CO3JA€T JOMOJHUTELHLIE TPYAHOCTH NPU BLIYHCJIEHHH
BEDOATHOCTH NPAaBUJALHOTO cpabaThIBaHUs MepcentpoHa mo GopMmyJsiam
(81) u (84). BripoueM, B psizie cryyaeB € MOMOLLbLIO BBEIEHUsi HEKOTOPbIX
N00ABOYHEIX MNPEANOJOKEHUH ypaeTcsi o60HTH 3TH TpyaHocTH. [lpone-
MOHCTpPHpPYeM 3TO OOGCTOSITeNLCTBO HA psijie NPUMEpOB.

Ilpumep 1. PaccmarpuBaercst AHMCKpeTHHH mnepcentpoH A ¢
He#fiponamMu TtHma (1, I, 1,), HMeOWHA [OpPaBHAbHYIO KBaJpaTHYIO
(n X n)-ceruaTrky #W 2n u300paKeHHH, B KayecTBe KOTOPbIX BLIOH-
paetcs n ropH30HTANbHbLIX JHHUH AJHHBI n, o0belHHsAeMbIX B 00pas P,
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W 7 BepTHKAJBLHLIX JHHUE JJWHBL 71, o6bejuHseMblX B o6pa3 Q. Bce
u300paxeHHuss HMEOT OJMHAKOBLIE BepOSiTHOCTH (paBHbIe —;ﬁ) no-
aBJIeHUs1 B oOyudawllell nocJjefoBarelbHocTH. [lpennoJsoxuM, 4yTto
nepcentpon A rnoanbii. ITO 03HAYAET, YTO KAK B MHOMKeCTBe Helpo-
HOB P-To o6pa3a, TaK U B MHOXeCTBe HeHdPOHOB Q-ro o6pasa Aas Jio-
Goro cnoco6a NojcoeMHeHHs] HEHPOHA K CeTYATKe HaRJeTcsi B TOYHOCTH
N0 OJHOMY HeHPOHY, UMeElolieMy TOYHO TaKoe e CoelMHeHUe C ceT-
yaTkoii. B nepcentpoHe A jeficTByer 060OIieHHbI (-32KOH NOOLLpe-
HHSl C KOHCTAHTAMH Q W b, a Haua/bHLIE Beca HeAPOHOB PaBHbI HYJIO.
Tpe6Gyerca HaliTH 3¢deKTHBHOCTL ofOyueHHs nepcentpoHa A B
KJjacce CAy4adHHX OOYYalOUMX HOCJeJI0BATENILHOCTEH JJMHBL 2N,
cojeprKamix TouHo N mokasoB H3o0paxKeHHH nepBoro o6pasa u N no-
Ka30B H306paxKeHnuii BToporo o6pasa. '
Pewernue. TlepcenTpon A OyJaeT, OUeBHIHO, CUMMETPHUHHIM H OV-
JIET NO3TOMY [IOJIHOCTBLIO XAapaKTePH30BATLCA CBOEH XapaKTepUCTHYe-
ckoit marpuueit ||T,|. Jlerko BHAETb, YTO HEHPOH TOrAa H TOJBKO
Torga BO36yxKaaeTcs i-bIM H300paxceHHeM (BEPTHKANBHOH HJH TO-
DU3OHTAJILHOM JIMHHEH), Korga ero Bo3OyXKAaumHil BXOJ MNOACOEIH-
HeH K peLenTopy, JexallemMy Ha COOTBeTCTBYIOLiedl JUHHH, a €ero
3anpeliamiii  BXOJ — K pelenTopy, JaexamieMy BHE 3TOH JIMHHH.
Ias mo6oro janHoro i umeercsi Bcero n{n® — n) = n¥n — 1) pas-
JIMUHBIX MOJCOEIMHEHUH TAKOro pojga. Beuay mosHOTH mepcentpoHa A,
cnpasenanBa ¢opmyaa (87)
T,=nr(n—1)({=12...,2n). 87)

[TpennosoxuM, 4TO HOMepaMH OT | 10 1 0603HayeHbl FOPH3OHTAIbHbIE
AuHUH (H306paxkeHns obpasa P), a HoMepamu oOT n - 1| 1o 2n —- Bep-
THKaJbHEIe MHHHA (M306paxenus oOpasa Q). [lo anajorun ¢ teMm, Kax
ObLI0 HaliIeHO BhipaxenHe Ajis T,;, HaiineM eule JBa BbIpaXKeHHsI

TI.]. =0, . (88)
ecy [ M | — M306parkeHHs] OJHOTo H TOro ke 00pasa; R
— 2 .
T,=(n—1p . < (89)
ec/U [ M j— u300paKeHHsi Pa3/HYHBIX 05PA30B. :
O6o3nauyas uepe3s E eIUHUYHYI) MaATpHUY 7n-TO MOPsiiKa, a 4yepes
D — KBajpaTHyIO MaTPHLY MOPSAKA n, BCE 3JEMEHTbl KOTOPOH DaBHbI

€MHNIe, npeiACTaBHM XapakKTepHCTHUECKYH0 MATPHIY M paccMaTtpH-
BaeMOro nepcenTpoHa B BHIE

|#(—1E (n—1p Dl‘ !
l(n— 12D n2(n— 1)E!
[TyeTs (04, Vg, --. » Van)—XAPAKTEPHCTHYECKHE BEKTOP pPaccMaTpHBaeMo-

ro KJjacca o0ydawlHX MocjejoBaTe/bHocTell. B cuiy npHHATOrO ye-
JIOBHSI, KOMIIOHEHTHl 3TOrO BEKTOPA YAOBJETBOPAIOT YCJIOBHIO

01+U2+---+0n20n+1+Un+2+---+02n:N- . 9D

(90)
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Heo6xoanmoe n gocraTounoe ycjoBHe MPaBHJALHOTO Paclo3nana-
HHsl JIOGOTO JAHHOTO M300DAXKEHHS | 3allUIIEM, B CHJY TeOpPeMbl 3,

E Y > Z Tiivi (92)

ieP; ) féP[

-

HJIM, YYHTHIBast COOTHolleHHs (87) — (89) u (91),

R (n—1)v, > (n — 12N, 3

CoorHoturenne (93) npeictaBiM B 3KBHBAJICHTHOM BHJE |
| | ‘
q><ﬁ—7F)M | (94)

BeposiTHocTh MosiBJeHHS! {-TO H3006paxkeHHs B KaxkjAoM 3 N mo-
. 1
Ka30B HpelcraBuTesedl ofpasa P; paBna P [NostoMy pns MaremaTs-

4eCKOro OXXHJAHHSI H JHNCNEePCHH BeJUYHHbI U; NONyYUM BBIPAXKEHHS

_ o !
E@)=— N; m”“”ﬁ@“?) (95)

B cuny Teopembl 3 M3 § 3 Hacrosimedl rsaBbl, NpPH JOCTATOYHO
Gonbuiom N BePOATHOCTb §; BHLINONHEHHst HepaBeHcTBa (94) Moxer
ObITb BBIYHCJIEHA N0 GopMyse

%0,5 _— [4 d | = 1,2,...,2 R 96
L +}@n' z (i n) (96)
0

rlle K — BeJIMYHHAa OTHOWIEHHS! MOAY/Sl PAa3sHOCTH MNPABOH YacTH He-
paBeHcTBa (94) M MaTeMaTHYECKOTO OXKUAAHHS E (v)) K cpepnekBaj-

PaTHYHOMY YKJIOHEHHIO BE/IMYMHBI U, PAaBHOMY KBaJpPaTHOMY KOPHIO H3
Aucnepcul. UHBIMH cJyioBaMH,

LS, NN /N /N
n
97)

TTockonbKy BesIMYHHA ¢; He 3aBHCUT OT i, OHA COBHAJIET C BeposT-
HOCTBI0O ¢ MNPaBHJBHOTO pacrno3HaBaHHs mnepcenTpoHoM A m00oro
Hayraj BeiOHpaeMoro u3oOpaxKeHHsl Mnocjie NpeaBapHTENLHOrO NMOKasa
cayyadHo BuiOMpaeMmoH ofydamoliell MOCJefOBATeNbHOCTH AJHHBL 2 N
H3 paccMaTpHBAeMOro KJacca [MOCJef0BATENLHOCTEH.
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BennuuHa Ke BEPOSITHOCTH ¢ eCTh He YTO HHOEe, KaK MHoJiHas 3¢-
(bekTUBHOCTL OGyueHHs! nepcenTpoHa A B 3ajaHHBIX ycsroBusx. Ilpu-
BefleM TaGJHIly 3HaueHHH BEPOSITHOCTH ¢ AJIsi HECKOJIbKHMX 3HAueHHH k:

9ns

N| n® | 4n8

ki1 2‘3

\ : 3

Takum o6pasoM, AJs TOro 4yTOOBl YMEHLUIHTL BEPOSTHOCTh OIHOKH
pacemaTpuBaemoro mnepcentpoHa jo 0,1% npu cayuaiinom BoeiGope
ofyuatoiell [HOCNENOBATENLHOCTH, HEOOXOJHMMO INO0J1b30BalbCsl fIOCJie-
JIOBaTeJIbHOCTAMU BecbMa Oosbluoii nuHbl, paBroil 18 n3. B TO XK€
Bpemsi H3 HepaBeHCTBA (92) HemocpeaCTBEHHO BHAHO, YTO MOXKHO CBECTH
3Ty BEPOSITHOCTD K HYJIIO (HONYYUB abCOAMHO MO (KO > PACHO3HABAHHE)
3a CYET MOKAa3a KaxXjoro H300pa)KeHHsi B TOYHOCTH N0 OAHOMY pasy,
T. €. C MOMOIIBIO MOC/IeA0BATENLHOCTH, HMeloUlell ANMHHY, PABHYIO BCEro
JUL 2 A, DTOT nNpHMep HAarJIsJHO JEMOHCTPHPYET HEBBIFOAHOCTH
HCNONb30BaHHUs caydyallHeIX OO0Yy4amIMX NocJjenoBaTeqbHocTeli. Bmecte
C TeM OH CBHJETENLCTBYET O CEPbe3HbIX OTJHYUSX OMMCAHHOIO MeXxa-
HH3Ma oOyueHHsi OT MeXaHHU3Ma OoOyueHHsi, PeanHu3ymllerocs B MO3ry
ye0BeKa.

B camom gene, nociefHHil MeXaHH3M 00J1aJaeT SIPKO BhIPAXKeEH-
HOH CMOCOOHOCTBIO K 3KCMpanoAsyuu onvima, T. €. K INPaBHILHOMY
pacrnosHaBaHHIO H300paXKeHHH, KOTOpLle HUM pa3y He MOSIBASIJINCHL B
npouecce ofyuyeHuss. B To Xe BpeMst OnHcaHHBIH B PacCMOTPEHHOM
npuMepe nepcenTpoOH He JlaeT OKOHYATe/bHOH TapaHTHH NpaBHJALHOTO
pacrnosHaBaHHsi H300pakeHHA (mpH cAyYai{HOM OpPraHH3alHH Mpo-
necca oOyueHHst) JaxKe TOTZA, KOTAA CpelHee YHCJO MOKA30B KaXJIOTo
H3006paxKeHUs JOCTHTAaeT BecbMa 3HAYUTEJILHOH BeJNHYHHBEI (UMeomied
nopspox nd).

YKazaHHbI# BBIBOJ CBS3aH, Pa3yMeeTcsi, 10 HEKOTOPOH CTeNneHU co
cnenudukoil camoro npumepa. HeTpyaHo 3ameTHTb, OfHAKO, YTO NpY
YHCTO cJy4aiHoM nojpcoenvHeHun (1, 1, 1)-HelipoHOB K ceTyarke
(MCKJIIOYast MOACOEAHHEHHE K OJHOMY H TOMY e Pelentopy o6oHX BXO-
JOB HeHpoHA) MaTeMaTHyeCKHe OXKHJAHHs KOMLOHEHT XapaKTePHUCTH-
YeCKOH MAaTpUUbl OYAYT OTJMYATLCA OT KOMIIOHEHT XapakTepHCTHye-
CKOH MATpHIIBI OJHOTO NepPCenTpoHa JMUIb NMOCTOSHHLIM MHOMKHTeNeM,
He CYUIECTBEHHBIM C TOUYKH 3PEHHsi BhIYHC/IeHUS 3((eKTHBHOCTH 00Y-
yeHus. [losTomy npu ciyuafiHOM nofcoefHHEeHUH HEHPOHOB K ceTyaTke
Hanbojee BEPOSITHBIM MOBEJEHHEM HOJYYAIOMIUXCH IIePCeNTPOHOB Gy-
JeT HMEHHO ONHCaHHOe Bhillle HOBEJeHHE MOJHOTO NepCenTpPoHa.

Taxnm o6pasoM, cayuaiiHas OpraHH3als CBA3eH HEHPOHOB C CeT-
YaTKOK He MoKeT, BooOlLle ToBOps, OOeCmEYHTb XOopoluee KadecTBO

g 0.841;0,977 0,999

194 e



(YHKIHOHHPOBAHHS nepcentpoHa. VI3 Teopemsl 3 chenyer, 4To cmo-
COOHOCTbL NEpCenTPOHA K 3IKCTPANOJ/IALMH ONBITA YBEJHUUBAETCS HpPH
YBEJHYEHHH Te€X KOMIOHEHT XapaKTePHCTHUeCKOH MAaTpHLLl, HHAEKCHI
KOTOPBLIX MPHHAAJNEXKAT OJHOMY H TOMY e o0pa3y, M NpH yMeHb-
IIEHHH TeX KOMIIOHEHT, HHJIEKChI KOTOPhIX MPHHAJJIEKAT DPAa3JIHYHBLIM
obpasam.

YcnoBuMcs TOBOPHTh, UYTO mnepcenTpoH 06Ji1afaeT  abcoawmHoll
CnocobHOCMbIO K 3KCmpanoAayuu, ecan aas aoboro o6pasa P u soboro
n3o0paxenus [ M3 3TOro obpasza obyueHHe JIIOOOH MOCJ]ENOBATEBHO-
CThblO, COJlepIKalleil He MeHee OJHOTO pa3a u3o0pa)KeHue i, MPUBOIUT K
NpaBHJILHOMY pAacrno3HABaHHIO Bcex H3o0paxKeHHH 3Toro ofpasa.
IoayunM caepyomuii pe3ysbTar.

Teopema 4. [aa mozo umobbi Ouckpemubitt cummempusHbil nepcen-
MPOH C CUMMEMPUUHbIMI HAYAAbHBIMIL YCA08UAMU, 8 KOmOopom dedcmeyerm
(0606uwenHbul)y a-3akon noowperus, 06.1a0a.1 abcoAOMHOU CROCOGHOCIbIO
K 3KCMpanoasyuu, Heobxo0umo u OoCmamouto, 4rmobsl 6ce KOMNOHEH bt
T;; xapaxmepucmuueckoli MQMpuybl NEPCEnMpPoORA, WHOEKCb! KOMOpbiX
npuradencam 00HoMy u momy e obpasy, Oviiu OMAUMHBL OM HYAA,
a sce komnowenmor T, UHOEKCH! KOMOPLIX NPUHAOAEHCAM  PASAULHDIM
obpasam, Obiau pasHoL HYAH.

B camoMm jese, mycTh ycjioBHe TeopeMbl BbinoJiHeHo. Toraa nepa-
BEHCTBO (84) 6yner CIPABEJIIMBLIM, €CJH XOTsl Obl J/151 OJHOTO H306pa-
KeHUsd j U3 P; BeqMyHHA v; GyJeT OTJIHYHA OT Hyas. B cuay Teopemn 3.
3TO KakK pa3 M 03HauaeT, yTO paccMaTPHBaembli mepcentpoH ob.aagaer
a0COJIIOTHOH CNOCOGHOCTBIO K 3KCTPAMNOJISIIHY,

ITpeanonoKuM, yTo ycsIoBHE TeOpeMbl He BLINOJHEHO. DTO NMPHBOAHT
K PaccMOTpeHHIO JIBYX cayuaeB: l) AJs HekoToporo o6pasa  Haii-
JeTcs NpHHaAMeKaias eMy napa uso6paxenui I, j takas, uro T;;=0;
2) Haiizerca mapa uso6paxKeHui £, r, IpHHAANEKANMX PA3JUYHEIM 06-
pasam, u Takas, yto T,, 0. B mepBoM ciyuyae, B cHay TeopeMsl 3,
ofyyaionias IocJleOBaTe/]bHOCTb, COCTABJIEHHAS! HCKJ/IIOUHTENBHO U3
H306paxKeHuii §, He MPHBEJET K NMPaBUJBLHOMY PAcHO3HABAHHIO H300pa-
XKenust [. Bo BTOpoMm ciayuae paccMOTPHM OGyYaloOmiyl0 MOCaAeI0BA-
TeJIbHOCTb, COCTABJIEHHYIO H3 OJHOTC H300pakeHHs1 £ M J060ro yucaa

Tkk o
v,, 0OsblIIero yem T H3o6paxeHuit r. Torma, npHMEHHTENBHO K
r

PacrnosHaBaHHIO M306paxKeHHsi k, MOJCTAHOBKA YKA3aHHBIX 3HaueHHH
B HepaBeHCTBO (84) npuBOAUT K HepaBeHCTBY Twe >Tk v,. BBHULY
BLIOOpA v, 3TO HEpaBeHCTBO HEBEPHO, YTO, B CUJY TeopeMmsl 3, O3Ha-
YaeT HEBO3MOMKHOCTL IIPABHJILHOTO pAaCHO3HABAHHMS H300paKeHHs R.
CrenoBaTteibHO B 060U X CJIy4asiX HepcenTpoH He Oyjer 00.1a1aTh abco-
JIIOTHOH CIOCOGHOCTDLIO K SKCTPANOJALMH, YTO B TPeGOBANOCH J0KAa3aTh.

O6riuHO u300paKeHHsl, NpHHAJIeKauHe OJHOMY H TOMYy Xe 006-
pasy, HYMEepYIOTCS! MOCJefOBATENbHLIMH lieJLIMH uucaaMu. [IpH 3TOM
YCJIOBHUH XapaKTepUCTHYECKHe MATPHULI CHMMETPHUHBIX MepCcenTpPOHOB
€CTECTBEHHO DPa30MBAIOTCS] Ha KJETKU, COOTBETCTBYIOIHE Da3JInUHbIM
obpasaM. AOGco/iIOTHAsE CMOCOGHOCThL K 3KCTPANOJSILHH JOCTHIaercs
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B TOM CJydae, KOTJa 3TH MAaTPHUBI KJIETOYHO-JHATOHAJIbHBEIE, 4 JHA-
roHaJbHBIE KJIETKH He COIep:KAT HYJeBblX 3JIeMEeHTOB. Takoi BHf,
XapakTepPHCTHYeCKHX MaTpHL He Bcersa ObIBa€T B MNOJHOH Mepe 10-
CTHXKHM, OJHAKO H CKOJIbKO-HHOYAb YyAayHoe MPHOJHIKEHHe K Hemy
TpefyeT, Kak MPaBujo, OTKa3a OT BIIOJIHE CJYYAHHOrO COeJHHEHHS
HefpoHOB ¢ ceTyaTkoii. [loJslyyaemblit B pe3yabTaTe TAaKOro OTKa3a
3(eKT Jyullle BCErO0 MPCJEMOHCTPHPOBATL Ha MpHUMepe,

[Tpuwmep 2. Halith s¢ppekTHBHOCTE OOyueHHs nepcenTpoHa B,
OTJIHYAIOLIEroCs OT mepcenTpoHa A M3 mpuMepa | JHIIL TeM, YTO B HeM
OCTaBJIeHBl TOJLKO T€ HEHPOHBbI, 004 BXOAA KOTOPBIX MOJACOENHHEHbl K
pelienTopam, Jexarym JHOO Ha OJHOH TOPU3OHTANbHOM, 00 HA OJHOH
BePTHKAJIbHOHA JMHHH. YCJOBHSl OOYuYeHHs Te Ke, 4TO M B nipumepe 1.

Pewenue. Tlepcentpon B, Kak u nepcentpod A, Gynér, OueBHAHO,
cHUMMeTpHUHBIM. HeTpynHo nopcyuTarh, YTO 3JIeMEHTHl €ro xapakre-
pPHCTHYECKOH MaTpHUBl 3ajaloTcs cooTHomeHHsMH T = n(n — 1);
T,;=0(Gj=12, .. 2n; i 5 j). YcnoBHe mpaBHIbHOrO pacno-
3HaBaHHUA [-ro U306paXkKeHUs BbIPA3UTCs YcJoBHeM T v, > 0, HaH,
yTo OfHO W TO ke, v; > 0. MHaue roBops, Aas HpaBHibLHOTO pac-
Mo3HaBaHHA [-r0 H300paxeHHs HeOOXOJAHMO H JOCTATOYHO, YTOOHI
OHO 6b1J10 XOT$1 6Bl Pa3 NOKA3aHO NEPCENnTPOHY B Npolecce ero o6yueHHsl.

[lpu N cayyalinnix nokasax u3oOpaxeHnHi ojnoro o6pasa Bepo-

SITHOCTb HEMNOsIBJIeHHs B 06ydaiomell NOCAeI0BATeNLHOCTH [-T0 H30-
N

1Y~
OpaxenHs paBHA, O4YEBHJIHO, (1 —;) ~e ", a noaHas 3QpdeKTHB-
N
HOCTh 0OyueHH st BbIpaxKaeTcsi YHcjoM 1—e ™ n.  [1s1si TOro yTOGB! YMEHb-

HMIHTL BEPOSITHOCTb HENPAaBHJLHOTO cpabaThiBAHHS INepCenTpoHa 0
0,1%, kak 3To ObIIO cleslaHO B mpuMepe 1, JOCTAaTOYHO MOJIOXKHTH
N =7 n, unu, HHBIMH CJIOBaMH, OMepHPOBAThb O0yuaioiieli mocjaefo-
BaTe/IbHOCTbIO AJHHBI 14 n. Hanomuum, 4To B nepsoM npHuMepe Ta-
Kas ke 3QPeKTHBHOCTh, OOYyUeHHs! JOCTHTaJach JHUIbL HA O0YYalOIIHX
110CJIESIGBATENLHOCTAX JJHHE 1873,

JI1060MBbITHO, YTO CTOJIb pe3Koe yBejHueHHe 3Q(EKTHBHOCTH 00y-
YeHHs JOCTHTHYTO He 3a CueT YCJIOXKHEeHHs!, a 32 CYeT YNpOIeHHusl nep-
CEeNTPOHA, MOCKOJbKY MEpPCenTpoH B mosaydyaercs M3 mepcenTpoHa A
C NOMOIILbIO BEIOPACHIBAHHST GOJBILOIO YHCA MJIOXO NPHCOEIHHEHHBIX K
ceTyaTKe HEHPOHOB. JIerko MOACYHTATb, uTO OOLIee YHCJIO HEHPOHOB B
nepcentpoe A paBHo 2n%(n? — 1), a B nepcenTpoHe B — Juwb
4n(n — 1). D10 06CTOATENLCTBO CBUAETENBLCTBYET €lle pa3 O HECoBep-
1eHcTBe 00y4aolero MexaHH3Ma nepcenTpoHa H €ro Cyl{eCTBEHHOM
OTJHYHA OT MPOIECCOB OOyueHHs, MPOTEKAUIMX B MO3TY YeJIOBEKa.

Paccmorpum emie npHMep pacdera 3xpeKTHBHOCTH OOYYeHHs B
KJ1acCce MepCenTpOHOB.

[Tpumep 3. Onpenenuts 3ddekTHBHOCTL oOyyeHHs kjaacca C
JIICKPETHBIX CHMMETPHYHBIX MEePCenTPOHOB ¢ CHMMETPHUHBLIMH Hayallh-
HiBIMH YCJIOBHSIMH, NOIYHHSIONIHXCSI OGOOGIIEHHOMY G-3aKOHY HOOolipe-
ans. Ceryarka, 06pasbl ¥ H306paXkeHHsl Takue ke, KaK H B npumepe 1.
Yucno HeAPOHOB KaxKJI0To H3 ABYX HMeloniuxcst o6pa3os pasHo N. Bxo-
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Il BCceX HeApOHOB MNOJACOENUHSIIOTCS HE3aBHCHMO JpPYr OT JApyra ¢
pPaBHOM BEPOSITHOCTEIO K JIIOOOMY peLENnTopy CeTYaTKH, HCKAuas
JIMIIb CAY4ald OJHOBPEMEHHOTO MoJcOeHHEeHHs] OOOHX BXOJOB HelipOHA
K OJHOMY H ToMYy xKe peuentopy. OOyuaiomas HOC/AeJOBaTeNbHOCTD
COIEpKHT KaxJoe H3 2n u3o0paxkeHUHd B TOWHOCTH MO OJHOMY pasy.

Pewenue. Jlerko BHIeTb, YTO KOMIOHEHTHl T;; XapaKTepHCTHYECKOH
MaTpHub KJjaacca C, y KOTOPbIX MHJIEKCH { H j IBJIAIOTCA Pa3JHYHbLIMH
n306paXKeHNAMH OJIHOTO M TOro e o6pa3sa, paBHbI HYJIO. YcCJaoBHE
NpaBUJILHOTO pacno3HaBaHHsl I{-T0 H306paKeHHsl, JaBaeMoe Teope-
MOH 3, 3anHuIeTCs B HauleM cayuae

T,>XY T, (98)

ise;

Jlerko BHIeTb, 4TO MHOXKecTBa M;, HePOHOB OJHOTO H TOro Xe 06-
pasa, BO30YXKJAWIIMXCA KAk [-bIM, TaK H j-bIM H300pa)keHHeM MpH
PasMNuHbIX J, OTJHYHEIX OT [, MOHApHO He mepecekawTcs. Bce 3TH
MHOXeCTBa CofepiKarcsi, pasymeercsi, B MHoxectBe M;;. Tak kax Ty
€CTb HE YTO HHOE, KaK YHC/IO 3JIeMEHTOB MHOXecTBa M,;, TO A/ BhI-
NOJIHEHHs HepaBeHCTBA (98) HEOGXOAMMO H JOCTATOYHO, YTOOBI cpejiu
He#poHOB o6pasa P; Hamiencst xoTsi Gbl OJHH HeHPOH, Bo36yXjai0-
wHAca i{-biM H306paxkeHHeM, HO He BO36YKIAWIMACH HHKAKHM H30-
6paKeHHeM MPOTHBOMOJIOKHOTG (OTAMYHOTrO oT P;) obpasa.

M3 reomerpun wu300paxkeHUil HEMOCPEACTBEHHO BbITEKAeT, UYTO
3TOMY YCJIOBMIO Y/JIOBJIETBODPSIOT NGO HelpOHH, 00a BXOAa KOTOPBIX
NOJICOENHHEHbI K OJHON H TO# Ke BepTHKAAH (ecaH [ — FOPU30HTa/b-
Has JHHUsT), JHOO K OJHOH H TOH Ke rOpPH30HTANH (€CaH i — BepTH-
KajbHas auHHg). Has joGoro GUKCHPOBAHHOTG [ M3 OLMIErO YHCAA
n¥(n® — 1) pas/IMuHLIX MOACOEIMHEHHH 3TOMY YCJOBHIO YIOBJETBO-
psier g n(n — 1) nogcoepnHenuit. BeposTHOCTh KenaTeNbHOTO
n(n—1) 1
n}(n*—1) n(n+1)

YTO TakKoe MNoACOeIHHEeHHe He 6y11e'r UMeTb MeCTa HH AJs OJHOI'o H3

noacoeANHEeHHsI paBHA NO3TOMY

, 2 BePOSITHOCTD,

\ N N
N HeiipoHOB, paBHa (1__ I J ~e nintn . ClenoBaTeNbHO, NOJ-
n(n+1)
Hasi 3(Q(heKTHBHOCTb oOyueHHs! BripaxkaeTcs (GopmyJioH

N
r~1_—¢ n@th

Ec/n uncsio HelipoHOB Kaxpmoro o6pasa pasHo 7n (n + 1), T. e.
npuMepHO B 7 pa3 mpeBbimaeT obiiee YHCJIO PellenTOPOB, TO BEPOAT-
HOCTh HENPaBUJILHOIO cpabaThiBaHMsi Hayraj BbIOMpaeMOro H3 KJjac-
ca C mepcentpoHa mocse oGyueHHs ¢ MOMOmbIO OKa3a Bcex H300pa-
KEHUI MO OfHOMY pasy OyjeT pasHa e~/ , YTO paBHseTcs NPHOIH-
sutesipHo 0,001.

