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B kHure coGpan u o6o6lieH MartepHas, HeOGXOAMMEIH AJst MOCTpOe-
HHSl TAKHX Pa3jejioB COBpPeMeHHON KHOepPHETHKH, K4K TEOpHs 3JIEKTPOH-
HHIX UH$POBBIX MAaIUHH, TEOPHS AHCKPETHHIX aBTOMATOB H TEOPHH JHC-
KPETHBIX CaMOODraHHU3YIOUIMXCS CHCTEM, aBTOMATH3aLHs MBICAHTENbHBIX
[IpolLleccoB, TEOPHS pacro3naBaHusi o6pas3oB M Ap. M3sioxens ocHOBB
Teopuu GyseBbIX GYHKIUMEH, TEOpHs AJrOPUTMOB, JIOTHUECKHE HCYHC/EHHS
H JIOTHUECKHe CeTH, OCHOBHble BOMPOCHI TEOPHH AaBTOMATOB, MPHHLHIbE
MOCTPOEHHS SJEKTPOHHBIX LUHM(POBBIX MAIUHH M YHHBEPCAJbHBIX aJropHT-
MHMUECKMX SI3BIKOB, OCHOBHI TEOPHH IMepCENTPOHOB, HEKOTOpLIE NpHHLH-
MHaJbHbE BONPOCH TEOPHH CAMOOPTAHU3YIOIIMXCH CHCTEM.

Muorne @yHaaMeHTasnbuble pe3y/bTaTel [0 MaTeMaTHYECKON JOTHKe

H TEOPHH aJTOPHTMOB MOAaHb KOHCIEKTHBHO, Ge3 MOAPOGHBIX HOKa3a- -

TEJLCTB, a4 B Psjie CIyuaeB U BOBCe G€3 10KA3aTe/LCTB.

PaccynTana KHHra Ha IMpOKHe KPYIH MaTeMaTHKOB H Hay4HHIX pa-
GOTHHKOB MHOIHX CIHELHAJbHOCTEH, MKEeNAOLHX NO3HAKOMHUTECS C np06-
JieMaMH COBPEMEHHOH KHOeDHeTHKH. . -

|
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[lenb wacrodliedl KHHUCH 3akJiouaeTcss B TOM, 4TOGBl TO3HAKO-
MHTb YHTaTeJssl ¢ PALOM HOBBIX HAaY4HBIX HaOpaBJeHUH, COCTABJSAK-
X OCHOBY KHOepHETHKH B ee COBpPeMEHHOM NMoHUMaHuHd. B waunGo-
Jiee ofllleM TJIaHe BCe 3TH HANPAaBJEHHA MOXHO MOJAPas3iesJHTb Ha
ABe Go/bliMe TPYNNBl — Ha OGILYI0 TEOPHIO npeobpasosanus UH-
¢opmayuu v HA TEOPHIO M NPHHUHUNB MOCTPOEHHS PA3JIMYHOTO pola
npeobpasosaresett unpopmayuu. OgHaKo MaTepHall, KOTOPBII MOX-
HO OTHECTH K yKas3aHHHIM OOJIbIIMM HaNpaBJeHHSM, HAaCTOJbKO 06-
UINMPEH, YTO ero BPAJ JIH BO3MOXHO H3JIOXHUTh Aaxe KOHCNEeKTHBHO
B oaHoll KuHre. [Toatomy neo6xoauMo GBLIO MPOH3BECTH OTGODP Ma-
TepHaJa B COOTBETCTBHH C TeMH WJIM WUHBIMH OGIUIMMH NPHUHLHIIAMH,

Marepuan pas Hacrosillell KHHTH OToGpaH B COOTBETCTBHH
C IABYMSl OCHOBHBIMHM NMpHHUUNAMH. [lepBBIA NPUHUHUN 3aK/IOUAETCA
B Tpe6OBaHHM AOCTATOYHO CTpOroro odopMJieHHss MaTepuasna, Nos-
BOJISIIOLLETO H3JI0KHTb ero B BHIE HEKOTOPOH MaTeMaTHYeCKo# Teo-
PHH (XOTSl U C XapaxTepHBLIM [IJ/Is1 KUOEpHETHKH YKJIOHOM B CTOPOHY.
NPaKTHYEeCKOr0 MOJelHPOBaHusl). BTOpoll MpHHUMN COCTOHT B TOM,
4TO aBTOP OTPaHHMYHBAETCHA, KaK NMPAaBHJO, THCKPETHBIMH cnoco6amu
npeacTaBaeHNs] HHPOPMAUUU M NHCKPeTHLIMH TNpeoGpasoBaTessiMH
HH(pOpMALHH.

B pesyabraTe oT60pa B KHHIY BKJIOUEHB CJAEAYIOUINE OCHOBHbIE
pasienbl: Teopus aA20puTMO8 (BKJIOUas TNporpaMMHPOBaHHE M4
YHHUBepCaJbHbIX 9JEKTPOHHBIX UHGDPOBHIX MallHH M YHUBepcaJb-
Hble aJropUTMHYeCKHe S3bIKM [JI NPOrpaMMUDOBaHUs), Teopus
duckperHotx asromaros (BKJOuasi TEOPHIO GyJeBbIX GYHKUHE H
NOHATHE O NPHHUMINAX TNOCTPOEHHSI YHHBEDCAJbHBIX 3JeKTPOHHBIX
uH(ppPOBBIX MAIIHH), TEOPUR OUCKPETHBIX CAMOOPEAHUYIOWUXCS CU-
cTem (BKJIOUas 3JE€MEHTHl TEOPHH ONTHMAJbHBEIX DellleHHH) U, Ha-
KOHell, MATeMaru4eckas Aozuka (HCUNCIeHHe BHICKA3bIBAHUI, Y3KOE
HCUHC/IEHHe NpelHKAaToOB M (opMaJgbHass apudMeTHKa), paccMar- .
puBaemass xak G6Gasa [/ aBTOMaTH3aLMH IIpOLleCCAa TNOCTPOEHHUsR
NeIyKTHBHBIX (OCHOBAHHHIX Ha TOH HWJIM HWHON CHCTeMe aKCHOM)
TEOPHIL.

Crenerb nNogpoGHOCTH H3JIOMKEHHsT MaTepHaja onpegenseTcs
npexjae BCEro CTeNeHbi0 ero HOBH3HHL. DoJee HoBble paspjedibl, oT-
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HOCSIIIAeCs] K COGCTBeHHO KHGepHeTHKe, uanaraloTest Gonee noapob-
HO, GOPMy/NHpyeMble TeOpeMbl CHa(Xaip1cs A0CTATOUHO MOAPOGHEI-
MM [0KasaTeJbcTBaMu. B To xe BpeMs B TAKHX pasjenax, Kak
aGCcTpakTHas TEOpHst AJATOPHUTMOB H MaTeMaTHyeckasl JIOTHKa, KO-
TOpble Pa3sBHBAaJMUCh B PaMKax TPaJMUHMOHHOA MAaTeMaTHKH, Mare-
puan uajaraercs Gosee c¥aTo, AOKasaTeAbCTBa, KaK MpaBuJo,
OTyCKaloTCs.

ABTop crapaJjcs, OfHaKO, 1aTb NOHATHE 06 OCHOBHHX Haesix
¥ MeTOAax, ¢ MOMOIUbIO KOTOPBIX YCTaHaB/JIHBaeTCs CNpaBelIMBOCTb
TAKMX HPUHIUNHAJbHBIX C TOYKH 3DeHHS MaTeMaTHUecKO# JIOTHKH
npeaoXeHHnil, kak TeopeMa [é€aeass o HenojHOTe apH(pMETHKH
HAM TEOPEMHl, YCTAaHABJMBAIOUIME a/ITOPHTMHYECKYIO HEpa3pemH-
MOCTb TeX W/IM HHBIX TpobJseM.

Kuura ue nperesayer Ha To, 4ToObl 3aMeHHThb CNeLHaJbHbHE
MOHOTPAa@MH Mo OTAEJbHHM BKJAIOUEHHLIM B Hee pasfenaM. OcHos-
HOE ee Ha3HAUeHHWe COCTOMUT B TOM, 4YTOOBI MOMOUYb MIHPOKHM KDY-
raMm MaTeMaTHKOB M HHXXEeHeDPOB OBJajeTb TeM MHHHMYMOM 3HaHHH,
KOTODBIH Heo6x0AMM AJs1 paGoThl B 06/7aCTH TEOpETHUECKHX NpOG-
JeM COBPEeMeHHOH <«IHCKpeTHOH» KHGepHeTHKHM. XOpOWIO H3BECTHC,
YTO HaJH4He MOAPOGHBIX MOHOTpadHil Ha Ty WM MHYIO TeMY [a/leKo
He Bcerjga oGecleunBaeT BO3MOXKHOCTb O3HAKOMJIEHHS C NPeiMETOM
CTMelnHnaNbHO HE TOAroTOBNeHHbIX ynTatenaelt. ocratouno ybenntens-
HbIM fIBJsleTCS, HANpHMep, TOT ¢akT, YTO, HeCMOTPS Ha HaJUUHe
CleyHanbHbBIX MOHOTpaduh, TaKOH, HMEIOIIHA NPHHUNNHANBHOE 3HA-
yeHUe AJA BCcell MaTeMaTHKM pe3yJbTaT, Kak YIOMHHABIIAsCA Bhlllle
reopema ['€xensi, ocraercsl M3BeCTHHIM LIHDOKMM KpyraM Marema-
THKOB DasBe 4TO MNOHAC/IBILIKE.

UTo Ke KacaeTcs HACTOsIIEH KHHIH, TO OHa Npeanojaraer y uH-
TaTeRs (Aa M TO JMIIb OfHA, 4eTBepTas, rMiaBa) 3HaHHe JIUIIb TAKUX
3/IEMEHTOB MAaTeMaTHYeCKOTO aHajH3a W TeODUH BepOATHOCTEH,
KOTOpble HM3BECTHB! NPAKTHUECKH KaXKAOMY HHXKEHEpYy, He ToBOpA
yKe 0 MaTeMaTHKax. Menee HIMPOKO H3BECTHBlE MaTeMaTHYecKHe
pe3yJabTaThl, HeoOXOAMMbEIe [JIs TOHUMAHUS OCHOBHOTO COJEPIKaHus
KHHTH, BKJIOYEHB B Hee B KaueCTBe BCMOMOTATeNbHOTO MaTepuaJja.
TIpuMepoM Takoro poja BCHOMOTATENLHOTO MaTepHaja MOXKeT CIy-
JKHTb DPAN TIPEAJIONKEHHH ‘TEOPHH BEPOATHOCTEHN, H3JIOXKEHHBIX B
ra 1V, § 2.

Ha cayuaii, ecan unTatesnb mnoxenaeT yrayGHTb CBOM 3HaHUs
B TOM HJIH HHOM pasjetie HJIU TIO3SHAKOMHUTBHCA C MOJPOOHBIMH IOKa-
3aTeJbCTBAMH TeX TPeNJIOXKeHH, KOoTophle, XOTs H TNOMEIIEeHH B
KHHMTe, HO MOJAPOGHO B Hell He [OKa3hlBAalOTCH, NpoBeldeM 0630p
COepKaHHUsl KHUTM C yKa3aHHeM CneuMatbHblX Mouorpaduit (Ha
pycckoM s3bIKe) MO OTAeNbHBIM ee pasfenaM. K coxaneunio,
He TOo BCeM pasfesiaM KHHUTH MOXHO HalTH Takoro poja MOHO-
rpacun,

B nepsoil rsaBe 1aHO ONHCaHMe OCHOBHBIX TeOPETHUECKHX YHH-
BEPCANbHBIX AJrOPUTMHUECKHX CHCTeM (HOPMaJibHble AaJIFOPUTMEI
MapxkoBa, anropuTMuueckass cucrema KosMmoropoea — Ycnernckoro,
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pekypcusHble ¢yHKnuH, anroputMe [Tocta m maummabl Twiopunra).
[IpuBeneHbl TakXe OCHOBHBIE NPHHLHNBI [10Ka3aTeJbCTB AJTOPHT-
MHUECKOH Hepa3peIllHMOCTH HEKOTOPBIX NPOCTEHIINX MacCOBHIX
npo6JeM.

O6o6waiomell MoHorpaduu No Bcefi TEOPHH a/ITOPUTMOB B Le-
JIOM B Hacrosiee Bpems HeT. Boaee toro, me Bce M3 yNOMSIHYTHIX
BBILLIE BONDPOCOB CKOJbKO-HHOYAb NOAPOGHO H3JO0XKEHH B MOHOrpa-
¢uueckoni aureparype. Vs kanuranbuelx MoHorpacdufi no oriedb-
HbIM aJrOPHUTMHYECKHM CHCTEMAM Ha30BeM CJIeAyIoliHe: 10 1e0pHH
HOpMAaJabHBIX aNropuTMoB — «Teopust anropudmor» A. A. MapkoBa
[53]; mo Teopun pekypcHBHBIX (YHKuME W MaliMu TblopuHra -—
«Brenenne B Meramatematuky» C. K. Kuunu [42] n «Jlekuun o BHI-
yACAUMBIX dyHKUMAX» B. A. Yenenckoro (76}

Bo BTOpo# rnaBe u3naraiorcst Teopus GyseBblx QYHKUHA H ee
NPHJIOXKEHHSA K TEOPHM CXeM [HCKDeTHHX aBToMartoB. boaee mnon-
po6HO 3TH BOMpoOCH H3JoXeHbl B Monorpadum B. M. Taywxosa
«CunTes uupoBHXx aBroMartoB» [26].

Kpome Toro, Bo BTOpPOH rJaBe H3/1araloTcs OCHOBHL TEOPHH BbI-
ckaspiBaHu#. Bosee nogpo6HO ¢ MCUHC/IEeHHEM BLICKa3bIBAHHH MOXK-
HO TNO3HAKOMMTBbCH, Hanpumep, no Moxorpadun I[1. C. Hosuxkosa
«DJeMeHThl MaTeMaTHyeckoh Joruku» [61].

Tperbst raapa nocesiiieda abCTPAKTHOH U CTPYKTYPHOH TeopHH
JUCKPeTHHX (KOHeuHeIX) aBToMaTos. BoJsee JeTalbHO OTHOCSILHECH
K 9TOH TeMe BONDOCH pacCMOTPeHH B YNOMHHaBUIENCH BHIIE
mMoHorpadun B. M. I'nymikoBa. HeckoNbKo ¢ HMHBIX MO3HUHHA 3TH
BONpOCH paccMatpuBalorcs B MoHorpadwu H. E. KoGpmHcko-
ro 1 B. A. Tpaxresbpora «BsefieHue B TeOpHIO KOHEYHbIX aBTO-
MaToB» (47}

B uerBepTOfi IMIaBe H3/MaraloTCsl OCHOBBI TEOPHM NHCKPETHBIX
caMoopraHusyImuxcs: cucreM. Onpeensiercsd KoMYeCTBEHHAA Mepa
CaMOOpraHH3auMuH H caMooGyueHHs, HccJenyercsl NOBeleHHe Ciy-
UafHBIX aBTOMATOB M aBTOMAaTOB, DabOTAIOMHX B YCJAOBHSX CJY-
yaliHbIX BHemHuX BosaeficTBHi. Oco6oe MecTo yaeasiercs npobiaeme
pacnosHaBaHusi 06pa3oB U TEOPHH OJHOTO Kjacca ycTpoHCTB (Tak
Ha3blBaeMbIX Q-IEPCENTPOHOB), NpeJHa3HAueHHbIX MAAS pelleHHs
3TO# npob6aeMbl. PaccMaTpHBaIOTCA HEKOTOPBHIE BOHPOCHL MOJENH-
pOBaHHs YCJOBHBIX pedJ/IeKCOB, a TakxXKe NpoueccoB o6yueHHs pac-
NO3HaBaHUIO CMBIC/Ia ¥ BEIPaGOTKM HOBHIX NOHATHH. B KoHUe riaBH,
B CBSI3H C TOHATHEM CaMOHACTPOHKH H 3KCTPEMAJAbHOro pery-
JIUDOBaHHs, ONMHCHBaeTcd psAx OOIMX METOHAOB pEIIeHHs] 3KCTpe-
MaJbHHIX 3ajau (MeToJ HAaHCKOpellllero Cnycka H ero YTOUHeHHe,
CHUMIIJIEKC-METO/L pPellleHHsl 3a1ay JMHEeHHOro NpOorpaMMHPOBAaHHA H
TaK HAa3HBAE€MBIH METOX TNOCJAEA0BaTENbHOr0 aHalH3a BapHAHTOB
JNIA pellieHHs 3ajay AUHAMHUYECKOro NMPOrpaMMHPOBaHH#A).