Kaxk oTMesasioch BHIlLIE, NMOCTPOEHHAsi TeopHs oOyueHHst mepcen-
TPOHOB CBHJETEJILCTBYET O KOPEHHBIX OTJIHYUHAX pPeajH3yeMOro UMM
MexaHuaMa npoiecca oOyueHHs] OT pPeajbHOro mpoiecca oOyueHHs

197



B MO3TYy 4enoBeKa. [lepexos oT AHCKPETHBIX HEHPOHOB K HENpPEPHIBHBIM,
Kak M 3aMeHa «-33KOHA MOOUIPeHHS f- HJIH Y-3aKOHOM, 3TOrO MHOJIO-
eHHsi CYUNECTBEHHO He MeHseT. YacTHYHO noJsoxeHHe MOXeT ObIThb
MCMpPaBJIeHO 3a cyeT J00aBJleHHs K Deaju3yeMbIM B IEPCenTpoHe mpo-
meccaM MEPecOeMHEHHST HEHPOHOB, MELIAIOMHX Npolleccy O6yuyeHUs
HJAH HEJIOCTAaTOYHO CMOCOGCTBYIOUMIUX €MY.

MoOKHO npenyCMOTpeTb, HanpHMep, NepHOJHYECKYIO IIPOBEpPKY
BECOB HEHDOHOB M cJ/ydaiHble nepecoeyHeHHs HeHpPOHOB C MaJlbiM
BeCOM. MexaHH3Mbl TAKOTO poja peanu3yloTcs B cxeMmax ajanra Po-
6eptca [67] u nangemonnyma Cendpuuxka [72]. OHH no3BOAAIOT yBe-
JHYMBATL KOS(GHUHEHT HCNO/bL30BAHHS OGOPYAOBAHHS H YMeHbIAThb
YHCJI0 HEHPOHOB, JOCTHrampulee B CXeMax INePCenTPOHOB -C YUCTO CJy-
YafHBIMH CBSi3sIMH HeNOMepPHO OOJIbIIHX 3HAauyeHHi.

BmecTe ¢ TeM YKasaHHas Mepa COBEpIIEHHO HeJOCTAaTOYHA A5
06bACHEHHsT TAKOH OCOOEHHOCTH NPHCHOCOOUTENBHHIX (YHKLHE MO3Ta,
KaK.HCMO/NB30BAHHE TeX HJH HHBIX NMPH3HAKOB, BhUIENEHHbIX HA YiKe
H3yyeHHbIX o6pa3ax IJs YCKOpeHHs npolecca o0yueHHsi pacrnosHaBa-

HHIO HOBHIX 00pPa3oB, COepKalmuX BCe HJAH YacTb ITUX NPU3HAKOB.'

Jlerko noHsATh, YTO MOZOCHBIA Mpollecc MOXKHO - peajH30BaTb B MHOTO-
CTYNeHYaTLIX HEePCeNnTPOHAX, T. €. B TAKHX CXEeMaX, Y KOTOPBIX CYM-
Matopnl 00pa3oB MepPCcenTpoHa HHU3LIEH CTyNeHH HCMOAL3YIOTCS B Ka-
yecTBe peLenToOpOB AJsi HepcenTpoHa caeiywomed crynenu. [lpu stom
nepcenTpoHbl HHU3MIHX CTyHeHed o0O0ydaloTcs pacno3HaBaHHIO OT-
JleJIbHEIX CBOKCTB 00pa3oB, a NMEPCENTPOHBI BHICIIHX CTYHEHEH — pac-
nosHaBaHuio HaAGOPOB 3THX CBOHCTB. COOTBETCTBYIOU(HE H3MEHEHHsI
H YCJIOXKHEHHs1 3aKOHOB MOOILPEHHsi MOXKHO BBINOJAHHTb MHOTHMH pas-
JHYHBIMA crnioco6aMH. 3aMeTHM, YTO CXeMa, 3aKJuammasi B cefe no
CYIIEeCTBY M€ JABYXCTYyHEHUYaTOTO MepcentpoHa, NMpHMeHeHa B aJro-
puTMe jasi o6yueHHs] PACMO3HABAHHMIO TEOMETPHYECKHX (UTYpP, ONH-
canHoM B pa6ote B. M. I'nmymkosa, B. A. Kosanesckoro u B. M. Pui-
6aka [29].

BeeneHne nepeyuc/ieHHBIX YCOBEPLIEHCTBOBAHHE He [O3BOJSET,
OfHaKo, NPHOJMU3UTLCH K MOJEJHPOBAHHIO emie OfHOH BaxKHOH ocobeH-
HOCTH, NpHcyieldl Mo3Ty, a UMEHHO K YCTAaHOBJIEHHIO HHBApHAHTHOCTH
Bcex o6pas3’oB MO OTHOLIEHHIO K HX JABHIKEHHIO H H3MEHEHHIO Pa3MepoB
HA OCHOBE 02pAHUHEHHO20 ONbima, HCMOJb3YIOIEr0 TOJNBKO HeboAbuiyo
yacms Bcex o6pasoB. JIns JOCTH:KEHHs ycnexa H B 5TOM HalpaBJIeHHH
HEOOXOAUMO H3MEHHTh He TOJILKO KOHCTPYKLHMIO MepcenTpoHa, HO H
METOIHKY caMoro mpouecca oGyueHnsi. C 3Toll Lenblo AJs pacnosHa-

omero YCTpOﬁCTBa BBOJHTCSi BO3MOXKHOCTb BMEUIATENBCTBA B OpraHH-

3anui ofyualoliell NMocefoBaTeNLHOCTH.
Ecan, HampHMmep, pacnos3HammeMy YcTpoicTBy A mnokassiBaercs

B KauecTBe NpeiACcTaBHTesiedl TOTO HJIH HHOro o0pa3a HeCKOJbKO pas-

JIHYHbIX H3006pasKeHH#, TO ycTPOHCTBO A JOMKHO 00J1afiaTh BO3MOXK-

HOCTLI0 MOBTOPHThL JAEMOHCTPALHIO 3THX H300paxKeHMH CTOJILKO pas,’
yToOb OGecrneudTh B JaJjibHedlleM HX NpaBHJbHOE pacrno3HaBaHHe.

Bosee Toro, ycTpoHCTBY J0JKHA OBITb NPENOCTABJIEHA BO3MOMXKHOCTD

MOBTOpEHHs NMOKAa3a Tex e H300pa)KeHHil, MoABePrHYTHIX TAKHM H3-
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MEHEHUSM, KOTOPbIM OOLIMHO MOfBepraercs H3ob6paKenwe mNpeaMeTa
#a ceTyaTKe rjla3a MPH H3MEHEeHHSiX B3aHMHOTO HOJIOXKEHHs Iva3a
¥ paccMaTpHBAeMOro IpeiMeTa.

MoxHo, pasymeercsi, He:- BBOAHTHL ONHCAHHOK OOGPAaTHOH CBf3H,
fIO3BOJISIIOMIER  PACMO3HAIOMEMY YCTPOHCTBY~ H3MEHATb O0YYamuLyo
NOCJ/IEA0BATeNbHOCTL. BMeECTO 3TOro camu obyyaroiye nocseoBareb-
HOCTH HYXHO CTPOHTb TaK, 4TOOHI MOCJA€ NOKAa3a TOTO HJIH HHOTO H30-
OpaKeHHs! yBeJMYHBAJaCh BEPOSTHOCTb [OKA3a HA CJAEAYIOIEeM [iare
TOr0 e C€aMorc H300pa)KeHHsi, PacCMaTpPUBAEMOro, ObiTb MOXKET,
JMUIb [OJ APYrHM pakypcoMm, Jubo, no KpaidHeir Mepe, H300paxKeHHi,
NpHHALAeXKamHUX TOMy Ke camoMy oOpasy. MHuimMu cnoBamu, mnpu
O0yYeHHH pacno3HAIIHUX YCTPOHCTB HeOOXOAHMO OTKA3aThCs OT IO-
CTPOEHHsI Mmpouecca OOyuyeHHs] HO CXeMe HE3aBUCHMBLIX HCIBITAHHH H
nepeiTH K 6oJsiee CJOXKHHIM CXeMaM, ONHMCHIBA€MBIM MAPKOBCKHMH Iie-
ISAMH,

[Ipennaraemele H3MEHEHHS METOJOB MOCTPOEHHs OOY4alUHX HOo-
CJ1e[IOBATeILHOCTEl HAMHOTO YJ/y4iiaroT (YHKIIHOHHDOBAHHE pacro-
3HAIOUNIUX YCTPOHCTB B peXuUMe NpocToro obyuenus. IIns pexuma xe
€aMoO0yu4eHHsi 3TH H3MEHeHHUs HMeIOT NPHHUMIHAJbHOe 3HAaYeHHe,
MOCKOJILKY JIMIIL HA TAKOM NYTH MOXHO HAJeAThCHA, YTO KJAcCHDH-
Kallisl H306paKeHHi, IPOU3BOAHMAs caMOO0y4aloUMHCH YCTpOMCTBA-
MH, OYJEeT COOTBETCTBOBATb HCXOAHOH KjacCH(UKALHH, NMPOH3BOLUMOH
YenoBeKOM. $ICHO, YTO onMcaHHe HPOLECCOB MOAOGHOrO pojga Tpebyer
ropasjo GoJee CJOXKHOTO MATeMaTUYECKOIo annapara, 4eM TOT, KO-
TOpHIA” OBIJT HCMOJIL30BAH B HAcTosAlWEeM naparpade. ~

§ 7. PaGora mHCKpeTHBIX q-NEPCENTPOHOB B PeXHME CaMOOOYyUYEHHs

B npenpinyuieM naparpade Gul10 HCCAEAOBAHO INOBEJEHHE IHCKPeET-
HLIX Q-TEPCENTPOHOB B pexuMe obyserus. XapakTepHOH 4epTod pe-
KHAMa OGyueHusi #BJSieTCss HaJIMYHe YyuHTeas, KOTOPOMY H3BEeCTHA
npaBuabHasi kaaccudukaunus uzobpakenui. B nactosiuiem naparpadge
HCCeYIOTCST HEKOTOPEIE BOMPOCH, CBSI3aHHLIE C NMOBEJEHHEM IHCKper-
HBIX Q-TIEPCENTPOHOB B peXHMe camoobyuerus. B 3ToM ciyuae yunTelb
OTCYTCTBYET, a MpOLecchl caMOOPTaHM3alliM, NPHBOASILIHE K H3Me-
HEHHIO NPOHM3BOAUMON MEPCENTPOHOM KJAacCHPHKALUH H300paKeHHH,
OMNpeeasloTCss BBEJEHHOH B CXeMy MepCenTpoHa HOJIOKUTENbHOHR
00paTHOH CBA3LIO.

Xopouio H3BECTHO, YTO aHAJM3 IIOBEJEHHs MepCenTpOHOB B pe-
XKime caMooGyuenusi, cienanupit @. PosenGratrom [69], Becoma
ajek OT Kakoi Obl TO HH ObLIO MaTeMaTHuecKoi ctporocTH. OTCyT-
CTBHe CTPOTO JOKA3aHHLIX MPENJIOXKeHHH B 3TOH OO/JACTH IPHBOAHT
K TOMY, YTO HEKOTOPEIe aBTOpPbl NPHMHCHIBAIOT (0COOEHHO B myGJH-
KalKMsaX HAYYHO-MOMYJSIPHOTO XapakTepa) caMOOGYYeHHIO MepCenTpo-
HOB MHOTHE CBOHCTBA, KOTOPHIMH OHO B J1€f{CTBHTE/LHOCTH He 006sajaer
W He MOxKeT o6nanaTb. Ha OCHOBaHHH pacCMOTPeHHH HACTOSIEro
naparpaga HeTPYAHO cjieJlaTh PsiJl BbiBOJOB, OYePUUBAIOIMX T'PAHHILI
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JeHCTBHTEJIbLHBIX BO3MOMKHOCTEH, 3aJIOKEHHBIX B CcaMooOyuyeHHU mep-
CenTpOHOB.

PaccMOTpHM JHCKDeTHBI CHMMETPDHYHBIH u-[lepCenTpoH, paccui-
TAHHBI HA pacmo3HaBaHWe JBYX o6pasoB P W Q. YcjioBUMCS B Ka-
yecTBe €IHHOTO BHIXOJHOTO CHFHAJIA TMepCenTpoHa paccMaTpHBaTh
pasHOCTb BLIXOJHBIX CHFHAJ0B CyMMaTtopoB F-ro U Q-ro o6pasoB

V() = UP () —US (1. (99)

3nech, Kak H B QopMyJiax npeAbAyliero naparpada, HHleKc i
npoferaer Bce H3o6pamenHst (kKak P-ro, Tak H Q-ro) ob6pasa, [ —
Jio6asi MocJeI0BaTeJbHOCTL H306paKeHHll, MOKa3aHHasi MepcenTpo-
HY B Ipollecce ero camoo0yuyeHHUs.

Kak u B ciyuae o6yyeHHs, HETPYAHO IOKasaTb, YTO q)yHKuHonn-
pOBaHMe CUMMETPHYHOTO MepcenTpoHa B pexuMe camoobyuyeHUs: olpe-
JenseTCst CYMMOH @ -+ b KOHCTAaHT NOOLLPeHHd M wTpada, a He STHMH
KOHCTAHTaMH, paccMaTpHBaeMbIMH oOTJesbHO. Fimesa B BHLY Takxke
BO3MOXXHOCTb MPOU3BOJBHOTO H3MeHeHHs MacwraboB, JOMNYCTHMO,
He Hapyuwas o6IHOCTH, NPENNONOXKHTb, YTo a = 1, a b = 0. B pane-
HelluieM BcCerAa OyleM HCXOAHUTh M3 3TOrO AOMVIIEHH.

OGosnauaa ||T;|| xapaKkTepHCTHUYECKYIO MaTpHIy MepCenTPOHS
H BCHOMHMHAsl OMNpeje/ieHue o-3aKO0HA MOOLLPEHHS, JIETKO TNOJIyYHM
dopmy.y , ,

Vidp=V,()+ T,signV (1) (100)
3aech CHMBOJIbI / j 0603HAYAIOT MOCJIe0BATENbHOCTD H300p axKeHHi [,
K KOTOPOH NpHCOeIHHEHO H3006pakeHle j.

Qopmyaa (100) cnpasepsnuBa s Jwoboii napel u3obpaxenuit I, f
H 1as o6oH NocJefoBaTeIbHOCTH H300paenHui [ @yHKuMs sign x,
KaK OOBbIYHO, sl MOJIOKHTE/JIbHBIX 3HAYeHHI! X MPHHHMAETCsI PaBHOH
+ 1, a pas oTpHUAaTeNbHBIX 3HAueHWH x pasHod —1. $cHo, uTO B
cjlyyae HyJIeBOro 3HadeHHs BeJHyHHB! V/(!), MmO TOyHOMYy cCMbICJY 3a-
KOHA TOOILPEeHHsS (MOJNOXKHTEJIbHOH OOPAaTHOH CBA3H),  BEJIHUYHHA
sign V() B dopmyne (100) posxua ObiTh He ompegesieHa. UToOb
u36exarb HeolpeleleHHOCTH, B JaJbHeiiiieM GyAeM, N0 ONMpele/eHuro,
CUHTATh HYJb MOJIOKHTENbHOH BeJH4HHOH, Tak uyto sign 0 = -+ 1.

ViMest B BHIYy yKa3aHHoe BHJOH3MEHEHHE B ONpeleieHHH QYHKIHW
sign x, 6yaeM paccMmarpuBath dopmyay (100) Kak crmoco6 peKyppeHT-
Horo 3aaanua sexropa V(I)=(Vy{l), Vul), ..., V,, (1)), onpeneasiowmero
BLIXOJIHpI€ CHTHAJBI NepcenTpoHa noj jpedcTBueM JioGoro H3oOpaxke-
HHsL [ =1, 2, ..., m mnoc/e mojayd Ha BXOJ TNEPCENTPOHA IMOCJIENO-
BaTeJIbHOCTH W306pakennit [. HauanbHoe 3HauyeHHe 3TOro BeKTOpa
V(0) = (V, (0), V,(0), ..., V,) (0) npeanonaraercs npd 3ToM 3a-
JannbiM. Mso6pakenne mnpuuHc/sieTcst mepcenTponoM K obpasy P
HIH K 006pa3sy Q B COOTBETCTBHM C TeM, MOJIOXKHTEJIbHA MAH OTpHIa-
Te/bHA COOTBETCTBylOMAs KOMIOHeHTa V (/) paccMaTpHBaeMoro Be-
KTopa (HamoMHHUM, 4TO HYJb, 10 NPHHATOMY COTJAILIEHHIO, CUHTAeTCH
IIOJIOKHTE/bHBIM YHCJIOM).

[Tockonbky Bce BenmuHHbl T SIBASIOTCS LeJbIMH (H K TOMY e
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HEOTPHIATE/ bHBIMH) YHCJIAMH, 33]a4a pacyeTa MepCernTpoHa B peXHMe
caMooCyyeHHs CBOAHTCS MO CYHWIECTBY K 3ajaue cjyudaidHoro GiyKia-
HHUS 110 JUCKDETHOH pellleTKe B IPOCTPAHCTBE ¢ YHCJIOM H3MEPEHH < M.
Ilpeamosarasd, uTo noka3 H3c6paxKeHHil B mpollecce CaMOOGYUEHHs:
[IPOM3BOJHTCS MO CX€Me He3aBHCHMbIX HCMLITAHHH, JEFrKO 3aMeTHTb,
YTO BEPOSITHOCTH TepexofoB H3 /060l TOYKH TakoH pelleTKH omnpe-
JesoTCA JHIb Ha00poM 3HAKOB KOODAHHAT STOH  TOYKH.

Ha6op 3nakoB KoopauHAT J0OOH TOUKH pelIeTKH onpejeJserT,
KaK HeTPYAHO MOHATb, TaKkKe H KJacCHU(PHKALHI0 H300parKeHui, mnpo-
H3BOJHMYIO MEpPCENTPOHOM, KOTODBIH HMeeT B KauyeCTBe BEKTOpa CBOHX
BBIXOJHBIX CHTHAJIOB pajuyc-BeKTop 35TOH ToukH., C TOYKH 3peHus
TEODHH [epCenTPOHAa MPEeACTAaBJseT Mpe[e BCEro HHTePeC MNpeAesb-
HO€ pacrpele/ieHHe 3HaKOB KOOPAHHAT BekTopa V(/) npu HeorpaHHuyeH-
HOM yBeJHYeHHH JJHHbl obyuatouiefi nocaerosateabnocty [, [lpose-
JleHHble BbIlIE PAcCMOTPEHHA IOKasbiBalOT, YTO TpebyeMoe pacmpe-
JeJIeHHe MoJIyyaeTcsl H3 NpelesIbHOro pacnpejeleHus AJs MapKOBCKo#
Lle[lH, COOTBETCTBYIOUIEH OMHCAHHOMY Bbhlllle OYXJAHHIO MO JHCKpPeT-
HOH pelleTKe.

[lockosbKy yKasanuas Lelb HMeeT GeCKOHeYyHOoe YHCJIO COCTOSIHHI,
HaXOXKJAEHHe MpeAejbHOTO pacnpejelieHus B ofuleM cJyyae fABJAETCS
JOCTaTOYHO CJIOXHBIM. MOXKHO, O{HAKO, yKasaTb Dsij cJyuyaes, KOLAa
HaXOXKJleHHEe MpeNeJbHOro pacnpejne/eHdsl Jerko CBOAHTCA K HCCJe-
JIOBAHHIO MApPKOBCKOH LleMH € KOHEYHbIM YHCJIOM COCTOSIHHH.

PaccMoTpuM B KauecTBe mNpHMepa JHCKDETHBIH CHMMETDHYHBIR
a-nepcentpod A, paccuuTaHHbifi HAa pacrno3HaBaHHe 2n H306paKeHHH,
nepBbie 71 H3 KOTOPLIX NpHHAANAeXKaT o6pa3y P, a mocaenune n — obpa-
3y Q.Ilycte pasee pia 3JIleMEHTOB XapaKTepHCTHYECKOH MAaTPHIbI
nepcentpoHa A umeloT MecTo cooTHomwewud T, =a >0, ecanm { H |
MpHHAAMeKAT OAHOMY H TOMY Xe o6pa3y, u T;; = 0, ecjiH { H j IpH-
Haj/exar pasjnunbiM obpasam. B suay teopemsl 4 u3 § 6 HacTosAmlel
TJaBbl, PacCMaTpHBaeMblii mepcenTpoH o6safaer abCO/MOTHOH Cnocob-
HOCTBIO K 2KCTPANOJIILMH H, CJeJOBATE&JbHO, HAHJIYYHIHM 00pasom
BejeT cebda B pexkume obyuenus (o6yyaercs NpaBHJBHOMY pacro3Ha-
BaHHIO B pe3yJibTaTe 110Ka3a XoTsd Obl OAHOI'c H300paKeHusl U3 KaXaoro
obpasa). [IpegnoioxuM, YTO HAYaJbHBIMH VCJOBHSIMHM OYAYT YCJOBHST
Vii0y =b (b>0) nasn i =1,2,...m (n< nu V;(0) = — bana
f=m+1, m4+2, ..., n .., 2n

13 dopmyasl (100) menocpeictBenHo chaeayer, uto V() < 0 aas
JI060# MocJefoBaTebHOCTH [ IpH Beex j=n-41, n--2, ..., 2n. Ocrajb-
Hble JKe KOMIOHEHTH GyAyT Bhipakartbcs dopMmynamu V(l)=b--ka aas
=12 ...,m uVily= —b ~ka pasa i=m—+1, m+2, ..., n, rie
B — pasHocTb Mexy YHC/IOM TOABJEHHs H300paKenHil, KOTOPbLIM
COOTBETCTBYIOT NMOJIOKHTEIbHbIE KOMIIOHEHTsl V,(I'), u 4yHcJoM H300pa-~
JKeHHH, KOTODRIM COOTBETCTBYIOT OTPHLATE/bHBIE KOMIOHEHTHI V'y
(I’ —cooTBeTcTBYIOAsA MOATIOC/IENOBATENBHOCTD NOC/IE0BATENLHOCTH | ).

[peamonioxkum, uto mpouece camMoo6ydeHus coBepuIaerTcs Mo cxeme
He3aBHCHMEBIX HCIIBITAHHI ¢ PABHBIMH BEDOSITHOCTAMH II0ABJIEHHS BCeX-
u3obpaxenuil. [TockosbKy nokas H3o6GpamenHii ofHoro obpasa B pac-
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CMaTPHBAEMOM CJy4ae HHKAK HE BJIHAET Ha pacrno3dHaBaHHe U3oOpame-
Huil Broporo o6pasa, MoXKHO, He Hapymlas oOWHOCTH, NpennoJararb,
yTO B Mpollecce caMooOyUYeHHA Y4acTBYIOT TOJBKC H3o0paxkenHd obpa-
3a P (uso6paxkeHnnsam ofpasa () Bceraa OTBeyaeT OTPHLUATEJbHbIH BLI-
XONHOH CHTHAJ He3aBHCHMO OT TOrO, BKJ/IOUYAIOTCSI OHH B IPOLECC caMo-
oOyyeHHs HJH HE BKJIOYAIOTCA).

[onycTHM, 4TO b He JeNHTCH HA @, H 0603HAYHM uyepe3 f Lefoe

a .
‘qncno[;g -+ 1. HeTpyaHo moHsTb, 4TO AN H3YYeHHS (YHKIHOHH-

poBanus nepcentpona A NPEACTABJSIOT HHTepeC JHIIbL T 3HAYeHHA
mnapamerpa k, KOTODble 3aKJ/IOueHbl B 3aMKHYTOM HHTepBaje  |-4,f].
IleficTBHTE/IBHO, €cJH B Mpouecce camooOydeHHst XoTAA Obl pa3 Be-
JIHUHHA k JIOCTHTHET 3HA4deHHs f, TO B AajbHefllleM, B CHIY (OPMYJIbI
(100), oHa MOXKeT TOJIbKO BO3paCTarh, IPHYEM NEPCENTPOH, HAyHHAasd C
3TOro MoMmeHTa, OyJer 4aBaTh IMOJIOXKHTEJIbHbIH BbIXOAHOH CHrHAJ A/
Bcex H300pakenHH o6pasa (4TO COOTBETCTBYET NMpPAaBHJIbHOH KJ/AacCH-
¢ukaunH) AHAJOrHYHO, €CJH TmapaMeTp k INPHMET 3HayeHHe —I,
nepcentpoH GyJeT [aBaTh OTPHIATE/bHBIA BBLIXOJHOH CHrHAJA Jas
Bcex H3oOpaxkeHHH (uTo DakTHUECKH O3HAyaeT OTCYTCTBHE Kakoi-1H60
KJIAaCCH(PHKALHH H300paKeHuii, MOCKOJbKY BCce H300pamKeHHs MpPHYH-
CJAI0TCH MEPCENnTPOHOM K OJHOMY H TOMY Xe o6pasy).

Tenepnb, Kak Jierko BHAeTb, NpejesibHOe NMoBejleHHe nepcentpoHa A
onpesenseTci MapKoOBCKOH uenbio ¢ 2f 4 1 cocrosnHsaMu k = —f,
—t 41, ..,—10,1,..,¢t—1,¢ B cuany npuasgroro mpeanoJo-
’KeHHsl O BepOATHOCTAX IMOABJEHHS H300paxeHHi B mporecce camo-
-o6yuenHsi, /s 060rc k, OTJHYHOTO OT { HJIH — f, BEPOATHOCTL me-

m
pexopia B cocTosHe k- 1, paBHa —~, a BepOATHOCTE NePexoja B

n—m
cocTosinke £ — 1 pasna - M3 cocrosnusa f (kak H H3 COCTOSHHS

—) BO3MOXKEH Mepexo], ToJbKO B 3TO XKe CaMmoe COCTOsIHHE, MOCKOJIb-
Ky ¢ TOYKH 3peHHsl (YHKIHOHHDOBAHHS TEPCENTPOHA BCE COCTOSHHUA
npu k > t (COOTBETCTBEHHO—IPH k < —f) HE OTJIHYAIOTCA OT COCTOA-

HHs k = t (COOTBETCTBEHHO —OT COCTOAAHHA R = —f{).
m n—m
Beoad o6o3HadeHHd p = o B q=—"" nosiyyuM AAas  pac-
CcMaTpuBaeMoil MapKOBCKOH Ileld MaTPHIly MePeXoAHbIX BepOATHOCTeH
1000...000 '
p0g0. . 000
aO pOg. . .000
. l‘ . . - - - - .
) Mq’
. 0000. . .0q0 o
0000. . .p0g¢g
0000...001
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Ota MaTpHUA B KadecTBe CBOErO JBYKDPATHOIO XapaKTePHCTHYECKOTO
KOPHst HMeeT eJHMHHIYy. BeposTHocTH nepexoia lenu B COCTOSIHHA f
U —! paBHbB TNpeAe/ibHBIM TepexOAHLIM BEPOSITHOCTSAM P, H

P oy Hast BepostHocTH pg3,, mo dopyyse [lepposa nosyuaem
BbIpaKeHHe '
S50 dar ‘pl (}“) A=l
Jlerko Bugets, uro M, (A) anq i, ormunoro or 1 u ot 2¢-1,
Jeaurca ua (A — 1), u mnoroMy pJd 3THX 3nHaueHH | P =0
dagi=1M, QW)=Rhr—-HM(@®})amsi=2f+1 Moy (M) =
= (h— )My (h), tae M 1) = p'Q(A), Ma(h) = g'R (1).
Wz dopmyant (101) serko noayuum P, = cpt, Pitiael = Co'.
[Mockonbky Bce ocrasbHble NpeliesibHble MEPeXOJHbIE BePOSITHOCTH

B (t 4 1)-0fi cTpoKe paBHBI HYJIO, H3 YCJIOBHS CTOXaCTHYHOCTH MaT-
PHUBI TIpefe/bHBIX MePeXOAHBIX BePOATHOCTeH HAaxXoAHM 3HayeHHe C:

P (101)

C = P Tem cambiM Hamu JOKa3aHO cielymoiee MpelokeHHe.
[Ipu Heoepanuernom nPOCOANCERUL NPOYECCA CAMOO0 YHEHUA ONUCAH-
1

Houll Gbule nepcenmpon A € 8epPOSMHOCIILIO E&T‘ ycmauasausaem
t

v q
npasusbHyo Kiaccudurkayuio u3oopanceHiil U ¢ 6ePoAmHoCHbIo P
omuocum 8ce u306pancenus K 00HoMy U momy sce obpasy.

PaccmeTpenHbli mpHMep, Kak JIerKO 3aMeTHT BHHMATEJbHBIH 4YH-
Taresb, CTPOrO TOBOPS, HE MOKET GbITh OCYIIECTBJIEH B PEAJILHOM Tiep-
CenTpoHe, HCKJIoYash TPHBHA/bHBIE CAy4aH m = n, p =1, g= 0
um= 0, p=0, g= 1. llpnuuna 3ak/o4yaercad B TOM, 4TO MNPH cJle-
JIaHHBIX HPEANOJOKEHHAX OTHOCHTE/IBHO XapaKTeDPHCTHYECKOH MATPHIbI
Bce H300paxeHHsl OJHOTO H TOTO XKe o6pa3a Bo30yXKAAIOT OJHO H TO Ke
MHOKeCTBO HellpoHoB. [103ToMy BeIXOJHbI€ CHIHAJD!, HHJLYLHD yeMbIe H30-
Opa)KeHHsIMH OJHOro H TOro XKe o6pasa, Bcerga, B TOM YHCJie H B Ha-
YaJIbHBIH MOMEHT, AOJIXKHBI ObITb PaBHbI MeXKJy co0oii.

Herpyano, onHako, 3ameTdth, urto, nojaras T, = a--8 naas
Beex { =1, 2, ..., 2n (8 > 0), moayyaeM BO3MOXKHOCTb VJOBJIETBO-
DPHTL BBEJeHHBHIM B MPHMEepe HauaJbHbIM YCJOBHAM. Bmecte ¢ tem,
€Ci1 O CYymeCTBEHHO MeHbllle, 4€M ¢, 4 ! OTHOCHTEJILHO HEBeJHKO, TO
ONUCAHHOE B MpPHMEpe MOBeNeHHe mnepcentpoHa OyleT CAYKHTb XO-
pouuM TNpHOJHKEeHHeM JJd ero HCTHHHOTO TOBEJeHHA.

PaccMoTpHM MOJIHBIA JHCKpeTHHH a-mepcentpod B ¢ (1, 1, 1)-Hedi-
ponamu, ¢ KBagpatHofl (n X n)-ceTyaTKOH, paCCUHTaHHBIA Ha pacmo-
3HaBaxHe ABYX 006pa3oB P u Q. O6pa3 P COCTOHT H3 n FOPH3OHTAJIBbHBIX
JHHHE, a o6pas Q— H3 n BepTHKa/bHbIX JHHHH. Kaxkpas u3 stux
JUHHIA COCTaBJIAET OT/IeJbHOE H3o6paxenHe. B npeawayimem naparpage
OTMeuaJsioch, YTO MepcenTpon B MOXHO paccMarpHBaTh KaK HaunGoJiee
XapakTepHplfl TpeNCTABHTEIb KJacca nepcenTpoHOB CO CJyYalHBIMH
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¢BsI3AMH HelipoHoB ¢ cerdartkofi. CoryiacHo Teopeme | H cJenylomemy
3a Hell KopoJsulapHio U3 paGoTthl Posen6sartra [69], Takue nepcentpoHs,
[IOCTPOEHHEIE HA HENPEepbIBHBIX HEAPOHAX, € BEPOSITHOCTBbIO, CKOJIb.
yroguo OJH3KOH K eJHHHIE, TPH CaMOCOYYEHHH HOJKHBI CTPEMHThCH
K COCTOSIHHIO, B KOTODOM BCe H306GDAaMKEeHHs OTHOCSITCSI K OJAHOMY H
ToMy ke obpasy. Tokaxewm, uto 1/s nmepcentpona B noaobHoe yTBep-
JKJeHHe HeBepHO.

Jlerko BHAeTb, YTO HJA MNePCenTpoHa B MOXKHO Bbléparb Jobbie
HauaJ/lbHble YCJOBHA. Humcned epanuyeid modyireld HauassHblx yCnOBHH
6yjneM Ha3biBaTb HauMesbllee U3 uncen |V (0)| (i =1, 2, .., 2n).IIpn
NPHHATHIX TPEANOJOKEHHAX CIpaBefJHBa CJefyiomas TeopeMa.

Teopema 1. a5 2106020 cKOAb Y200HO MAA020 NOAOHCUMEAbHO2O
qucaq € naidemcs makoe wucao S, 4mo 8 cayuae, K020Q - HUNCHAA
epanuya wmodylell HauaibHeix Ycaosull npesocxodum S, nepcenmpon
B ¢ pexcume camoodyuenuss (C pagHoBepOAMHbIM NOABACHUeM 8CeX U30-
bpascenull) ¢ seposmrocmvio p>1—e coxpansem HawaibHyw0O KAaac-
cugukayuio usobpasceiull. 7

JokaszarteabcrtrBo. OG6o3nauum Gyksoit N jjuHy o6y~
yalolel MocaejoBaTe/JbHOCTH [ a v;— 4HCJIO TMosBJeHHi {-ro H3o6pa-
xenusa (I = 1, 2, ..., 2n) B 3T0i1 mocsegoBarensHoctH. [Tyets V, (0) =
=x; (=12, .., 2n); k; — MHOKeCTBO BCex HHJIeKcOB | (H3006pa-
JKeHHi1), OTHOCSAMIUXCA K IPOTHBOMOJIOXKHOMY II0 CpPaBHeHHIO ¢ [ 06-
pasy H TaKHX, YTO 3HAaK X; COBNAjaeT CO 3HAKOM X;; Z; — MHOXECTBO
BCeX HHIEKCOB j, OTHOCALIMXCA K MPOTHBONOJOXKHOMY MO CPaBHEHHIO
¢ i o6pa3y M TaKHX, YTO 3HAK X; NMPOTHBOMO/OKEH 3HAKY X; (HYJb,
KaK H paHbllle, CYHTAETCHA TPH ITOM MOJIOKHTEILHEIM YHCJIOM).

Kax Owbilo nokasano B npejbilyuieM naparpadge, npoM3BOJbHBIA
snemedT T;; XapaKTepHCTHYeCKOH MATPHLbI MepcentpoHa B paBni-
erca n2(n— 1), 0 uan (n — 1)2 B 3aBHCHMOCTH OT TOrO, HHJEKCH
H | COBMAJAlOT HJ/H He COBMANAIOT, HO OTHOCATCA K OJHOMY H TOMY
e o6pasy, HJH He COBMAJAlOT H OTHOCATCA K Pas/IHYHBIM o6pasam.
Henonb3zys 310 obctositenbeTBo, ¢ nomouibio dopMydst (100) Jerxo
y3HaeM, 4TO HCXOJHas KJaccHQHKauHsi H3o6pakeHHH COXPAHHTCA B

npouecce camoo0yueHHs, ecju AJas Bcex N = 1, 2, ... 6yayT BHIIOJ-

HSATbCSL HepaBeHCTBa

n?(n— 1w, —}—(n—1)2(2v—~2 )+[x1>0 (i = . 2n),
jek; iez;

H TeM OoJee, ecqiH OYAYT BHIOJHEHbl HEPABEHCTBA
nin—1lv,—n—132 Y v, +x>0 (=12...,2n), (102)
iek,-Uz,-
rle ¥ — MHHHManpHoe H3 uHces |x,|(i = 1.2,.... 2n). B cBow

ouep2/b, HeTPyAHO NposepATh, 4TO HepaBeHctBa (102) BeimOMHAIOTCA,
€CJIM BbIIOJIHEHB! HePaBeHCTBa

1 2x .
<'W<1 +N@‘-——_l)> (i=1,2...,2n. (103)

v, ]

N on
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1 .
[pu 0603HaYeHHH BEJHIHHBL i 6ykBOHi 8, OueBHJHO, HEPABEHCTBA

(103) 6yayT 3aBejOMO BLINOJIHEHbI, €CJIH BBIMOJHSIOTCS HEPaBEHCTBA

<& (i=12...,2n). (104)

Vi1
N 2n
B cuay teopembl 4 u3 § 3 nacrosmieil TJaBbl, CYIECTBYIOT HOJO-

JKHTeJIbHble KOHCTAHTHl a H b, He 3aBHcAumHe oT N H Takue, 4TO Be-
podaTHOCTb Py HeBblOJIHEHHd XOTH Ob! 0fIHoro H3 HepaseHcTs (104) npu

a -
N1060M (HKCHPOBAHHOM 3HAueHHH N HMeeT oleHKy Py< — e N,

No=75
BepostHocTh HeBumo.iHeHHst XoTsd Obl 0HOrO H3 HepaBeHncTB (104)
(==
a —~bN
e

1714 3Hayenniit N ot M 110 x He IPEBOCXONHT CYMMBHI psija

ol —

N
N=—nl

a et
a 3Ta cymMMma, OYeBHJHO, MeHbile yeM R(M)= i* T—=t-Tlpu M~ o0

Mr—z 1€
BesuynHa R(M) crpemutrcsi K Hymo. DBroiGepem M rtak, utoGwl
R(M) <e.

Bei6upas renepp S=2(M— l)n*n— 1), noyunm, yto npH x_>S Hepa-
BercTBa(103) BuimoJHEHHI A1 Beex 3HaveHHA N = 1, 2, ..., — 1.
B cuay e BoiGopa M, jaa Bcex oCTaJbHBIX — 3HAYeHHHE N
nepapenctsa (103) BHIMOJHAIOTCA € BEPOATHOCTbIO, GOJbLIEH 1 —&.
TlockosbKy BblnoJHeHHe HepaBedHcTB (104) s Bcex 3HaueHH# N or
| no<{oo o3HaYaer COXpaHEHHEe HCXOJIHOM KJacCH(pHKALHH H306paxe-
HUH, TO TeopeMa J0Ka3aHa.

Teopema | nokaseiBaer, 4To npH JocTatouHo GOJBLIMX HAYaNbHBIX
3HAYEHHAX BBIXOAHBLIX CHTHAJIOB I/ BceX H306pamKeHHH PacCMOTPeH-
Hblfi nepcenTpoH (PAKTHYECKH TMOYTH JIHIIEH CIOCOGHOCTH He TOJBbKO
camooéyqarb(:ﬂ, HO Jjaxe I[POCTO H3MEHATb H3HadaJbHO 33]1aBaeMylo
emy ksaccHdHkauuio Hsobpaxkenuil. M3 pokasaresbcTBa TeopeMs! Jer-
KO BHJETb, YTO OCTalOWaAcs HPH 3TOM ¢yadas CrocoOHOCTbL K CaMo-
U3MeHeHHIO HMeeT HaHOO/IbIIYIO BeJIHYHHY B CJlyuae MPaBUJIbHOH HCXO-
Hol Kyaccudukauud. MHbIMH clloBamMH, mepcentpoH HaHMeHee CKJIOHEH
K COXPAHEHHIO WMeHHO TNPAaBHJILHOIO crmocoba (YHKLUHOHMDPOBAHHUA.

Paccmotpum B-3akoH noouipenHs. C 2Tofi LeJblo (DHKCHPYeM Npo-
H3BOJIbHOE YHCJIO f§, 3aKJIIOYeHHOe MeXKIy HyJeM H efHHHUed, U pac-
CMOTPHM NPOH3BOJIbHBIA CHMMeTPHYHBIE mnepcenTpoH C ¢ f-3akoHOM
NOOILPEHHS, XADAKTEeDHCTHYECKAasi MATPHIA KOTOPOFo JHAroHaJjbHa,
T. €., HHbIMH CJIOBAMH, HMEET OTJIHYHBEIE OT HYJs 3JEMEHTH TOJbKO
Ha raaBHofi auaroHanu. Kak mokasano B mpeamjyuieM maparpade,
TAKUM CBOHCTBOM 00JiajaeT cHMMeTpHuHbll mepcentpon C, ¢ (1, 1, 1)-
HeADOHAMH, KOTOpBIi paccyMTaH Ha paclo3HaBaHHe T'OPH30HTaJb-
HbIX W BEPTHKAJBHBIX JHHHA H Yy KOTOPOrO BXOJbl KaXKAOro HeldpoHa
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MOACOENHHAIOTC K 3JIEMEHTAM CeTYaTKH, DAacnoJIOKEHHHIM Ha ozmou
FOPH30HTAJH HJH Ha OJHOH BepPTHKAJH.

B cayuae f§-3akoHa mooupeHHs OCHOBHOE PeKyPPEeHTHOe COOTHOHIe-
HHe JJISi Ofpelle/ieHHs] BBIXOJHbIX CHIHAJIOB 3aMHLIETCS

V() = (1 —B)(V, () + T,sign V, (). (105)

O6o3nauenns 3aech TOYHO TakHe XKe, Kak H B ¢opmyJe (100), npu-
YyeM 3TO COOTHOIUEHHE TaKiKe CnpaBejJIiBO 1/l POH3BOJIbHBIX JHCKPET-
HbIX CHMMETPHYHBIX MEPCENTPOHOB. B ciyyae nmepcenTpoHOB ¢ jHAro-
HaJbHO! xapakTepHcTHYeckod MaTpHuell o6a cjaaraeMbiX B I[1paBol
yactd gopmya (100) 1 (105) uMeroT Bcerna OJHH H TOT XKe 3HAK (cayyai,
KOFjla BTOpOe cJjlaraeMoe paBHO HYJIO, HCKJIIOYaeM H3 PAacCMOTPeHHd).
OT1cr0ja HenocpeCTBEHHO BhITEKaeT CNPAaBeAJHBOCTD CJEAYIOUIEro npen-
JNOKEHHU .

Teopema 2. Juckpemuvul cummempuinoii nepcenmpon C ¢ dua-<
2OHAALHOL  XAPAKMEPUCULECKOL Mampuyell NOAHOCMbIO  AULUEeH CRno-
cobrocmu Kk camoobyqenuro (m. e. coxpansem HeusmenHol awbyio 3a-
dasaemyto ucxo0HY0 Kaaccupurkayuo usodpaxcenHutl) Kak 8 caydae a-3a-
KOHQ NOOWpenus, max u 8 caydae B-3aKOHG NOOUWPeHUS. )

Jlerko BHjeTb TakiKe CHPABEAJAMBOCTL CJEAVIOUIETO INPeNJIoKeHU .

Teopema 3. Hukaxol OuckpemHsili cummempudHsitl nepcentnpor
(xax ¢ a-, mak u c B-3akonom noowpenus), pabomas 8 pexcume camo-
00yenus, He Moxcem USMerume uCxXo0HOU Kaaccugpuxkayuyu usobpasice-
HUl, ecau 3ma KiacCupuKkauyus OmHocum 6ce usoopamenus Kk 00HOMY i
momy e obpasy.

[Tonyuennbie HaMH pe3yJbTaThl MOXKHO PAaccMaTpPHBATh KaK KOHTP-
npuMepsr K pesyJssrataMm Posen6sarra [69] B Toil Mepe, B Kakoil HpH-
MeHEHHble UM pacCy¥KIeHHsl OTHOCATCH He TOJbKO K HeNpPephIBHBIM,
HO ¥ K JMCKpeTHbIM HefiponaM. Bo BcsikoM ciayyae 3TH pe3yJsibTaThl
CBH/IETEJILCTBYIOT O TOM, YTO ACHMITOTHYECKOe MOBejeHHe mnepcenTpo-
HOB B DexHMe caMooOyueHHs sBJsercd ropasic 6oJjee CJOXKHBIM H
TpeOyeT 3HAYHTE/bHO O0Jlee TOHKHX MPHEMOB JJsl CBOEr0 H3yueHHs
N0 CPABHEHHIO C INpHEMaMH YHCTO KauyeCTBEHHOTO XapakTepa, YIo-
TpebasieMbiMH  PosenGaattom [69].

Hna marnaaHoro mpeacraBjieHds OcOOEHHOCTel MOBEjeHHA Tep-
CeNMTPOHOB B PEKHME CaMOOOY4YeHHs NO CPABHEHHIO ¢ DeKHMOM 06Y-
YeHHs1 PAcCMOTPHM c/ayyad, Korja 4ucjo H3o0paKeHHH DaBHO JBYM
(Kaxabiii o6pa3 COCTOHT H3 OJHOFO-eIHHCTBEHHOTO U300paXKeHHs).
dror cJayyaid JAomycKaeT npocTyio rpadHuecKyil0 HHTepMpeTauHio.

IlpepBapHTe/ibHO 3aMETHM, YTO B CJydae HaJHYHA ABYX 00pa3oB
(HO TIPH nNpOH3BOJLHOM uYHCJe H300paKeHHil) GyHKIIHOHHPOBAHHE
MepcenTpoHa B pexHMe ofyuyeHHd, Kak H B DeXHMe camoo0yyeHHS,
ya06HO XapaKTepH30BaTh BEKTOPOM ¢ KoMnoHentamu V; (/) (cM. Belwe).
OCHOBHOe pPeKYyPPEHTHOe COOTHOUIEHHe AJs 3THX KOMIOHEHT Oyjaer
HMeTb, OYEBHJIHO, BHJ

Vi =V0xTy T (106)
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DTO COOTHOLIEHHEe cTPABEANHBO /s JioGof napbl H3o6paxenu i, f
H a4s mo6oii obyuaiomieii mocJenoBaTesbHocTH [, BTopoe cnaraemoe
B MNPaBofi 4acTH Gepercss CO 3HAKOM ILIIOC, €CIH H306paKeHHIO | B
NPaBHJBHON KJACCHPHKAUHH OTHOCHTCSI TOJIOMKHTE/bHBIA BbIXOAHOH
CHrHaJ, H CO 3HAKOM MHHYC,  €CJIH COOTBETCTBYIOMIHA BbIXOJHOH CHTHAJ
JIOJKEH OBITh OTPHIATEJbHBIM. ~ .

PacemoTpuM  gHCKpeTHBIE CHMMETPHYUHBIH [1€PCENTPOH ¢ @-33KO-
HOM TMOOMIPEHHs], XAPAKTEPHCTHYECKOH MAaTpHIiedl KOTOPOro CJIYKHUT

ig‘,l‘ne a>b> 0. Ilpeamosokum, 4ro TPH npa-

matpuua T ==

Puc. 13. ’ Puc. 14.

BHJIbHOH KJAacCH(PHKAUHH INepBoe H300paxKeHHe JOJKHO HHILYLUPO-
BaTh MOJIOKHTEJNbHBI BBIXOAHOH CHTHAJ, a BTOpoe H3o0pameHue —
OTpHLATe/IbHBIA BLIXOAHOH cHrHaJj. OTKJaabiBas MO FOPH3OHTAJbHOR
ocH koopauuary V, (/), a mo BepTHKaJbHOH OCH KOOPJHHATY Va(l),
conocraBuM Kaxaomy Bektopy (V(!), V.({)) HexoTopylo TOUKy mJo-
ckocTH. Bol6Hpas no ogHofi Toyke B KaXjAOM KBaJpaHTe, HOJYYHM
HarJsiiHoe mpejcTaBJjende JeiictBus Gopmyast (106) (puc. 13).

Ha puc. 13 6yxBoit T, o6o3HaueH BekTop (a, b), a T,—BekTop
(b, a); xapakTepHOH OCOGEHHOCTbIO peXKHMa o6Gy4yeHHs ABJAETCA TO,
YTO HAampaBJIeHHsl BEeKTOPOB (ONpefeIAIONHX CJydaiinble OJyXKaaHus
TOYKH HA pelleTKe) He 3aBHCAT OT PACHOJIOXKeHHs TOYeK HA MJOCKOCTH.
PaBHozeficTBylOmAaa 3THX BEKTOPOB BCErja HAampaBJjeHa B CTOPOHY
TOFO KBAJDAHT4, B KOTODOM 3HAKH KOODJAHMHAT (BbIXOJAHBIX CHTHAJIOB
NepcenTpoHa) COOTBETCTBYIOT NMPAaBHJbHOR KjaccHDHKAUHH (B JAHHOM
clyyae TaKHM KBAJPaHTOM sABJSETCA 3alITPHXOBAHHBIH — 4YeTBePTHIf
KBaJIPAHT).

Iasa cayuaa pexuma caMoo6yueHHs HHTepIpeTalHs COOTBETCTBYIO-
me# dopmyasl (100) npencrasnena Ha puc. 14. B oTyMyne oT mpeasi-
AYyIlero cJydasi, HampaBJleHHsl BEeKTOPOB, ONpefesiOIHX cJydaiHoe
6nyxKJaHHe, Pa3/MUHbLl B DasJHYHBIX KBajpauTax. Q6o3HauyeHHs Bek-
TOPOB TakHe e, Kak ¥ Ha pHc 13.

Herpyaso 3aMeTHTh KayeCcTBeHHble OTJIHYHS CHTyallHH, H"300pa-
HeHHOH Ha pHC. 14, oT cHTyauuH, u3o6pamxenHoil Ha pHc. 13. Ilpexje
BCEro TepBBI H TPeTHi KBajpauTel (Ha pHC. 14 OWW 3amITPHXOBAaHbI)
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renepsb 06.13JaI0T JIOBYIUIEYHBIM CBOHCTBOM; TOYKA, MONaBHIAd B MPO-
qecce cayyafiHOro GaYyXKAaHHS B OJUH H3 3THX KB3JPaHTOB, YiKe. He
MOXKET HHKOTJa BLIOPATbCH H3 HEro.

[Tonaganve B 3TH KBajpaHThl O3HayaeT (DAKTHUECKH OTCYTCTBHE
KakoH-MH60 KJjaccubHkauHu (06a H306paxKeHHsl NPUYHUCISAIOTCS K OfHO-
My HTOMy mKeobpa3sy). Bmecte ¢ Tem H3 KkBaapaHTa, COOTBETCTBYIOIIETO
NpaBHJbHOH KJaccubHKAUWH (4eTBEPTHIH KBAjJpaHT), KAk H H3 KBa-
JpaHTa, COOTBETCTBYIOWErO MPAaBHJbHOH KJIACCHPHKAUHH C TOYHOCTHIO
JO 3HaKa BbIXOJHOTO CHrHaJa (TpPeTHH KBajpaHT), BCerja HMeercs
HeHyJeBasi BePOSATHOCTb BBLIXOAA B COCeHHe KBaJpPAaHTHL

PaccmarpuBast BO3HHKIIVIO CHTYALHIO B YHCTO KaYeCTBEHHOM IIJIaHe,
nofo6HO ToMY, Kak 3To jaejaer Po3en6aatt [69], Mbl Jo/KHBE GbinH Obl
TIPHATH K BBHIBOAY, Y4TO H3y4yaeMblH HAMH MEPCENTPOH ACHMITOTHUECKH
CTPEMHTCH K COCTOSIHHIO, B KOTOPOM Ha BCe H306paKeHHs JaloTCsl Bbl-
XOJIHble CHTHAJBI OJHOIMO H TOro Ke 3HAKa (OTCYTCTBHE KaKOMi-JHO0
kJaccudukauun). bBosee TouHoe paccMoTpeHHe (MOBTOpsiOlULee BHI-
KJIaJKH, TPOH3BEJEHHBbIE NPH JOKA3aTe/JbCTBe TeopeMbl 1) MPHBOJHT,
OJIHAKO, K COBEPIIEHHO APYFOMY BBIBOAY: KAaK H B cJyyae Teopemsl 1,
IPH JOCTATOYHOM yJAJeHHH HauaJbHOH TOYKH OT IPAaHHL KBaJpPAaHTa
BEPOAITHOCTb MPCJAOJKEHHs1 cjyyadHoro Oayxkianud 6e3 BhIXoga H3
9TOTO KBajpPaHTa BO BCEe MOC/ENYIOHE MOMEHTHI BPEMeHH (BIJIOTH J0
HECKOHEUHOCTH) MOKeT ObITh CjieJlaHA CKOJIbKO YPOfHO OJH3KOH K eaH-
HHILe.

Tem cambiM euwie pa3 moATBEPXKJA€TCS OMACHOCTh, BO3HHKAIOIAs
‘B TOM cJydae, Korga oOiide BbIBOAbI 06 ACHMITOTHYECKOM MOBEJeHHH
[IePCENTPOHOB B peXHMe caMooOyyeHHsi OCHOBBIBAIOTCS HAa paccy-
XKJEHHAX YHCTO KayeCTBEHHOrO Xapakrepa, He NOJITBepPKJAEHHBIX TOY-
HBIMH PacueTaMH H OLIEHKAMH. ' '

§ 8. JlorHueckne KiaacCHPHKaNHOHHBIE CHCTEMBI
H MalHHbI YCJIOBHOH BEPOSATHOCTH

CHCTeMbl fJ1 pacno3HaBaHus o6pas3oB, DPACCMOTPEHHBIE B IIPellbl-
Aymux naparpadax, npeactaBafioT cobofi yctpoficTBa A/s KJaccH(H-
KallHH HEKOTOPHIX MOJMHOMKECTB B NPOCTPaHcTBe H3o6paxenuit. Opu-
€HTHPYACH H3 3pHTe/bHBIE, 3BYKOBHIE H JIpYFHe HellPepLIBHbIE 110 CBOEH
npHpoAe o6pasbl, Mbl MEPEHOCHJH B TOH MJH HHO{l Mepe CBOHCTBO He-
NPepbIBHOCTH H HA COOTBETCTBYIOLIHE KJACCH(PHKALHOHHBIE CHCTEMBI.
IeficTBHTENIbHO, fAadKe B CcJyuyae 3aBeJOMO JHCKDETHHIX peLenTopoB
runore3a N-3KCTPanoJHPyeMoCTH 00Opas3oB, OT[aBast JaHb HeENpepbiB-
HOCTH 06pa3oB, MO3BOJAJa OTOHPATh JJiA KJAAcCHGHKALHH TOJBKO
HEKOTOPBIE, B COOTBETCTBYIOLLEM CMBICJIE ¢XOPOLIO YCTPOEHHHE» MHO-
KectBa., To Ke caMoe HefBHOE HCMOJIL30BaHHE CBOHCTBA HEMNPEPHIBHO-
CTH 06pa3oB HMeeTcs H B MePCENnTPOHAX (B TOM YHCJE H JHCKDPETHbBIX),
a TakXe H BO BCeX APYIHX YINOMHHABUIMXCA B NPeALIAYILIHX maparpa-
tdhax ajqropHTMax H ycTpoHCTBax JAJis pacrnosHaBaHHA 06pasoB.

OrpaHnueHHe 4YHCNA TOAJEKALMHX PACCMOTPEHHIO H KJACCH(HKA-
LLHH TIOJMHOXKECTB MPOCTPAHCTBA H300paXKeHHil B cJlyyae 3pHTe/IbHBIX,
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3BYKOBBIX M ADYTHX HeNpephIBHHIX IIO CBOejl NPHPOAe 00pa3oB UMeeT
NpHHUKNHAJABHOE 3HaudedHe, HO0 0e3 TaKoro OrpaHHuYeHHsl 3ajaua
pacno3HaBaHHA 3THX 00pa30B 6bl1a Obl IPAKTHYECKH HE Pas3peluMoil.

LeiicTBHTeNIbHO, B c/yyae, KOTAA CeT4aTKa COCTOUT M3 1 JIBOMYHbBIX
perenTopoB, MPOCTPAHCTBO H300pameHHH cocTOMT H3 [(n) = 27 pas-
JHYHbIX H300pameHHH H HacuutbiBaeT Q(n) = 22" pasjiMunbLIX MoA-
MHOXKECTB — BO3MOXKHHIX JHCKPerTHeIX obpasoB. Bropas u3 3Tux Be-
JIHYHH yXKe NMpPH 1 = D NpeBLIIAeT YeThipe MUJINAD/1A, a [epBas HpH
TakoM OTHOCHTEJLHO MaJIOM d4HcJie peuentopoB, Kak 100, n3obpa-
)aercs eJHHHUEH C TPHAUATHIO HYJSAMH!