O6o6maroime MoHorpaduu no MaTepHajaM deTBepTOA [VIaBH
noxa Her. BoJsiee TOro, MOWTH BCe H3sarawoil#ecs B Hell BONPOCH
(3a uckmoueHMeM MeTofa HauCKOpeHIIero CNycka H CHMIVIEKC-
Merona) A0 CHX NOpP He OCBelaJJIHChb B MOHOrpadHueckod Aurtepa-
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Type. Pan Bonpocos, GHM3KMX K TeM, KOTOpble pacCMaTpHBAIOTCA
B 5TOl rJ1aBe (HO He BIIOJIHE TOXIECTBEHHBIX C HHMH), OCBellleH B
«He#iponunamuke» @. Posenbnara, noka eme He NepeBejeHHON HA
pycckuil si3bk. MerogaM pemieHust sKcepUMeHTaNbHHX 3agad (Hc-
KJI04asi MeTOJ TIOc/1eloBATe/ILHOTO aHa/H3a BaPHAHTOB) TIOCBALIEHO
Gosbliloe KOJMMYeCTBO MoHOrpadui. OnHako He GyneM HX Tepeduc-
JISITh, NOCKOJIbKY 3TH BOTPOCH! HE MMEIOT HPAMOr0 OTHOUIEHHS K OcC-
HOBHOMY HAaNpaBJeHHIO HAacTosed KHHTH.

B nsaTtofi rmaBe M3naraioTcs OCHOBHble NPHHLMMB MMOCTPOEHHS
YHHUBEPCAJIbHBIX S/NEKTPOHHBIX LUH(POBBIX MaHIHH U NPOTPAMMUPO-
BaHHs 114 3THX MalluH. DTOMYy BONpPOCY B HacTosiulee BpeMs To-
CBSILIEHO TaK MHOTO Pa3sHOOGpa3HBIX MOHOrpadui, YTO NMepeyHCHHTD
HX Bce Ob1o Obl KpafiHe 3aTpyAHMTeNbHO. B wacTH, Kacawomeiics
porpaMMHPOBaHUs, MOXeT OHTb Ha3BaHa, Hanpumep, MoHorpadus
b. B. I'nenenko, B. C. Koposioka u E. JI. IOwenko «dnemMenTh
nporpammupoBanus» {31]. Uro ke Kacaercs NPUHUHIOB TOCTPOEHHUS
MallHH, TO, HECMOTPS HA HAJNHYHe MHOTHX XODOLIHX CleLHaJbHbIX
MoHorpagHi no 3TOMy BONpoCy, NOAPOGHOI'O H3JIOKEHHS MaTepHasa
B HYXHOM JJI Hac NJlaHe B HHX HeT: NPHHUHKMObI NOCTPOEHUs 3JeK-
TPOHHBIX HHGPOBHX MAalIMH HM3JaraloTcs, Kak NPaBulo, B OTphIBE
oT o6wel TeopHH ANTOPUTMOB. :

KpoMe ckasanHoro, B TaTOl raaBe NoApo6HO ONHCHLIBAETCH
VHHBEpCAJNbHBIA ajroputMHuecknuii asuk AJITOJI-60 u npusoaarcs
npuMepsl nporpaMmupoBanusg Ha AJII'OJle pasavunbix 3ajgau,
Npexae BCEro M3 TEOPHH CaMOOpPraHUsywolHxcsa cucreMm. PasobpaH,
B YaCTHOCTH, BONPOC O NPOrpaMMHPOBAHHH npouecca o6yueHHs nep-
CenTpoHa M YIPOUIEHHON MopeaH npouecca GUHOJNOTHUECKOH 3BOJIO-
uvu. C MoHOrpadHuecKo# MUTEepaTypoi MO 3TOMY BONPOCY AEJ0 TaK-
)Ke o6croutr mnoxo: «Coobiedne o6 aJropUTMHYECKOM SI3BIKE
AJITOJI-60» (nmop penmakuweii I1. Haypa), uspaunoe Briuncanrens-
ubiM yeurpoM AH CCCP (Mocksa, 1960 r.), HOCHT cnipaBouHbIl xa-
pakTep M MaJjo TNPUrOAHO [N TPAKTHUECKOTO OGyYeHHMS SI3BIKY
AJITOJI.

B nocnenneit (wecroft) ryiaBe gaeTcsl KOHCIEKTHBHOE H3JIOXKEHUe
OCHOB Y3KOrO HCYHCJ/IEHHS NPEeAHKaToB (BKaouast HOpMANbHYIO CH-
creMy [l'eHuena) u (opmanbHoH apudMeTHKH (BKAKYAA TeopeMmMy
IFénens o wenmoauore apudmernkr). [loapoGHBle nOKa3aTeNbCTBA
NpHBENEeHHHIX NPpeAJOXKeHH! MOXHO HAWTH B YIOMAHYTHIX Bblle MO-
Horpadusx C. K. Knunu u [1. C. HoBukoBa. B a1y rsnaBy BRJAIOUEHH
TaKXe 3JeMeHTH aBTOMAaTH3auWH A0Ka3aTelbCTB M (HOopMYyJAHDPOBOK
TeopeM B JeJyKTHBHBEIX TEOpHsX. 3aTPOHYThIe 3eChb BONPOCH JO CHX
Nop HE OCBELIANHCh B MOHOrpadHUECKok JIUTEparype.

Kak nokasmiBaeT mepeueHb HM3/71araeMOro B KHMTe MarepHaja, B
Hee He BKJIOUeHbl MHOIME HHTEPeCHble pa3fiesl coBpeMenHol Kubep-
HeTHKH. YUuTbIBas NpHBedeHHble BhIe KpHTepHn or6opa Marepua-
sna, MOXHO OblI0 OBl, HAapHMep, BKJIOUHTb B KHHTY H3JI0XKeHHe ocC-
HOB MaTeMaTHYeCKOH JIHHIBUCTUKH HJIH 5JE€MEHTOB TEODHH Wrp.
Oxauako H Ge3 TOTO 3HAUHTeJNbHHHA 06bEM KHHIH 3acTaBH/ aBTOpa
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OTKa3aThCsl OT MNOMNBITOK BKJ/IOUEHHS B Hee KaKOro-JHG0 AOMOJIHH-
TeJbHOrO MaTepHaja. BmecTe ¢ TeM colepaHHE KHHIM OXBaThI-
BaeT KPyr BONPOCOB, KOTOPble B HACTOsilllee BPEMsT IPHHATO CUUTATh
OCHOBO! TeopeTHYeCKOH KubepHeTHKH (C yJ4eTOM OFpaHHueHMs Ha
AMCKPETHOCTb). ABTOp HajeeTcCs M0O3TOMY, UTO KHUTa MOXeT 0Ka3aTh
NMomoUlk B OBJIAJEHHH MaTeMaTHYECKHM -ANnaparoM KHGepHeTHKH
u TMOATOTOBKe AJs1 paGoThl B TeOpeTHuYecKHX obJsactax Jojell, 3a-
HMMaUuxca Ku6epHeTHKOHA B OTAe/NbHBIX ee NPUKJIAAHBIX acneKTax,
a TakXe JHL, HHTEPECYIOUIHXCA TeopeTHYeCKMMM npob/ieMaMH KH-
GepHEeTHKH,

B Hacrosiimell KHUre WIHPOKO HCHOJb30BaHbl MaTepHaJbl JeKIUHHA
No pas/iUuHbIM pasfejaM KHGepHETHKH H MAaTeMaTHUYeCKOH JIOTHKH,
NPOUUTAHHBIX aBTOpoM B KueBCKOM YHHMBEpCHTeTe H B KHEBCKOM
Jome HayuHo-TexHHueckoil mpomnaraHas! B 1959—1962 rr. Yacre
3THX MaTepHa/noB (HampHUMep, TeOPHA anropHTMoB) G6bljla H3faHa
paHee aJs CJaYyKeGHOTO NOJb30BaHHA. Hacrofilmyio KHHTY MOXHO
paccMaTpHBaTh Kak NepBoe JOCTATOUHO MOJIHOE NocoOHe AJA H3Y-
YalolHX YKasaHHble pasjebl KHOePHETHKH.
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F'arasa I

ABCTPAKTHAS - TEOPHUS AJITOPUTMOB

§ 1. AndaButHbie OnepaTOPbl H AJATOPHTMBI

Anzopurmamu B COBpeMEHHOH MaTeMaTHKe NPHHATO HashIBaThb
KOHCTPYKTHBHO 3ajfilaBaeMble COOTBETCTBHS MeXIYy CNOBaMH B al-
CTPAKTHBIX aidaBUTax.

AbcTpakTHoin aagasutom HasuiBaercs Ji06as KOHewHas COBO-
KYNHOCTh OODBEKTOB, Ha3hBaeMHX Oyxkeamu naHHOro agadasura.
[Tpupona 3THX 06BEKTOB A5 HAC COBeplIeHHO (e3pasnuuHa. Byk-
BaMH alCTPaKTHBIX ajn(aBHTOB MOMHO CYMTaTh, Hanmpumep, GYKBHL
andaBuTa Kakoro-au6o A3blka (PYyCCKOro, JIATHHCKOrO, TPEuYecKoro
U T. 0.), uudpsl, mo6ble 3HAUKH, PUCYHKH H T. A. [lpH xenaunn
MOXHO BBecTH abcTpakTubifi asidasut, 6yKBaMH KOTOpOro GyayT
CUMTATbCA lesible CI0Ba TOr0 WJHM HHOTO KOHKDETHOTO sI3bIKa (Ha-
npumep, pycckoro). BaxHo auumb, uTo6bl paccMarpuBaeMblil anda-
BHT GblJ1 KOHEe4HbiM, T. €. COCTOS1] U3 KOHEYHOTO 4hcaa OyKB.

BBoas noHATHe (abGcTpakTHoro) andaBHTa, ONpEeINM CA08Q
B 3ToM andanuTe Kak JMob6ble KOHEUHble yNOPSJAOYeHHblE NOCAEN0-
BarenbHocTH GykB. Hanpumep, B andasure A=A (x, y), cocTosiem
M3 AByX OYKB X H Yy, C/IOBaMH CJeflyeT CUHTATh JioGble Moc/aenoBa-
TEJNbHOCTH X, Y, XX, XY, YX, Yy, XXX,... Hucjio 6GYKB B C/lOoBe Ha3bIBaeT-
cst 06BIYHO AJIMHOM 3TOTO C/10BA, TAK 4TO BHIMMCAHHBIE HAMM CJIOBa B
ajsdaBuTe UMEIOT COOTBETCTBEHHO AnauHH 1, 1,2, 2, 2, 2, 3,...

Hapagy co cnoBaMu noaoscureavuod Oaunvt (COCTOAIMMU HE
MeHee dyeM W3 OAHOH OYKBHI), B psje ciaydaeB uesnecooGpasHo pac-
CMAaTpHBATh TaKXKe NYyCTOe CJOBO, He COAepIKalllee HH OAHON OGYKBHL.
B uacrosimiell rnaBe gag o603HAueHHs TYCTOro cJoBa ynoTpeb.s-
eTcsi Manasi JaTHHcKas 6ykBa e. MHorpa, BnpoueMm, yao6Ho 0603-
HayaThb NyCTO€ CJIOBO B NOJHOM COOTBETCTBHH C €T0 ONpeleseHUeM,
He BBIMHCHBAf HAa COOTBETCTBYIOMIEM 3TOMY CJIOBY MeCT€ HH OJIHOMH
OGYKBHI.

3aMeTHM, uTO TpH TPHHATOM ONpeleseHHH TNOHsATHe CJAOBa B
pycckoM andraBuTe GygeT OTAHYATLCS OT NMOHATHS CJOBA, IPUHATOTO
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B 06bluHOM sisbike. [Ipn Haimem onpefeneHHH ClOBaMu clefyeT CuH-
TaTh MoOble couyeTaHHs GYKB, B TOM UYHC/Ie H GeCCMBIC/TeHHbIe: Coue-
TaHUsi OYKB «aJTrOPUTM», «<MATE€MAaTHKa», «bKJT», «LAA1> B PaBHON
CTeMeHH J[OJDKHBl CUHTAThCA CJAOBAMH pycckoro anidasurta (pac-
CMaTpUBaeMoro kKak abCTpakTHbBIN andasur).

IIpu pacwuperuu andaButa, T. e. NPU BKAIOYEHHH B €r0 COCTaB
HOBHIX OYKB, MOHSITHE CJIOBA MOXKeT NMPeTepHeTh CyllecTBeHHbIE H3-
menenus. Ecin, Hanpumep, paclinpHTh pYcCKHA aidaBHT «GyKBa-
MH» (< » — KaBHIYKH) H (, — 3ansitasi), TO BLITHCAHHLIE TOJb-
KO 4TO YeThlpe CJ0Ba B PyccKoM ajidaBHTe MOTYT pPaccMaTPHBaTh-
¢Sl KakK OJHO CJI0BO B pacCIIHPeHHOM TaKHM o6pasom aadasure.
Ilononusis pycckuit andaBHT 3HAKAMH NPENHHAHHS] U 3HAKOM pas-
Jena (NMycTbIM MECTOM, OCTaBJIEHHHIM MeXZY COCeAHHMH CJOBaMH),
MOXKHO NpH KeNaHHH Uenble dpaskl, aG3alubl H gake LEAble KHHCH
paccMaTpHBATh KaK OT/AEJbHblE CJOBA.

Touno TakuM Xe o6pa3om Beipaxenue 6972, npexgcrasasioniee
coboit xBa caoBa (69 u 72) B andasure A u3 10 uudp (0, 1, 2, 3,
4,5, 6,7, 8, 9), coelnHeHHbHe 3HAKOM CYMMBI, MOXHO PaccMaTpH-
BaTbh KaK 00HO 4080 B pacumnpenun andasuraA, Koropoe nmosyua-
eTcsl B pe3yJbTaTe NPHCOEAHHEHHS K HeMy HOBOH GOYKBHI «-+»
(3HaK CyMMBHI), ‘

Aagpasutnoim  onepaTopom uiu arpasuTHoim  0TOOpaXNCeHUeMm
Ha3blgaeTca B8CAKoe cooTeercTaue (Pynryus). conncrasagiowjee
CA08aM 8 TOM UAU UHOM GAasuTe caosa 8 TOM e CAMOM UAU
a8 HexoTopom Opyeom urcuposannom aspasure. [lepsold argaaur
HA36/8A€TCA NPU ITOM 8XOOHbBIM, & BTOPOL — BLIXOOHBIM QADABUTOM
danno2o oneparopa. B cayvae cosnadenus 8xo0H020 U 8bIX00H020
aipasuros 2080pAaT, 4T0 aapasuTwbil oneparop 3adaH & CooTseT-
cTayrowem arpasure.

B pajbuefilieM peub HAET B OCHOBHOM 06 0OHO3Ha4Hblx anda-
BHTHLIX OlEpaTopax, COMOCTABJSIOIIAX KaXKAOMY BXOOHOMY CAOBY
(cnmoBy BO BxomHOM ajdaBHTe onepatropa) He GoJiee ONHOTO 8bi-
xo0Hozo caoea (caosa 8 evixodHom aapasure oneparopa). Ecau
andaBUTHLIA OMepaTop He CONOCTABJSET NAHHOMY BXOLHOMY CJIOBY
P HHKAKOro BBIXOAHOrO Cl10Ba (B TOM 4HCJe H MYCTOTO), TO FOBOPAT,
YTO OH He onpedeaer Ha 3Tom caoge. COBOKYIMHOCTh BCEX CJOB, Ha
KOTOpHX andaBHTHLI OmepaTop ONpefefeH, Ha3biBaeTcs ero 00-
AQCTbIO onpedesenus,

Ha ocHoBannn ckasaHHOro B AajbHeHllleM NMOA TEePMHHOM <aJ-
¢aBuTHHH oneparop» GyaeM BCerjga NMOHMAMAThb (ec/JH HE OTOBOPEHO
TIPOTHBHOE) OJHO3HAa4HOe, BOoOOIIe roBops, YacCTHUHO ONpegeseHHOoe
oToGpaKeHHe MHOXKeCTBa CJ10B BO BXOAHOM andaBHTe oNepatopa
B MHOXECTBO CJIOB B ero BBIXOAHOM andaBuTe.