B cHny npHBegenHbIX cooOpameHHi CTAHOBHTCA SICHBIM, YTO 3a-
Jlaja TOCTPOEHHSl YCTPOHCTB, XpaHAmMX (HJI¥ BrIPAGATHIBAIOIINX)
IIDH3HAKH BCeX BO3MOXKHLIX 00pa3oB, A/l CKOJbKO-HHOYAb OOJBIIHX
3HaUeHHH £ MNpAaKTHYeCKH He paspemrnMa. Bmecte ¢ Tem B cJayuae,
KOIJa 4Mc/10 (IBOHUYHBIX) PELENTOPOB He NpeBhbilHaeT OJHOTO-MOJyTOpa
JeCATKOB, MPAKTHYECKH BIIOJHE BO3MOMKHO MOCTPOHTb MAUIHHY, CHO-
COGHYIO 3alOMHHATh H IIPOH3BOAUTL Pas/iHYHLIE OMEPAUHH CO BCEMH
H300paKeHHAMH (HO He cO BCeMH 06pa3aMH), KOTOPble MOMKHO BO-
CIIPHHATL C TIOMOIIbID COOTBETCTBYHOIIel CETYATKH.

Mamnnel, KaaccHQHUHPYIOUIHE BCEBO3MOAIHBIE H300paKeHHs, Ko-
TOPbLI€ MOXKHO TMO0JIy4yath OT JBOMYHBIX DeLenropos, OyleM Ha3LIBaTh
AO2UHECKUMW  KAQCCUDUKALUOHHLIMY — Mawuramy. OnHileM OJHY H3
BO3MOKHBIX CXeM MOJ00HbIX MALIHH, NpefJo:KenHyio ATtan [2).

na kaxaoro csoticmea H306paKeHHsl KjgacCH(pHKAUHOHHAS Ma-
mWHHA ATTIH COAEPKHT TaK Ha3plBaeMLl PAaClO3HAOIWHHA 3JEMEHT,
Bo30yxaaouKiicsa noj jefdcTBHeM 3Toro cBoficta. Ilog cBoiicTBoM H30-
GpaKeHHsl 3hecb H jJaJiee MOJAPA3yMeBAeTCsl HAJHYHE y HEKOTOpOoro.
mHOKecTBa M pellenTopoB (3aBHCAIIEro OT BHIGOPA COOTBETCTBYIOULETO
CBOIICTBA) onpejeseHHol KOMOAHAUMH BBIXCAHBIX CHFHAJOB (HYJEBLIX
H eHHHYHBIX). PellenTopsl, He BXojdilHe B MHOXKECTBO M, MOTYT HMeTh
NIPH  3ToM JoGble BHIXOJHBIE CHrHAAH., CBOACTBO, 3aKJodalomieecs

B TOM, 4TO PeLeNnTopbl ¢ HOMePaMH iy, iy, ..., {,, UMEIOT €IHHUYHbIH BLI-
XOJHOH CHFHaJ/, a pelenTopl ¢ HOMepaMH f,, ja, ..., j, — HYyJeBOH
CHTHAJ, YCJAOBHMCS 0603HAYATD (L1, Ly, ..oy bps J1s f20 -ovs dp)-

W3 npuBefleHHLIX OnpellesieHHil CTAHOBHTCS SICHBIM, 4TO 3ajaHHe CBOi-
CTBA 3KBHMBAJIEHTHO MNPHIHCHIBAHHIO BBLIXOJHOMY CHFHaJjly perenropa
CeTHYaTKH OJHOTrO H3 TPeX 3HAUEeHHH : e[MHHIA, HYb, Ge3pasanyHo. Ecin
ofllee YHCJIO COCTABJIAIOUIMX CETYATKy pellenTopoB 0O03HAYHThL uepes
N, To, Kax Jierko MoHATh, NPH 06II1eM YHCJIe H300PpaKeHHHd, PaBHOM 2V,
9HCJI0 Pa3JIHUHBIX HX cBOHCTB Oyaer pasno 3V, Bce cwoiictBa mo6oro
JlaHHOTO H300paKeHHst MOTYT ObITb NMOJY4EHbI ¢ MOMOLIbIO 3aMelleHH s
Kaxcro-au6o 4HC/a COCTAaBJ/SIOWHX 3TO H300paKeHHe CHTHAJOB (HY-
JIeBbIX H €IHHHUHBIX) CUMBOJIaMH Ge3pasjHyds. UHCJIO TaKHX 3amele-
HUH (a 3HA4HT, H YHCJIO CBOHCTB KaXKIOro usobpaxcenus) Oyaer, ode-
BHAHO, PaBHO cymMe Cy+-Cih-+...+-Ch=2N. Takum o6pasom, Kaxjoe
u3obpaxenHe BHI3bIBaET Boséymeﬂne 2N 3/IeMEeHTCB  KJacCH(pHKa-
1IHOHHOU MAUIHHBL. , . :

'
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HasoBeM [-bIM 34eMEHMApPHBIM CBOIICIMBOM CBOBCTBO HM306paKeHH s
BO30YXK/aTh (- PEUentTop, a no3umueHsiM ceolicmeom —— Joboe obbe-
JUHeHue 3JeMenTapHbIX CBOHCTB. IlpH N JBOHUYHBIX penentopax uMe-
ercst Bcero b N 3AeMeHTapHBIX CBOHCTB. $ICHO TakkKe, 4TO 3ajaHue
JI000IV TMO3HTHBHOIO CBOHCTBA 3KBHBAJEHTHO 33JaHHIO HEKOTOPOTro
NOAMHOXKECTBA pEUENTOPOB, HHIAYUHUPYIOUIHX €IMHUYHbIE BBIXOLHLIE
curpagn. O6Liee YACTO MO3UTHBHBIX CBOHCTB PaBHO, TakHM o6pasom,
YHCJIy MOJMHOMECTB MHOXeCTBA H3 NV 3/1eMeHToB, T. €. 2V,

Onucannyo Bbille KJIaCCHPHKAUMOHHYIO MAIIHHY, CrOCOOHYIO pas-
JIHYaTh JIoOble CBOHCTBA HM300paeHuit, ATTAH HasHBaeT GunapHol
Kraccugpukayuonrold mawunoll, B OTJHYHAE OT TaK HAa3bIBAEMOW yHu-
maproll KAQCCU(DUKAYUOHHOL MQULUHbL, CITOCOOHOH pas/inyaTh JHLIbL
MO3UTHBHLIE CBOHCTBA. JIerkKo BUJETb, UTO [/ BCSKOH OHHAPHOH Ma-
UIMHB] CYyUIECTBYyeT 3KBHUBaJIeHTHad el (1o MpoM3BOAHMMON KJacCHbH-
KAlHy) YHATApHAS MALIUHA, COAEeDPrKAlas YABOEHHOe YHCJIO PEeuelTo-.
poB. JocTaTouHo K KaXJOMY pelentopy, pPeardpyiouieMy Ha To UK
HHOE 3JIeMeHTapHOoe CBOHCTBO, J0GaBHTb pelenTop, pearupymrouiui Ha
OTCYTCTBHE 3TOTO CBOHCTBA. XOTH, HA MePBhIA B3IJSA, NOCJAE 3TOTO No-
HagoOuTcs 44 pacnosHAaOUWMUX 3JEMEeHTOB, OJHAKO B AEHCTBHTEJNBHOCTH
MHOIHE M3 HHUX OKAaXyTCs JHMIIHMMH, TOCKOJBKY HHKOrja He OyayT
Bo36yxaathed. Ilocne ycTpanenust JHMIIHHX 3JE€MEHTOB YHCJO OCTaB-
IIHXCSl 3JieMeHTOB OyleT B TOWHOCTH TO K€ camoe, uTo H B Cjayvae OH-
HapHo#l Mamuubl, T. e. 3¥. [IpocTora cBepenust GMHAPHBIX MALIHH K
YHUTAPHBIM [I03BOJISIET HAM B JaJjbHeHlIeM OrPaHMYHUTBCH pPaccMo-
TpeHHEeM OJHUX JIHIIb YHHTAPHLIX MAIIHH.

PacrnosHatoie 371eMenTol YHATapHOH KJIacCHPUKAMOHHOH MaIliuHbt
¢ N peientopaMu yAoOHO NIpenctaBJsTh ceGe B BHIE HEHPOHOB, UMe-
IOLMX OT OHOTO 0 N BXOAHBIX KaHAJOB U CMOCOOHBEIX BO3GYKAAThCS
JIHIIb B CJydYae OJHOBPEMEHHOTO BO30Y:KIEHHS BCEeX CBOMX BXOAHBIX
kKananoB. Kaxjblli M3 BXOIHLIX KAHAJOB HeHpOHA MOACOeAMHSETCH K
BLIXOJHOMY KaHasy Kakoro-nu6o penentopa. Heiipon ¢ Bxoxamu, noja-
COEIMHEHHbIMH K DELeNTOPaM C HOMepaMH iy, Iy, ..., [y, OyIeT CooTBeT-
CTBOBATb MO3HTHBHOMY CBOHCTBY (iy, f5,..., {,) H BO30YXKAAThCs1 JHUIIb IPH
HaJHYHH 3TOro CBOHCTBA B pacno3HaBaeMoM H3o0paxkenuu. Jlas
Toro 4ToObi ofllee YHCJO HEeHPOHOB PABHFJOCH B TOYHOCTH 2N, He-
00XOIUMO TIPEANoJIaTaTh HaJM4Ue elle OJHOro HelipoHa 6e3 BXOAHBIX
KaH4JI0B, BO30YyXKJAAIOUIErocsi MOCTOSIHHO BHE 33BHCHUMOCTH OT pac-
NO3HABaeMOro H3o0paxKeHHs. DTOT HepOH COOTBETCTBYeT CBOHCTBY,
ABJSIOMIEMYCS KoMOMHALKeH NYCTOTO MHOXKECTBA  3JeMEHTApHBIX
CBOHCTB.

PaccMOTpHM MPOM3BOJIbHEI pelentop [ M BCe MO3UTHBHbIE CBOI-
C1Ba, cojaepiKaiide 3Jementapuoe cpolcrso . Cpenu 3THX CBOHCTB
¥MeeTCsl TOYHO OJHO CBOFCTBO, COjiepiKaliiee OJHO 3JIeMEHTapHoe CBOH-
CTBO (B Jl@HHOM CJlyuae 3To GyjieT CaMo CBOHCTBO i), TOUHO Ch_y = N—1
CBOJICTB, COJEPXKAmUX MO ABA 3JEMEHTAapHBIX CBOHUCTBA (BCe CBOJiCTBA
Bura (i, j), rae j = i), TOYHO C?\,_, CBOIICTB, COJEpXKAUIUX NO TpH 3Je-
MEHTapHbIX CBOUCTBA, U T.J. B yHHTapHO# Mamuue KaxJIoMy H3 M03H-
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THBHMBIX CBOMICTB COOTBETCTBYeT OAMH HefipoH. O6ulee UHCIO HEHPOHOB,
NOJICOEIMHEHHEIX K PelenTopy i, BEIPa3suTCcA CyMMoit 1 - C,'V_l +C12v_| +
+ ... 4+ CNZ] =2V=1 4To cOCTaB/isieT B TOYHOCTH IIOJOBHHY BCeX
HEHPOHOB B YHHTAPHOH MaIlIUHe, -~

IlpousBops c/ayuailHyl0o BHOODKY HeHpPOHOB MNPH YCJOBHH, 4TO
BCe HefDOHbl CYHTAIOTCH DABHOBEPOSITHLIMH, MPHIEM K 3aKJIOYEHHIO:
BEPOSITHOCTb TOTO, YTO BHIOpaHHBIA TakHM o6pasoM Hefipon OyneT nop-

CoelMHeH K JMI060MY J@HHOMY peuentopy i, paBHa é Takuwm o6pasom,

CXeMa COelMHeHHUl, B KaKoii-To Mepe 0JIM3Kas K CXxeMe YHHTapHOH KJjac-
CH(HKAUHMOHHON MALIMHBI, MoOXKeT ObIThb NOJYyuYeHa B pe3yJbTraTte CJay-
YAHHOTO MNOJACOEMHEHHs HeHpPOHOB K pelentopy C paBHOH BepOSAT-
HOCTBIO TIOJCOEMHEeHHUS UK HenoAcoeqUHeH sl XOTS Obl OAHOTO U3 BXOJ-
HBIX KJdHA/JOB 3aJaHHOTO HelipoHa K .11000MYy penentopy.

B onucanxoli cxeme KjacCu(pUKAUMOHHOH MalUIMHEL (6e3pasnyHo,
OHHapHOH MM YHUTapHOH) MOJHOCTbIO OTCYTCTBYIOT KaKue-JHGO 3Jie-
MEHTHI CAMOOPraHH3alUH HJH CaMoCoBeplueHCTBoBaHAs. [losToMy,
caenys ATT/iM, BBeJeM HU3MEHEHHs W JONOJIHEHHs B CXeMY YHHTapHOM
MAaIIXHb], [OCJe Yero 3Ta MallnHA NpeBPAaTHTCH B TaK HA3bIBAEMYIQ
MOAUURY YCAOBHOU BEpOAMHOCITU.

Hns ynpouenusi o603uaueHuii yCJOBHMCSL [POHU3BOJIbHbBIE MO3H-
THBHEIE CBOHCTBA H300parkenuii 0003HayaTh OGOJbIINMH JIATHHCKHUMH
o6yksaMu. Ecau / m J — nosutuBHble CBoiicTBa, TO uepe3 { | J Oynem
0603HauaTh OO0BEIHHEHWE STHX CBOHCTB, T. €. NO3UTHBHOE CBOHCTBO,
coCTosinlee M3 BCeX 3JIEMEHTApHBIX CBOHCTB, BXOASUINX JHOO B CBOM-
ctBo /, qubo B cRoicTBO J, 160 B 06a 3TH cBolictBa cpasy. Hepes
I N J obosnauaercs nepecewerue CBOHCTB [ U J, T. €., HHLIMH CJIOBaMH,
MO3UTUBHOE CBOKCTBO, COCTOSIILlee M3 BCEX TeX M TOJbKO TeX 3JieMeH-
TapHBIX CBOHCTB, KOTOpbIE BXOIAT OJHOBPEMEHHO KaK B CBOHCTBO [,
TaKk U B CBOHCTBO J.

IlycTs Tenepb Ha BXOJ HEKOTOPOH YHUTApHOH MAalUIHHBI TIOAAETCA
Kakas-inbo obyuarouas nocsedosameasbrocms, T. €., NONPOCTY TOBOPS,
Kakasi-1n60 MnocjejoBareibHOCTh H300paxKenHil. BooGiie roeops, He
BCE YJIeHbl 3TOH nOCJeNOBaTeNbHOCTH 00/1afaloT HEeKOTODHIM (DHKCH-
poBanubiM cBoOHCTBOM /. [lo3ToMy HellpoH, COOTBETCTBYIOmHMH CROIl-
ctBy [/, B030YyX1aeTCsi OfHHMHM 4/eHaMH o6ywarwulell oC/el0BaTe/b-
HOCTH H He& B030yxKjaercs Apyrumu ee ujiexamiu. OTHOLIEHHe YHC/A
u/ieHoB 0o0Yy4aioueli nocJaefoBaTeJbHOCTH, 00Jafaommx CBoicTBoM [/
H, CJel0oBaTelbHO, BO30YXKAAIOMUX YKa3auHblil Hefipon, K obiieMy
YUCJY UJIEHOB 3TOH [IOCJI€NOBATEILHOCTH ECTECTBEHHO HAa3hIBaTbh 4a-
cmomoid ceodicmeq TIPUMEHHUTENbHO K 3alaHHOH ofydaioilled nociaeno-
BATEJIbHOCTH (KOTOpyio GYyjeM TakmKe Ha3biBaTh HCTOpHeH ofydyeHHs).
Jns 6onee yeTKOro pas3jHunsl C BBOASLLENCS HUXKe YCJIOBHOH yaCTOTOH
TOJILKO HYTO ONpPEAEJNEeHHYK) YAaCTOTy NPHHATO Has3biBaThb OE3YCAOBHOU
qacmornoll.

O603HaunM 6e3yC/IOBHYIO YaCTOTy cBOHCTBa / yepe3 p(/), npu 3Tom
UCTOpHs ofyuyendsl npegnoJjaraercsi (QUKCHPOBAHHOM.
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Bo3snoxXuM HA HEAPOHBI YHUTAPHOH KJACCHQUKANHOHHON MAIUHHEI
JONOJHUTENbHYIO (QYHKIHMIO BhIYHC/EHUsT 0e3yCaOBHOA 4aCTOTHI MOAB-
JIeHHs COOTBETCTBYIOUMX MM CBOCTB. Ecan usobpaxkenue, nogamouie-
ecsi Ha BXOJ MallMHbl, 00/1aaeT HEKOTOPLIM CBOMCTBOM [/, TO COOTBET-
CTBYIOIIMH 3TOMY CBOHCTBY HeHDOH, BBIUHCJSIA H 3amoMuHas Gesy-
CJIOBHYIO 4aCTOTy CBOWCTBa /, BbijaeT B JaHHLIH MOMENT BbIXOJHOI
curaaJj, pPaBHbIH eguHHHe. Ecjn Xe 3TOT HelipoH He Bo3OyxJeH (T. e.
ecJu ouepefHoe H3oOpaxenue He o0sajaer CBOHCTBOM /), TO ero BHI-
XOAHBIM CHTHAJIOM OyneT xpausijeecsi B HeM 3HauenHe OGe3yCJIOBHOM
YacToThl CBOMUCTBa /.

C ykasaHHLIMH JIOTIOJIHEHHSMH M M3MEHEHUSIMH YHUTapHas MalluHa
npHoOpeTaeT yXe HEKOTOpPble 4epThl, CBOHCTBEHHLIE, €CJIH He Camo-
OPraHHU3YIOUMMCS, TO, BO BCSKOM CJyyae, CaMOMU3MEHSIONIAMCH AaBTO-
maTaM. [aJbHelilee yCcOBeplIeHCTBOBaHHE BKJ/ioYaeT B Ce6s NOACYET
TAK Ha3bIBACMBIX YCAOBHLIX HACMOM, KAacCHPUUMPpYEeMBIX YHHTAPHOH
MAaIIHHOH CBOHCTB.

¥ caosrasn wacmoma p(l/J) ceodicmea I no omrowenuro K ceolicmey J

1

npedcmasisem cobold OMHOUWIEHUE HUCAL CAYHAL8 COBMECHIHO20 NOABAL-.

nus ceoticme I u J (m. e., unaue zoeopa, nossrenus ceoilcmea U J) K
obugeny wucay cayaes nossierul ceotcmea J

pUUY)
p) -

Bynem no-npexueMy CUHTaTh, YTO HEHPOHB YHUTAPHOH MAIIHHLL
NOACUUTLIBAIOT ¥ 32MOMHHAIOT 6e3yC/I0BHbIE YACTOTEl COOTBETCTBYIOIHX
uM cBOCTB. KaK M pamHblle, B Clyuyae npamoco BO3OYXKIEHHUS HelpoHa
(T. e. B cJIyuae H3JIMYUA Y OUEPEAHOTO H300PAKEHUS COOTBETCTBYIOULETO
3TOMY HellpOHY CBOiicTBA) HefipOH BbiA@eT CHUIHAJ, PaBHBIH €IHHHIE.
Ojnako Bce HeHDOHB, HEe MNOJBEPTHIHeCH MNPSMOMY BO30YXKIEHHIO,
JIOJRKHE! BHINABATh Tereph He Oe3yCJIOBHbIE, A YCJOBHBIE YaCTOTHI CO-
OTBETCTBYIOIMX HM CBOfcTB. Bompoc COCTOMT JiHlIL B TOM, 110 OTHO-
LUEHHI0O K KaKOMY CBOWCTBY HYKHO BBIUHC/SITh YKa3dHHBIE YCJOBHBIE
YacTOThi. JIerKO MOHATH, UTO B Ka4YeCTBE CBOMcTBA J Hanbo1ee eCTeCTBEH~
HO BBLIOMPATh MAKCUMAAbHOE NO3UMUEHOe CEOLUCME0 PacCMATPHBAaeMoro
u3o6paKeHus, mNpencTaBasomee cobofi obberHHeHHe BCex 3JeMeH-
TapHbIX CBOHCTB, KOTOPHIMH o0Jjajnaer nanHoe H3oOpaxkenue. J[leii-
CTBUTEJIBHO, TOJILKO CaMOe MAKCHMaJjbHOEe CBOHACTBG MOJIHOCTBIO OIpe-
JlefisieT COOTRETCTBYIOlLee eMy H3o0paXKeHHe, TaK 4YTO YCJOBHBIE ua-
CcToThl OYAYT (aKTHYeCKH OTHECEeHBl K YaCTOoTe MOSABJEHHS 3TOro H20-
Opaxenus.

Beenem nousitue noduuHerus LJsi HefPOHOB YHMTapHOH MallMHBL.
Toeopsm, umo netipon A noduurnen netipony B, ecau ceoiicmeo J, co-
omeemcmeyrowjee Hetipony B, sxawuaem 6 cebs ace 3aemeHmaprbie Ceoi-
cmea u3 ceoticmea I, coomsemcmesyroweeo Helipony A.

Hefipon Q, COOTBeTCTBYIOLHH MaKCHMAJILHOMY MO3UTHBHOMY CBOH-
CTBY KAaxKoro-iu6o (bMKCUPOBAHHOIO H300PAMEHUS, XaPaKTepH3yeT-
Csl, OUEBHIHO, TeM, YTO €My MOAUMHEHL BCe HelpoHbl, NPSIMO BO30Y-

. "y
S . N

p (1)) = (107)
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KJA0MKecsT 3THM H306paxeHHeM, 2 OH He NMOAYMHEH HHM OJHOMY H3
STHX HEHPOHOB, KpoMe, pasymeercs, camoro ceGs. Bce mefiponnl, Ko-
TOPbIM NOAYMHEH HeflpOH (, COCTABJSIOT TaK HAa3bIBAEMOE CYNEepMHO-
acecmeo M(Q) storo meiipona. B paccmMarpuBaeMoM cCjyuyae HH OJHMH
Heiipon P u3 MuoxectBa M(Q), kpoMe camoro (), He SBJSeTCs NpsMo
BO30YXKIEHHbLIM U JOJKEeH MO3TOMY BblJaBaThb CHUTHAJ, PaBHBIA YCJIOB-
Hoil wactore p(//J) cBoiictBa [, cooTBercTByWUlero ueiipony P, no
OTHOIIEHHIO K CBOHCTBY J, COOTBeTCTByWulero Heiipony €. Ms onpe-
JENeHNs] CYIepMHOXKECTBA HENOCPenCTBeHHo cJaenyer, urto [UJ = 1.
[Moatomy, B cuay ¢opmyast (107),

110y = 24 108
pUl) =205 (108)

Taknum ofpasoMm, mJisi BCex HellpoHOB H3 cynepmuoxectBa M(Q)
HeilpoHa ) BHIXOJHBIE CHTHaJbl MOTYT OLITH ONpefe/eHsl Mo ¢GopmyJe
(108): poist mosyyenusl BeiXOAHOTO curHasa uefipona P uz M(Q) xpa-
Hslllleecss B HeM 3HadyeHHe (e3yCJOBHOM YaCTOThI COOTBETCTBYIOILErO
eMy CBOHCTB2 HYXHO MOJEJNHTb HA 3HaueHHe (e3yCJOBHOH YaCTOTHI,
Xxpausuleecss B HefipoHe ). YKasanuylo onepauluio AJs MOJy4YeHHs
BLIXO[HbIX CHIHAJIOB HeHPOHOB M3 cynepmuoxectBa M(Q) ArTam Ha-
3bIBaeT onepayueld cyneprowmpoas. Onepanus CyHepKOHTPOJA He NPH-
BOAHT K NPOTHBOPEUHIO H [Jisi CAMOro HeHpoua (J, MOCKOJbKY B 3TOM
cJyuyae BHIXOJHOH CHTHaJ, BuiYHCJeHHbI 1o dopmyne (108), 6yner,
OUYEBHMJHO, PABEH €NHHMIE, UTO COBMAfaeT C MCTUHHLIM 3HAYEHHEM.Bbl-
XOJHOTO CHTHaJia HelipoHa @, moJyyaeMbiM M3 yCJIOBHsl MpPSIMOTO BO3-
OyKIEeHUs 3TOro HeHpoHa.

MtuoxecTBO BCeX HeMPOHOB, MOAUYUHEHHBIX JIOOOMY HAaHHOMY Hel-
pony P, nasoBeM cybamHodcecmeom 3TOr0 Heiipona n oGosnaunM L(P).
Hcnonb3ysi mnousitue CyOMHOXKECTBa, HETPYAHO OMNPEIENIHTh CHoCoG
MOJIyYeHHUsl BBIXOJHLIX CHIHAJIOB J/15 BCEX HEHPOHOB, KOTOpHIE He TOJ-
BepXeHbl B PAacCMaTpUBAaeMblii MOMEHT IMPSMOMY BO30YXKIEHHIO H He
BXOAAT B CYNEPMHOXECTBO melpona (J, COOTBETCTBYIOILEIO MaKCH-
Ma/jibHOMY MO3UTHBHOMY CBOHCTBY pacCMATPHBAaeMOrO HAa JAHHOM LIare
H3o0paxkenns.

OG6o3HaunM MHOXKECTBO BCEeX Takux HelHpoHoB uepes K, H IyCTb
R — npousBosbubiil nefipon u3 K. Ecau no-npexuemy J o3nawaer
CBOHCTBO, COOTBETCTBYIOUlee HeHpony @, [ -— cBOHCTBO, COOTBETCTBY-
oee HefipoHy R, 1o neiipon P, coortBerctByiouuil coictBy [/ UJ,
OyneT, OYEBHIHO, MPHHANJEXKATb cynepmuoxectBy M(Q).

B cuny ¢opmya (107) u (108), BhixogHO! curnas Hefipona R paBeH
BBIXOJIHOMY CHrHaJy Hefipona P. BmecTe ¢ Tem sicHO, yTO HefipoH R
BXOAHT B cyOmuoxecTBo L(P) ueiipona P. Hanpamubaercs no3ToMy
BbIBOJI, YTO BCE HE ONpEeNeHHbIe 10 CHX MOP BLIXOAHbIE CHTHAMB (AJ5
HEHPOHOB M3 MHOXKECTBA K) MOTYT ObIThb ITOJyYeHbl 33 CYET NpPOCTOM
nepellaun BBIXOJHBIX CHTHAJOB HEHpPOHOB u3 cynepmuoxectBa M(Q)
HeilpOHAM COOTBETCTBYIOHIMX MM cyOMuoxecTB. Takyio nepenady BhI-
XOIHBIX CHUTHAaJOB Ha CYOMHOXKECTBAZ €CTeCTBEHHO Ha3BaTb, IO aHa-
JOTHH C CYNepKOHTpoJieM, onepayueil CYOKOHMpoas.
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Opunako onpejesieHHas TakuM ofpasoMm olepauyus CYOKOHTPOJA
He MNPUBOAHT K OJHO3HAYHOMY ONPENENEHHIO BHIXOAHBIX CHIHAJOB,
UOCKOJbKY Kaxiblil HefipoH R u3 K BXORHMT He B OfiHO, &, BooOuje ro-
BOpsi, B HECKOJbKO CYOMHOXKECTB pPas/IHUHbIX HeiipoHoB u3 M(Q).
Jlast ycTpaHeHUsl BOSHHKLIEH HEOJHO3HAYHOCTH 3a8METHM, YTO CDeiH
nogMHoxecTRa f Bcex HeilpoHOB u3 M({)), KOTOPHIM MopuHHeH HefipoH
R, Hyxubifi HaM HelpoH P (COOTBETCTBYIOLIMHA OOBEIMHEHHIO CBOHCTB
I 1 J, KaKk onu ObUIH onpeenenpl Bbie) OyreT NOJUUHEH BCEM OCTalb-
HblM HeHpOHAM 5TOrO INOAMHOXKECTBAa. JIerko BHAeTb, YTO CBOHCTBO
[ U J Gyner uMerb B TaKOM CJydyae HaHGOJbIIYIO Ge3yCJOBHYIO YaCTOTY
cpend CBOHCTB, COOTBETCTBYIOUIMX BCeM Heliponam u3 f. B cuay ¢op-
myJant (108), 3T0 03HAyaer, YTO BHIXOIHOH CHTHAJ HelpoHa P sBaser-
Ccs HauboJIbLIHM CpeIH BLIXOAHBIX CHTHAJOB BCeX HefpOHOB M3 NOJ-
MuoxecTBa f1.

Takum of6paszoM, pis ofecriedeHuss 6e301HOOYHOrO (YHKIMOHH-
poOBaHKS MALIHHBI OMepauusi CyOKOHTPOJS AOJIKHA ObiThb JAONOJHEHA
ele OJJHUM TNPABHJOM: eCAU 8 CUAY Onepayul CYOKORMpPOAL HA KAKOU-
Aub0  Helpox nepedaemcs HECKOAbKO DASAUYHBIX  8bIXOOHBIX CUSHAA0B,
mo cpedu Hux Ooancer boime eviGpan HAubOAbULUIL.

TloguepkneM Takske eule pas, 4YTO onepanusi CyOKOHTPOJS He
NpUMeHsieTCsl K HefpPOHaM, BLIXOJHbIE CHIHAJbl KOTOPHIX Olpefess-
tOTCS M3 YCJIOBHSI NPSIMOTO BO30YXKIEHHs UJHM HA OCHOBE MpHMeHe-
HHUSl OmepauMu CyNnepKOHTPOJS.

YuutapHasi MaUIMHa CO BCEMH O[HCAHHBIMH JONOJHEHHSMH H H3-
MEHEHHSIMH B 33KOHAX (QYHKUHOHMDOBAHHMS HEHPOHOB HAa3bIBAETCH
MAUUROL YCA0BHOL 8epOAMHOCMY. DTO HA3BaHHE OTTeHdeT TOT (akr,
YTO MOACYHTLIBAEMble MAIIHHOH YCJOBHBIE YacCTOThl MPH JOCTATOYHO
JAJUTe/bHBIX HCTOPHSX oOyueHusi, KoTopule GyaeM npepnosararb oObiy-
HO NMPOBOAUMBLIMH [0 CXeMe He3aBHCHMBIX HCNBITaHHH, CO CKOJb YIOLHO
'BBICOKOH CTeNeHbI0 JOCTOBEPHOCTH CTPEMSITC S K COOTBETCTBYIOIINM YCJIOB-
HbIM BEPOSITHOCTSIM OJHHMX CROHACTB IO OTHOLIEHHIO K ApyruM. Ha ma-
LIWHE YCJOBHOM BEPOSITHOCTH MOJIEJNHPYIOTCH IPoUeccH 06pasoBanusi H
yracaHusi TaK HasbIBAE€MBIX YCA0BHbIX pegaexcos. TIpennosoxuM, 4To
Ha NPOTAXKEHUH BCell UCTOPHH o0Yy4eHUS MAIIHHBEI CBOHCTBO J NOABJSA-
JIOCh ITOYTH BCErjla BMeCTe C JPyruM cBoicTBoM /. B Takom cuayuae yc-
JioBHast yacTorta p(J//) cBoiictBa J IO OTHOIIEHHMIO K CBO#CTBY [ Oy-
JeT 6au3Ka K enunune. Ecau Temepb cBoicTBo / mosiBUTCH Ge3 CBOH-
ctBa J, TO peakilusi (BLIXOZHOH CHTHaJ) HeiipoHa (J, COOTBETCTBYIOILETO
CBOHCTBY J, 1Mo CBoeii cusie OyzeT MaJio OTJIHYAThCS OT peakuun Heli-
poHa P, cooTBeTcTByIOUlero CBORCTBY / H MofBeprawomerocs, cJeno-
BaTeJIbHO, NpPSMOMY BO3GYKAEHHIO CO CTOPOHB 3TOTO CBOHCTBA. DyneM
FOBOPHTb B TaKOM CJyuae, YTO 8 MAUiUHE 8blpabomancs ycioeHoul pe-
¢aexc Oaa ceoticmea J no omrowenuro K ceodcmey 1.

Ecan nocsie BBIpabOTKH YKa3aHHOTO pedilekca oH He OylleT nojkpen-
JISITECS Ha NPOTHKEHHH JOCTAaTOYHO OOJIBLIONO YHCJa LIAroB B NocJe-
Aywomell uctopud obywenus (T. e. cBoiictBo [/ Gyaer nosmisareca Oes
‘cBoiicTBa J), TO yCJoBHast yacTora p(J/[) GYAeT yMEHbIIATLCH U MOXKeT
C TedeHHMeM BpeMEHH CTaTb npenefpexuMMo MmaJjod Beawunnoi. Ilpm
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ouepenHoM MosiBJeHHH CBoiCTBa / 6e3 cBolicTBa J peakums Hefipona Q
Oyner ovyeHb Majoi. Bynem romoputb B TakoMm ciaydae o6 yedcanuu
COOTBETCTBYIOILEro peduiekca.

Onucannbie npoieccsl BO3HUKHOBEHHS M YraCaHHs YCJOBHHIX ped-
JIEKCOB, NO KpalHe#d mepe C YHCTO BHEIUHEH "CTOPOHBI, BECbMa HAIOMH-
HalOT aHaJOTHYHBIE MPOLECCH, MPOTEKAIOUie B XKHUBLIX OPTaHM3MAX,
B YACTHOCTH B HEPBHOH CHCTeme yesioBeka. Bmecre ¢ Tem wumeercs u
psaf otanyui. OfHO H3 CYUIECTBEHHBIX OTJIHUMH COCTOMT B TOM, 4TO B
OMHCAaHHON HAMH CXeMe CKOPOCTb BO3HHKHOBEHHSI U Yracadus YCJ/oB-
HBIX ped/IeKCOB B CaMOM HayaJjie rpouecca ofydyeHus CJAMIIKOM BEJHKA,
a B KoHue nponecca o0yyeHus — CJAHIIKOM Mana. McnpasuTh 310 mo-
JIOXKEHMe MOXKHO, 3aMeHHMB 0e3yCJIOBHEIE W YCJIOBHbLIE HACTOTHI TAK Ha-
3LIBAEMBIMY  71Ce8001ACMOMamu.

Besycaosroll ncesdowacmomoil mo6Oro QaHHOro cBoficTBa [/ ycJo-
BHMCS Ha3bIBATb 3AKJIOUEHHYIO MEXIY HYJeM H ejUHHIEel BeJIUUUHY 7,
yBeJIHYNBAIOULYIOCST TPH IMOsIBJeHHH H3o6paxenufi co cpoiicTBoM [
M YMEHbLIAIOULYIOCS NP MOSBJEHHH H300pakeHull, He 06JaAaOUIHX
cpolictBom /. Benuuuna r MoJXKHa CTPEMHTHCS K eMHHLE, €CJH, Ha-
YUHAsA C HEKOTOPOIo MOMEHTA, BCe uJeHbl oOydaroiiell nocjefoBaTelb-
HOCTH 06/131a10T CBOKCTBOM /,H —K HYJIIO, €CJIM BCe uJleHbl o0yuyatoel
I0CJIeIOBATEILHOCTH, HAYWHAsi C HEKOTOPOTO MOMEHTa, He 00/analoT
cBoficteom / (npeanoJaraeM sgech, 4TO oOydaiomasi NnocJeloBaTesib-
HOCTh MOXKET MOMOJHATECH BCe HOBBIMH H HOBLIMH 4J/IeHAMM B TeueHue
CKOJib YTOfHO OOJIbIIOTO TPOMENKYTKA BPEMEHH).

[IpuBenenHoMy oOnpene/eHdio YIOBJETBOPsieT, B YacTHOCTH, Ge3-
yCJIOBHAs WYacToTa, KOTOpas MOXKeT [I03TOMY PacCMaTpUBATLCS Kak
OJIMH M3 BO3MOXHBIX CIOCOOOB 3ajaHus Ge3yCJIOBHOM [CEBJOYACTOTHI.
DoJiee mpocto U ynoOHO, OfHAKO, PacCMaTpPHBaThb B KauecTBe Ge3-
YCMOBHO! [ICEBAOYACTOTHI HEKOTOPOrO CBOHCTBA BeJHUHHY 7, = r,(/),
3aJaBaeMyl0 PeKYPPEHTHHIMH COOTHOMIEHHSMHU

r,+ao(l—r)
r,—Br,

€ BEJHUYMHBl @ H P — MOJIOXKHTE/bHEIE KOHCTAHTBI CTPOTO MEHbINe
enunuubi. Ecam nHa (n 4 1)-oM mare ofydyeHHs MOSIBJAETCS CBOACTBO
I/, TO moJB3yHOTICS BepxHeH CTPOKOH YKa3aHHLIX COOTHOLIEHHl, B
[IPOTHBHOM CJyuae — HipKHefAi cTpoko#i. HawanbHoe 3Hauenue 7,
BEJIMYUHBL 7, MOXeT OnTb BbiOpano Ha uHrepBaJje (0,1) IpoH3BOJbHO.

Ecan Termeph B ONMCaHHOH BhillEe MAalIMHE YCJOBHOH BEpPOSITHOCTH
3aMEHUTb Oe3yC/IOBHBI2 YacTOThl CBOHCTB IICEBJOYACTOTAMH, BBIUH-
cJseMbiMd € nomoibio dopMya (109), a croco6 (yHKUHOHHPOBAHHSA
HEAPOHOB OCTAaBUThb IIPEKHHUM, TO, BLIOUpAas JOMKHBIM 06pa3oM BeJu-
YHHbl @ ¥ f, MOXKHO ropasjo 6osibiue MpHOJH3NTLCS K HIMHTALHU GHO0JI0-
rMYeCKHxX [POLECCOB BO3HHKHOBEHHS H YracaHus YCJOBHBIX Deduie-
KCOB, 4eM B CJlyyae HCXOAHON MALIMHEI YCJOBHOH BeDOSTHOCTH. ¥ CJIOB-
Hbl€ YACTOTH CBOMCTB GYAYT MO-NPEXKHEMY BBIMHCAATHCH 1O (opmyJe
(107), opHako BMecTo Ge3yCJOBHBLIX YacTOT B NpaBod 4acTH 3Toi ¢op-

Foon ;:{ (n=10,1,2,..), . (109
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MYJBl OYLyT pUrypupoBath He Ge3yC/OBHBIE 4acTOTH, a 6e3yCJIOBHEIE
nceppouactotel. ITostomy u ¢opmyaa (107) naer teneps dakTuueCKH
He YCJOBHYIO YaCTOTY, 8 HEKOTOPYIO BEeJIHYHHY, KOTOPYIO eCTeCTBeHHO
HA3BaTb YCA06HOU ncesdowacmomoli OJHOTO CBOHCTBA MO OTHOLIEHHIO
K ApYyromy.

Moo, BrpoueM, OnpenenuB HECKOJbKO HHBIM CHOCOGOM MOHSATHE
YCJIOBHO! MCEBJOYACTOTHI, TAK YCOBEPIIEHCTBOBATh MAIIMHY YCJOBHOM
BEPOSITHOCTH, YTO B Heil cpasy OyAyT OnpenensThCsi YCAOBHbIE IICEBLO-
YacToThl CBOUCTB 6€3 npenBapHTENBHOIO BLIYMCJEHUS H 3a[IOMHHAHHS
nx 06e3yCJOBHBIX 4YacTOT MM nceBioyactoT. C 3Toil Leabi0 BBENEM B
VHUTApHOH KJacCH(HKAIHOHHOH MAallHHE IapHbI€ HANPAaBJEHHbIE CBA3 W
MeXay Heiiponamu. Kaxjoil Takoifl CBfI3W IPHIUCHLIBAETCH HEKOTOPHIH
éec, MOTYUIMH NPUHHMATh JOObe BeuleCTBEHHbIE 3HAYEHHUS HA HMHTep-
Base (0,1). Beca 3T MOryT usMeHAThCH HA KakAom wiare o0ydeHus.
Bec cBsiau Mexny HelipoHamMu P u @ HA n-oMm uiare o6yueHus Oypem
o623navatb A, (P, Q). 3amernuM, uto Beca A, (P, Q) n A,(Q, P) ne 0651-
3aTe/IbHO DABHBI MEXIY co6oii.

3aKOH HM3MeHEHHs Beca CBf3H 3ajaeTCs CJCAYIOUIMMH COOTHOHIE-
HHSIMH, ONpele]eHHBIMH JJs Bcex 3HaueHuft n-—20,1,2 ...:

Mo (PQ) = b, (PQ), L

ecau Ha (n+ 1)-om waze obywenus Helpon P He
3036yo/c6eu,

Aoyt (P.Q) =1, (P.Q) + a (1 —1 (P, Q)

ecau Ha (n-+ 1)-om waee oGyuenus oba weldpona P u
Q 6036Yyxcderpi;

A,y (P.Q) =1, (P.Q)—BA, (P.Q) o

ecau Ha (n - 1)-om wace o6ywenus Hedpon P 6036ydic-
Oew, a welipon Q ne 6036ymcden. -

3nech, Kak u B dopmyaax (109), o u f npencrapasioT co6oii noso-
JHTeJbHbIE KOHCTAHTH CTPOrO MeHbllle €IWHHUIEl, a8 HadyaJjbHLIH BeC
Ao(P, Q) Moxer ObiTh BHIOpaH MPOH3BOJbLHO Ha uHTepBaJe (0,1).

B uncTto xawectBeHHOM OTHoulenun Bec A, (P, Q) BemeT cefsi TouHo
TaK Xe, KaK ycJjoBHas 4yactora p,(J//[) cBoiicTBa J, COOTBETCTRBYIOLIETO
HElpOoHY ), MO OTHOLIEHHIO K CBOHUCTBY /, COOTBETCTBYWUIEMY Helipo-
Hy P. JleficTBUTE/NBHO, IPH ONHOBPEMEHHOM ITOSIBJIeHNH CcBoOUCTB [ H J
[IPOUCXOAUT YBeJHUYEeHHe KaK BeJMuUHbl A, (P, Q), Tak ® BeJUYHHBI
p.(J/1). OGe 3TH BeIMYMHBI YMEHBIIAIOTCHA [P U [OSIBJIEHHH CBOHCTBa / Ge3
OJlHOBpEMEHHOro nosBJeHus cBoictBa J. Ecau nepsas curyauus
(OLHOBpEMEHHOE MOsIBJIEHUe CBOHCTB / U J) MOBTOPSETCSl MHOIO pas
nonpsn, To Beauunuwsl A,(P, Q) v p.(J/[) cTpemarcs k enunuue. Ipu
MHOTOKDATHOM MOBTOPEHUM BTOpOH curyauuu (nosiBnenue [ 6e3 J)
o0e 3TH BeJIHYMHB! CTPEMATCH K HYJ/ 0. ECTeCTBEHHO NOITOMY BeAUYHHY
ro(J/1) = A, (P, Q) Ha3uiBaTh ycaoewoti ncesdowacrmomot CBoficTBa J no
OTHOLIEHHIO K CBOHCTBY /.
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Ecin yCAOBHTBLCS, YTO B MallHHE YCJOBHOHW BEPOATHOCTH HENOo-
CPeNCTBEHHO He BO30YKJIeHHLIe HeHPOHBI JOJIKHBI BLiZaBaTb B Kaue-
CTBE€ CBOMX BBIXOJHBLIX CHFHAJOB HE YCJOBHHIE HacTOTHl, & YCJOBHHIE
MCEBJOYACTOTH COOTBETCTBYIOIUMX MM CBOHCTB 10 OTHOLIEHHIO K Ma-
KCHMaJbHOMY TTO3HTHBHOMY CBOHCTBY / paccMaTpuBaeMoro Ha JaHHOM
mare H3o0paxeHusl, TO [Js OCYIIECTBJEHHS 3TOTO JOCTATOYHO OT
HelipoHa P, COOTBETCTBYIOLETO CBOHUCTBY [, HepenaTh BLIXOAHbIE CHU-
raaasl A, (P, R) Ha BCe npsaMo He Bo30yxJenubie Hefiponsl R. Yi06Ho
CYMTATb [PH ITOM, YTO HEHPOH P noChIIAeT No BCeM CBsA3aAM Buaa (P, R)
BbIJIaBAEMBIH MM €NUHHMYHBLIA BBIXOJHOH CHIHAJ, KOTODHIH, INPOXOAs
N0 COOTBETCTRYIOULEH CBsI3U, OCJalJ/sieTCsl 32 CUeT YMHOMKEHHsl Ha Be-
auungy A,(P, R), no ycJOBHIO BCerja MeHbINYIO efHHHLEL.

He TpyaHo BHpeTh, uTo OMUCAHHBIH MeXaHu3M 00pa30BaHUA YCJOB-
HbIX pedJieKCOB HMeeT ellle OfiMH CYUIECTBEHHBIH HefocTaToK. [Heso B
TOM, YTO B CHJY NPUHATHIX HAMH TpPeANOJIOXKEeHHH YCJOBHbIE pe-
(aiekchl 00pasyioTCA JHMIIbL [0 OTHOLIGHHIO K LeJbIM H300DarKeHHsM,
a He K OTJeJbHBIM HX cBoficTBaM. Kak u3BeCTHO, B cjayuae GHOJNOTH-
YeCKHX CHCTeM feso oOcTonT unaue. Bosee Ttoro, peduiekcs nautonee
4acTo 00pasyloTCsd HMEHHO MO OTHOIIEHHIO K YaCTHEIM (He MakCHMaJb-
HbIM) CBOHCTBAM H300parkeHui.

Moxuo, npaBpa, B MallivHe YCJOBHOH BEPOSITHOCTH JHOOOTO H3
OMHNCAHHLIX BbIIIE THIIOB pa3 M HaBCerha 3adHKCHPOBaTh CBOWCTBO /,
M0 OTHOLIGHHIO K KOTOPOMY BHIMHUCJSIOTCS YCJIOBHEIE aCTOThI U ICEB-
JouacToTel. B 3TOM cjydae CBOHCTBO MOXKET He ObITb MaKCHMAaJbHbIM
MO3UTHBHEIM CBOHCTBOM, a YCJOBHBHIN pedekc Oyner BhIpaGaTLIBATHCSE
HMEHHO II0 OTHOLIEHHIO K CBOHCTBY H300paKenui, a He K CaMHM H30-
OpaxenunnaM. Bce cpenannbie Bhillle ONpesefeHHss 3aKOHOMEPHOCTelr
(YHKUHOHMPOBAHUS MAIIHHBI YCJOBHOH BEDOSITHOCTH NPHMEHHMBI H K
3TOMY CJyu4ailo, HeT HeoOXOJHUMOCTH JIMIIL CIelHa/]bHO OTHICKHBATL
HellpOH, COOTBETCTBYIOMHUA MAKCHMAaJbHOMY [O3UTHBHOMY CBOHCTBY
paccMaTpHBaeMoro H300pakeHusi: B CJyuae IOsiBJeHHs cBofictBa F
poJib 3TOro HeHpoHa OYyHeT BCEerAa BLHINOJHSATL HeHPOH, COOTBETCTBY-
fournit cBoiictBy /. B cayyae ke nenosipiiennsi CBoiicTBa / BCe HeliPOHRE
(3a uckJaouennem MpsMO BO3GYXKAEHHBIX HEAPOHOB) [OJIKHEI, N0
oNpeJlesieHHIO, BHIAABaTh He YCJOBHBIE, a8 0e3yCJOBHEIE YaCTOTH (HJM
NCEBIOYACTOTLI) COOTBETCTBYIOUIMX MM CBOHCTB.

B cBoeM nepBoHauasbHOM onpeneneHMH ATTiM paccmaTpHBAeT
HMEHHO TaKOH cnoco0 (pPyHKIHOHHPOBAHHUs MALIMHEI YCJIOBHOH BEpPOAT-
HocTH. OnHako, M30aBHBILKCH OT OAHOTO HENOCTATKa, Mbl NPHXOLHM
K ADYroMy H CHOBa MOJy4YaeM CYUIECTBEHHOE OTJHYHe OT OHoJiormnye-
CKMX CHCTeM, CHOCOOHBIX BbLIpaGaThiBaThb YCJIOBHble pet/IeKCH IO OT-
HOLIEHHIO KO MHOTHM CBOHCTBaM, 2 He TOJbKO K OJHOMY M3 HHX.

UrtoObl #30aBHTLCSA OT YKa3aHHBIX HEROCTATKOB, HAOCTATOUHO B MO-
CJefHell M3 ONUCAHHBIX HAMH CXeM CHATb OTPaHHYeHHe, MO3BOJSIOLee
(hopMHpOBaThk BHIXOJHLIE CHTHAJBI MPSMO He BO30OYKIEHHBIX HelipOHOB
33 CYeT BBIXOJHOTO CHTHAJa OfHOTO Jullb Helpona P. Bumecto 3toro
NpHMeM cJepyiouiee JOMynieHue,

.
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Ha xaocleul npsamo we 8030yncOennbul Helpon Q nepeaaromm CusHa-~
Aol Aa(P;, Q) om ecex npaMo 8030yacOennbix nedponos P, (i =1, 2, ...).
Boixoonoim cuenarom Hetdporna Q 6ydem naubossuiuti no eeaunune Cu-
2HaA u3 uucaa cuenaroe A (P;, Q) (i = 1,2, ...).

YcTpoiicTBo, peanu3yiolulee OMUCAHHBIH MEXaHH3M BO3HHKHOBEHHS
BbIXOJHBIX CHTHAJOB HEfipDOHOB M U3MeHsioLlee BeCa CBS3edl B COOTBET-
ctBuy ¢ ¢opmynamu (110), nHazoBeM mawurol yciosnoix pegrexcos.
MoxHO HalesThCs, YTO B Hell HAULIM CBOE OTParKeHHEe MHOTHE BaXKHHIE
CBOWCTBA [easbHbIX CeTed HEHPOHOB, COCTABJSIOULUX HePBHble CH-
CTEMEl XKHMBOTHBIX M JaXKe HEPBHYIO CHCTEMY YeJiOBeKa.

B peanbHbIX CeTsiXx HEHPOHOB, Pa3yMeeTCs, OCYUIECTBJSIOTCH Ja-
JIeKO He BCe CBSI3H, KOTOPHIe TpeGYIOTCs NOJHOH CXeMOil MalUHbl YCJIOB-
HbIX pediekcoB. BO3MOXKHO TakxKe panbHelliee YTOUHEHHE 3aKOHOB
U3MEHEHHsl BecoB CBssell. B uactmoctu, nepsas us ¢opmya (110),
Jo/KHA ObiTh 3aMeHeHa, MO-BURUMOMY, Gopmyitoi A, (P, Q) = (l—

—vy)A,(P,Q), rae y-— BecbMa MaJjad TOJOXKHTeNbHAad KOHCTAHTA,
Tlocae Takoro yTouHeHHS! 3aKOH H3MEHEHHS BeCOB CBs3el OyneT OT-
paxarb CBOHCTBO CBsi3ell yMEHBLIATLCS C TeYeHHEM BPEMEHH Jaxe
1IpH OTCYTCTBHH CJy4aeB MPSMOTO HENOATBEpXKIEeHHs pedieKca, OT-
paxaeMmoro 3Toél CBSI3bIO.

Ecan B Mamupe YCJOBHBIX peiieKCOB oTOpocUTh mpebosanue
noAnOMbL, T. €. HaJW4Hs HeHPOHOB A/ BCex Ge3 HCKJOUEHHs [03H-
THBHBEIX CBOUCTB, BCex 6e3 HCKJIOUeHHS BO3MOMHBLIX M300paKeHui, TO
TIOJOOHBIE HENOAHbIC MALLTHHE! YCJOBHEIX PedieKCOB MOTyT ObITh HCMOJb-
30BaHbl 1718 padoThl ¢ GOJBIINAM YHCJIOM peuentopoB. Ha 3Toil ocHoBe
BO3MOXKHO HCIOJIb30BAaHHE MAIIHH YCJOBHEIX PeQuieKCOB s peleHHst
npoGsieM pAacnosHaBaHHs 3DHTEJbHHX 00pPa30B, PacCMaTPHBABIINXCSH
B OpefbiAymMX naparpadax. [iasi noayuedusi s3¢hdekTHBHBIX pe3yJb-
TatoB B 3TOM HaMpPaBJEHHH HeoOXoiuM LejecooOpasHbli O0T6Op Tex
CBOHCTB, KOTOPbLIM OYAYT COOTBETCTBOBATb HeHPOHBI B YyKasaHHOH
HEeNoJIHON MalIuHe.

IlpencrtaBasier HHTEPEC elle OAHA 3ajaya, CBA3dHHAA C KJaaccudu-
KAUHOHHBIMH CHCTeMaMmH. B omucannblx g0 cux nop Kjaaccudukanu-
OHHBEIX CHCTEMax BCe CBOHCTBA M300paKeHWHl BOCIPUHHMAKOTCS OJHO-
BPEMEHHO C CaMHMMH H300pakeHusMH. B psme ciyyaeB NPUXOAHUTCH,
OJIHAKO, HUMEThb JeJlo C TAKMMH H300paXKEeHUSIMH, CBOHCTBA KOTOPHIX
BHIABJISIOTCS [OCTeNEHHO, O Mepe ofyuenuss. BrpoueMm, B 3THX Cay-
4asgx u3o6paxKeHusi, Kak MpaBHJIO, CTO/b JaJeKd OT CBOMX 3PHTEbHBIX
TIPOTOTHIIOB, 4TO OYJAeM Has3bBaTbh MX yXke He u3o0PAXKEHHsIMH, a no-
HAmuamy.

Ilogo6uasi cuTyauMsi BO3HHKAET NPH MOCTPOEHHH CaMOCOBepilied-
CTBYIOLMXCA CHCTeM AJi71 pacrno3HaBanus cMpicia ¢pas (cm. B. M. Tny-
mxoB, H. M. I'pumenko u A. A. Crorunii [30]). B npocreiienm ciyyae,
KOTZla paccMaTpUBaloTCs (pas3sl, COCTOSIHE JIMIIb H3 MOAJEKAaulero
U CKasyeMmoro, paclo3HABAEMBIMH MOHATHAMH MOXHO CHHTATh cCylle-
CTBHTE/bHEIE, Bbi0MpaeMbie B KayecTBe MoJJexaulux, 8 HX CBOHCTBa-
MH — BO3MOXKHOCTb MJM HEBO3MOMKHOCTb HMX OCMBICJIEHHOTO COYeTa-
HHUSA C Pa3JMYHBIMH TJ1aroJ1aMH, BHICTYMAOM[MMH B KaUECTBE CKa3yeMblX.
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Ecan cnucok rjarojoB (QUKCHPOBAH H BKJIOYAeT 7 DPa3jHYHbIX
rJIaTOJIOB, TO Kamjoe NOHATHEe (CYIIECTBHTE/NbHOE) MOXKeT ObITh OXa-
PaKTePH30BAHO CTPOKOH COYETZeMOCTH C 3THMH TJIAaroJlaMH, HMel0-
weit gauny n. Ha i-om Mecte 3T0il CTpOKM GYyJAET CTOATL E€IMHHIA HJH
HYJb B COOTBETCTBUH C T€M, OCMBICJIEHHO MM HEOCMBICJEHHO COYeTa-
HWe [accMarpHBaeMoro CYIHIECTBUTEILHOTO C i-bIM TJIAT0J0M JAHHOTO
cnucka (=1, 2, ..., n).