Baarogapsi BO3MOXHOCTH 3agaBaTh ajd(aBHTHBIE omepaTophl He
Ha BCeX CJOBax, MOXHO, He Hapyllasi OoOLIHOCTH, BCSIKMH pas CyH-
TaTh, YTO BXOAHOH # BhIXOAHOH andaBHTH oNnepaTopa COBNAaAaworT.
J.19 ®TOr0 A0CTATOUHO, OUeBHAHO, 0O BEAHHHTL BXOAHON H BBIXOJHON
andaBuTHl KAHHOro oneparopa ¢ B oguH o6uwi andaBHT A u
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paccMaTpPHBATL ONepaTop @ KaK onepatop B 3TOM OGbELHHEHHOM
andaBuTe, 3alaHHBI JHIIb HAa TexX CJOBaX, KOTOPble BXOAWJIH B
nepBoHayaJbHyI0 06J1aCTh ONpelelleHHs] OmepaTopa @. .

C kaxabiM andaBUTHBIM ONepaTopoOM CBS3LIBAETCS MHTYHTHBHOE
npeacTaBjeHHe o ero CaoXxHoctH. Haubosiee NMpPOCTbIMH SIBISIIOTCH
onepaTophl, ocyllecTsasomHe nobyxeensvle otoGpaxenus. [1o6yk-
BeHHOe OTOGpaKeHHe COCTOHT B TOM, 4TO Kaias OYKBa X BXOA-
HOTO CJIOBa p 3aMeHsIeTC HeKOTOPoH OYKBOH Yy BHIXOLHOro ajda-
BHTa ollepaTopa, 3aBHUCALleHd TONBKO OT GYKBHL X, HO He OT BhGopa
BxofHoro cjiosa p. IloGykBeHHOE oToOpakeHHe NOJIHOCTBIO OMNpe-
JelisieTcsi 3aflaHNeM COOTBeTCTBHS MeXJy GYKBaMHM BXOZLHOTO H BHI-
XOoAHOTO ajaBHTOB.

Hsis nocnenymomiero H3noxKeHHsi GoJblIoe 3HAYEHHE MMEIOT TaK
HasbHBaeMble Kodupyroujue 0TOOpajNCeHus, KOTopble AJS KPATKOCTH
6yneM HasbBaTh NPoCTa™ koduposarusamu. B HauGonee npocrom
cayyae cjoBa B OfHOM aJjdaBure, ckaxem B andasute A, Kogu-
pytoTcst croBaMu B Apyrom andasute — B cnenymoumum crnocobowm:
Kaxkaoh 6ykse a; andaButa A CONOCTABASIETCS HEKOTOPAsS KOHEYHasl
noc/len0BaTeNbHOCTb by,0;...014 OyKB B aiddasute B, HasniBaemas
KoGom COOTBETCTBYIOLIcH GYKBHI, TaK, 4TOOb pa3/jHYHbIM GyKBam
ajsdaBuTa A CONoCTaBASAJIMCh Pa3JHYHBIE KOJHI.

JIng MoCTPOEHHS] HCKOMOTO KOZMPYIOUIEro OToOpaXKeHHs: [ocTa-
TOUHO Ternepb 38MEHHTh Bce OYKBHI Jo6oro cinoea p B andasute A
COOTBETCTBYIOMIAMH HM KofaMmH. [losyuaeMoe TakiMm 06pa3oM CJIOBO
B ajdapuTe B HasoBeM k0dom HCXOJHOTO CJOBA p. YCJOBHMCS, 4TO
KOIUpYIOILee OTOOpaxKeHHe HOJKHO ObITh HENMPEMEHHO 00pamumsim.
Wnaue roBop#, pasJuuHbe C10Ba B aadaBdTe A JOKHLI MMETh pas-
JIHYHLIE KOJR. YCJ0BHE 06PaTHMOCTH KOAHPOBAHHS €CTh HE UTO HHOe,
KaK YCJOBHE 63QUMHOLU OOHO3HAYHOCMU COOTBETCTBYIOLUIETO KOAMPYIO-
ero oToOpaXkeHus.

Jlerko BHJeTh, uTO OOpPaTHMOCTb KOJHPOBAHHS He obecneunBaeTcs
OJHHM JIHIL YCJIOBHEM, YTOOBl KOABI Pa3/H4HBLIX OYKB (CJI0B gJHMHEL 1)
Obin  pasauunbl. JleficTBHTeNbHO, ecaH OYKBe @, COMOCTaBJseTCs
Kop, bb, a GykBe a, — kox b, T0 Koz bbb GymeT cooTBETCTBOBAThL, Ouye-
BHIHO, KaK CJOBY G, TaK H CJOBaM Q) H 0,0,4,.

“Hepr}IHO NPOBEPHTb, YTO KOgHupoBaHUE Oymer oOpaTHMbIM BCs-
KHil pa3, KOT[a BHIMOJHSAKTCH CJAeyloHIHe ABa YCJIOBHS:

a) xoOvl pasaudnsix Oyxs ucxoOHozo aapasuma A pasiuyre,

6) K00 obol bykswr arpasuma A He moocem coenadams HU ¢ KAKUM
U3 HO4aAbHOIX OMpe3Kkos Kkolos Opyeux Oyke dmoeo aapasuma*.

B camom gene, MpEAnoJioXHM, 4uTo 06a 3TH YCJOBHS BBIMOJIHEHBI,
M YCTb CJI0BO ¢ =b; by, . . . b; sBAsETCS KOAOM KaKoTo-au60 CJ10-

Ba p =a;a, . . .a;,B andasurte A. [Tokaxem, 4TO 10 KOAY § MONKHO

OJHO3HAYHO BOCCTaHOBHTL CJIOBO p. B cHay ycnoBHS «O» TONBKO OAHH
HayaJbHEIH OTPE30K CJI0Ba § MOXKeT COBMNajaTh C KOJOM KaKo#-in6Go

* CioBO p Ha3HBaeTcsi Haya/JbHBIM OTPe3KOM CJIOBa ¢, €CJH CJOBO g HMeeT
BHA g=pr, rae r — mo6oe CI0BO (B TOM 4HCJe, MOXKeT ObITb, H IYCTOE).
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6ykBHl andasuta A. SicHO, UTO TaKHM OTPE3KOM SIBJISETCS KOX GYKBhHE
aj,. OT6packBas 3TOT OTPE3OK, MOJYUHM KOJL 4, ClIOBA py =y, . . . Qj,, -
IIpuMeHsi K HeMY Te e CaMbple PacCyXK[EHHs, OJHO3HAYHO BOCCTa-
HOBHM cJenyomyio 6yKBy (a;,) cioBa p u T. A. TakuM cnoco6oM ofwo-
3HAYHO BOCCTAHABJ/IMBAIOTCS OfHA 3a JAPYroi#l Bce GYKBHI caoBa p. Cie-
ROBATEJNLHO, JIOOOMY JaHHOMY KOAY MOXKET COOTBETCTBOBATb JIMIIb
ofiHO CJoBO B andasure A, ueM JoKasaHa oOpaTHMOCTb (B3auMHas
OJIHO3HAUHOCTb) KOZHPYIOMIETO OTOOpaKeHHsl.

YenoBue «6» BLINONHAETCS, €C/HM KOl BCeX OYKB HCXOIHOTO aJ-
¢aBuTa A HMMeIOT OAMHAKOBYIO JJHHY. KomupoBaune B sToM Cayuyae
YCIOBHUMCSl HasbBaTb HOpMAAbHbiM. Mcnosb3oBanHe KOAHPOBaHHSA
NO3BOJIIET CBOAHTH H3y4YeHHE NPOM3BOJILHBIX ajhaBHTHHIX OTOGpaKe-
HHA K andaBHTHHIM OTOGPAXKEHHSIM B KaKOM-JM6O pa3 HaBCeria BhbI-
6pannoM craugaptHoM aidasute. HauGosee yacto B KauecTBe TaKoro
cra”japtdoro ajdaBuTa BHIOMDaeTCs TaK HaseiBaeMblil  Ogourrbil
angaBuT, COCTOSMMA M3 JABYX OYKB, KOTOPhI€ OGBIMHO OTOXKgecTBJIsi-
forca ¢ uudpamu 0 1 1. '

[Tycte A — npoussosibHbI, 8 B — cranpapTHuiil (Hanpumep, ABO-
HuHbé) andaBuTel, coctosimue 6osee yem U3 oaHOH OYyKBH. Ecan n—
yncio 6ykB B andasute A, a m — uncao 6yks B andasuTe B, To Bcerna
MOXKHO BbIGpaTh UHCAO £ TaK, YTOGHI YJOBJETBOPSIOCH HEPABEHCTBO

mt > n. (1

TTocKOJILKY YHCAO PasHHYHBIX CJIOB JJHHBL £ B m-GYKBEHHOM aJi-
¢asHTe paBHO, OYEBHAHO, mk, To HepaBeHCTBO (1) nokaswiBaer, 4TO
MOXKHO 3aKoAHpoBaTh BCe GYKBH B ajibaBHTE A CJIOBaMH JJIMHHL £ B
andasuTe B Tak, 4ToObl KOABI PasfMM4YHbIX OYKB GBIIH Pa3iHUHBIMH.
JlioGoe Takoe KoAMpoBaHHE OyNEeT HOPMAJLHEIM H HOPOXKIAET, B CHJY
CKa3aHHOTO BHIIE, OOpAaTHMOe KOJHpYOmee OToOparkeHHe CJIOB B
andasute A B cnoBa B andasute B. OG6o3HauuM 5TO OTOGpaxKeHmHe
yepes a, a uepes a—! GynemM oGosnauatb o6paTHoe eMy OTOGDaXKeHHe,
KOTOpOe NMEpPEeBONHT Kaxkjaoe CJOBO ¢ B andasute B, sBagiomieecs
KOJIOM HEKOTOpOro cjioBa p B ajdasHTe A, B C/IOBO p.

Ecan Tenepb @ — npou3BOJbHBEINA andaBHTHEIA omeparop B aJjda-
ute A, TOo oroOpaxkenue P = a~lpa, nojyyaemoe B pesyJbTare mo-
CJIEIOBATENBHOTO BHIMOJIHEHUS! oToOpaxeHH# a—!, ¢ H @, Oyxer mpen-
CTaBJATL COOOH, OYEBHAHO, HEKOTODHIA aJsipaBHTHBIA onepartop B CTaH-
naptaHoM andasure B. Hasosem 3sToT onepatop aagasumusim onepa-
mopom 8 aapasume B, conpaocennvim (npu nomouwju xoOuposanus a)
C aupasumrusim onepamopom Q.

Onepatop ¢ OJHO3HAYHO BOCCTAHABJIHBACICS MO CONPAKEHHOMY
eMy onepaTopy Y H COOTBETCTBYIOMIEMY KOAUPYIOIEMY OTOOpaKeHHIo o

P = mpa"'. (2)

C nomompio 3TO# GOpMyJibl, @ TaKXKe BHINHCAHHOR paHee JyaJb-

HOM el hopMYyJibl ,
v=alea 1 ©

riior AT,
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APOM3BOJIBHEIE aN(aBUTHLIE ONEPATOPHl CBOAATCS K aJipaBHTHEIM oOIre-
paropaM B craHfaptHoM andasure. Takoe CBeaeHue, pasymeercs,
MOXKHO MPOU3BECTH GECKOHEYHBIM UHCJIOM Pa3JiHuHBEIX CHoco6oB, moc-
KOJIBKY CYIIECTBYeT OECKOHEUHO MHOT® Das/IMYHBIX KOZHPOBAHHH
cJoB B J000M JaHHOM aJjdaBHTE CIOBaMH B CTaHAApPTHOM aJipaBuTe.

OnHcaHHOE CBEJEHHE MOXKHO OCYIIECTBJSTL M B Cly4ae ajdaBHT-
HBIX ONEPAaTOPOB, Y KOTOPHIX BXOAHOH M BEIXOLHOH a/haBHTHI Pa3/IMyHHIL.
Hanpumep, nyctb ¢ — NMPOH3BOJIbHHIH asdaBUTHLIE OMEPATOP C BXOJ-
oM andaBuToM A M BHIXOAHEIM andaButoM C, B — cranpapTHbIR
a/haBAT, o — Kakoe-1u6o (o6paTHmoe) KOpHPOBAaHHE CJOB B anda-
BuTe A CJIOBAaMH B CTaHAAPTHOM aJipaBUTE, a Yy — aHAJIOTHYHOE KOLH-
poBanHe cJioB B ajndasuTe C. '

JRrko BHIETh Tenepb, uTO OTOOpaxKeHHe Y = a~ !y npexcras-
JsieT co0o# andaBHTHHIE omepatop B CTaHjapTHoMm andasute B, no
KOTOPOMY MNPH YC/JIOBHH 3HAHHS KOAMPYIOIIMX OTOOPaXKeHHH o H y
OJJHO3HAYHO BOCCTAHABJIHBAETCS MCXOAHOE OTOOpaKeHue ¢.

[MousTue andaBUTHOTO onepaTopa SBJASETCS Upe3BbIYAHHO OOGIIHM.
K uemy dakTHYECKH CBOJSTCS HJH MOTYT ObITb B HEKOTOPOM CMEICJIE
CBelleHHl JioOple MpoltecCH npeobpasosanusn unpopmayuu. Tlox undop-
Mauvel 3ech M fajee 6yneM NMOAPa3yMeBaTb He TOJbKO OCMBIC/IEHHbIE
CcooOLIeHHs, HO M BoOOIlIe BCSIKHE CBeIEHHS] O MPOLECcCax H COCTOs-
HHsAX JI06Go# NpHpoapki, KOTOPBIE MOTYT BOCHPHHHMATBCS OPraHamu
YyBCTB YeJOBEKAa HJH NpHOOpaMH. .

st HEKOTOPHIX CHEelMaNbHBIX BHIOB HH(PODMALUMH, HampuMep

HHGOpMALHMH JIEKCHUECKOR HJIM 4HCJOBOH, andaBHTHLHIA cnocob 3ana-
HHS SBJSIeTCH CaMbiM €CTeCTBEHHBEIM H HOCTOSIHHO NPHMEHSIOLHMCH.
Ilpeo6Gpa3oBaHusl 5THX BHJOB HHQPOpPMALHHU CBOASTCSH K asdhaBHTHBIM
ornepaTtopaM CaMbIM HemoCpPE[CTBEHHBIM 06pasoM: KaK BXOJHasi, Tak
U BhIXOJHas HHpopmauuu B J060M npeobpasoBarene HHGMOPMALHH B
3TOM cJlydae MOTYT ObITh NpEACTaBleHLl B BHie CJOB, a npeobpasoBa-
HHe HHGOPMALHH CBOAUTCSA K YCTAHOBJEHHI0 HEKOTOPOIO COOTBETCTBHS
MexXay cioBamMu. HamoMHHM, 4TO NMpH pasyMHOM paclIHPeHHH anda-
BHTa CJI0OBaMH B JIEKCHYECKOH HH(OPMAIMH MOTYT CUHTATBLCS HE TOJBKO
OOLIYHBIE CJIOBa, HO H LeJBIe NMpesoXeHHsl H gaxke Jmobble mocneno-
BaTEeJbHOCTH NPEJIOKEHHH.
-7 OpHoit M3 XapaKTepHBIX 3a7au nmpeoGpasoBaHHs JeKCHYeCKOH HH-
dopmanuu gBJsIeTCSl NEPEBOJ, TEKCTOB C ONHOrO sI3bIKA Ha JAPYrofl.
Xopolo H3BECTHO, YTO 33jaua NepeBojia He CBOAMTCS K 3ajaue ycCra-
HOBJIEHHsI COOTBETCTBHSI MeXJy CJIOBaMH SI3IKOB, KOTOPHIMH OMNeEpH-
pyloT npu mepeBoje. EcaMm Xe cuHTaTh CJOBAMH ILieJible KHHTH HJIH
X0Tsi Obl OTAeNbHEIE ab3allbl KHH[H, TO 3ajada MepeBofia MOJHOCTBHIO
CBOJIHTCS K 3ajjaue YCTAHOBJIEHHSI COOTBETCTBHS MEXAy TaKHMH 00606-
EeHHbIMH cJoBaMH. TakuM o6pasoMm, npouecc nepesoga C OfHOIO
A3blKA Ha JPYTOft MOXKeT TPaKTOBAaThCSl KakK MPOLECC Peasn3altt HeKo-
TOporo anadaBHTHOTO OmepaTopa.