YKasaHHblE CTPOKH HA30BeM 24a20AbHbimu cmpokamu. B sapauy
CaMOCOBEPLIEHCTBYIOIEHCA CHCTEMBl B 3TOM CJyude OyfeT BXOJHTb
npeicKa3aHne BO3MOXHO 00JbIIEer0 4HCJa CBOACTB pPacCMATpUBAEMBIX
NOHSATHH HA OCHOBE OrPAHHMYEHHOro OmubITa. Ec/aM onbIT (McTopust ofy-
yeHHs1) COCTOUT B TOM, YTO YIIOMSIHYTOH CHCTeme COOOIaIoTCH OfHO 3a
JPYTHM OCMBICJIEHHEIE COYeTaHUs CJAy4aliHO BHIOMDAEeMblX M3 3ajaHHBIX
CIIUCKOB CYINECTBUTE/IbHBIX M [J1aroJioB, TO {10 Mepe NOCTYIJEHHs Ta-
KHX COOGIEeHHH OyayT MNOCTeNeHHO 3aNOJHATHCH EIHHHLIAMH HEKO-
TOpble MECTa TIJ1aroJibHbIX CTPOK BEIODAHHBIX HAMH MNOHATHH (Cyuie-
CTBUTEJIbHBLIX). 3ajauy o0yueHUss B 3TOM CJydae MOXKHO TPaKTOBAThb
KaK 3ajauy BOCCO3JaHMsl CTPYKTYPbl YHHTAPHOH MAIHHLI AJf KJac-
cu(UKaUHH CBOHCTB BLIOPAHHBIX NOHATHH. [lAs peienus 3Toil 3agauu
€CTeCTBEHHO OPraHM30BaTh npouecc oObeNUHEHHs MOHSITHEH, coyeTae-
MBIX C OJHHMH M TE€MH e [J1aroJaMH B KJacChl, COOTBETCTBYIOLIME HO-
BbiM, OGOGIIEHHEIM MOHSTHSIM, KOTOPBIX MOTJIO H He OblITb B HCXOAHOM
cnucke. Hanpumep, 3a cuer oObeiyHeHHs psjIa TOHATHHA (CKaxeM,
«OTely, «ChIH», «CTYHEHT», «mpodeccop» H AP.) MHO NMPH3HAKAM COYeTrae-
MOCTH C [JIArOJIaMH «XKHTb» M «1yMaTb» BO3HUKAET NOHSATHE KYEJOBEK».
Ecau mocae o6pa3oBannst TOro HJH HHOTO KJ/acca BHIICHHTCH, YTO Te
UJIM HHBIE €O MPeACTaBHTeNH 00/iaal0T KAKMM-JIHOG0 HOBBIM 3JIEMEH-
TapHBIM CBOHCTBOM (HaNpHMep, BO3MOMXKHOCTBIO COYETaHHs C IJiaroJioM
«XOUTbY), TO 3TO CBOHCTBO MOXKHO DacnpOCTPaHUTb Ha Beck KJjacc
(T. e. Ha BCe BXOJdlIHe B 3TOT KJacC NousTus). Pasymeercd, npu Ta-
KOM pacnpoCTPaHEeHHH CBOHCTB MOT'YT BO3HHKaTh oWMOKHU. [las ycTpa-
HeHHs BO3HHKIIMX OMHKOOK BBOJUTCSH [POHECC CAMOCTOSITENBHOTO
COCTaBJIeHHsl MAIIMHOH HOBHIX (pas 3a CYeT coyeTaHUs APYrux (cay-
yaiino BuIOMpaeMbIX) MOHATHH M3 paccMaTpHBaeMoro kKJacca ¢ rJa-
TOJIOM, COYETaeMOCTb C KOTOPHIM OHIJI2 PACIPOCTpPaHeHa Ha BeChb KJacce.
OCMBIC/IEHHOCTh  (HIH  OECCMBICTIEHHOCT) 3THX COYETaHMH  JOJKHA
ObiTh cooOleHa MallfHe YeJIOBEKOM-YYHTeseM.

Baarogapss HaAu4HiO B sI3bIKe CBsi3ell, MOJZOOHBIX CBS3H, KoTopas
QIIHUCHIBAETCA YTBEDXKIECHUEM THIIA «IIOYTH BCE aAyMalolue SABJIAIOTCA
BMECTe C TeM M TOBOPSIUIMMH», OMHCAHHLIA MpOLECcC NPH PasyMHO BhHI-
Opannbix crniocofax oOpa3oBaHUs KJACCOB, 3KCTPANOJSLHH CBOHCTB H
COCTaBJIeHHsl HOBBIX (Ppa3s No3BoJisieT MallHHe ¢ 60JbIIOH# BEpOATHOCTLIO
OCYILeCTBHTb NPABHJbHOE pasjiejienne gpa3 Ha OCMBICJeHHble U Oec-
‘cMpicsiendpie. TIpH 3ToM CylecTBeHHO, YTO Takoe pasjelenne Oyner
TIpoH3BeleHo 15 Bcex (pa3s, KOTophle MOXKHO [TOCTPOUTh M3 33JaHHOTO
MHOKEeCTBA CYUIECTBHTE/IbHBIX H IVIaroJioB. B MX uucie MOryr OblTh, B
YaCTHOCTH, H Takue ¢pasbl, KOTOpble He CTPOUJIHCh CaMOfi MalIMHOH B
_ KayecTBe BOITPOCOB YYUTE/IO H He CooOUIaqnch el B npouecce o0y4eHns.
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Onwuitel no 06yd4eHHI0O MalHHBI PACNO3HABAHMIO CMbICAA ¢pa3 He
TOILKO OIMCAHHOH NpocTefiliell KOHCTPYKIUMH, HO H (pas, UMEIOMHX
6oJiee CJI0XKHYIO KOHCTPYKIMIO, ObIIN yCnelHo nposeneHsl B Mucruryre
ku6epuerukuy AH YCCP [30]. Tlps pasauuHbIX NpemnosioKeHUdsIX OT-
HOCHUTENIbHO CTPYKTYphI f3biKa (B JNAHHOM CJyyae — MHOXECTBA TIJia-
FOJIbHBIX CTPOEK) MOXHO TPOBOAUThL OLEHKH JJisi CKOPOCTH O0ydeHHs
B peasii30BaHHBIX aJroOpuTMax MOJOGHO TOMY, KaK 3TO ObLIO CHEJaHO
IJsl  a-nepcenTpoHOB B npexpigyiieM naparpade. OnHako cOOTBerT-
CTBYIOIIME BBHIKJIAKH Be€CbMa TPOMO3ZKH H 3HAYUTENBbHO MeHee Ha-
IJISIAHBI, YeM B CJlydde HepCenTpOHOB. .

§ 9. Camoopranuzauus u camoHacTpoiika. Meroanl peieHus
C/IOXKHBIX BapHAllHOHHBIX 3afay '

B § | nacrosinefi rnaBbl ObLIO BBEJEHO TOHSITHE CHCTEMbl aJjro-
PHTMOB KAaK eCTeCTBeHHOK (OpPMbl, B KOTOpYIO 0G.JeraloTcsi CBOHCTBa
CaMOOPTaHW3alMH H camocoBeplieHCTBOBaHUA. IIpoBeneM pannHefi-
WIYIO AeTAaM3anuio 3Toro noHAtds. IlpuMeHuTennHO K GOJBIIMHCTB
3aja4, BCTPEYAIOUIUXCS HA MPAaKTHKe, IeaeCo00pa3HO pas/nuath co0-
CTBEHHO CaMOOPTraHH3A4LHUIO U TaK Ha3blBAEMYIO CAMOHACMPOUKY, Tpen-
CTABJSIONLYI0 cOGOH HaHOGoJee NPOCTOH cjaydalfi caMOCOBepIIeHCTBOBA-
uusi. bosiee Touno, GyjgeM passidyaTh NPOCTEAIIUN THII CAMOCOBEpPIIEH-
CTBOBAHHSI HA 6a3e CaMOHACTPOHKH U OoJiee BBICOKMH THII CaMOCOBep-
IIEHCTBOBAHMS HA 6a3e CaMOOpraHU3aIuH.

Pasnuyue, 0 KOTOPOM 3[ieCb HJET peub, 3aKJAYaercs B TOM, YTO
CaMOCOBepIIeHCTBOBAHHE HA 6ase CaMOHACTPOHKU TpeinoJaraer us-
MEHeHHe JIMIIb HEKOTOPBIX YMCJIOBBIX J1apaMeTpoB B pafoueM aJiro-
pUTMe, B TO BpeMsi KaK CAMOOPTaHHU3alus CBsI3aHa ¢ U3MEHEHHEM CTPYK-
Typs! camoro anroputMa. Pasymeercs, ykasanHoe pasjHude JO H3-
BECTHOH CTeNeHH YCJOBHO, [OCKOJbKY IPH COOTBETCTBYIOLIEH 3arHCH
aJArOPATMOB H3MeHeHMsl B CTPYKType aJropuTMa MOIYT ObIThb CBENEHDI
K U3MeHeHHUsM UYUCJOBLIX NapameTpoB. Ecsu, HanpuMep, OCYHIECTBJie-
Ha HyMepaiusi BceX aJropUTMOB pacCMaTPUBAEMOro KJjacca, TO Jlo-
6oe H3MeHeHHe aJropUTMAa CBOIAUTCS K HM3MEHEHMIO COOTBETCTBYIOILE-
ro HOMepa, KOTOphLIi MOXKHO pPacCMaTpPUBATh KAK YUCJOBOH JapaMerp.
Onuako, HECMOTP ST HA OTHOCHTEJILHOCTh PA3JiMUUsI MEXK]Y CAMOHACTPOI -
KOH H caMoopraHusauueil, Ha npakTuke, Gjarogapsi ynoTpelSJeHHIo
KaKOH-1160 QUKCHPOBAHHONH (OPMBbI 3aIIHCH aJrOPHTMOB (aJITOPUTMH-
YECKOro §3blKa), 3TO Pasjiduue YJAAeTcsi JPOBECTH AOCTATOYHO YETKO.

TlpuBeneM HeKOTOpHIE NpPHUMEPBl CAMOHACTPOHKH H CaMOCOBEpIIeH-
CTBOBaHHUs CTPYKTYPhI CXeM aJropuTMoB. B KauecTBe mepBoro npumepa
PACCMOTPHM YaCTO BCTpPEUalOUIUHCS HA MPaKTUKe cjaydyall CaMOHACTpoOi-
KH, HOCSIIMH CllenyafbHOE HA3BaHHE IKCHIPEMAABHO20 pPeeYAUPOBAHUS.
CyTb 3ajayd 3KCTPEMAJLHOTO PEeryjHpOBAHHS COCTOMT B BEHIJaue B
CHCTeMY pery/aMpoBaHUS TAaKUX 3HAYEHHH HEKOTOPhIX [1apaMeTpPoB

X1, Xay ..., X,, 4TOOB 3ajaHHas ¢yHKuUA f = f(x,, X, ..., X,) OT 3THX
1IapaMeTpoB IIPUHHMMAJa 3KCTpPeMajbHOe (MHHUMAJbHOE HJAH MaKCH-

MajbHoe) 3HaueHue, Pynxkuus f(x;, x,, ..., X,) 3aBHCHT NPH 3TOM
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‘TaKXKe OT HEKOTOPBIX HAPYIHX NAapaMeTpoB Y, Ya, ..., Yy, KOTOPEHIE
H3MEHSIOTCS He3aBHCHMO OT HALIEero XKeJaHHs H HenocpejCTBeHHOoe
yIpaBjeHHe KOTOPbIMH HeBO3MOXHO. Buiaropgapsi ux uaMenenulo, 3Ha-
YeHHs] NapamMerpoB X;, X, ..., X,, OCECNEUHBAIOLIHE XKeJaeMblH 3K-
cTpeMyM ¢YHKUMH f, He MOryT OmITb BhIOpaHbl pa3 W HaBCerga — HX
HeOOXOAMMO M3MEHSITb N0 MeDe M3MEHEHMs] MAPaMeTPOB Uy, Ys, ..y Ypm-

Ha npakTuke uyamie BCEro NPUXOAUTCS BCTPeyaThCs CO CJydaew,
KOrAa HAXOX[EHHe 3KCTPeMyMOB OObIUHBIMH MeTojaMH (C NOMOLIbIO
[PUPABHUBAHHS HYJI0 YACTHLIX NPOM3BOAHLIX (QYHKUMH [ M pelieHus
NONYUUBIHEHCA CHCTEMbl YyPABHEHUH) HEBO3MOXKHO HJIH HeUeseco-
-o6pasHo. IIpuunHOH 5TOro MOXKET CAYKHUTb, HanpuMep, OTCYTCTBHE
AHAJMTHYECKOTrO BhipaxKeHus Ajasi ¢yHkuud f. BosnHKaer eompoc o
“TOM, KaKAMH METOJAaMH MOXKHO PELHTh 3afayy CaMOHACTPOHKH mpH
HAJMH4HA n0fo6HOH curyauud. OQHuM U3 yHHBepCaJbHBIX METONOB pe-
LIEHUS 3TOM 3a/]1aYyd B YKa3aHHOM CJiydyae siB/IA€TCS TaK HasblBaeMblil
Memo0 Hauckopelwiezo cnycka (MM HAUCKOPeHIIero Moxbema).

Meron nauckopeiiniero coycka (mofbeMa) CAYKHT AJfA Haxoxpe-
HHSl TOYeK MHHUMYMa (COOTBETCTBEHHO MaKCuMyMa) GYHKLUHH MHOIHX
TIepeMeHHbIX C [OMOIIBI0 Pa3BepThHIBAHMS CHOEUHAJbHOI0 [poiecca
110CJIeI0BATENBHOTO NPUOJIMIKEHUST K TakuM Toukam. ITyeTs f(xy, x,, ...

X,) — Npou3BOJbHAs AudpepeHnHpyemass ¢yHKUMs OT 7 NepeMeH-
HBEIX. B npocrpaHcTBe 3THX nepeMeHHBIX BbiOepeM NMPOM3BOJBHYIO TOY-
Ky Ml(a,, as, ..., a,) ¥ HaigeM npuGAnKeHHbIe 3HAYEHHS YACTHBIX
1POU3BOAHLIX f; = [, (a4, @y, ..., a,) B Touke M no popmyJiaMm

1
f,= e (Flav,ae ... G ai-+ A appn .., a,) —
_f(a]v Ay o ooy Ay, 4y, ai1—], ce ey a/l)) (l = 17 2, v es n))

JaBas BCEM NepeMEeHHBIM [0 OYEPEIH OJHO H TO XKe npupauledde A.
BriACHIM, KakHe HYXKHO AaTh NPHPALIEHHs OJHOBPEMEHHO BCEM apry-
MeHTaM, 4ToObl B MAaKCHMaJIbHO BO3MOXKHOH CTeneHH NPUGJHU3UTLCS K
TOUKE 3KCTPeMyMa, HUCHOMAb3Ys JHIb 3HaueHHA (QYHKUHM [ ¥ ee mpo-
HM3BOJHBIX B Touke M.

ITocnepnee ycsoBue siBisieTCsl BeCbMa CYLIECTBEHHBIM, NOCKOJbKY
‘6e3 Hero Bompoc pemancs Obl TPUBHAJBHO; NPHPALLEHUS epeMeHHbIX
JOJDKHBI OBITb TaKUMH, 4TOGH! OHHM TPHBEJH HAC HENOCPEJCTBEHHO B
TOUKY 3KcTpeMyma. OFHAKO TOYKA 3KCTPEMYMAa HAM HEH3BeCTHA H
TpebyeTcsl PeminTb BONPOC O NPOABHKEHHH K HEll Ha OCHOBAHUH HH-
{$opMallil ¥ NOBeJleHUs paccMaTpuBaeMOH (GYHKIHMH B OKPECTHOCTH
BbIOPaHHOH MpOM3BOJILHO TOoukd M(ay, @, ..., @,). O6GO3Hayas HUCKO-
Mble MPHUpAIIEHUsT NEePEeMEeHHBIX X, Xi, ..., X, B Touke M uepes A,
Ay, ..., A, COOTBETCTBEHHO H HCMOJbL3YA ¢opMysy nosHoro Audie-
peHildana, noAy4uM AJjs npupaumends Af ¢yHkuuu f B Touke M npn-
6Jm>erHylo dopmyay
f = [0, + falg + ... +ann-
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Ecan ycnoBHTHCA jenath HIar B CTOPOHY TOYKH 3KcTpemyma (B
NpPOCTPAHCTBE MEPEMEHHBIX X1, X3, .- , Xp) JUIIb KAKOK-TMG0 OZHOH TO-
CTOSIHHOH AJIHHHL 7, TO K ypaBHeHmo npHpaileHus (pyﬂxuun [ no6a-
BHTCS ellle OJJHO ypaBHeHHe

A2 A2 A2 =1 (111)

Heo6xomumo BwiGpaTh BeaHuuHb A;, A,, ..., A, Tak, 4TOGHI
npu cobmonenun papercrsa (111) dyukuua A f gocrurana MUHMMAJb-
HOro (C yueToM 3HaKa) 3Hauenusi, [lo MeTOqy HeompeaeNeHHBIX MHO-
xarejiel Jlarpam:ka BOOpPOC CBOAUTCS K HAXOXKIAECHHIO 3KCTPEMyMa
dyHKIIH

F =Y (1A, — A2 + A2

i=1

OT mepeMeHHHIX A) , A,, ..., A, . duddepeHunpys no A; u npHpaBHH-
Basl 1101y YeHHbIe YACTHEIE IPOH3BOLHEIE K HYTO, nonyan CHCTEMY ypaB-
Henui

F—20A, =0  (i=12...,n) (119)

KOTOPYI0 HEOGXOAHMMO JOMNOJIHHTb, pasymeercs, ypapaenuem (111).
U3 ypaBhenuit (112) naxogum, uto

A, = kf; (113)

rae k — HeKOTOPbi Ko3Q(HUHEHT NPONOPUUOHANBHOCTH, OOGLIHEA A
Beex i=1,2,...,n

YpaeHenus (113) B 3aBucumocTd oT Beifopa 3Haka y KosddHuuenra
[IPOTIOPIIHOHAJILHOCTH £ OHpefensioT ABa NPOTHBONOJIOKHBIX Hampas-
JdeHusi, TPH [BHIKEHUH [0 KOTOPBIM H3 To4yku M oCyliecTBiseTCs
(B OokpecTHOCTH TOYKH M) HaumGosee ObicTpuiii pocT (npu k& > 0) uau
naubosee GpicTpoe yOnBanMe (npu k < 0) ¢yHkuuu f. ITH Hanpas-
JIeHAs] Ha3blBAIOTCSl COOTBETCTBEHHO HANPABACHMSIMH HOUCKOpeliuieo
nodsema u Hauckopetiuleeo cnycka B paccMarpupaeMoil Toyke M. Be-
JIMYHHA TPOABUXKEHUS r B JIOOOM H3 YKAa3aHHLIX HAanpaBJjeHU# HAa3bl-
BAeTCSl COOTBETCTBEHHO WIAeOM 2paluenmHozo nodsema WA CNYCKA
B Touke M.

B 3aBucuMmocTH OT TOro, TpeGyeTcsi JM HAHTH TOYKY MakCHMyMma
HJIM TOUKY MHHHMYMa paccMarpuBaeMoii yHkuuH f, BIGHPaeTcsi OIHO H3
3THX HaNpaBJeHd# (3HaK nmapamerpa £ B ypaBuenusix (113))u ocywectnis-
ercsi ABUKeHHEe B BhIODAHHOM HanpamjeHHH (ompejesnsieMoe BBHIGOPOM
BeJMYHHBI DapaMerpa k) fo Tex Mop, noka GpyHkuus f He H3MEHAT Xa-
pakrepa CBOero pocta B 3TOM HanpaBJ/eHHWH, T.e. He HepeljieT OT BO3-
pactaHuss K yOnBauuio Ju6o, Hao6OpOT, OT yObBaHHS K BO3pacTa-
HuIO. HBIMH CJIOBAMH, OCYIECTBJSETCS MAKCUMOAbHOE NpoOsuscenue
B U36DAHHOM HanpaBJeHMH, ofecnedyuBaoliee u3MeHenue QyHkuuu [
B HYXKHOM HamnpaBJiedud (B HanpaBjieHUH yObIBaHHS NPH MOHCKE TOYKH
MHHHUMYMa q)yﬂxmm [ ¥ B HanmpaBneHHM pocTa NPH NOHCKE TOUKH ee
MaKCHMyMa). :
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O6o3HaynB GyKBoil N TOUKY, NOJYYEHHYIO B pe3yJbTaTe TaKore
HPOABHIKEHUS], C HEll NPOU3BOLAT BCE Te XKe ONepanuu, KOTopble Ghulk
OIMCAHH! JJisi TOUKH M. B pesyibprare nmosy4aioT HOBYIO TOukY P u T. A.
Ecan QyHkuus f RocTatouHo. ryiafkas, TO B Pe3yJbTaTe ONHCAHHOIG:
nporecca, NPonoJKas ero AOCTaTo4HO JOJTO, TNONajeM B CKOJib YIOLHO
MaJlylo OKPeCTHOCTb HEKOTOPOH CTALMOHAPHOH TOUKH JAaHHOH (QYHKIHH,
T. €. TAKOH TOYKH, B KOTOPOH BCe YacCTHhIE JIPOH3BOJHBIE (DYHKIUH PaB-
Hbl HYJIO (3TO GYAET, pasyMeercs,, JHIUb B TOM Cjyuae, KOTAa CTalu-
OHAPHbIE TOYKH Y AaHHOH QYHKUMH CYUIECTBYIOT), U060 B OKPECTHOCTB.
TOYKH IPaHuUBl 067aCTH onpepeneHusi GpyHKUuH f, COOTBETCTBYIOLIEH
HEKOTOPOMY JIOKaJIbHOMY 3KCTpeMasibHOMY (B HaHHo# o6jacTu) 3Ha-
yeguto QyHKUMH [.

Hckomas touka (aGCOJIIOTHOrO) 3KCTpeMyMa (DYHKUMH [ npu HpH-
HATBIX NPEeNNOJOXMEHHAX HAXOAHTCS Cpeld YKasaHHblX Touek. Her,
OJJHAKO, HHKAKOI TapaHTHH, YTO MPUMEHEHHE ONUCAHHOH Bbilie MeTO-
JHUKH NPUBEJET C NEePBOTo JKe pasa B TOYKY alCOJIOTHOTO 3KCTPEMYyMa
3afaHHOH (ynkuuu. Heo6xogumo no3TOMYy, BapbHPYsl HAadyadbHYIO-
TouKy M, HafiTH (ONHCAHHBIM BbIlE METOJOM) HOBbIE CTAIHOHAPHBIE:
TOYKH QYHKIHMH, 4TOOB B pe3yJ/bTaTe NOCJENVIOIEro CpaBHEHHS 3HA-
yeHUH (QYHKUMH B 3THX TouKax BeI6parh CpPeA¥ HHUX HCKOMYIO TOUKY
3KCTpEMyMa.

Ha npakruke npepnouutaioT OOBIMHO JpPYroéi MNyTb: BuIGHpAIOT
caydaiinblit psg touek M,, M,, ..., M, B o6nactu onpenenenus GyHK-
MY f, @ U3 HUX BRIOHPAIOT Ty, B KOTOpOH QYHKIUS HMEeT MaKCHMalbHOe
(B cayyae 3ajaud HAXOXKJEHHS TOUKH MAKCHMYMa) HJH MHHHMAJbHOE
(B cayuae HaxoXAeHHUs TOYKH MHHHUMyMa) 3HaueHue. OTpaB/ssich
OT BBIODAHHO!M TaKkuM 06pa3oM TOUKH, OCYLIECTBASIIOT HAUCKODPeHALIuH
crnycK Ju60 HauCKOpeHIIHH MOoAbeM II0 OTUCAHHOH Bhillie METORUKe.
Ilpu gocratouno GosblmioM % (3aBHCsiEM OT Bbl6opa ¢yHKuuHA [) C Be-
POSITHOCTBIO, CKOJIb YrOZHO OJU3KOH K eNUHHUNE, TaKuM CcrnocofoM.
Gygmer HalijleHa MMEHHO TOYKa abCOJHOTHOTO (a He KaKoro-aHuGyiap Jio-
KaJbHOT0) 3KCTpeMyMa.

OpuH ¥3 BO3MOXKHBIX BAPHMAHTOB MOMCKA abCOJIOTHOTO 3KCTpe-
MyMa QYHKUHH OBYX MePeMeHHBIX HpHUBefeH Ha puc. 15. Pynkuus Ha
3TOM pPHCYHKEe 3aJaHa CBOMMHM TODHU30HTAJNSMH (JAHHHUSMH paBHOTO
ypoBHs), uepes M,, M,, M, o603Hauens! CAydadiHO BbIOMDAeMbIe HA-
yajbHble TOUKH (TOouKa M, — HauBeiClnaf cpexd HHX), a uepe3 N,
P, @ — nocnefoBaTeNbHbIH PN TOYEK, MOJYYaeMBIX H3 TOUKH M, MO
MeToJy HaHucKopefilero noxwkema. B 3ToM mnpumepe yxe mnocnae Tpex
L1aroB HaHUCKOpeHLIero nogbeMa npakTHYeCKH NoianaeM B TOuKy abeo-
JIOTHOTO MakKCUMyMa paccMarpHBaeMod (QyHKUUU.

CucreMa aJropuTMOB, peljaloLlas 3afady CaMOHACTPOHKH, COC-
TaBjsieTcst U3 padouero aaroputma A, KOTOPGI#H, BOCIIPHHAMAS BXOAHOE
cyioBo (3Hauenne Gyukuuu [f(x, X,, ..., X)), "onpependwouiee KpHTe-
pHHl KayeCcTBa pEryJUPOBAHHA H, BO3MOXKHO, 3HAYEHHsT HEKOTODPBIX
JPYTHX BeJMYMH, BbIJAeT BBIXOJHOE CJOBO, COCTOsIlee M3 KOOPAMHAT
HeKoTopoii Touku M(a,, a,, ..., a,), COBNajawpuel B cayyae CTauoHap-
HOro pexuMa (HeH3MeHHOCTH (PyHKLUHH f) ¢ Toukoil aGCOJIOTHOrO 3K-
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cTpemyma 31oft dymkuuu. B cayuae HecraumoHapHoro pexuma (u3-
MeHenusi QyHKUHUU f) BeTynaer B JeficTBHe airoputM B, KOTOpHIH ocy-
LIeCTBJISleT TIOHCK TOYKH AaGCOMIOTHOTO  3KCTpeMyMa H3MeHeHHOH
(yHKUMH f TeM AJH HHBIM CrocoGoM (HanpHMep, METOAOM HaHcKoped-
HIero cmycka HJM [OAbeMa) M 3aMeHseT KOOPAMHATaMH 3TOH TOYKH
napamerpel @, ,ds, ..., Gp, BbllaBaeMble paBounM aaroputmom A.
OnucaHHas cucTeMa, COCTOSILAS
U3 anroput™oB A U B, MoxeT pac-
CMaTpPHBATbCA KaK CaMoHacTpau-
BalOLAsiCsl CHCTEMA aJITOPUTMOB.
Paccmorpum Tenepnr nmpHMmep
CaMOCOBEpIIEHCTBOBAHUS C H3Me-
Puc. 15, HeHHeM CTPYKTyphl  pabouero as-
roputMma. IlpeamosiokuM, 4to pa-
Souuil aJrOPUTM JOTIKEH 110 PA3JIMYHBIM YUCIEHHBIM 3HAYEHUAM Ko3(pdH-
1IMeHTOB p H ¢ NPHUBEACHHOTO KBAJPATHOTO ypaBHeHUs x2 - px - g =0
BBHIJABATb KODHH 3TOr0 YpaBHEHHsi, ONHAKO B Hayaje paboTel 3TOT
aJrOpHTM eille He Hu3BecTeH. [lOCKOJLKY [PHUBENEHHOE KBallpaTHOG‘

ypaBHEHHe pelnaercsi 0 M3BECTHOH QopMyJie xy,3 — — --j:]/ LA}

TO HCKOMBIH aJropATM MOXKHO HCKaTh B KJjacce GOPMYJI, IOCTPOEHHBIX
C TIOMOUIBIO Omepaunuil CJOXKEHHUsI, BBIYUTAHHUS, YMHOXKEHHUs, AeJIeHHS
M H3BJeYeHHS] KBaApaTHOrO KOPHS M3 OYKB p H ¢ M UeNbiX YHCeda.
Bce Takue ¢opMysbl MOXHO 3aHYMEpOBaTh, PaclOJIOKMB HX Npen-
BapHUTeJAbHO B MOpSAAKE BO3PAaCTaHHSl CJOXKHOCTH: C POCTOM HoMepa
(opMyJBl yBeaHuyHBaeTCs, BoOOLle FOBOPS, YHUCAO YNOTPeGslomUXcs
B (popMyJie onepanHii U Bo3pacTaeT MaKCUMaJbHAas BeJMYHHA COmep-
KalUXCSl B HEH Ie/IOYHCJeHHbIX [apaMeTpoB.

[lepBoHauanbHO B KayecTBe pafouero ajroputMa BoiGHpaercs OfHAa
H3 NpOCTeHIIMX QopMyJ, CKaxeM dopmyna p --¢. Iloayuas oyepen-
Hble 3HayeHus KosdduuueHtoB p u ¢ (manpumep, p =3, ¢ = 2),
pa6ounil anropyuTM BblJAeT COOTBETCTBYIOLLee 3HAYEHHE KOPHS HJIH KOP-
He#l (B gaHHOM CJaydyae x = p 4 ¢ = 5). Obyuarouyii ajiroputM npo-
H3BOJMUT IMPOBEPKY IOJYUEHHOrO pelieHusl, MOACTAaBJsASl HafjeHHbIE
3HAYeHUs] KOPHEH B UCXOAHOe ypaBHeHue. EC/iU 3TH 3HAUeHHUs KOpHeH
VAOBJETBOPAIOT YPABHEHHIO, TO PalOuYUii aJrOPUTM COXpaHseTcs He-
HU3MeHHbIM. ECJ/IH Ke pelueHHe HaleHO HeBepHO (KaK B PaCCMOTPEHHOM
TOJMILKO YTO CJy4ae), TO B KauecTBe palouero ajroputMa BhlOUpaeTcs
cJefymomasl no nopsaky gopmyJa.