Crnenyer 3aMeTHTh, BIPOYEM, YTO BIOJIHE KAuyeCTBEHHEIA H I'DaMoT-
HBEIl TlepeBOj AONMYCKAeT, KAK H3BECTHO, BO3MOXKHOCTb H3BECTHHIX MO-
Judukauuil nepeBegeHHOT0 TeKcra. [losToMy npomecc mepeBoja OmnH-
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ChIBaeTCsi He OOBIMHBIM OOHO3HA4HbIM andABHTHHIM OMEPATOpoM, a
MHOTO3HAYHBIM, HJH TaK HAa3bIBAEMBIM GEPOAMHOCHMIHGIM, ajipaBUTHHIM
onepatopoM. Tako# onepaTop COnOCTaBJ/IsIeT KAaKIOMY BXOLHOMY CJOBY
u3 06JacTH CBOETO Ompefie/ieHHs] He OJHO BLIXCAHOE CJIOBO, a LENYIO
COBOKYMHOCTb BBIXOJAHEIX CJIOB. IIpH KOHKPeTHOM NDHMEHEHHH 3TOTO
ornepatopa K TOMY HJH HHOMY BXOJHOMY CJIOBY p NPOHCXORHT CAy-
yatinol 6b100p BLHIXOJHOTO CJ0BA H3 COOTBETCTBYIOLLEH CJIOBY p COBO-
KYMHOCTH BHIXOJHBIX CJIOB.

Kpome andaBHTHEIX omeparopoB AJsi nmepeBofia C OfHHX H3LIKOB
Ha J[pyrHe, MOXKHO MNOCTPOHTH aspaBHTHHIE OMEpaTOPHl, peIaiolne
U ApyrHe 3afaud npeoGpasoBaHMs JIEKCHYecKoR HHGDODMALHH, Ha-
npumep 3afauy peNaKkTHPOBAaHHsI TEKCTOB Ha TOM HJH HHOM S3BIKE,
3ajauy cocTaBJleHHs pedepaTtoB crtared M T. n. Herpyawo pacurupHTs
o6sacTh MpHMEHeHHs aj(aBUTHBHIX ONEPATOPOB, HCMOJb3ys aJda-
BHTHOE MpeJCTaBJEeHHEe He TOJMbKO [JIsi JEKCHUECKOH, HO U jJ1d JPYTHX
BHZOB HH(bopMauun. Hanpumep, HCMOJNB3ys M3BECTHBLIE MPHUEMBl 1IaX-
MATHOH. HOTAUHH, MOXKHO 3aMHCHIBATbH [IAXMaTHLIE MO3HIHH B BHJE
CJIOB, COCTOSIIIMX U3 OYKB PYCCKOIO M JaTHHCKoOro aJdaBHToB, Lubp
M 3HAKOB NpenuHaHusa (3ansToli). B TaroM ciyuyae npouecc 1axMaTHOH
HTpBl MOXKeT ObITb HCTOJIKOBAH KakK IPOIECC YCTAHOBJEHHS COOTBET-
CTBHSI MeXAy /060 JaHHOH no3uiued W MO3WIHeH, BO3HHUKAWOULEH
M3 Hee MoOCJe BHITOJHEHHS ouepefHoro xopa. TakuMm ob6pasoM, H B
5TOM CJy4ae peyb HAET O HEKOTOPOM aa(aBHTHOM onepatope (Boobume
TOBC{ A, BEPOATHOCTHOM).

AnanornysbpM 06pa3oM HEeTPYAHO NPEACTaBHTb B BHJE NPOLECCOB
peanu3anui andaBHTHLIX ONMEPATOPOB H MHOTHe JAPYTHE MIPOLECCH
npeobpasoBanus HHGMOPMAIHH, HAPUMED OPKECTPOBKY MEJIOLHH, pele-
HHE MaTeMaTHYeCKHX 3ajla4, 33auH NJaHUPOBAHUS IPOH3BOJICTBA U T. II.

Moxer nokasarbcsi cHauana, YyTo AJI XapaKTepHCTHKH mpeoGpa-
30BaHM{ HenpeprBHOU HH(OPMaIK (HanpHMep, 3PUTENbHLIX HJH MpO-
H3BOJIbHEIX CAYXOBHIX OILYIIEHHH) MoHSATHE andagHTHOTO onepaTtopa
OKaXercsi HegocTtatounbiM. OIHAKO 3TO He TaK WJHM, TOYHee, He CO-
BCEM TaK. )

Bocnpusitne 1 npeoGpasoBanHe HenpepbiBHOM HH(OPMALMH BCerna
NPOH3BOASITCS NPH NOMOIIH HeHjgealbHbIX NPHGOPOB, HE pearHpylo-
IHX Ha CJHIIKOM MaJjble H3MEHEHHs XapakTePHCTHK npeobpasyemoit
uudopMannu. B peanbupix npuGopax, BOCIPHHHMAIOIHX H npeobpa-
3YIOIHUX HelpeprBHYID MHGDOPMaLMio, BCErna CyLUlecTBYeT PSf OrpaHH-
4eHHH, KOTOPLIE NO3BOJISIIOT PAacCMaTpHBaTh 3Ty HHGOPMALHMI0 Kak anl-
dasuTHyo HHbOpManmio. s GoJbliell SICHOCTH pacCMOTPHM 3pHTE/b-
HYyl0 HubopMalHio (TO Ke CamMOe MPOUCXOZHT H C APYTHMH GHopMaMu
3ajaHus HeflpepuBHOH HH(OpMaLuH).

[TepBoe orpaHHdYeHHe — 3TO OrpaHHuYeHHe paspewarowjell cnocos-
Hocmu npubopa, BocmpuHAMAaiopiero uHbopMmauuio. ¥ KasaHHoe orpa-
HHYEHHe NPHBOJAMUT K TOMY, 4TO JAOCTATOYHO G/M3KHe Mexny CcoGodf
TOYKH y4acTKa NMPOCTPAHCTBA, Ha KOTOPOM pacrpefiesieHa paccMarpH-
Baemasl HHGMODManHsa (HampHMep, KapTHHA HJH PHCYHOK), BOCHDHHH-
MatoTCst MpHGOpOM (CKaXKeMm, vesioBeyeCKHM IJ1a3oM) Kak OflHa TOYKa.
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Orciofia BhITeKAaeT BO3MOXKHOCTb PacCMaTpHBaTh 3TY HHGOPMALHIO KaK
HHDOPMALIHIO, 3a[JAaHHYI0 He B GECKOHEYHOM, a JIHIIb B KOHEYHOM MHO-
JKECTBe TOUeK. "

Bropoe orpanvueHHe CBsi3aHO C OTPaHHUEHHOR 4yecmsumens-
Hocmoro npubopa, BOCHPHHHUMAIOLIETO HHGMOPMALMI. ITO OTpaHHYEHHE
OPHUBOJHT K TOMY, YTO NPHGOP MOXKET passnvarh (haKTHYECKH JHIIb
KOHEYHOE YHCJIO YPOBHeH BeJIHYHHEI, Hecyliell HHHOPMAIIHIO (HanpuMep
SIPKOCTH OTHE/bHBIX TOUEK DPHCYHKA).

Ha ocHOBaHHM ONHCaHHBIX OrDaHHUEHHH NPHXOAHM K BBIBOLY,
4yTO NPHOOp, BCJAEICTBHE CBOEH HEHEaJbHOCTH, MOXKET B KaXK[ulil faH-
HBIl MOMEHT BOCTPHHHUMATh JIMIIbL OfHY KapTHHY H3 KowedHoeo (a He
6eCKOHEYHOTO, KaK MOXKeT FI0Ka3aThCs Ge3 yueTa yKasaHHBIX OTpaHH-
YeHHH) YHCJA Da3/MYHbLIX KapTHH MTHOBEHHOTO pacnpelle/leHHsl pac-
cMaTpHBaemModl HMHGOpPMalLUH B MPOCTPAHCTBE.

Beolis 1719 KaX[oH M3 TaKMX KapTHH CHEUHaNbHOE GyKBEHHOE
0603HAUCHHE, NPHIAEM K KoHeuHomy aigasumy A, KOTOPHIH C yuYeTOM
YKa3aHHBIX OTPaHHYEHHH BNOJIHE [CCTATOYEH - [Jisi XapaKTEPHUCTHKH
nudopMaunyH, NOCTyHawilell Ha BXOJ paccMaTpPHBaeMoro HaMu (HeH-
JleanbHOTO) npHGopa B KaXKIwA JaHHbIA MoMeHT BpeMeHH. Ecan o6o-
3HAYUTh GYKBOM n 4HCJO TOYEK NPOCTPAHCTBA, BOCMPHHUMAEMBIX MPH-
60poM Kak OTAeNbHBIE TOYKH, a OYKBOH m—uHuC/I0 Pa3/HYaeMLIX OpH-
6opoM ypoBHEHl (H3HUECKOHR BeJHUMHBI, HecyimeR HHPoOPMaIH, TO
uncio GykB B ajdaBHTe A OGymer paBHO, KaK HETPYAHO BHOETh, m”
(Lns MPOCTOTHI MpEAnoJIaraeM YHCJO pasjiHuyaeMbX NPHOGOPOM YpOB-
Hell OJMHAKOBBIM /11 BCEX TOYEK NPOCTPAHCTBA).

Pasymeercs, TOJBKO YTO NOACYHTAHHOE 4yHCIO OYKB B andaBHTe A
MOJKeT OKa3aThCsi YPe3Brrdaiino GOJbIINM (B C/iyuyae BOCHPHATHA 3pH-
TeJIbHOW HH(OPMAIMH 4YeJIOBEYECKHM TIJIa30M OHO MOXKeT ObITh mpef-
NOJIOKHTENBHO OIEHEHO KaK €IMHHIA C HECKOJbKHMH THICSIYaMH HY-
qei). TeM He MEHEE OHO BCE XKe SIBJISETCsl KOHEeUHbIM, a ¢ abCTpakKTHO-
TEOPETHYECKOH TOUKH 3DeHHS! CYIIECTBEHHO TOJIbKO, KOHedeH HJIH
Gecxoneuen aJjparur A.

[Mpono/mKas nHalle HcCNENOBaHHe, 3aMETHM, YTO BCSKHH peasbHbIH
BOCHPUHHMAIOMINH H npeo6pasyiomui uubopManuio npubop HMeer,
Hapsily ¢ YKa3aHHbIMH JIBYMsi OTDaHHUYEHHSIMH, €ellle H TPETbe OTPaHH-
yenne. Peur Huer 06 OTpaHHUEHHOCTH no/0C6l nponyckanus nprbopa,
KOTOpasi He NO3BOJISIET €My pas/jiMuaTh CJMIIKOM ObICTPHIE H3MEHEHHs
BOCIPHHUMAaeMbIX BeJHuHH. B cuay uspectHoro npunuuna Koresp-
HHKOBa [46] orpanuyeHHe MoOJIOCH MPOMYCKAHHSI SKBHBAJEHTHO TOMY,
4T0 NMPH nepenade HHGOPMAUHH BMECTO OOBIYHOTO HeNmpepbIBHOTO Bpe-
MEHH BBOJUTCS YyCA06HOe OUCKpemHoe 8pems, COCelHHe MOMEHTH KO-
TOPOrO OTJIMYAIOTCS JPYT OT APYra Ha BroJiHe ONpenesieHHHN (XOTs
OOLIYHO M BeCchMa MaJblii) OTPe3OK BpeMeHH. ['py6o roBopsi, B KauecTse
TAKOTO 5JIEeMEHTAPHOTO OTPE3KA BPeMeHH BHIOHpaeTCss MaKCHMAaJbHBIN
OTpe30K, B TeueHHe KOTOPOro paccMaTpHBaeMblil mpu6Op OKasbiBaeTcs
HECOCOOHLIM Pa3JMUATh H3MeHEHH s BeJTHUHHBI, Hecymed HHDOpMauHio.

Tlocne BBemeHHsi Takoro JUCKPETHOTO BpeMenH HHGOpPMALHs, BO-
CIpHHHMaeMasi HAMUM npHOGOpOM 3a JI060H KOHEYHLI OTPesoK Bpe-
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MEHH f, €CTECTBEHHO NMPENCTABJISIETC s B BUIE CJI0BA BO BBENEHHOM BbIlIE
andasure A. Uncao OyKB B 5TOM CJIOBe DaBHSIETCSI YHCJY MOMEHTOB
Ty, . .., T, JHCKPETHOTO BPEMEHH, YKJAALBAOIIUXCT B JaHHOM OT-
pe3ke BpeMeHH {, a ero i-1 6ykBa (i=1, 2, . . ., k) npeacrasJser co-
Goit BeIpaXeHHYIO B BHJle OyKBHl andasura A HHGOPMALHIO, BOCIPH-
HUMaeMyio MPHGOPOM B MOMEHT BpeMeHH T;.

[ToCKOJ/ibKY aHAJOTHYHBIE DACCMOTPEHHUS NPHMEHHMEI He TOJBKO
KO BXOJHO#, HO U K BHIXOJIHO# HHGOpMaLHK, w060l peareHbil npeobpa-
306amess UHGOPMAYUL MONCEM PACCMAMPUBAMbCS (C Y4emom YKa3aH-
Hulx eblle ozpanudenull) kax npubop, pearusyrouwull Hexomopeul aagpa-
summuoil onepamop. AndaBHTHHEIA onepartop, peasiH3yeMmuiii mpHGOPOM,
NOJHOCTBIO (C TOYHOCTbIO O KOAHPOBaHHS HHGMOpPMAIHH) ONpenenser
UNGOPMAYUOHHYIO CYtHOCMb 3TOTO npHOOpa, HHBIMH CJIOBAMH, — BbI-
noJiHsiemMoe 3THM npHGopoMm mpeobpa3oBanve HHDOPMALHUH.

Hrak, HaMH YCTaHOBJIEHA 4pe3BHYalHO GoJibliasi OGUIHOCTD MOHS-
THsi andapuTHOTO omeparopa. Bemp K H3yueHHio andaBHTHHIX omepa-
TOPOB OKasasnach (PAaKTHYECKH CBEJIEHHOH TeOPHsl JoOhIX mpeobpaso-
Baresiell HHGopMauuH. A ¢ mpeo6GpasoBaTesisiMH HHGOPMALHH YeJIOBEK
BCTpeuaeTcsi B CBoeH MpakTHKe OyKBaJbHO Ha KaxnoM mary. IIpeo6pa-
30BaTeNssMH HHG(OPMALMH SIBJSAIOTCA PasjHuYHBIE NMPHOOPH M CPEACTBa
aBTOMATHYECKOTo ynpasseHus. Hakonen, oqHuM U3 HauGoJjiee BaXKHLIX
M CYLIECTBEHHBIX ACMEKTOB H3y4EHHs JEATEJLHOCTH CaMOro 4eJoBeKa
SIBJISIETCS] acleKT, CBSI3aHHBIH C PacCMOTPEHHEM uesIOBEeKa KaK BeChbMa
CJIOXKHOTO M COBepIleHHoro npeo6pasoBarensi uudopmanuu. Bee sto
[IO3BOJISIET CUHTATh TEOPHI0 a/aBHTHBIX OMEPATOPOB ONHOH H3 HaH-
0oJiee BaXKHBIX COCTABHLIX 4acrel KUOGEPHETHKH.

OcuoBoit TeopuH asaBUTHEIX ONEPATOPOB SIBJASAIOTCH cnocobbt
ux sadaxnusn. B caydae, ecau obaacTb onpenenends andaBHTHOTO Ome-
patopa KoHeyHa, TO BOIPOC O €ro 3aaHHH, MO KpalHel mMepe B Teope-
THYECKOM IJIaHe, pelIaeTcsl 4pEe3BbIYaiHO MPOCTO: OMEPaTOpP MOXKeT
6LITh 3a1aH npocToil mabauyeidl coomsemcmeus. B neBoii yacTH Takoi
TaGAHIBl BHITHCHIBAIOTCS BCE CJIOBA, BXOAsillHE B 06JacTb ompefese-
HHMsI DacCMaTpHBaeMOTo omepartopa, a B NpaBofi 4acTH — BbIXOJHHIE
€J/I0Ba, HOJydalolHecss B PE3yJbTaTe NMPHUMEHeHHS omepaTopa K Kax-
JIOMYy CJIOBY H3 JieBOH 4aCTH TabJHLBbl.