Jlerko noHATb, 4TO NpPH ONMMCAHHOH opraHusauuu paboyero u o6y-
4aloIIero aJropUTMOB MOCJTe KOHEYHOro YMCJA HeyJauyHbIX [ONbITOK
Oyner 3abMKCHpPOBAaHA NpaBu/ibHAaA GopMyna JJsl peuieHds KBajpar-
Horo ypaepHenus. IlockosibKy B Nponecce MOMCKA H3MEHAETCH, BO-
oflue rosopsi, CTPYKTypa aaroputMma (Buj (OpPMyJel), 4 HE TONBKO UH-
CJIOBbl€ NapaMeTphl, TO, COFJIACHO HPHHSITOH HAaMH TEPMHHOJOIHH,
NOCTPOEHHAsi CHUCTeMa AaJIrOPUTMOB SIBJSIETCS CaMOCOBEPILEHCTBYIO-
meiics Ha 6ase caMoOOpraHusanuH, T. e. mpejcrasjser coboi GoJee
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BbISOKPIﬁ THI CaMOCOBEPIIEHCTBOBAHHS 110 CPABHEHHIO ¢ CAMOHACTPOM-
Ko,

B paccmortpennom mpumepe mouck TpeGyeMoro pa6ouero aNATOPHUT-
Ma OCYUIeCTBJISIETCST 3a CYET NPOCTOro nepe6opa BCeX afrOPHTMOB 3a-
AaHHOTO 3apaHee kJjacca. MoxXHO, pasymeercy, He HCIIO/IB30BaTh mpej-
BapHTeJbHYIO (UKCAUUIO KAKOro-ju60 CHENHMaJbHOTO KJA4acCa aJiro-
PHTMOB, a OCYLIECTBJ/ISATh [OCJENOBATENbHBIA nepeGop B KJacce acex
4NTOPHTMOB, 3AMHCAHHBIX HA TOM MJIH MHOM (PMKCHPOBAHHOM aJIrOPHT-
MHYECKOM si3blke (HanpHMeP, Ha s3blKe HOPMAJbHBIX AJTOPHTMOB),
OJIHAKO B T4KOM CJAyyae BPeMs IOMCKA, KAK MPAaBHJIO, 3HAYUTENLHO
YBEJHUUBAETCS. ‘

O6buHO cHCTeMbl NOJOGHOrO MOHCKA OCYLIECTBJSIIOTCS HA 6rICTPO-
JefCTBYIOUMX 3JIEKTPOHHBIX BBIYHUCJUTENBHLIX MAaLIMHAX, ‘BbIOOJIHIO-
IUX MHOTHE ThICAYM onepauuii B cexynay. Ilpu Takoii ckopoctu pe-
LIeHHe OMUCAHHOTO npumepa (HaXoXAeHHe (OPMYNbl AN pellleHust
NPHBEJEHHbIX KBAJAPATHBIX YPaBHEHHH) OTHMMaeT Majo BpemeHu. Of-
HAKO M0 Mepe YCJOXKHEHHs HCKOMBIX PaGoyux ajJrOPUTMOB BpeMsi
[IOUCKA, OCHOBAHHOTO Ha Iepefope BCeX BAPHAHTOB, pacTeT CTOMB
OBICTPO, UTO peanu3anusi NOJOGHOrO MOMCKA 3a PasyMHOE BpeMsi, Jaxe
[IPH HCNOJB30BAHHN CBEPXOBICTPOREHCTBYIOMMX MAMIMH, CTAHOBUTCH
HEBO3MOXKHOH.

B 3tOoM Ciiyuae npuGeraior K CTyneHYaTOMY TOMCKY: CHAa4aja MILyT
Kakue-au6o JOCTATOYHO MPOCTHIE COCTABHBIE YacTH (GJIOKH) HCKOMOIO
pafodyero anropuTMa, a 3areM MPHMEHSIOT pAa3jiMuHbie KOMOHMHALUH
noctpoeHHbIX 6jiokoB. Camu GJOKM MOTYT CTPOMTBECS H3 eile GoJee
MenKuX OJOKOB, Tak 4TO Npouecce JAajbHedlmero JpoGAeHHus MOUCKA
HA OTJeJbHblE CTYNeHH MOXeT ObIThb elle npojgosmken. CHCTeMbl CTymeH-
YaToro MOMCKA II03BOJISIIOT CTPOUTb BECbMa CJIOXKHBIE CAMOOPTaHHU3YIC-
Liecst CHCTeMBl, aHAJOTHYHbIE CHCTeMaM TBODUYECKOTro IIOHMCKA, YIIOTPe-
OJISIeMBIM  4eJIOBEKOM. ‘

He Bpamasicb B panpHefiline noApoGHOCTH CaMOCOBEPLIEHCTBOBA-
HHS1 HA 6a3e CaMOOpraHH3alyH, COCPeNOTOYHM Halle BHUMAHHE HA T1PO-
61eMax, CBSI3aHHBIX C CAMOHACTPOHKON.

Onucannelil Bhille METOJ HAauCKOPeHllero crycka (M nogbema)
Tak»XKe JpeacTaBJjsieT cOO0OH HeKOTOpBIH MoucK. Ilpu 3ToM moucke npu-
MEeHSIOT onpefeNieHnyio cmpameeuto (A0 MAKMUKY), A YMEHbLIEHU
nepefopa pasJiHYHLIX BAaPHAHTOB, BEIYUIMX K pelieHuio 3ajaud. B
paccMOTPEHHOM CJiyyae CTPaTerus MNOHCKa CBOAMJACh K HCHOJB30Ba-
HHIO HMH(POPMAUHH O A0KAAbHLIX CBOACTBAX COOTBETCTBYIOUIEH (DYHKIUHH
{. KoTopyio Ha3oBeM ouyenouroli PyHKUHeH (3HAueHHsl 3ToH (yHKUHHA
MOXKHO PacCMaTPHUBaTh KaK OLEHKY KauyeCTBa HAHJAEHHOTO Ha TOM HJH
HHOM LIare noMCKa NpUOJMXKeHUs K TPeOyeMOMY pelIeHHIO).

Ecnu uucno napamerpoB (apryMeHTOB OLIHOYHOH (PYHKIHMM) OYEHb
BEJUKO, BO3HHKAIOT pAa3JUYHbIE 3aTPYAHEHUS NPH HCHOJL30OBAHHH
MeToja HauCKopeiiuero cnycka (Oogbema) B OMHCAHHOM BhIIIE MPO-
crefiieM Buje (3allMKJHBAaHHEe HaA BTOPOCTENEHHbIX MHHHMYMax HJH
MaKCHMyMaX, CJHMIIKOM MEJJIEHHbIH TEeMIl IPOABHXKEHHS K abCooT-
HOMY 3KCTpeMyMy H T. 4.). C Le/iblo yCTPaHeHHS] 3THX 3aTpyJAHEHHMH
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BHOCATCH PAa3jiHyHble H3MEHEHUs H YCOBEPUIEHCTBOBAHHMS B° ONHCAH-
HYIO Bbillie CTPATeryio JIOKaJabHOTO MNOHCKA.

ITpocreimne u3MeHeHHsl CBSI3aHbl C BEIGOPOM TOrO HJM HMHOIO miara
rpagHenTHoro crhycka (mognema). llesnecoo6pasHo, B YaCTHOCTH, OCYy-
ILeCTBJSTL POJBHKEHHE B 3a[AHHOM HanpapJieHHH He IO TeX MOop, MOoKa
npupauienne Af oueHOUHOH (YHKUHMH HM3MEHUT 3HAK, 4 JiHWb [0 Tex
0P, NOKAa OTHOCHTENbHAS] BEJHYMHA 3TOrO MNPHPALleHHst —Af—f He Oyier
MeHblIe (00 MOAYJAIO) HEKOTOPOH (UKCHPOBAHHOH 3apaHee BEJMYHHBL,
Ha3bIBaeMoH TpajlueHTHOH TNPOGOH.

B psage cayuaeB yjpaercs pasGUTh apryMeHTHl ONEHOYHOH QyHKuMH f
Ha [Ba KJacca TakK, YyTO H3MeHeHHsl NepeMeHHBIX NepBoro KJjacca npH-
BOAST K OTHOCHTENBHO GOJIBUIMM W3MEHEHHSM 3HAueHusi QyHKUHMH f,
TOr/Aa KaK H3MeHEeHHMs TepeMeHHBIX, BXOJSAUIHX BO BTOPOH Kjacc, U3Me-
HAIOT 3TO 3HAYEHHE B 3HAYHTENHHO MeHbliedi cTenenl. ONHUCaHHbIC BhILe
MeTofibl 00eceyuBaloT CJAHIIKOM MAaJiyl CKOPOCTb MPOABHKEHHS K
3KCTPEMYMY B HanpaBJjieHHsiX, COOTBETCTBYIOUIMX H3MEHEHHSIM MEepPEeMeH-
HBIX BTOpPOro kjacca. O6pasHO BHIPAXKAfACh, MOXKHO OCYLIECTBUTL Obl-
CTPBIi CcHycK (B HAamnpaBJeHHH, COOTBETCTBYIOUIEM H3MEHEHHMAM Iie-
pPeMeHHBIX NepBOro KJjacca) Ha LHO HeKOTOPOro «oBparar, a sartem 6ay-
XKAarh GoJjiee HJH MeHee CJydyaHHO MO ero JHy, NPAKTHYECKH He NpH-
OMUKASICL K TOUKEe 3KCTpeMyMa.

Hasi yerpanenns omucanHoro Hefoctatka M. M. Tensdanz u
M. JI. Lernann [18] npenjoxXuin cnendanbHbli METOM, HA3BAHHBIA HUMH
memodom ogpazog. CyTb €ro COCTOHT B TOM, UTO Ha «CKJOHAX oBparar»
BhIGHpaercst He ofHa, a ABe Touku (X, # X,). M3 Hux ocymecTBasercs
HauCKOpEeHIUA CIYCK Ha «JIHO OBpara», B pe3yJbTare 4ero BO3HHKAIOT
ase HoBble ToukH A, u A,. Coepunsis Touku A, n A, npsamoi, aenawor
B HalpaBJeHHH 3TOH NpsaMoi (B CTOPOHY YObIBaHHS oleHOuHOH (yHK-
IIMH) TaK HAas3biBaeMblll 08paxcHpili w2, BEIUYNHA KOTOPEro OOBIYHO
3HAYMTEeNbHO GOJiblie BeJHUHHBL lIAra IPajgHeHTHOro Chnycka. 3IToT
1Iar IPUBOJUT B HOBYIO TOYKY — X,, U3 KOTOPOH CHOBA OCYILECTBJSI-
eTCsi HauCKOpefuii CHycK B TOYKY A,. PacHONIOXKEHHYI0 Ha «JHe»
oBpara. B wnanpasjenus, onpegensiemom Toukamu A, H A, CHOBa
Jefaercs OBDAXHBIHA Iar, NPHBOASAMUHA B HOBYIO TOUKy — X, U3
Hee CHOBA OCYILECTBJIAETCS HAUCKOPEHRIIMH CIYCK HA «IHO oBpara» H T.A.

Msbr npoBesn onMcaHde MeTOAA NPUMEHUTENBHO K CNYCKY (T. €. K
HaXoXJeHNI0 MHHUMyMa oueHounofl ¢ynkuuu f). Camo co6oil pasy-
MEEeTCsI, YTO COOTBETCTBYIOUIHE NOCTPOEHHUs] MPUMEHHMBI H K MOAbEMY
(naxoxjennio MakcumyMa ¢yHKuuH f). B stom ciyuae BMecTo cnycka
B «OBpar» OCYHLIECTBJASACTCH NOABEM HA «XpebeT» U JajabHelliee IIPoaBH-
KEeHHE He MO0 «JHY oBpara», a no «rpeGHIO xpe6ray.

Bce omnncannsle Metofp! cnycka (mofbeMa) OTHOCATCS K KJjaccy
METOIOB JJil OTHLICKAHUSI 3KCTPEeMYMOB (QYHKuUHA UM GDYHKLUHOHAMOB,
KOTODBle OOBEAHHNUM T0J OGIMM HAa3BAHUEM GAPUAYLOKHBIX Mermodos.
B GoablunacTBe 3axay, NPENCTABASIOUX HHTepeC s KuOepHEeTHKH,
CYLIECTBEHHOE 3HAYeHHe NPHUOOPETAIOT Te UM HHble OrpaHHYEHHsl BO3-
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MOKHOH BeJIHYHHBI apryMeHTOB oneHouHo# ¢yukumu f. [lpu 3TOM
HCKOMBIE 3KCTPEMYMBI MOTYT JOCTHrAThCS HE BHYTPH 06JIaCTH oTpexe-
Jenusi QyHKUHH f, a Ha rpaHynax 371of obaactu. Paccmorpennbie Bbille
METOZiBl CNycKa (mojbeMa) NPUroAHBl B OPUHIHIE M U HAXOXKIEHHA
10JIOGHBIX «TPAHUYHBIX» 3KCTpeMyMoB. OFHAKO B Psfie YACTHBIX CAY-
4yaeB ropasgo Gonee 3(pbeKTUBHEIMH OKA3LIBAIOTCSI HEKOTOPHIE CNeHab-
Hbl€ BAPHAUMOHHBIE METOBI.

K uncay Takoro poga METomoB OTHOCSITCS METOJbl TAK HA3BIBAEMOTO
AUHelro20 npozpammuposarnus (HAW JHHeHHOTO IJIAHMPOBAHMS). DTH
METOAbl NPUMEHSIIOTCST B TOM CJlyyae, KOUHa oLeHouHast QyHKuusa f
NpPeACTaBJsAeT COG0H JHHeHHYI0O QYHKUMIO (NOJIHHOM NepBOH CTeleHH):

= 01X 43X, + ... 4 anX, +Q, a TPaHHUBEl 06AACTH ompeaese-
HHS TePEMEHHBIX COCTABJISIIOTCS H3 THIEPNIOCKOCTeH, T. €. U3 NOBepX-
HOCTeH, 3agaBaeMbIX yDaBHEHHsIMH IepBoil creneHd. B atom cayuae
00/1aCTb onpefieieHHs1 TpeAcTaBaseT COG0H MHOTOMEPHBIH MHOrOrpaH-
HUK (He 06513aTeibHO KOHEYHbIH), BCe TOUKH KOTOPOTO YAOBJETBOPSIOT
CHCTEME JIMHEHHBIX HepaBeHCTB Buma by x + biXy 4 ... + bi X+
+b;, >0 (i =1,2, .., m). 3HaKn HepaBeHCTB MOryT ObTb, pasy-
MeeTCs, H3MEeHEeHbl HAa O6GpaTHhle 3a cueT H3MeHEeHMsl 3HAaKoB Koaddu-
ILHeHTOB b;;. ,

HetpynHo nousite, 4To 3KCTpeMasibHOE 3HAUEHHE OleHOYHAas (YHK-
uyus f OpUHMMaeT B OfHOH MJH HECKOABLKHX BEepIIHHAX MHOTrOrpaH-
HUKa. B cayuae HeCKONbKHX BepIIHH SKCTPEMAJibHOE 3HAUEHHE TIPHHU-
Mmaercst QyHkuMeH f Ha rpand (BooGuie FOBOpPSi, MHOTOMEPHOR), IPOXO-
Jsame yepes BCe 3TH BepHIdHBL. MOXKHO TO3TOMY HAlTH HCKOMOe
3KCTPeMasbHOE 3HaueHHe, nepeGHpasi OJHY 3a APYrofl Bce BepIIHHEI
MHOTOFPAHHHKA, OJHAKO NPH GOJIbLIOM UHCJE TIepeMeHHBIX 3TOT METOJ,
OKa3bIBAETCS YPE3BhIUAHHO I'POMO3JKHM H TPAKTHUECKH HENPHTOXHBIM.
B Hacrtosmee Bpemsi paspaGoTaHsl ropasjo GoJee 3dbdeKTHBHBHIE Me-
TOABl PelIeHHs1 3ajay J{HEeHHOrO0 MPOTPAMMHUPOBAHUA. DTH MeTOIB!
npegyCMAaTPHBAIOT NPUMEHeHHe He JWHeHHbIX HepaBeHCTB, a JiHHeH-
HbIX YPaBHEHHH, K KOTOPbIM MOXKHO CBECTH JioGhle HepaBeHCTBa 3a
cqe'r BBEJleHH Sl HOBBhIX HEU3BECTHBIX. IIpH TakoMm BBe,aerm HepapeHCTBa

E]b x;+b;, > 0 3amensiorcs ypaBHEHHSMH Zl b; i + b, =y
= -

rie Yy, —HOBBHIC HEH3BECTHBIE, KOTOPHIE HOJKHHI HéHHPIMaTb JIUIIb He-
ompuyamensusie srauenus (i =1, 2, ..., m).

Ha npaktuke nauGosee yacro Bcrpeqae'rca caenyouas [OCTaHOBKA
3ajaud JIMHEHHOTO NPOFPAMMHPOBAHHS, KOTOPYIO GYAeM Ha3biBaTh
KQHOHUH1eCKOL.

ﬂaua cucmema m AuHeUHblx aicebpaudecKux ypasHerull ¢ Heussecm-

HoLMU Zal,x, =b; (i =1, 2, ..., m). Tpebyemca ratimu maKxoe He-

omput;ame/zbuoe (6ce x; >0) petenue amoti cucmemsl, OAfL KOIMOpPO20
HeKOmopas urcuposannas AuHelinas gopma (oyeHounas GYHKYUS)
n

[ = 2 cux, npunumaem HaumeHbliee B03MONCHOE 3HAYEHUE.
k—1
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OmnnimmeM OIMH H3 BO3MOXKHBIX 3(pEKTHBHBIX METOJOB pellieHHs
3TOl 3ajaud, HasplBaeMpli OOBIYHO CHMILIEKC-MeToHOM. [Ipu npume-
HEHHH CHMIJIEKC-METOA NPOH3BOAATCH NOCJeJoBaTesbHbBle Mpeobpa-

n
30BaHHsl 3aJaHHOA CHCTeMbl ypaBHeHHH 3 aq,x; = b;(i =1, 2, ..., m)
=l

JI0 Tex Nop, NoKa OHA He GyfeT NPHBeeHa K HEKOTOPOMY CrelUaJhHOMY
Buny. IlpenBapurennbHo cucTeMa TpaHC(OPMHUPyeTCsi: Bce CBOGOLHBIE
ujeHsl b; JenaloTcs HeoTpuuaTeabHeIMH (ecnu b; < 0, TO FOCTATOYHO
NOMEHATb 3HAKH o0eux uacrtefl i-ro ypaBHEeHHs); 3aTeM ypaBHEHHUS

n

nepenuceiBatoTest B Buge 0=0,— X a;x; (i =1, 2, .., m). Ecau B 1no-
j=1

JYYEHHOH CHCTEME HMEETCS NepPeMeHHasl X, BXOAAULAsl JiHllib B ORHO
ypaBHeHHe, CKaXeM p-€, H HMEOU[asi NOJIOXKHUTEJbHBIH KO3(QHIUEHT
a,,, TO TaKas Me€peMeHHas MoJyyaeT Ha3sBaHHe OCHOBHOH, a COOTRET-
CTBYIOLLEE YDABHEHHE DeliaeTcsi OTHOCHTE/bHO 3TOH NepeMeHHO#. Bui-
Jesisisl BCe OCHOBHBIE JlepeMeHHble, 0Go3HAueHHble GYKBAMU X;, Xp, ...
.eey Xp,, TIPHBELEM HaIly CHCTEMY K BHAY )

n
x,=b,— Y a,x; (k=12 k)
. ; J=tko+1 . (1 14)
=b—Y ax, (=k+1, k+2,...,m).
j=kot!

YpaBHeHust BTOpofl rpynnsl (He paspelleHHble OTHOCHTEJBHO X,)
HasbiBaloTcs O-ypaBHEHHUsIMH (He HCKJIOYEHO, YTO TRKHMH ypaBHEHHs-
MH OKaXyTcsi Bce ypaBHeHHs cucTeMsl). Llenp mansuefimux npeofpa-
30BAHMH COCTOMT B HAXOXAEHHH KAKOrO-HUGYAL HEOTPHULATENBLHOTO
pemrenusi cucreMsl (114). tu npeo6pa3oBaHHs CBOAATCS K MOCJENO0BA-
TenbHOMY (BooGlle FOBOpPSI, MHOTOKPATHOMY) TOBTOPEHHIO LHKJAA, CO-
CToAILero U3 Cjaefylolux maros (cM. [6]):

1. Omoickusaemen 0-ypasHerue, y Komopoeo ceoO0OHbIL wieH Cmpozo
Goavie Hysa (ecau maxoeo 0-ypasHenus Hem, mo 3a004Q peuiena, hHo-
cKoabKy, noraean x, =b,(k =1,2, ., k) u x;, =0 (i =k, +1,
ky +2, ..., n), noaydum, ouesuOHo, HEOMPUYAMENbHOE pellerue Cu-
cmenmpt (8)). ITycms smo 6ydem i-e ypasHerue.

2. B HatiCenrom (i-om) ypasHewnuu ommeuaemcs Kaxoli-Hubyds no-
nomcumersroitl kospuyuenm a;;, (ecau sce xospuyuenmo. a;; 6 i-om
'ypasHeruu Henoaoxcumenvrol, mo cucmema (114), ouesudro, e moocem
uMemy NOACKHUMEAbHbLX pelieHud, U, CAe006aIMeAbHO, NOCMABAEHHAS
30004 AUHELH020 NpPO2PAMMUPOSAHUS Hepa3peuiuma). '

3. B mom ace cmoabue, 8 komopom codeprcumcs apiGeserHbitl Kop-
puyuenm a; (m. e. 8 ji-om cmoabye) HAXOOUM MAK HA3bIBAEMbUL pA3-
pewiarowuil Koaguyuenm qa;;,, KOMOpsLl XQALaKmepusyemcs mem, 4mo

uz ecex omuowleHutl —— ¢ nosoxcumesvromu a; (i = 1,2, ..., )
ij,
is

OMHouleHue UmMeenm MURUMAADHO BO3MOJCHOE 3HAYEHue.

1)1
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4. Y pasnenue, & komopoe exodum paspewarowuti kodpduyuenm
(m. e. i-e ypaswenue), paspeuiaemcs OMHOCUMEAbHO nepemenHol Xj,,
KOMopas OMHOCUMCA NOCAE 3MO20 K HUCAY OCHOBHbIX NEPEMEHHbIX, U
HatiOenroe évipaxcerue OASL Xj, NOOCMABAAEMCA 60 8C€ OCMOAbHbIE Ypas-
Herus (ecau iy-e ypasrerue He npunadaexcarc K wucay 0-ypasuenut, mo
nepemenHoe X;,, CImosgulee 8 e2o €60l 4acmu, UCKAIOUQemcs u3 4ucia
OCHOBHbBIX  NepeMEHHbIX).

5. Hocae paspewerus i,-20 ypagrenus (OMHOCUMEAbHO X)) CHOBA OMbi-
ckusaemces O-ypasHenue ¢ NOAOHUMEAbHOIM CRODOOHBIM HYAEHOM, W € HUM
npoussooAamcs éce onucartsle oiue Oelicmaus.

OnHncaHublii NpoLECC NOCAEN0BATEALHOTO PpaspelieHdsl HpomoJiKa-
ercs o TeX NOop, noka He ucuesHyT Bce O-ypaBHenua. Mckomoe He-
OTPHIATENLHOE pellieHHe TMojiyYaeTcss B pe3yJabTaTe IPHPABHHBAHHUS
BCEX OCHOBHHIX IepeMEeHHBIX X; COOTBETCTBYIOIIMM CBOGOZHBIM Yj€HaMm
b (i =1,2, ..., n),a Bcex HEOCHOBHBIX IepemeHHbIx — Hy.J10. Cy-
LLECTBYIOT CJIy4aH,KOTAa ONMCAHHBIA NPOLEcC 3audKJHBaeTcst M, IPo-
JOJKasACh GECKOHEeWHO HOJIro, He NMPHBOAMT HY K KakoMy pemrenuio. B
3THX Cayyasix NpuberaioT K wu3meHeHHio Bot6opa (-ypaBHeHHs1 H pas-
periarolero KosgpguuyuentTa ga 2-oM U 3-em liarax npouecca noc/eso-
BaTEeJLHOTO paspemeHusi, uYTo OOGBIYHO TIOMOraeT H30exaTb 3allHK-
JIHBAHHUSI.

Ilocsie okOHuaHHUsT Mponecca noc/efoBaTe/ILHOTO pa3pelieHus Hafi-
JeHHble BhIPAXKEHUs [I/isl OCHOBHBIX MEPEMEeHHBIX TIOACTABJSIOTCA B Olle-

n
HOuHYIO pyHKuM0O f = X c,x,, B pesysjbTare 4yero OoHa MNPHUMET BHJ
k=l

n
[=d— Z+L]i,-x’,~. B nocaenneM BbIpaKeHUH CyMMHPOBaHHe pacnpo-

j=r
CTPaHsIETCs1 JiMllb HA HEOCHOBHHIE TIEPEMEHHBIE, KOTOPHIM (mocne co-

OTBeTCTBYIOUIEH NepeHyMepalMi) NpUIucansl HOmepa oT r 4| mo n.

HNanee onucaHHblffi Bl . IPONECC pAa3peLIeHUs] NPUMEHSeTCs K
CHCTeME YPAaBHEHHH A/ OCHOBHBIX Ii€DeMEeHHBIX, NOJYYEHHOH B pe-
3yJibTarte nepBoro NpUMEHEHHs 3TOTO [ponecca, KoTopas 3amuChBaercs

n .
xp=b—Y ax, (=12...1r«
j=r41 . ‘
H K HoBoMy O-ypaemenuto 0 =d — 3 d;x;. B KauectBe paspeiua-
f=r—+1
IOHIMX  KO3(pUIHEHTOB BbI6PIpalOTCH/ Jx;leb Ko3punuents! aq;;. Ilpo-
1IeCC OKaHYMBaeTcsl mocje Toro, Kak B 0 -ypaBHeHHH Bce Ko3bhdHIHeH-
THl d; CTaHyT OTpHuATeNbHbIMH. [losiarasi nocjie 3Toro BCe HEOCHOBHbLIE
nepeMeHHble PaBHBIMHM HYJIO, a BCe OCHOBHBIE MEPEMEHHBIE COOTBeET-
CTBYIOLIMMH CBOGOIHBIM 4JieHaM, NMOJYYUM TpebyeMoe pelieHue HCXOA-
HOH 3ajja4yH JIMHeHHOro IPOrpaMMHPOBAaHHUs. 3aMeTHM, YTO KaK INipH
NepBOM, TaK U NPU BTOPOM NPHMEHEHHH Npollecca IoC/el0BATeNbHOIO
paspemenHsi Bce CBOGOAHBIE YJieHBl (3a HCKJIOueHHeM ujeHa d) ocra-
IOTCS BCe BPeMsl HeoTPHIlaTeSbHBIMH.
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Jlunefigoe NporpaMMHupoOBaHHE IIAPOKO IPHMEHSIeTCs B 3ajauax
ONTHMA/LHOTO M/IAHHPOBAHHSA . TPAHCIIOPTHEIX EPEBO3OK. TNonoGuuie
IpUMEHEHNs JIHHeHOrO NporpaMMHpPOBaHHs ObiM pa3paloTaHul BIep-
sule JI. B. Kanroposnuem [38]. Houpoéﬂbxe 000CHOBAHHUS ONMUCAHHOIO
HAMH CHMIIJIEKC-METO[A MOXKHO HAHTH B CIElMaJNbHBIX MOHOTpadusx,
NOCBANIEHHLIX JIHHEHOMY NpOrpaMMHpPOBaHHIO.