Pasymeercs, ecan o6aacTb onpefie/ieHHst ajpaBHTHOTO omepaTropa
JIOCTATOYHO BEJIHKA, YKa3aHHBA crmocof 3ajaHusi MOXXET OKa3aThCs
4pe3BLIUAHHO T'POMO3JAKHM H MOSTOMY HEMPUMEHHMBIM Ha MPAaKTHKE.
Onuako He GyJeM NPHHHMATL NOKa BO BHUMaHHe CooOpakeHHs nojo6-
HOTO pojia, OFDAHHYMBAsICh KaXKAbli Pa3 yCTaHOBJEHHeM JHIIb NMPHH-
IATHANBHOR BO3MOXHOCTH 3aJ]JaHHs Te€X HJIH HHBIX aj(paBHTHLIX Olle-
partopos.

B cayuae 6ecKOHEUHOCTH o6JacTH onpenesenust andasBUTHOTO ome-
paropa 3ajflaHHe €ro ¢ MOMOIbI0 MPoCTON TabJUILl COOTBETCTBUA OKa-
BBIBAETCSl YK€ NPUHUUNUAADHO HEBOSMONCHBIM, TIOCKOJILKY B pacro-
NSXKEHHU 4YellOBEKa HeT CPeACTB, MO3BOJISIIOIIMX eMy (aKTHYEeCKH Bbl-
MHCaTh WJIH BOCHPHHSTH OECKOHEYHOE MHOXKECTBO CJIOB. XOpOLIO H3-
BECTHO, OJHAKO, YTO YeJOBeK [aBHO HayuWJCd 3aJaBaTb OMEPaToOPhl
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fa GECKOHEUHBIX MHOXKECTBaX CJIOB, HE BHINHCHIBAs gcer TabJHIbl CO-
orsercTBUsi. C 3TOR LEJIbI0 JOCTATOYHO DPacCMOTPeTb, HampHUMep, aJ-
¢aBUTHBIA omnepaTop, 3ajfaBaeMblii (HOPMyJiOH

XX...X>Yyy...Y (n=1,:2,...). (4)
ﬁp?/ n+1 pas

IlpuBenennasi dopmyna onpenessieT COOTBETCTBHE Ha GeCKOHEYHOM
MHO2KeCTBE CJIOB, JOCTHTHYToe 0e3 (aKTHYECKOro BHITHCHIBAHHS Bceil
TaO/HIbl COOTBETCTBHS (Y4TO, pasyMeercsi, ClesaTb B 3TOM CJyyae He-
BO3MOXKHO). BMecTo camo#l Tab/inubl cCOOTBercTBHSA 5Ta dopMyna paer
npasuso, € TMOMOIIbI0 KOTOPOrO 3a KOHEYHOE UYHCJO INAroB MOXKeT
6biTb YCTAHOBJIEHO BHIXOfHOE CJIOBO, COOTBETCTBYIOmEe JIOGOMY Ha-
nepen 3ajaHHoOMY BXOJHOMY CJOBY H3 06GJacTH OMpefeseHHs paccMa-
TpuBaeMoro andhaBHTHOIO omeparopa.

AHanornuyHas CHTyauusi BO3HHKaeT BCSIKHH pas, Koraa IpHXo-
JUTCA 3ajnaearb andaBHTHHIA oOmepaTop ¢ GECKOHEYHOH 006.1acTbio
ONpeNeNeHH s ; BMECTO CaMOM TaGJHILI COOTBETCTBHS 3a/aeTcst KOHeu-
HO€ 4YHCJIO MPaBHJI, NMO3BOJFIOIIHX 32 KOHEUHOE YHCJO IIaroB HadTH
Hanepeq 3ajaHHYIO CTPOKY 3Toif TabGaHub (3HaueHHe andaBHTHOrO
oneparopa Ha Ji1060M BXOJIHOM CJIOBE, BXOfsimieM B o6JacTb ero ompe-
JIEIeHHusT).

Anpasumnsie onepamopel, 300a8aemble € NOMOUIO KOHEHHOIX CuC-
mem npasus, NPUHAMO HA3LIEAMb AA20PUMMAMU.

Ha ocHoBaHMM CKa3aHHOTO BbIllle JIETKO MOHSITb, YTO BCAKHH al-
(aBUTHBIA oOmepaTtop, KOTOPHIH MOXHO (DaKTHUECKH 3a1aTb, HABJS-
€TCSl HEeNmPEeMEHHO aJrOPHTMOM. AJITOPHTMAaMH, B YacTHOCTH, OYEyT
Bce andaBHTHBIE ONEPaToOpbl C KOHEYHHIMH 0O/IaCTSMH ONpe/eeHus,
3ajaBaeMble (KOHEUHBIMHM) TabsnuaMud cootBerctBusi. Popmyna (4)
TaKXke 3ajaer HEKOTOPHIH aJropHTM.

Herpynno noctpouth M gpyrie npumepsl ajiroputMos. Comocras-
Jisis KaXK[oMy IeJIOMY TIOJIOXKHTEJBbHOMY YHCIY €ro KBafpar, MOJy4YHM
aqdaBUTHEI onepaTtop B ajdaBHTe, COCTOSANIEM H3 BCeX HHU(P CHCTEMbI
CUHCJIEHHsI, TNpHHHMaeMOdl xJg MpeACTaBJIeHHS 5THX 4Hcea. [lo-
CKOJIbKY INpaBHJia BO3BEJEHHS B KBagpaT NMO3BOJISIIOT 38 KOHEUHOE 4H-
CJI0 INaroB MOJYYHTL KBajpaT Jw0oro Hamepel 3aJaHHOTO IEJIOro
YHC/la, YKa3aHHBIA OMmepaTop MOXKHO paccMaTPHBaTb KakK ajifOPHTM.

Bce koHKpeTHble andaBHTHbIE OmepaTophbl, PacCMATPHBAEMLIE B
HacTosimell ryase (B TOM YHCJIE OnepaTophl NepeBofia C OfIHOTO SI3bIKA
Ha JApYTOi, UTPHl B LIAXMATHI ¥ T. JI.), TaAK:Ke MOXKHO 3a[aTh C NIOMOILBIO
KOHEUHBIX CHCTEM NPaBHJ H MOXHO, C/eJ0BaTe/]bHO, PacCcMaTpHBaTb
KaK anropuTMsl.

Heo6xo0auMo nofuepKHyTh ONHO pasJiMuHe, CYIECTBYIOLLEE MEXAY
NOHSATHAMH anhaBHTHOTO omeparopa M anroput™a. B momsTuu anda-
BHTHOTO OmepaTopa CYIIECTBEHHO JIMINb CamMoO COOTBETCTBHE, YCTaHAB-
JINBaeMO€ OMepaTopoM MeXJY BXOOHLIMH H BLIXOJHHIMH CJIOBamH, 2 HE
CNOCO6, KOTOPHIM 5TO COOTBETCTBHE YCTaHABJHMBaercsi. B moHsaTHH
aIropuT™Ma, Ha0B0POT, OCHOBHOH ymop HeJaercs Ha cnocob 3a0anus
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COOTBETCTBHS, YCTAHABJMBAEMOTO a/JrOPUTMOM. Taxum o6paszom, aa-
20pUMM eCIb RE 4IMO uloe, KaK aipagumubll onepamop emecme ¢ npa-
suaamu, onpedeisrowumy exo oOedcmaue.

B COOTBETCTBHH CO CKa3aHHLIM OIpefesisieTcsl NOHSATHE pageHcmed
ans andaBYTHLIX OMeEPaTopoB H anropkTMOB. JBa a/iaBHTHBHIX ome-
paropa CYHTAIOTCS PABHBIMH, €CIM OHH HMEIOT OfHY H Ty K€ 006JacTb
OMpefie/ieHHsi H COMOCTABJASIOT JIOGOMY Hamepes 3aiaHHOMY BXOJI-
HOMY CJIOBY H3 3Toll 06J1aCTH OJMHAKOBbIE BbIXOfHBE cJoBa. llonstue
paBeHCTBA MJisi aJTOPHTMOB BKJIIOYAET YCJOBHSI paBeHCTBa A/ CO-
OTBETCTBYIOUMX MM ONEPaTOpPOB, HO NpEeIyCMaTpPHBAeT TaKiKe COBa-
JIeHHe CHCTeM MPaBHJl, 3aJallIHX AeACTBHE 3THX aJTOPUTMOB Ha BXOJ-
HHIE CJI0Ba. AJTOPHTMEL, ¥ KOTOPHIX COBNAJAOT TOJbKO ONpefense-
Mbie HMH andaBHTHEE OTOOpaXkeHHs1 (onmepatophl), HO, BOOGIE rOBOPS,
He crecoOul 3aganus, GVaeM Has3biBaTh IKBUEAAEHITIHbIMY ANTOPUTMAMH,

O6riuno B aGCTPaKTHON TEOPHH aJrOPHTMOB PacCMaTPHBAIOT JHILb
TakHe aJrOPUTMH, KOTODHIM COOTBETCTBYIOT OJHO3HAuHble ajhaBUTHbIE
onepatoprl. Besiknii anroput™ A Takoro poja OT/IMYAETCS TEM,- 4TO
JM0G0MY BXOJIHOMY CJIOBY p H3 06JaCTH CBOero ONpejesleHHsi OH OT-
HOCHT BIOJIHE ONpefieJieHHOE BHIXOIHOe C/oBO ¢ = A(p) He3aBHCHMO
OT YCJIOBHH, B KOTOPhIX paboraer anroput™ A. Tlogo6ubie anroputmel
H COOTBEICTBYIOUIME MM andaBHTHble omepatopbl OygeM Ha3bBaTb
OemepmMURUPOBAHHbIMU.

B psie ciyuaeB 1enecoo6pasHO DACHIHPHTL TIOHSATHE aJrOPHTMA,
BBOJs! B CHCTeMBl NPaBHJ, OMHUCHIBAICIIMX AJAFOPHTMEI, BO3MNXKHOCTH
caydaliHOTO BHIGOpPA TeX WJIH MHBIX CJIOB HJIH TeX HJH HHBIX HpaBHJIL.
[Ip¥ 5TOM BEPOSTHOCTH TOTO HJIM HHOTO BHIGOpA NOJIXKHEI THGO GHKCH-
poBaThCsi 3apaHee, JHGO OMpPENesITLCS B MPOIECCE peanH3alHH aJjro-
putMa. INopoGnnie anropuT™el, 6yjeM HasbBaTb MX CAytaiHbiMU, TIPH-
BOAST K MHOTO3HA4YHLIM a/daBUTHEIM oneparopaM. DoJee Touno, anst
JMoGOro BXOAHOTO CJOBA p, BXOASIIEr0 B 06GJacTb OnpefeseHHsi Cay-
YafiHoro anroputma A, 3TOT ajAropHTM ONHO3HAYHO OTpefessieT Be-
POSITHOCTH a,(g) MOsBJIEHHS Pa3JIRYHLIX BBHIXOZHHLIX C/JIOB ¢ B KauecTBe
OTBeTa Ha BXOJHOe cJOBO p. BeposTHOCTH w,(g) B ciaydae OGHYHOIO
CayuyallHOro ajJropuTMa He JOJIKHEI U3MEHSIThCS B rpoliecce ero ¢yHK-
IIMOHMPOBAHHS, XOTS CaM AaJIrOPUTM NPH HECKOJbKHX €ro NpHMeHe-
HHSIX K OJIHOMY H TOMYy K€ BXOJHOMY CJIOBY p MOXET, pasyMeercs,
JlaBaTh pasJjiM4YHEIE OTBETHI.

Ham npupercsi paccMaTpuBaThb €me Tak HasnlBaeMble CAMOUIMEHSA-
Iowuecs aarOpUTMEL, T. €. TaKHe aJTOPHTMBI, KOTODHIE HE TOJBKO e-
pepabaThLIBAalOT TOJiaBaeMble HA HUX BXOJHLIE CJIOBA, HO M CaMH H3Me-
HSIIOTCSl B [pOLIECCe TakoH nepepaGoTKu. Pesyabrar pneficTBHsl camo-
U3MeHsiomerocs anroputMa A Ha TO MJIH HHOe BXOAHOE CJIOBO p 3a-
BHCHT HE TOJIbKO OT 3TOTO CJIOBA, HO M OT ucmopuu npedoidyuied pa-
bomoer anropHTMa, T. €. OT (KOHEUHOM) MOCJeNOBaTeLHOCTH BXOJHEIX
CJI0B, mepepaGoOTaHHBIX aJrOPHTMOM A [0 NMOCTYNJIEHHS HZ €r0 BXOR
paccmaTpuBaemMoro cJjoBa p.

OGo6lienne MOHATHS aNropuTMa 3a CYeT BBEJeHHS BO3MOXKHOCTH
CaMOM3MEHEHHsi NPHUMEHHMO KakK K JeTepPMUHUDOBAHHEIM, TaK H K
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cayualiHbIM aBTOMaraM. B nocnenHeM ciyuyae B 3aBHCHMOCTH OT HC-
TODHH TIpefbiaymedl padoThl anrOPUTMAa MEHSITCS BepPOSTHOCTH a,(q)
pasMMYHbIX BBIXOAHBIX CJOB §, COMOCTaBJsieMbIX aJropuT™MoM A Jio-
6oMy JAaHHOMY BXOJHOMY CJIOBY p. DTa 3aBHCHMOCTb MOXKET, BIIpOYeM,
TaKXXe BhIPAXKaThCH He NeTePMHHHPOBAHHOH, a cay4aiiHo# dyHkiueil.

CaMOH3MEHAIOMMACA aJiTOPHTM YIOOHO NpEACTaBJAsITH Cebe B BHIe
CHCTEMBl [IBYX aJTODHTMOB, M3 KOTODBIX MeEpPBBIH, TaK HA3LIBAeMbIi
paboquil, OCyeCTBAsieT nepepaboTKy BXOZHBIX CJIOB, & BTOPOH, HA3bl-
BaeMblil KORMPoAUPYOWUM RN YNpAgAAIOWUM, BHOCHT Te MJH HHBIE
U3MeHEeHHsl B NepBHiH, pabounit, aaroput™. B ra. IV nokasano, uto
CBOHCTBO CaMOM3MeHEHHs aJrOPHTMa ONpelessieTcs He CTOJIbKO CTPYK-
TYpOH peaJM3YIOUIET0 COOTBETCTBYIOIMH aITOPHTM YCTPORCTBA, CKOJb-
Ko cnocoboM npobneHHd BXOAHOH HHGMOPMAlHMH Ha OTHe/bHHE CJI0Ba,
KOTODBI#, KaK OTMeuYasoCh Bbilie, B C/aydae aGCTPaKTHHIX audaBuTOB
JI0 H3BECTHOH CTEemeHH NpoH3BoJieH. Tak YTo B 3aBHCHMOCTH OT BuiGopa
3TOro €noco6a OgHO M TO XKe YCTPOHCTBO MOXKET B OJHHX CJAydasx pe-
a/M30BaTh CaMOH3MeHSIONIHICS, a B JPYTHX — HeCaMOH3MeH SIOMINKCS
aJTOPUTMHL.

Ha npoTsikeHud nmepBHIX TpeX TJiaB peub HieT JHIIL 06 OGBIYHBLIX
(1eTepMHHUPOBAHHBIX, HECAMOH3MEHSIIONMXCS) aArOPHTMAX, H 3TO 06-
CTOSITENIBCTBO He OrOBAPHMBaeTCs KaXKAbH pas ocoGo. B nocaenyommx
r/1aBax ynoTpebasioTCsl TaKxkKe BBeleHHble Bhilie 0000WEeHHsT MOHATHS
anropuTMa,.