Onuiiem eme ofHy oOmyl0 CXxeMy BapHAllMOHHHIX 33anad, K KOTO-
poli CBOAATCA MHOTHE 3ajayd TaK Ha3bIBAEMOTO OUHAMUYECKOZ0
npo2pammiposanus (nym punHamuueckoro nJjanuposanusi) [7]. Cmeica
YKa3aHHOH CXeMbl CBORHTCA K CJeYIOmeMy: B HekoTopom (BooOiie
roBOpsi, MHOTOMEDHOM) 3BKJIMAOBOM MNPOCTPAHCTBE C IOMOIILIO TeX
HJH HHBIX OFPaHHYEHHUIH BBHIENAETCH HEKOTODPBIA KJace KPUBHIX, KO-
Topule Gyem HasbiBaThb mpaexmopusamu. Ha MHOXKecTBe BCex BO3MOXK-
HEIX TpaekTopuil 3ajaHa HeKoTopas OLeHoyHasd (QYHKUHA (HJH, Kak
NPHHATO OGLIYHO TOBOPHTh, (PYHKYUOHAN). 3a1a48 COCTOMT B HaXOXje-
HHH TPAeKTOPHH, HA KOTOPOH 3HAYEHHE 5TOro (PYHKIMOHAJIA ABJAAETCH
HaHOOJbIIAM HJIH HAMMEHLIIHM. )

PaccmoTpUM OZHH M3 JOCTATOMHO OOMIMX YHCJAEHHHIX (rpHG/iH3KeH-
HEIX) METOJI0B PELICHUs yKasaHHOH 3ajauu, paspaborannuit B. C. Mu-
xanesnuem du H. 3. [lopoMm, — memod nocredosamessroeo anaiusa
eapuanmosg. V3JI0XKHM 3TOT METOJ NPHMEHHTENLHO K OJHOMY NpOCTel-
uleMy CJyuyarl, KOrja OCHOBHOE IIPOCTPAHCTBO ABYMEpHO, kJjace K
TPaeKTOPHI COCTOHT U3 BCeX KYCOYHO-TJIAAKHX KPUBHIX, COENHHSIOMHUX
IBe GHKCHpOBaHHBle TOYKH A H B npocTpaHCcTBa M COAEpIKAUXCSH
UeJIHKOM B HEKOTopoil ¢uKCHPOBaHHOH KOHeunoiél o6jactu Q, a ore-
HOUHHI (yHKIHOHAA F o0sanaeT cBOACTBOM afiAuTHBHOCTH. CBOHCTBO
afJUTHBHOCTH COCTOMT B TOM, uYTo (YyHKIHOHAN F mnpeamoJiaraercs
OMpeleJeHHEIM He TOJIbKO Ha LeJEIX TPAaeKTOPHAX, HO U HA JIOOHX HX
KyCKax (OTKDHITHX MOJMHOXECTBAX M MX 3aMHIKAHUAX) H npH 00b-
e[MHEHUH JIBYX HermepeceKalomUXCs KYCKOB B OJIMH COOTBETCTBYIOLIHE
3HAYeHUs] OIEHOYHOTo (YHKIHOHAJA CKJaBBaOTCS

F(,u L2) =F({L)+F (Lz)-

Chopmy/iMpOBaHHEIE YCJIOBHA COOTBETCTBYIOT 3ajdue JuHaAMH4Ye-
CKOT'0 MporpaMMHpoBanus B mocraHoske P. DeanMana.

[lepBhiii IMar B MeToAe MOCJENOBATENILHOTO AHAJH3a BAPHAHTOB
3aKJII0YAeTCs B TOM, 4TO Kjacc K OrpanHYMBaercd: H3 BCEX TPaeKTopui,
COefHHAIOUMX TOYKH A u B, BRIEJAIOTCS JHIIL HEKOTOPHE JOMaHble
AMHHH. [IPOHMCXONHT 5TO € NMOMOWLIO NMPOBEJNEHHS HECKOJBLKHX Ceye-
HHH (B JaHHOM CJyYae NMPAMEIX), MepNeHAHKYAApHEIX oTpe3ky A B u ne-
pecekalomux ero. Bepuuuel paccMarpHBaeMmblX JIOMAHBIX MOTYT pac-
noJiarathCsl TOJbKO HA BHIOpaHHLIX ceueHusax. anee, Kaxjaoe ceueHue
(8 mpememax o6jacTd ) aRANPOKCHUMHPYeTCs KOHRUHLIM MHOXKECTBOM
TOYeK (BO3MOXKHEIX BEpIIHH JOMaHhX). ['ycToTa pacmo/ioXkenusi TOueK
aNMpPOKCHMHPYIOIEF0 MHOXKECTBA, KAaK U TYCTOTa CeyeHul, oOIpe-
AensieTcs HCXoad u3 TpefyeMoll TOMHOCTH pelIeHus 3ajauH. Hamsumoe
npeAcTaBaenye 0 TpeGyeMuIX MOCTpoeHHsAX aaer puc. 16. - . -



Ha puc. 16 rpanuma o6nactu Q o6o3HaueHa MyHKTHPOM, C€YEHHS—
PHUMCKHMH LHGDaMH, a TOUKH AaNNpPOKCHMHDYVIOMHX CEYeHHS MHO-
)KecTB—apabckumi nHppaMu. EC/IH KOJHYeCTBO TOUeK B {-OM CEueHHH
0603HAYUTL n;, a ofmlee YUCIQ CedeHHH — m, TO ofilee KOJiMuecTBO
(N) JIOMaHHIX, COOTBETCTBYIOIIMX BBLIABHHYTHIM. YCJIOBHAM, Oyaer omnpe-
IeNaThCsd, KaK HeTPYAHO BHIETb, INIPOU3BEAEHHEM 4YHCed n; i N =
= MmN, ... N,. ITa BeJMUHHA OYeHb OLICTPO PACTET C POCTOM HHC/IA TO-
yeK H CeueHuH, B pe3yJbTare yero nepefop BCeX BAPHAHTOB OKAa3Hl-
BaeTCsl NPAKTHYECKH HEBO3MOXKHBIM.

MoxHo, oanako, COKpaTHTL Ie-

pebop, BOCMOJL30BABIINCE CEAYI- i 5 5’+’:fi"
O ;
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wuM npuemoM. CoenHHHM TOYUKY A OTpe3KaMH MPSMEIX CO BCEMH TOY-
K4MH NEpBOTO CeYeHHS H BLIYHCJHM 3HAYeHUEe OLEHOYHOTO (PyHKIHO-
dasia F 1714 BCex 3THX OTpe3KOB. Kaxjmoii TOuKe j mepBOrO CeueHHS,

comocTasuM 3Hauenne F; byHkuwonana F Ha oTpe3ke, COEIHHSIOMIEM
3Ty TOUKy C Toukofi A. J[1q KaKA0# TOUKH 2 BTOPOTO CeueHUs HAXOJHM
TOYKY j, MEePBOro CeyeHUsl TaK, YTOOH 3HAUeHHe OLEHOYHOTO (PyHKIHO-
nana F na jomanofl Aj,k Obll0 HAUMEHBIIUM MO CPABHEHHUIO C €FO 3HA-
YeHHSIMH HA BCeX JPYFHX JAONYCTHMBIX JIOMAHHEIX, COEJHHSIONHX
Touky A c Toukofi k. [lockoabKy (pyHKnuoHan F ajiuTHBEH, TO BO-
NpoC CBOJHMTCA K MHHHMH3ALMH CYMMH F; F(j, k), tne F(j,, k) —
3Hauenue QyHKuuonana F ua orpeske [j,, £l. CooTBercTByMOmIEE (MH-
HHMaJIbHOEe CPEHd BCeX BO3MOXKHEIX 3HAueHHHA) 3HAyeHHe (YHKIHO-

dasa F Ha nomanofi Ajk o603nauum uepes Fa. JIisi ero HaXoXAeHHS

HCIIOJb3yeM YyiKe HafjeHHHle 3HAYeHUs (QyHKIMOHAana F; B Toukax
npeanayuero (mepBoro) ceueHHsi, KOTOpble MO HeoOXoAuMocTH OyayT
3JeCb MHHHMAJIbHLIMH, a nepefop OTpAHUYMBAETCA JHUIbL BCEBO3MOXK-
HBIMH OTpPE€3KaMH, COENHMHSIONMMMH TOYKH NEPBOr0 H BTOPOTO CeueHHH.

IIpenmosiokuM, 4TO JJisl BCeX ToYeK p i-FO CeUeHHsl yXKe HaiJeHbl
MUHHUMAJbHBIE 3HAUeHUsI F, QyHKuMoHana F Ha BCeX AONMYCTHMHIX JIO-
MaHbIX, COEMHAIOMHUX 3TH TOUKH ¢ Toukofi A. Paccmorpum yuacTox
Mexay i-bM H ({ 4~ 1)-bIM ceuenusimu (puc. 17). JIas Kaxknod TOUKH ¢
(i 4 1)-ro ceyenus HaiineM TOYKYy p, i-ro CEUEHHS TaK, YTOOH cymma
F;q + F(p;, q) Onaa munumanbHod. OueBHAHO, YTO HaiieHHOe MH-
HHUMaJLHOE 3HAYEHME YKA3aHHOM CYMMH GYJAeT NpeacTaBasiTh COGOH
MHHHMAJIbHO BO3MOXKHOE 3HAueHHe OleHoyHoro ¢yHkuUHoHana F Ha
BCeX JOMYCTHMBIX JIOMAHHIX, COEIMHSIOMMX TOYKy A ¢ Touko# ¢. 3a-
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nucHBas 3TO 3Havenwe F'F' M 3acTaBiss TouKy ¢ npoGexaTh Bce
toykd (i -+ 1)-ro ceuenus, MOJYYHM BO3MOXKHOCTbL Ie€pedATH K pac-
CMOTpEHHIO (Ha OCHOBE COBepIIEHHO aHAJIOTHYHBIX MOCTPOEHHH) yyacTka
mexay (i 4+ 1)-eM u (i + 2)-bM cedenusiMu. [Ias paccMOTPeHHOTO
e yyacTKa MeXAy i{-BIM H (i 4 1)-bIM ceyeHHAMH HeOOXOJHMO 3aIOM-
HHUTb JHLb QYHKIHIO @), COMOCTABAIIMLYIO KaXKA0H TouKe g (i I-1)-ro
ceyeHUsl TOUKY p, = @¥(g) i-ro CedyeHusl, C KOTOPOH ee BLITOAHEE BCETO
coenuHuTh. B ciydae, u3o6paxKeHHOM Ha puc. 17,

(D=2 ¢@2 =3 ¢O=4% ¢®H=5 ¢ (6 =3

B pesyJinTaTe NOBTOpeHHSl YKa3aHHOTO Npolecca HPUAEM, Ha-
KOHell, K PACCMOTPEHMI0 y4acTKa MeXAy NOCJeNHUM (m-bIM) CeueHHeMm
v KoHeuno#i Toukolt B. Haxoms assi Touku B Touky r = ¢™(B) m-ro
ceueHus, C KOTOPOii ee BHIOHee BCEr0 COeTHHHTL, MOXKEM N0 3aNIOMHEH-
HbIM HaMd QYHKUHAM ¢ (x) (i = 1, 2, ..., m) HaliTH HaUBLITOAHEHLIYIO
TPAEKTOPHIO (IOMYCTHMY(O JIOMAHYIO) Ak,Rs... k; kivi... kmB, coequ-
HAOWYIO Toukd A # B: TOYKd 9TOH JIOMAHOH ONpefeNsioTCs MOChAeno-
BaTeJbHO (CIpaBa HaJleBo) C MOMOMIbIO COOTHOLIEHHH R; =@ (k;;1)
(i =m,m—1, ..., 1), npuueM B KaueCTBe TOUKH K, ; BLIGHpaercs
Toyka B. Jlerko Bujerh, 4TO HaljeHHasA JoMaHas, AeHCTBUTENBHO,
MHHHMH3UPYET OueHOuHbIH ¢yHKUHoHan F. Ilpu 3ToM nepeGop, ¢
NOMOWIBLIO KOTOporo OblLia HafjeHa JiomaHas, OrpaHHUHBaeTCs, oue-
BUJHO, BCero Jvilb n,n, + Nghg -+ ... + Ny Ny + N, BapHaH-
TaMH BMECTO 1,7, ... N, BAPHAHTOB IPU MOJHOM nepebope (n; — KOJH-
YECTBO TOYEK B [-OM CEUEHHH).

- OnucaHHBEIl MeTO] HEMOCPEeNCTBeHHO o6obiiaercs Ha cayyail MHO-
TOMEPHBLIX ITPOCTPAHCTB. |pefOBaHHE ANJUTUBHOCTH OLEHOUHOTO (PYHK-
IlHOHaJMa F Tak:Ke He fiBjissercsl cTporo o6s3atenbHbiM. [loctarouHo,
OYEBMJHO, NPEANOJIONKUTh, YTO AJAA JHOOOre HayaiLHOro Kycka APQ
TpaekTopHHu 3HaueHde F(APQ) dyHkuuonasa moxer OHTL INIpeACTaB-
JeHo B Buie F(APQ) = f(F(A, P), F(P,Q)), rae f(x, y) — BeiecTBeH-
Hasg QyHKLHUA, He YORBAIOUIAA MO X NpH JOOOM 3HAUEHUH Y.

3ameruMm emie, 4T0 B GOJIBIIHHCTBE CJiyuaeB Mepefop pasiuuHbIX
BAPUAHTOB COEIMHEHHS TOUeK IBYX COCEIHHX CeueHHiH MOXKeT GbITh 3Ha-
YHTEJIbHO YMEHbIIEH 3a CueT pas3JjiMYHOTO poja OrpaHUueHui (HANpHU-
Mep, OrpaHM4YeHdll HAa MAKCHMAJbHBIA YroJl HAKJOHA OTPE3KOB JIOMA-
HBIX O OTHOLIEHHIO K OCH X B JBYMEPHOM cjiyuae). B psge cayuaes
nepe6op yraercsi COKPAaTUTb 3a CYeT HCMOJIL30BAHHSA CBOHCTBA HeIpe-
PLIBHOCTH OIEHOYHOTO (pyHKUHOHAJa. Dosee cjoXHBIE NOCTpOEHUS
B METOJHMKE II0C/IEJOBAaTeJLHOIC aHAIH3a BAapHAHTOB CBSI3AHBI CO CIie-
[IHAJIbHOH CHCTeMaTH3alluell orpaHHYeHuil  GYHKIHOHAJNOB, MO3BOJSIO=
el CTPOMTb aJrOPHTMBI NMOUCKA ONMTHMAJILHOH TPaeKTODHH TiyTem
MOCJIe0BATE/IbHOF0 OOHADPYXKeHHs U BHIOpachBaHusA «6eCrepCrneKTHR-
HLIX» OTPE3KOB TPaeKTOpHH.

Y ¢



Farasa V

SAEKTPOHHBIE LIMOPOBLIE MAIUHHBI
M NPOrPAMMHMPOBAHME

TSN

e § 1. YHuBepcanbHblii NPpOrpaMMHBbIH aBTOMAT

Oxnum u3 Haubojiee 3HAYUTENILHBIX TEXHHYECKHUX JOCTHUIKEHHH Ha-
LIero BpeMeHH fBHJIOCh CO3LAHUE YHUBEPCAAbHOIX NPOSPAMMHLIX AB-
TOMAaToB, T. €. aBTOMAaTHYeCKUX mpeoOpasoBartesell HH(opMmalHu, IO-
3BOJIAIOMIMX peasin30oBaTh Mobbie aaropaTMbl. [ogo6HEIMH aBTOMATaMH
ABJISIIOTCS] COBPEMEHHbIE YHHBEDCAJIbHBIE 3J/IEKTPOHHBIE BBIUHCJIMTE/]b-
Hole (OuMdpoBble) MaliHHBL. lHTEepecHO OTMETUTb, 4YTO, KaK SIBCTBYET
W3 CaMOro Ha3BAHHSA, ITH MalIMHb Obl/IH CO3JAHBL AJS 1leJiell aBTOMaTH-
3auMH BBIYHCJEHHH, TOUHEe, — N1 aBTOMATH3allMU BBLINOJHEHHS IpO-
H3BOJILHBIX 6biMUCAUMENbHbIX aJTODUTMOB. TepMHH «yHHBepCaJbHLIE»
NPUMEHUTENbHO K 3THM MAlIMHAM CO3[aTeJH IePBbIX YHHMBEPCAJbHBIX
BLIYMCJIHTEJLHEIX MAIIHH MOHHMAJH (1a W Teneph €€ MHOTHE TOHH-
Mai0T) B CMBICJIE YHHUBEDCAJLHOCTH IO OTHOLIEHHIO HMEHHO K BBHI-
UHCJIMTEJIbHBIM aJTOPHTMaM.

4 O1HaKO, MOCKOJNbKY BCSIKHH aJropuTM MOXKeT ObiTh CBEleH, Kak
OTMeYaJioch B I [, K BRIYMC/IEHHIO HEKOTOPOH YACTHYHO PEKYPCUBHOM
(apugmMeTnueckol) (YHKUMH, TO YHHBEPCAJbHOCTL [0 OTHOIUEHHIO X
BLIYMC/IUTEIbHEIM 4JTODUTMAM OKa3LIBAeTCS YHHMBEDPCAJbHOCTRIO BO-
obme. 210 0o6CTOATEJNLCTBO HUMEEeT OTpPOMHOE MPAKTHYECKOe H TNpHH-
IMIHAJLHOE 3HAYEHHe, IIOCKOJbKY (paKTHYeCKH OCHOBOH Jioboi 0G-
JIacTH JeATeJbHOCTH YesioBeKa sABJsercsl npeoOpasoBande HHpopMma-
IIMY B COOTBETCTBHM C TEMH WJIH HHHLIMH, 3a4acTyI0 BECbMa CJIOXKHBIMH
Habopamu aJropHTMOB,

Hanuuue B Halem pacnopsikeHdd YHUBEPCAJbHBIX aBTOMaTHYECKHX
npeo6pasoBaresiel HHPOPMALUH, KAKUMH SIBJSIIOTCS COBPeMEHHLIE YHH-
BepCa/ibHble 3J/IEKTPOHHBIE BHIYHC/MTEJNbHBIE MAIIMHLI, NMO3BOJIAET, MO
KpafiHei Mepe B NpPHHIHIE, ABTOMAaTH3HPOBATbL JIOOYI0 06/aCThL fAesi-
TEJbHOCTH YeJIOBEKA, OCHOBAHHYIO HAa NMpeo6pasoBaHHUAX HH(OPMAIHH.
A10 MoXKeT OLITh H pelleHHe CJI0XKHHIX 3a[a4 PACYETHOIO XapakTepa,
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¢ IJIaHMPOBaHHe, H YIpaBJ/ieHHe NMPOH3BOACTBOM, H MEPeBOj C OJHOIO
s3BIKA HA JAPYFOH, H COUHHEHHEe MY3HIKHM, H MFpa B LIaXMaThl, H MHOTOE
Jpyroe. Kypne3Ho, 4To yKa3aHHble OTPOMHbIE BO3MOXKHOCTH, 3aJI03KeH-
Hble B YHUBEPCAJLHHEIX 3JEKTPOHHBIX MAIIHHAX, HE TOJLKO He Onlid
OCO3HAHBl NMEPBBIMH HX KOHCTPYKTOpAMH, HO MHOTHMH M3 HHX JaxKe
OCIapHBaJuCh.

B cBsA3Hu ¢ 3THM HEOGXOAMMO OTMETHTDL eie OfHO 3abJyXKaeHHe, Ko-
TOpoe GLITYeT CPEfH JIMIL, HE 3HAKOMEIX C TeopHed aaroputmoB. Cyiue-
<TBYET MHEHHE O TOM, YTO yJHBHTEJbHEE CBOHCTBA COBPEMEHHHIX 3JIEKT-
POHHBIX HH(POBBIX MAIUMH OCHOBLIBAIOTCA HE KaKHX-TO Cllennduye-
‘CKHX OCOOEHHOCTAX NPHMEHAEMHX B HHX 3JIEMEHTOB — 3JIEKTPOHHHIX
JlaMn, TPaH3HCTOPOB M T. . B neficTBUTesbHOCTH 3J€KTpOHHMKA cama
no cefe He MMeeT HHKAKOTO OTHOUIEHHS K MX IPHHUHMMHAJALHbIM (Ka-
4YeCTBEHHHIM) BO3MOXKHOCTAM.

Jlesno 3akJaiouaerca 6 ocofom npunryune ynpaeiesus u 6 uabope
.onepayutl, KOTOpEle MOFYT BBLIMOJHATb 3TH MALIUHBL,, A 3JEMEHTH, H3
KOTOpHIX OHH MOCTPOEHBI, MOTYT HMeTh BEChMa DasJHUHYIO (u3Uuec-
Kyl TNpPHPORAY H MOTYT, B YAaCTHOCTH, OHITE YHCTO MEXAHHYECKHMH.
DNeKTpOHHbIE 3JIEMEeHTH NPUMEHSAIOTCH C LEJBI0 3HAYHTEILHOTO YBEJH-
yeHHs ObicmprOelicmeus BHIYHCAHTENLHBIX MAUIHH, 4 TakXke HX Ha-
Oexcrocmu (B pacuere Ha Kakoe-HHOYAbL (DUKCHPOBAHHOE KOJIMYECTBO
BLIMOJIHSIEMBIX MAUIMHOH omepanufl). 3ameTuMm, 4TO NepBas YHUBED-
<ajibHas BRYHCAUTENbHAA Ludposas mamuHa (Mapk-1) Guija moctpoe-
Ha He Ha 3JIeKTPOHHHIX, 4 HA 3JIEKTPOMEXAHHYECKHX 3JieMeHTax (3Jie-
KTPOMAarHuTHHIX peJie).

[Tpurnyun ynpasrenus, 06eCIEUUBAIOLIMA Q120 pUMMULECKYIO YHUBED-
«dAbHoCMb (CIOCOOHOCTE Peasiu30BaTh JIOOLE aJFOPUTMbI) COBPEMEHHBIX
VHUBEpPCANbHBIX LHGPOBBIX MallHH, INpencraBader co6oH pasBH-
THe u 00600uieHHe NPHHIHMIA, TOJOXEHHOTO B OCHOBY AaJFOPHTMHYUE-
kot cxemul [Tocra, onucanxof B ri1. 1. Kak u B cxeme [ocra, HHpopMa-
IHsl B YHHBepcasJbHOH LU(ppOBOH MallHHe XPAaHUTCH B MaMATH, pa30u-
“TOH Ha omOlenbHvie avelru (Auefiku namata). OQHAKO, B OTJHYHE OT
«<xeMbl [locra, B Kakao# Auelike MOXKeT XpPAHHUTLCH HE OHA ABOHYHAS
uugpa (0 # 1), a menoe c1080, COCTaBJeHHOE U3 3HAYHTENBLHOFO (OOLIYHO
30—40) uucsa aBonyHHX mudp. MoxkHO, ecad yroaHo, pacCMaTpHBaTh
‘3TH CJIOBA M KaK OYKBEl B HEKOTOPOM KOHeYHOM aJhaBuTe, OJHAKO 3TOT
angasut Oyaer cojepXKarb, KaKk IpPaBuJo, BeCbMa GoJblIOe KOJIHYECTBO
-OYKB 230 — 240,
< O6BYHO MO3TOMY NPENNOYHTAIOT pACCMATPHBATL COLEPIKHMOe Ka-
WKO0HA Auefiky MaMATH He KaK OTHeJbHYI0 OYKBY, a KaK 4060 B JBOHY-
HoM ajdasute. CocTasJsiOINeE 3T0 C10BO ABOHYHEIE udpsl (0 4 1) mpH-
HATO Ha3bBaThb (O6ouumbLMU) pA3pAdamu, A CAMO CJIOBO — OBOU4HOIM
KoOom, a wHOrAa 4 mpocto (dsouuHsim) 4wucaom. MoxkHO, pasymeercs,
‘CYHTAThL GVKBAMH He COjJep:KHMOe OTAeJbHBIX JBOMYHBIX Da3pdloB, a
HEKOTOpble KOMOMHAIMH TakKux paspsajgoB. Hanpumep, Jo6o# aBoH4-
HHI KOJ JJIMHBI, PABHOHA TpeM, MOXKHO DacCMaTpuBaTb KaK YHCJIO B
BOCBMEPHYHOH CHCTeMe CuHCJeHusl, o603Hauas#d TPOHKAMH JBOHYHBIX
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uudp BochbMepHunble Hudpu: 000-0, 001-1, 010-2, 011-3, 100-4, 101-5,
110-6, 111-7. Vcnoas3yd He BCe, a JIMIIL HEKOTOPHIE YETBEPKH JBOHU-
HBIX UHQP AA 0003HAUEHHS JEeCATHYHHIX LH(P, MOXKHO MPEACTABJIATH
COCTOSIIME H3 TAKHX YETBEPOK JBOUUHBIE KOIBI YHUCJAMH B JAECATHUHOH
cucTeMe CUHCJIeHHd. -

Kpome 3aMeHBl JBOMYHBIX MDD MHOFOPa3pAIHLIMH JIBOMYHBIMH KO-
laMH, HMeeTCsl M BTOpOe CYIECTBEHHOe OTJHuUMe B OpPFaHH3aluH Ia-
MATH (WM 3anomuHarowezo ycmpodcmea) YHHBepCaJbHOA 1udpoOBoOi
MalINHbl H MAMATH A5 a1roputMos B cxeme [Tocra. fIsassace a6etTpakr-
HOW aJrOpuTMHYECKOH cxeMmoifl, cxema [locta mpeamoJsarana HaJjauyue
beckoHeyHo20 UMCJA fiueeK, HJIH HajuuHe NaMATH HEOFPaHUYEHHOro
o6vemMa. B To Ke BpeMs B peasibHHIX TEXHHUECKUX YCTPOHCTBAaX, KO-
TOPHIMH ABJAIOTCA yHHMBEpCaJibHble LH(ppPOBLIE MAallMHLEL, 00BEM Ia-
MSATH N0 HEOOX00UMOCML 02PAHUYeH.

B coBpemeHHBIX GOJbUIMX YHHBEPCAJbHBIX HUGMPOBHIX MAHIMHAX
06beM OLiCTpojeficTByOmel NMamMATH He mnpespimaer 100 Teic. sAueek
(a ofnuHO jgaxe 4—8 ThIC.). DTO O6GCTOATENLCTBO CJi€AyeT HUMEThH B
BHJY, NOCKOJLKY OHO TeCHO CBSI3aHO C NOHSATHEM YHHBEpPCAJLHOCTH
mammnasl. CTporo rosops, A/ BO3MOKHOCTH peajH3alHy NPOH3BOJb-
HOFO aJrOPHTMA YHHBEpCAJbHAA UM(ppOoBas MalllMHA NOJKHA [OMe-
CTHTh 3amHchb (H306parkeHHe) 3TOr0 ajropHTMa B CBOKO maMATb. [lo-
CKOJILKY H300paxKeHHs airOPHTMOB MOTYT OBITb CKOJIb YTO[HO JJIHH-
HBIMH, I/ JeliCTBUTENbHOH BO3MOXKHOCTH peaJiM3allHH NPOH3BOJILHBIX
ANTOPHTMOB MaMATh MAIUHHBI J0JKHA OLITh OeCKOHEYHOM.

Hmesn 6 6udy, o0HAKO, 4mo OeCKOHEYHYIO NAMAMb HEAb3S DeaAU30-
8amy Hu 8 KAKOM MEXHUYeCKOM ycmpoticmee, NPUHAMO HA3bI6AMb Ma-
WUHY YHUBEPCAAbHOL, ecAl OpeaHus3ayus ee ynpagieHus u Habop one-
payuil maxoewt, umo obecnewusu Obl 603MONCHOCMb peasusayuu 06020
ar2opumMma npu Ycroeul Heoeparuuennocmy obvema namsmu.

IlpakTHueckH YHHBEPCAJbHOCTL COBpEMEHHBIX MAIIMH OO0eCmeyH-
Baercss OOLIYHO TeM, 4YTO, NMOMHMO OLICTPONEHCTBYIOMIEro (Tak Hasbl-
BAeMOT0 Onepamueroz0) 3alOMHHAIONIEro yCTPOHACTBA, OHH CHabxkKa-
fOTCS TaKXe OTHOCHTEJLHO MENJIEHHBHIMH (TaK HashIBAeMBIMH 6Hel-
HUMU) 3aMOMHHAIOMIMMH YCTPOACTBAMH, CMIOCOOHEIMH OOMEHHBATLCS HH-
¢opmaireli 