§ 2. HopmaneHbie aaroputmel

B stoM w B psge nmocaenyiomux naparpadoB HCCAEYHOTCS He-
KOTopble ofriHe cnocobbl 3ajaHHs aJropHTMOB, XapaKTepH3VIoLHec s
ceolicmeom  yHueepcasbHocmu, T. €. TaKHe CHocobbl, KOTOpbe MO3BO-
JSIIOT 3aJjaTh aJTOPHTM, SKBHBAJIEHTHHIH JI0GOMY Hanepes 3ajanHHOMY
anroputmy. B 3Tofi rniaBe pasnnuHbie YHUBepCaJbHble CMOCoGnl 3a-
JaHHsI aJITOPHTMOB H3J1aralTcsl He B HCTOPHUECKOH NOC/IeIOBaTE/IbHOCTA,
B KOTOpPOH OHH (akTHUeCKH BO3HHKa/lH, a B TakOM TMOPSKE,
KOTOpPEHIH siBAsieTcsi GoJlee yOGHBIM C TOUKH 3PEHHS 3ajau HACTOsIIeR
Kuurd, HauneM wuaule H3JoKeHHe € TaK HA3BIBAEMBIX HOPMAAbHBIX
aizopummos, NPEIJIOKEHHbIX ¥ H3yuyeHHnX A. A. MapkoseiM [53].

Besikuii obmuit cnoco® 3ajaHHs aAropuTMOB Ha30BeM aJITOPHT-
MH4eCKON cHCTeMolt. Aseopummudeckas cucmema BKIO4YaeT B cebs
06LIYHO OGBEKTHI ABOSIKOM NMPHPOJL, KoTophie, caeays JI. A. Kaayx-
uuny [37], Gynem waswiBaTh onepamopamu (uaM, GoJiee TOYHO, 3.e-
MEHMAPHHIMU ONepamopamu) 1 pacnosnasameramy (TouHee, 31eMeHmap-
HolMU  pacnosnasameanmu). DlleMeHTapHble ONEepaTophl NPENCTaBJIsAoT
coBo#l JOCTaTOuHO MPOCTHIE (MPOCTO 3afaBaeMble) ancdaBHTHble omepa-
TOPHI, € MOMOIbIO TOCJEN0BATENbHOTO BLINONHEHHS KOTOPBIX peasu-
3yioTcsi oGhie aJrOpUTMBEl B paccMaTpPHBaeMoil alropHTMHUECKOH CH-
CTeme. PacnosHaBaTesnn caykKaT AJs pacno3HaBaHHS HaJH4HS TeX HJH
HUHBIX CBOMCTB mepepaGarhiBaeMOll ajJrOpHTMOM HHGDODMAUHMH H I
H3MeHeHH$, B 3aBUCHMOCTH OT P€3yJbTaTOB PacNo3HABaHHSA, MOCJENO-
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BATEJILHOCTH, B KOTOPOH ClIeRYIOT APYT 32 APYIOM 3I/IeMEHTAPHEIE Ome-
paTtopHL.

Jnsi ykasauusi HaGopa 5JIeMEHTAapPHLIX ONEepPaTopoB H TOPSAKA HX
cJefoBaHKsi JPYT 3a JPYTOM IpH 3afaHUH TOTO HJIH HHOTO KOHKpET-
HOTO aJTOPHTMA YIOOHO HCIOJIb30BaTh HANpaBJieHHbie rpadbl 0co60To
pona, xoropsle, caefyst JI. A. Kanyxuuny [37], Gynem uassisats
2pag-cxemamu COOTBETCTBYIOUIHX aJTOPHTMOB.

Ipag-cxema ajropuTMa npeAcTaBisieT coGofl KOHeYHOe MHOMKe-
CTBO COEJMHEHHbIX MEeXIY COGOH CTpesikaMH KPYXOUYKOB (HJH JPYTHX
reoMeTpUuecKux (PUTYp), Ha3bBaeMbIX y3naMH rpad-cxemol. Kaxpomy
y3Jy, KpoMe ABYX OCOObIX Y3JIOB, Ha3bIBaeMbIX 8XOOHbIM U BbIXOOHbIM,
COMNOCTABJISIETCS KAKOH-NHOO0 3JeMeHTapHE onepaTop HJH pacnosHa-
BaTesib. M3 Kaxoro ysJjia, KOTOPOMY COIOCTABJIEH ONEPaTop, a Takxe
H3 BXOJAHOTO Y3714 BBIXONHT TOYHO IO OJHOH CTPEJKe; H3 KaXK[oro
y3/1a, KOTOPOMY CONOCTABJIeH Pacno3HaBaTeslb, — TOYHO IO BE CTpe-
KM, H3 BLIXOJHOTO y3/1a HE BLIXOJHUT HH OfHOH cTpenxu. YUucio cTpe-
JIOK, BXOASIUMX B y3es, MOXeT OHTb JOObIM.

Anroput™, KOTOpPHIH onpepedsiercsi Jio60#l JaHHOH rpad-cxemoil,
pabotaer cienyiomuMm obpa3oM. BxopHoe cnoBo mocTymaer cmayasa
Ha BXOZHOH y3es] W JBHTAeTCs TO HANpaBJEeHHSM, YKa3aHHLIM CTpell-
KaMH, npeobpasysick NPH TIPOXOXKAECHHH ONnepamopHelx Y3408 omepa-
TOpaMH, COTIOCTABNEHHEIMH 3THM y3naM, IIpH nomajaumu cjoBa B
pacno3nasamenshsili yses OCYLIECTBISIETCS IIPOBepPKa CONMOCTABJIEHHOTO
3TOMY Yy3Jly YCJOBHSL (NIPHMEHeHHe pacmo3Haparejsisi ycioBusi). IlpH
BBITIOJIHEHNH YCJIOBHSi CJIOBO BHIXOAHT H3 y3/a IO ONHOH H3 CTPENoK
(ormeuaeMoii 0BLIYHO 3HAKOM « -+» ), a4 TPH HEBHIIOJHEHHH YCJOBHSI —
no Ipyrofi crpesnke (OTMeYaeMOM 3HAKOM «—b»).

B pacnosuaraTenbHEIX Y3/laX CJIOBO He H3MeHsieTcsi. Ec/iH BXOJ-
HOe CJIOBO p, NMOJAHHOEe Ha BXOAHOH y3en rpad-cxemsl, MPOXOAs yepes
y3Jibl CXeMbl W IIpeofpasysiCh, TONAJAET Yepe3 KOHEUHOE YHCJIO Iua-
TOB B BHIXOZHOH y3eJ, TO CUHTAETCsi, UTO aJIFOPHTM NPUMEHUM K CJIOBY
p (cioBO p BXOHLUT B 064acme onpedeieHus 3TOTO aJTOPUTMA), IpHYEM
pe3yJbTaToM BO3JAEHCTBHSI AJNrOPHTMA HA CJIOBO p GyleT TO CJIOBO,
KOTOpOE OKa3blBaeTCsi B BHIXOJHOM Yy3Je cxemul. Ecau mocse nopauu
CJIOBAa p Ha BXOJHOH yaen rpag-cXeMs ero npeo6pasoBaHue H JBHKe-
HHe TIo rpad-cxeme Tpoposixaercsl GeCKOHEUHO JO0JIro, HE IPUBOASI B
BBIXOJHOH y3el, CUHTAeTcs, YTO AJITOPUTM He NPUMEHUM K CJIOBY p,
WHBIMH CJIOBaMH, CJIOBO p He BXOJUT B 06JiaCTh ONpefeNieHusi aljro-
puTMa.

B HOpMasbHBIX aNropUTMax HCIONB3YETCsT TOJLKO OfMH THI 3Jie-
MEHTapHbIX ONePaTOpOB, HAa3LIBAEGMBIX ONepamopamu nOOCHAHOBKU, R
OJIMH THIl 3JIEMEHTapHHIX pAacHo3HaBaTesiell, HA3LIBAEMBIX PACHO3HA-
eamenamu 6xoscOenus. OIHIEM 3TH Pacro3HABATEIM H ONEPaTopbl
GoJiee mofpo6HO. JLJist 3TOTO TIO3HAKOMHMCSI MPEX/e BCEro C TMOHATHEM
6x00ic0eHus OHOTO CJOBA B JApPYTOE.

Ilycmo p u q — 0ea NPOU3BOALHLIX CA0BA 8 MOM WAL UHOM aipa-
eume. I'osopam, umo ca080 G 6xodum 6 cA080 D, ecAu cA080 D Modcem
Gbime npedcmageno 6 sude p = pigps, 20e py U Py — HEKOMopble CA08a,
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buims modicem, u nycmoie. Haiidennoe exoscOerue ciosa q 8 cAo6o p Ha-
soieaemcs nepsoim cae8a (UAU NPOCMO Nepssim) BX0iCOeHuem, ecau 8
PACCMOMPEHHOM NpeOCmaBAeHUl CA08a P 8 8ude p = piqP; CA0BO P,
UMEEM HAUMEHLUIYIO B03MONCHY0 OAuny cpedu 6cex no0obHbix nped-
cmasaenull caoea p.

PacnosnaBarens BXOXJIeHHSs 3aaeTCsi YKa3aHHEM HEKOTOPOro (pHK-
CHPOBAHHOIO CJIOBA ¢, & CMEICJI €0 IIPHMEHEeHHusl COCTOMT B TOM, 4TO
J/15 iobOTO 3aaHHOTO CJIOBA p IIPOBEPSIETCH YCJIOBHE — BXOJMT HJIH
He BXOJHT ClJIOBO ¢ B cjioBo p. OmnepaTop MOACTAHOBKM 3a13eTcsi 00bIu-
HO B BHJE ABYX CJIOB, COeMHEHHbIX CTpenkoit,—q,—¢q,. Pabora onepa-
TOpa COCTOHT B TOM, YTO OH OCYILECTBJISCT TOJCTAHOBKY CJIOBA ¢y
BMECTO IIePBOTO ClieBa BXOKJEHHSI CJioBa ¢, B JiI060e 331aBaeMoe CJIOBO
p. Tlpn >ToM, ecqM BHIAENHTb ABHHIM 00pasoM INepBoe BXOXKJeHHE
CJIOBa ¢; B CJIOBO p, 3aNHCHIBAS CJIOBO D B BHAE pPyg,Py, TOCJE IPHMe-
HeHHsi PacCMaTpHBaeMOTO OllepaTopa OHO NMpeobpasyercsi B CJOBO Pyg,Ps.

Ilpu nmpuMeRenuH pacrno3uaBareseli BXOXK/EHHSI YCJAOBHMCSI BHI-
JeNATh HalifieHHoe ([epBoe ciieBa) BXOXJEHHEe PaClo3HaBAeMOro CJioBa
B 3aJjaHHOE CJIOBO C NoMoubio ckobok. Hanpumep, npuMeHsist K CNOBY
P = XXyxyxx Paclo3HaBaTesib BXOXKJEHHS CJI0OBa ¢ = Xy, BHAeJiseM
TiepBO€ BXOXKJI€HHE CJIOBA ¢ B CJIOBO P ClefylomuM obpasoM: p =
= x(xy)xyxx.

Aneopummel, romopele 3alarmcs epag-cxemamu, CoCMaBACHHOLMU
UCKAIOYUMEAbHO U3 pacno3nasameneti 8xoic0eHus CA08 u onepamopos nod-
CMaxoeKu, Ha308em 0006UeHHbIMU HOPMAAbHbIMU aszopummany. Tlpu
smom npednoiazaemcs, 4mo K KaxcOomy onepamopy nodcmaroéKy euda
G113 noOcoeduHsaemcs mMoAbKo OOHA CMPeaKa: CIPeAKa Co BHAKOM &+,
86LX00AAS U3 PACNOSHABAMENR gy.

IIpumep rpad-cxemsl 06006EHHOTO HOPMAJIBHOTO aJropuTMa H300-
paxken Ha puc. 1. PacrnosnaBartesn Ha 3TOM PHCYHKe H300PaKeHbl B
BHJE KPYXKOB, a ONePaTopbl -—— B BHAE NpPsIMOyrodnHukoB. Oneparop
Xy—- O3HAYaeT MOACTAHOBKY BMECTO NEPBOTO BXOXIEHHS CJIOBA XY
IYCTOTO CJioBa. B COOTBETCTBHH C NMPHHSTHIM B TpenpaymeM laparpade
0603HaYeHHeM IIYCTOTO CJIOBA 3TOT ONEpaTop MOXKeT GuITh 3alHCAH TAKKE
B BHJIE Xy—e.

PaccmarpuBasi paGory anropurMa A, 3agannoro rpad-cxeMoii
puC. 1, 3aMeTHM, uTo MepPBHIil CBEPXY ONEpaToOp OCYHIECTBJSIOT TepecTa-
HOBKY X B JIeBy10, a y B IPaBYI0 YacTb CJOBA [O TeX NOp, MOKA CJOBO
He npuobpeTeT BHA XxX. .. Xyy ...y (Bce X NPEAIECTBYIOT BCeM Y).
Jlnwres nocsie mpHBefieHHsi CJOBa K YKA3aHHOMY BHAY BCTyIaeT B JeH-
CTBHE BTOPO#H ollepaTop, KOTOPHI YHHUTOXKAeET Iaphl X4 0 TeX I0P, NoKa
B CJIOBE He ocTaHyTcs OfHH x nubo opHu y. Ecam B nepsoHavasbHO
3aJJaHHOM BXOJOM cJjioBe p OblJio m x-0B H n y-0B, T0 B pe3ylbTare
HefictBHsi anroputmMa A OHO mpeobpasyercst B cioso g = A(p), uMe-
Iomee AJHHY |m—n) B COCTOsIEe W3 OfHHX Xx-OB (ecam m>n) HAH
H3 OflHHX y-0B (ecam n>m).

PaccMoTpes 0606imieHHEIE HOPMANbHLIE aJITOPHTMBL, INepeiiieM K
XapakTepHCTHKe COOCTBEHHO HOPMAaJbHLIX aJITOPHUTMOB. HopmarbHeimu
Qr20pumMmamy HasbiBalomcs maxue 06obueHHbIE HOPMAALHIE AA20 PUMMbL,
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epath-cxemol  KOMOpPbLX umeziom Hexomopouwl cneyuansvroul  8ud. Insi
TOr0 uyToOH OMHCATbH 3TOT BHA, 3aMETHM, YTO, B CHJY IIPHBEIEHHOTO
Bolllie ONpefeseHnst 0GOOIMEeHHEX HOPMAJIbHLIX ajropTHMOB, B rpad-
cXembl TaKMX ajTOPHTMOB ECSIKHH ONEpaTtop ¢,—>¢: BXOZHT B mape
C pacnossaBaTeseM ¢;.

ObbeguunM Ha rpad-cxeMe KaxAyO Takyio Napy ys3JjoB B OfHH
y3esq, coxpaHsisi 3a HAM 00O3HAUeHHe COOTBETCTBYIOLIEro onepaTopa.

Puc. 1. Puc. 2.

M3 xkaxporo obbepmHeHHOro yaja OyAyT BHIXOAHTBL [BE CTPEJKH:
CTpesika cO 3HAaKOM «+», [0 KOTOpPOH HalpaBlisieTCsi CJIOBO, MOABEpT-
HyTOe JeHCTBHIO OIlepaTopa JAHHOTO y3Ja, W CTP&JIKA CO 3HAKOM «—»,
110 KOTOPOH HANpaBJsieTcsi CJI0OBO B cJyydae, eCJH Olleparop ysfa K
HeMy He npumexum. HenpHMeHHMOCTb oneparopa NOACTaHOBKH K CIIOBY
03HAUAeT OTCYTCTBHE BXOXKJIEHWH Jeeolf wacmu onepatopa (crioBa
¢, B oleparope ¢,->¢;) B JaHHOE CJIOBO.

Hcnonbaysi onucaHHell npueM OOBEAMHEHHsI Y3JOB, Tpadg-cxemy
aNropuTMa, H306paXKeHHYI0 HA puC. |, MOXXHO NPEACTaBHTL B BHJE
cxeMsl, MokasanHo#d na puc. 2. [Nopobuas rpad-cxema ¢ ob6seduren-
KoMUY Y34aMyu B CJIy4ae HOPMAaJbHBIX aJTOPHTMOB AOJIXKHA YAOBJET-
BOpSITH CJIEAVIOWHM YCJOBHSM:

a) gce obveduHernsle (onepamopHo-pacNo3HABAMEAbHbIE) Y346l 2pag-
cxembl ynopsdouuBaIOMCa ¢ NOMOWBI0 NPUCBOEHUSL UM NOCAeG08amelb-
Hotx Homepos om 1 Jo n, npuuem ompuyamensHoul 6vix0d (cripeaxa co
BHAKOM «—>) i-20 y3aa nodcoedunsemcs Kk (I + 1)-my yzay (i =1, 2,

., n— 1), a ompuyamenerolii goixod n-z20 yzra nodcoedunsiemcs K
8bLXO0HOMY Y3AY 2pag-cxemyl;

6) noaoscumensrsie sotxodol (CmMpeaxu co 3HAKOM «-1-») 8cex 06Bedu-
HeHHbLX Y3108 nodcoedunsiomest aubo k nepéomy, aubo K 6uixo0HoMYy
ysay epag-cxemot. B nepeom caywae no0cmanoeka onepamopa coomsem-
CMBYIOLe20 Y3AQ HA36I6ACMC 0DbIMHOU, 4 80 8MOPOM — 3AKMO4UMEAbHOLL;

B) 8x00Holl y3esr noOcoedumsnemcsi cmpeakoli K nepsomy o6vedureH-
Homy (pacnosnasamensHo-onepamopHomy) Yyany.

OTH yc/iOBHSsi BJISIOTCS: HEOOXOJAMMBIMH H IOCTATOYHBIMH JIsi TOTO, |
uToObl yIOBNETBOPSOmAsi HM Trpad-cxeMa 3agaBana He 0OOOILEHHBIH |
HOPMaJibHEIA, a OOblYHLIE HOpMaJsbHLIA AJNTOPHTM. Jlerko MpoBepHTS, '
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yro rpag-cxema, H3oOpa)keHHas Ha PHC. 2, He ABJseTCs rpad-cxemol
HOPMAJILHOTO aJIFOPHTMA, NOCKOJIbKY AJIl Hee He BBLIIOJHSIETCst BTopoe
M3 TOMbKO 4YTO C(hOPMYJIHPOBAHHEIX YCJOBHH (ycJOBHE «O»).

Hopmanbeble asiropuTMBI NPHHSATO 3ajaBaTh He rpad-cxemamH,
a IIPOCTO YNOPSIAOUEHHBIM MHOMKECTBOM NOACTAHOBOK BCEX OMNeparopoB
JAAHHOTO aJTOPHTMa, Ha3blBaeMbIX cxemod JaHHOTO ajroputma. [lpu
TOM OOBIUHBIE MOACTAHOBKH 3aNHCHIBAIOTCS, KAK IOKA3aHO BHIIE, B
BUJle ABYX CJIOB, COEJHHEHHHIX CTPENKOH (g, — ¢,), a 3aKJIOYATE k-
Hble TOJCTAHOBKM OOO3HAYAIOTCSi CTPeNKOH ¢ TOUKOoH (g, — - q,).

[MopsinoK BHINOJNHEHHs NOACTAHOBOK IIONHOCTBIO OIpelensiercs:
IocJie 3TOTO YCIJIOBHSIMH «a», «6», M «6». J[[eHCTBHTENILHO, B CHJIY 3THX
VCJIOBHI TIPOH3BOJIbHASL (7)-asi MOJCTAHOBKA CXeMBbl aJTOPHTMA JOJKHA
BBIIIOJIHATLCST B TOM H TOJILKO B TOM CJjiyyae, eCJiH OHa SIBJIsieTCsi epBOii
U3 NMPUMEHHMbIX TOACTAHOBOK (BCe MOACTAHOBKH OT 1-0ff g0 (i—1)-0it
HerpuMmenHMMbl). [lpouecc BeIMOJHEHHS TIOACTAHOBOK 3aKaHYMBAeTCs
JHIIb TOTHA, KOTAAa HH OfHA M3 IOACTAHOBOK CXEMH He NPHMEHHMAa K
TIOJIYUEHHOMY CJIOBY WJIH KOTZAA BhINOJIHeHa (nepBuilf pa3) kaxasi-nu6o
3aKJIIOYUTENIbHASI TOACTAHOBKA.

B xauecTse nmpHMepa paccMOTpHM pabGoTy HOPMAJIBHOFO aJIrOpHTMa
A, 3ajaHHOro CxeMmof

yyx — y,
XX =y,

yyy — - x.

IlycTb Ham 3agano BXopHoe clioBO p = xyxxxyy. Ilepas mopcra-
HOBKa anroputma A x 3TOMY CJIOBY He NPHMEHHMa, JJisi NpUMEHEeHHs
BTOPOH MNOACTAHOBKH BHIJIe/IsieM I1epPBOE BXOXKJeHHe ee JieBoH UacTu
(xx) B cnoo  p:p = xy(xx)xyy. Ilocsie BrimoNHeHHS! BTOpOi NOACTa-
HOBKH aJrOpPHTMAa MOJyYaeM CJIOBO p; = Xyyxyy, K KOTODOMY OKas3H-
BaeTcst IPMMEHMMO NepBasi MOACTAHOBKA aJIfOPUTMA: p; = x(yyx)yy -
—Xyyy = p;. K mosyueHHOMy cJ/IOBY NpHMEHMMa JHIIb TPeTbsl IOJ-
CTAaHOBKA: P, == x(yyy) — XX = p;, @ TOCKOJNLKY OHA OTMeyeHa KakK
3aKJIIOYHTENILHAS, CJIOBO pg IIpeCTaBJisier COOOH OKOHUATesbHbIA pe-
3yJ/IbTAT BO3JCHCTBHS anropuT™Ma A Ha HCXOAHOE CJIOBO p, T. e. ps =A(p).

Ecnu 6n Tperbsi moicraHoBka asnroputMa A He Oblia  3aKJOuM-
TelibHOW, TO MIPOLeCC MOACTAHOBOK MOT Obl OBITh IPOJOJIKEH U BMECTO
CJIOBa p3 == XX B KaueCTBe Pe3yjibTaTa NeHCTBHUS aJITOPHTMA Ha HCXOJ-
HOE CJ0BO p ObIJIO Op MOJIYUEHO CJOBO Py = Y.

[TpumeHeHHe B cXeMaXx HOPMAJbHEIX aJrOPHTMOB Hapsay ¢ oObY-
HBIMH 3aKJIOYHTENbHLIX INOACTAHOBOK SIBJISieTCsi 00s3aTesIbHbIM JJis
BO3MOKHOCTH peaju3alMil B TaKHX CXeMaX IIPOH3BOJIbHBIX KOHCHLDYK-
mugHbix andaBUTHLIX ONEPaTOpoB, T. €. TAKUX andaBUTHLIX Olepa-
TOPOB, KOTOPbIE ONPEesIIOTCS C NOMOIILI0 KOHEYHOro YHMcJ/ja I[1PaBHJl.
HefictBurenvro, mo6oi HOPManbHLIA anroputd A, B CXeMe KOTOPOro
HET HH OJHOH 3aK/IOUHTENbHOH INOACTAHOBKH, MOMKET OKOHYHTb CBOIO
paboTy TOJIbKO TOTja, KOTJa HH OfHA M3 €ro MOJCTAHOBOK jajiee He-
npuMenrMa. OTCIoZa HeNOCPeACTBEHHO CliefiyeT, 4TO MOBTOPHOE BO3-
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zefictBue anroputmMa A ma cjoso A(p), mMosyuennoe B pesysbrare
ero NpUMeHeHHs! K J000My BXOJHOMY CJOBY p, YiKe HE MOMKET H3Me-
HHTb 3TOro cjoBa. MubiMd clioBamu, fJsi anroputMa A BLinosiHseTcs
Cliefyiomee TOXAECTBEHHOe (CIpaBeiiMBoe ISl J1060T0 BXOZHOTO
cnoBa p) cooTHomenue (cm. A. A. Mapkos [53]):

A(A(p) = Alp). (5)

DTOMY COOTHOILIEHHIO YROBJIETBOPSIET JAJIEKO He BCSIKMH KOHCTPYK-
THBHbIA angaBuTHHIA onepatop. IIpuMepom andasuTHOTO omeparopa,
AN KOTOPOIO COOTHOUIEHHe (5) He HMeeT MecTa, siBJIsieTcsi oneparop B,
JeHCTBHE KOTOPOr'o Ha Jiloboe CJIOBO p 3aKJI04aeTCsl B JOTIHCHIBAHHH K
5TOMY CJIOBY CJieBa KAakoil-iubo PuKCHpOBaHHOH OYKBH X: B(p) = xp.
M3 cxasaHHOrO Bhlilte S$ICHO, YTO 3TOT ONEpaTOp He MOXET ObiTh pea-
JIM30BaH C TIOMOIIBI0 HOPMAJIbHOTO aJrOpHTMAa, B CXeMe KOTOPOTO HeT
3aKJIIOUHTEBHEIX TMOLCTAHOBOK.

B To e Bpemsi nerko NIPOBEPHTb, YTO 3TOT ONEpaTop peanusyercs
HOpMaNbHOH CXeMOMH, COCTOSIIIeH M3 OJHOH 3aKJIIOUHTENbHOH MNOACTA-
HOBKM —-x (MNM, 4YTO TO e caMoe, e —-.x). JlelicrBuTensno,
B CHJIy IPHHSITOTO BHILLE ONpEfeJieHHsI BXOXKAEHHS TYCTOE CJIOBO BXO-
JIUT BO BCSIKOE CJIOBO p, NPHYEM TIepBOe ero BXoxJeHne He GyAeT HMeTh
cnieBa OT cebst HU ofHOl GyxBrl. OrCiofa JKe HelloCpPeNCTBEHHO CIENYET,
UTO NPHMEHEHHe YKa3aHHOH MNOACTAHOBKHM K NPOH3BOJILHOMY CJIOBY p
TIepeBefieT ero B CJOBO Xp.

He Menee oueBHAHO, YTO TIPH TIOCTPOEHHH TEOPHH HOPMAJbHBLIX
aJITOPUTMOB HeJib35i OTPAHUUUTHLCS U OJHHMH 3aKJIOUUTENLHLIMH TI0J-
cTaHoBKamHU. [[eficTBHTENbHO, HOPMAJIbHEIA aJITOPHTM, CXeMa KOTOpOTO
COCTOHT JIMIIb H3 3AKJOUHTENbHBIX TIOACTAHOBOK, NEHCTByeT Ha Ka-
}A0e BXOMHOe CJIOBO p He OoJiee yeM OJHOA M3 5THX NOJACTAHOBOK,
mocnie yero cpasy moJiydaercsi Tpefyemoe BuixojnHoe ciioBo A(p). Bsu-
Iy KOHEYHOCTH CXeMbl aJrOpPHTMa MOAYJM PAa3HOCTeH IJIHH CJIOB p
u A(p) orpannueHnl B COBOKYNHOCTH (IpH Jio60M Habope BXORHOTO
CJIOBA p) OfHHM M TeM Ke uuciom N (MakCHMyMOM MoAayJeli pasHo-
CTell JJIUH CJIOB B JIEBHIX U IPABHIX HACTSX MNOACTAHOBOK anropurMa A).

CyuiecTByIOT, OfHAKO, IPOCTHIE KOHCTPYKTHBHBLIE OIlepaTopl!, ¥
KOTOPHIX MOAYJH pa3HOCTell JJIMH BXOAHLIX H COOTBETCTBYIOIHMX HM
BHIXO/IHHIX CJIOB HEe OTpaHMYeHH B COBOKYyNHOCTH. Ilpumepom Takux
OllepaTOpPOB MOXKET CJAYXHTL onepatop D yjaBoeHHsi BXOJHBIX CJIOB,
JeficTBHe KOTOpPOro Ha Jiio6oe BXOJHOE CJIOBO p ONpenesisieTcsi paBeH-
ctBoM D(p) = pp. U3 ckasaumHoro Bbille SICHO, YTO IpeACTaBJieHHE
3TOT0  OmepaTopa B BHJE HOPMAJILHOTO AJIOPHTMA, B CXEME KOTOPOro
COAepKarcsi ML 3aKJIOUNTEJIbHBEIE [OACTAHOBKH, 3aBEJOMO He-
BO3MOKHO.

Hrax, ecnu mpemssiBiisiTh K aqropHTMHYeCKOH cucreMe, OCHOBaH-
HOH HA HCNOJIL30BAaHHH HOPMAJIbHLIX aJITOPHTMOB, TpefOBaHHE YHH-
BEepPCaNbHOCTH (BO3MOXHOCTH NOCTPOEHHSI HOPMAJIbHOTO aJropuTMa,
3KBHBAJIEHTHOTO J106OMY Hamnepes 3aiaHHOMY ANTOPHUTMY), TO HeoOXxo-
JHMBIM YCJIOBHEM AJiS TAKOH YHHUBEPCAJBHOCTH SIBJSIETCS HCIIOJB30BA~
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pHe 000MX BHJIOB MOACTAHOBOK ~— KaK 3aKJIOYHTENbHHX, TaK H OOBIU-
HHIX. OTO yCJIOBHE SIBJIAETCH TaKXKe JOCTATOYHLIM, T. €. MOXHO chopmy-
JMPOBaTh NPHUHLHMN HopMasu3auud (cM. [53]).

Mpusnun Hopmaausauuu. [as aobo2o ascopumma (KoHcmMpyxmue-
KO 3a0a8aemoz0 AMPABUMHO20 OMOOPANCEHUAY 8 NPOUIBOILHOM KOHEUHOM
ampasume A MONCHO nocmpoums IKBUBANCHMHGIL €My HOPMANbHbIL
areopumm HAO anpasumom A.

Ynortpebasiemoe B (OPMYNHpPOBKE NPHHIHKIA HOPMAJIH3alMH 1O-
HATHE HOPMAJIbHOTO aiATOpHTMa Hal aapasumom 03HAYAET CICAYIOLLee.
B psine cayuaeB He yjaaercsi NOCTPOUTb HOPMAaJbHEIA alrOPHTM, 3K-
BHBAJIGHTHBIl JJaHHOMY anropurmy (B aindasute A), eciM HCIOJB3O-
BaTh B NOJCTAHOBKAX aJFOPHTMA TONbKO GYKBH ajidaeuta A. OnHako
MOXHO IIOCTPOHTh TpeOyeMbli HOpPMasIbHHIA anroput™, pobaBisia K
angasutTy A HeKOTOpOe KOJIHYeCTBO HOBHIX OYKB HJIH, KaK OOLIYHO
TOBOPSIT, NIPOU3BOAA pactuuperue anpasura A. B aTom caydae npuusito
TOBOPHTb, YTO MOCTPOCHHBIH (HOPMANbHBIH) ANFOPHUTM SIBJISIETCST ANro-
pHUTMOM ~a0 ampasumom A. YcnoBuMcsi, OJHAKO, YTO, HECMOTPS Ha
paciuupenne ajiaBuTa, AJTOPHTM HO-IpeXHeMmy OYAET NPHMEHSTHCS
JMLIL K CJOBaM B HCXOZHOM ajdasute A.

Kak nokaszanun A. A. Mapkos [63] 1 H. M. Haropuuit [58], ecan
MOXHO IOCTPOHTb HOpPMA/IbHHIA ajrOpHUTM, 3KBHBaJIEHTHHH AaHHOMY
anropuT™y B andasute A, mpucoegunssi ¥ ajdasuty A Kaxoe-HHOyAb
(66T MOXKeT, oyeHb GOJIBIIOE) KOHEYHOE YHCJO GYKB, TO MOXKHO IO-
CTPOMTb S5KBHMBAJICHTHHIH €My HODMAJIbHEIH aJrOPHTM, IPHCOERHHsIs
K andaBuTy A JHIIb OJHY AONONHHTENbHYIO GYKBY.

HeBo3moXHO naTh CTPOroe MaTeMaTHYeCKOe JOKAa3aresbCTBO NPHH-
IlMIIa HOPMAaJH3alUK, TOCKOJbKY IOHATHE NnpoussoAvHo20 AJTOpHTMA
HE SIBJISIeTCS] CTPOTO ONPejesieHHbIM MareMaTHueCKHM NOHsiTHeM. [lo-
3TOMY K ero O0OCHOBAaHHIO CJefyeT MOAXOAHTb TaK, Kak NOAXOANAT K
0BOCHOBAHHIO BCSIKOTO €CTeCTBEHHOHAyYHOTO 3aKOHA HJIH IIpHHIMOA.
O6ocHoBaHKMe, KOTOPOE MOXKHO JaTh B 5TOM IjiaHe NpHHUHIY HOPMa-
JIM3alMH, NaeT BO3MOXHOCTb CYUHTATH 3TOT NPHHIHI B BbICIIEH CTeneHH
NpPaBAONOAOOHEIM. YKaXKeM OCHOBHBIE MYTH Takoro obochoBanMsi. [lns
ynpouieHust (GopMyJHPOBOK ycJjioBuMcsi Beslen 3a A. A. MapkoseiM
[63] Ha3biBaTh TOT HJIM HHOH AJTOPHTM HOPMAAUSYEMbIM, €CJH MOMKHO
TIOCTPOHTHL SKBUBAJIEHTHbII €My HOPMAaJbHbIl aNropuT™M (HCIoNbL3ys
IpH 3TOM, OLITb MOXKeT, paciiupenue anidasuTa), H HEHOpMAJH3ye-
MbIM — B IIDOTHBHOM cJiyuae. [IpUHIMI HOpMaJsiH3alHH MOXKeT ObiTb
Terepb BLICKA3aH B HECKOJILKO BUAOH3MEHEHHOH dQopme.

Bce anzopummor Hopmasusyemoi.

CnpaBeqJiuBoCTh 3TOTO NPHHIMIA OCHOBAaHA MPEXAE BCEro Ha TOM,
UTO BCE H3BECTHHLIE B HACTOSIIIEE BpeMsi AJITOPHTMbI SBJSIOTCH HODMa-
Ju3yeMbiMH. [TOCKOJIBKY B TeueHMe HOJIFOfl HCTOPHM Pa3BHTHSI TOYHBHIX
Hayk Obli0 MPUAYMAHO HEMaJjio PasJHYHLIX AJTOPHTMOB, NPHUBEAEHHOE
coobpaxenne siBAsieTcs yOequTeNbHBIM caMo To cebe.

B neficTBUTENILHOCTH OKasbBaeTcsi HeuTo GoJbliee. MoXKHO mnoka-
3aTh, YTO BCE H3BECTHLIE B HACTOsIee BpeMsi cHocobbl KOMNo3uyuts
an20pummos, TO3BOJIAIOUIHE CTPOUTL HOBBIE AJITOPHTMH H3 YK€ H3BECT-
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HbIX, HE BHIBOAST 32 Mpefesbl KJjacca HOPMaJH3yeMulX aJITOpHTMOB.
WMHbIMM CIOBaMH, eC/ii HCXOAHble AJTrOPHTMbI ObIH HOPMAaJiH3yeMwl,
TO HOpMaJiM3yeMoii 6yner u JioGasi KOMIIO3MIMA 5THX aJrOpHTMOB (H3
YyHCcsia HM3BECTHHIX B HACTOsiuiee BpeMs BHJOB KOMIO3HUMH). ks cka-
33aHHOTO BLITEKAeT, UYTO JJisi NOCTPOEHMSI NpHMepa HeHOPMAaJH3yeMoro
aJropuT™Ma HeoOXOZUMO IIPUMEHSITL NpPHEeMbl, KAYeCTBEHHO OTIIMYHLIE
OT BCEro TOTo, C YeM MAaTeMATHKH CTaJKHBAJHCL A0 CHX HOP.

Opnako u 3ToTO0 Majo. llenniM psaOM ydyeHbIX NPEANPHHSTH CIe-
IIHAJIbHBIE TONLITKH NOCTPOEHHS aJiTOpHTMOB Haubojiee obliero BHAA,
H BCe 5TH NONBLITKH He BHIBeJH 32 Mpejesisl KJacca HOPMAajin3yeMbiX
anaroputMoB. C OfHOR M3 TaKUX INONHITOK (AJTOPHTMHYECKasi Cxema
KoaMoropoBa — YcCHeHCKOro) mo3HakoMumcsi HHXKe. Heynaua stux
MONBITOK KakK pa3 M spjisieTcs HauboJiee SIPKHM CBUAETENLCTBOM B
NOJib3y CHOPaBeAJIUBOCTH TPHHUMIA HOPMAJH3AlUMH.

Wtax, OpuHUHI HOPMAJHM3ALMH CJAefyeT CYHTaTb JOCTATOYHO 000-
CHOBAHHBLIM, XOTsI 5TO OOOCHOBaHME M He HCKJIOUaeT NOJHOCTBIO BO3-
MOJKHOCTH €ro onposepxxeHHsi B GyAyiueMm ([OCTpPOeHHS IpHMepa He-
HOPMAaJIU3yeMoro ajropuTMa). Bo BcsSkoM ciyuae, HOPMaJsM3yeMble
allTOPHTMBl OXBATHIBAIOT 3HAYHTENBHYIO 4aCTb AJTOPUTMOB (ecnd He
BCe), NOITOMY CHCTeMY HODMAJbHLIX aJirOPHTMOB MOXKHO CUHTAaTh
NIPaKTHUeCKH YHHBEpPCasibHOA anropHTMU4eCKOl CHCTEMO.

PaccMoTpuM Telleph HEKOTOpble H3 YIOTPeOHTENbHBIX BHJAOB KOM-
NO3HIMH AJTOPHTMOB, KOTOpHIe YIOMHMHajuch Buue. Dymem ompe-
JeJSiTh He KOMIO3HIUHUI0 CAMHX QJITOPHTMOB, 8 KOMIIO3HLHIO COOTBET-
CTBYIOUHX MM an(aBUTHLIX OTOOpa)eHHi, OJHAKO, Kak OTMeuajioch
Bble, BO3MOXHOCTb HODMAaJjM3alluM pPe3yjibTaTa KOMIO3HIMH HOD-
MaJIbHEIX 4JITOPHTMOB CO3J2€T BO3MOXKHOCTL (MO KpadHeH wmepe, B
KJacce HOPMAJIbHLIX aJiTOPUTMOB) JOONpPENeNiuTh KOMIIO3UIHUI OTO-
6paxeHnii A0 KOMIO3HIHH CaMHX AaJiITOPHTMOB.

OpnxuM H3 Haubosiee PacnpOCTPAaHEHHLIX BHAOB KOMIIO3HMIHH aJjro-
PUTMOB (0TOOpaKeHHH) SIBJSIeTCH cynepnouyus ascopummos. IIpH
CYNepHo3nIUH JBYX airoputMos A W B BHIXOJHOE CJOBO I1€PBOrO
anroput™Ma (A) paccMaTpUBaeTCs KaKk BXO[HOe CJOBO BTODOTO aJjro-
putMa (B), TaK 4TO pesysbTaT Cymepnosunuy aaroputma A u B MOXHO
npezicrasuTh B Buae D(p) = B(A(p)). D10 onpenesenne pacmpocrpa-
HSIeTCSt Ha CYIepro3HIMH KAKOTO YTOJHO KOHEYHOTO yucsia aJropHTMOB.

Cyneprnoanuuio 0600MIeHHBIX HOPMAJIBHLX aJIFOPHTMOB MOXHO pac-
cMaTpHBaTh XKak o0OOHmIeHHBIH HOpManbHuIi anroputM. [Lasi sTOro
JOCTATOYHO BLIXOZHOH y3es rpad-cXeMbl KasJoro mpeisyniero ajro-
PHTMa COBMECTHTbL C BXOJHBIM Y3JjIOM IIOCJefyioiiero anropurma. Hop-
MajiM3alMs CYNepro3niMH HOPMAajbHHX aJTOPHTMOB TPebyeT yKe H3-
BECTHBIX YXHHIPEHHH, OJHAKO TOMe MOXeT GHTb BCErna OCYyiecTBJie-
ua [53].

YKaxeM ellle HEKOTOPbie BHIL KOMIO3HUHMH aJITOPHTMOB.

O6vedunenuem anroputmoB A ¥ B B ofiHoM H ToM XKe andasure ¥
HassiBaercsi anaroput™ C B ToM xe andasute, npeobpasyiomuii moboe
BXOJHOE CJIOBO p, COJepIKamieecs B IIepeceyeHHy ofsacTedl olpepnese-
HHsi anroputMoB A ¥ B, B 3andcanunie psjom caosa A(p) 1 B(p); Ha
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BCEX OCTaJIbHBIX BXOJHBIX CJIOBaX 3TOT aJTOPHTM CUHTAeTCsi HE olpe-
JeJIeHHbIM.

Paseemessenue anropuTMOB INpeiCTaBlisieT CO60H KOMIO3HLHMIO Tpex
anroputmMoB A, B u C. Ofo3snauasi pe3ysnbTaT 3TOH KOMNO3HUHH OGYK-
Boit D, Gymem cuuTarth, 4TO O6JIaCTh ONpexeNeHusi ajroputmMa D cos-
najaer ¢ mepecedenneM oGsacTell onpenenieHHsi BCeX Tpex aJiropur-
MoB A, B u C, a pna moboro cnoBa p U3 3Toro nepecedeHus D(p) =
= A(p), eciu C(p) =e, u D(p) = B(p), ecmu C(p) + e.

IlogsTopernue (uTepauHs) nNpeacTasnsieT co60H KOMIO3HIHIO
nByx anroputMoB A u B. O6o3Hayasi pe3ysabTaT 3TOf KOMIO3HIHH
uyepes P, onpefesnuM, 4T0 Aisi J06Oro BXOAHOIO CJioBa § COOTBET-
CTBylOIllee eMy BBIXOAHOe ciioBo P(q) onpepensiercs cielyromHuM
yC/IOBHEM: CYLIECTBYET TAaKOH PSiil CIOB §=qq, Gi, G2, .., ¢n=P(q):
uro aas Beex i=l, 2,.., ng;=A(qi—1), nast Bcex i=1, 2,.., n—I
B(g;) # e, a B(g,) = e. VIHpiMH cloBaMH, anroputm A mnpuMme-
HSIeTCS 110CJieIOBATeLHO HEeCKOJNbKO pa3 o TeX Nop, NoKa He Hoay-
YHTCH CJIOBO, NlepepafaTbiBaeMoe ajrOpHTMOM B B IycToe CjioBO €
(MOXHO, pasymeeTcsi, BMecTo ITycTOro cJioBa Bui6paTs joboe gpyroe
(uKCHpPOBAHHOE CJIORO).

Bce onucaHuble cnocoObl KOMIO3HMIMH HOPMAaJbHEIX aJrOPUTMOB
TPUBOASIT K HOPManu3yeMbiM ajroputMam [53].

OueHb BaxHOe 3HayeHHwe JJisi HODPMAJIbHBIX aJITOPHTMOB, KakK H
Jiis BCSIKOH YHHMBepcasJbHOH aJTOPHTMHYECKOH CHCTeMB, HMeeT 3a-
Ja4ya TIOCTPOEHHSI TaK Ha3bIBAEMOTO YyHueepcaavrozo aropumma. Pac-
CMOTPHM VHHMBEDCAJNbHLIH AJIFOPUTM NPHMEHHTENbHO K HOPMAaJibHBIM
aJITOPHTMAM.

Heo6xopuMo NMOCTPONTL HOPMANBHBIA ANTOPHTM, KOTOPbLIH OBl BHI-
TIOJIHSIA paboTy MoGOro HOPMAJBHOTO AJTOPHTMA, €CJIH 3ajaHa cxemd
(#abop TNOJACTaHOBOK) 3TOTO I[OCJENHEro aJrophUTMa.

Tounasi mocranoBka 3ajaud 00 YHHBEPCAJbHOM AaJirOPUTME MOXeT
6LITH OCYILECTBJICHA DA3JHYHLIMU criocofamu. OIUileM OJHH H3 CaMbIX
€CTeCTBEHHHIX CIOCOO0B TakOR MOCTaHOBKH. JIasi 3TOro (HKCHpyem
npexae BCero HeKOTOpuifi CTaHaapTHuil andasutr X (Hanpumep, ABO-
HuHblf). JIJif BCeX NPYTHX BO3MOXKHBIX a/(aBHTOB (HKCHDYEM HeKO-
TOPLIH ONpee/eHHkH crnocof6 KoAHPOBaHHsi OYKB 3THX a/daBHTOB B
BLIOPAHHOM CTaHIAPTHOM ancdasure. B ciyyae JBOMYHOTO CTAHJAPTHOTO
angaBuTa 3TO MOXKeT ObITh CIe1aHO, HAIpHMED, CJefyiouuM o0pasoMm:
O6yKBbl M00Or0 JAHHOTO aJaBUTAa HYMEPYIOT MOC/e0BaTe/AbHLIMH Ha-
TYPaJbHBIMH YHCJIAMH, IIOCJ€ Yero {-oi OYKBe MPUCBAHBAIOT ABOHUHBIH
KOA, HAYMHAIOUIMHCS W KOHUAlouwMHACA HyJeM H HMEIOmHH MeXxay
STUMH HYJSMH POBHO | envHHll. Ecim obuiee uncjio 6yKB B JaHHOM
andaBuTe paBHO n, TO BBOJAT emie JONOJHHMTENbHBE ((n 4 1)-yi0,
{(n +2)-yio u T.1.) 6ykBbl Asisi 0603HAUEHUS] 3HAKOB, YNOTpebJsio-
IUXCS B CXeMax HOPMAJbHHIX aJTOPHTMOB (CTpenok, ToYeK, 3HaKa
pasgena Mexay QopmynaMu), a TaxKe CIelNHaJbHOTO KOHYee02o
3HaKa, CTABSINETOCs B HayaJe H B KOHIE CXeMbl aJirOpHTMA.

3anucniBas CXeMy aJTOPUTMa OJIHMM CJIOBOM M KOJupysi OYyXBol
STOTO CJIOBA NIPHHSTHIM Bbillle CocofoM, NMOJIYUHM CJIOBO B CTaHAApT-
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HoM aJspaBuTe, KOTOPO® HA3LIBACTCS w300DANCEHUEM JAHHOTO aJro-
putMa, Hampuwmep, st HOpMaNbHOTO aJNTOPHTMA, 33JaBaeMOrO Cxe-
Mo

Xy > X

y—>.,

usobpaxenue A* anroputMa A B [BOHYHOM andaBUTE MOXKeET ObITb
MOJIYUEeHO CJIEIYIOMMM nyTeM: GHKCHpYeM HyMepauHio 6YKB, CUHTAs X —
IepBo#l, y — BTOpPOH, CTPEIKY — TpeTbeHl, TOUKY — UYeTBepToi, 3HAK
pasgena — OATOH, a KOHILEBOH 3HaK — wecToil O6ykBoil. Torma u3o-
6paxenne A anroputma A 3anumercsi: 060 010 020 030 010 050 020
030 040 060. Ina KpaTKOCTH 34eCh BMECTO BhLITHCHIBAHHS MOAPSA
/06070 MOJIOKHUTENBHOTO YHCJIA 1 eIMHHI BHITHCAHO CaMO 3TO YHCJIO N.

Hapsiny ¢ usobpaxennem ajroputmMa A, MOXeT ObTb IIOJIy4eHO
TakKe C MOMOIbI0 ONHMCAHHOTO Bhilllé KOZMPOBAaHHS B CTAHAAPTHOM
angasute ¥ H3oOpakenHe p* Jjio6oro BXOJHOTO cJl0Ba p 3Toro aaro-
purTMa.

CrnpasenauBa cjefywooiias teopema o6 yrusepcaorom HOpMCl/leOM
arecopumme (cm. A. A. MapxoB [53]).

Cywecmeyem maxoti Hopmasvrewl arzopumm U, Hazvisaemoul yHu-
8ePCANbHOIM HOPMANLHOIM QA20PUMMOM, KOMopbili 045t A06020 HOpMaAL-
Hoeo aszopumma A u mobozo 8xo0Hoz0 caosa p u3 obiacmu onpede-
AeHUs 3Moeo nocieOrezo arzopumma nepesooum caoso A“p“, noayuen-
HOe NPUNUCHIBAHUEM U30DDANCEHUS CA06a P K U300PANCEHUIO Qi20pumma
A, 6 croso, ssrsouieecs u3o0PANCEHUEM COOMBENMCMBYIOUE?0 BbIXOOHOZ0
caosa A(p), 8 komopoe arzopumm A nepepabamvisaem caogo p. Ecau sce
CA0B0 P BbIOUPACMCA MAK, 4MO arcopumm A K Hemy He Npumenum, mo
yHusepcaoHbui arzopumm U 0KA3b180eMCA He NPUMEHUMbIM K CA08Y A%p*

Jra TeopeMa HMeeT OTPOMHOE 3HAYEHHE, MOCKOJILKY H3 Hee BhiTe-
KaeT BO3MOXKHOCTb MOCTPOEHHS MAUIMHBI, KOTOpPasi MOXKeT BLIMTOJHSTh
paboTy M:060ro HOpMAaJbHOTO aNrOpHTMA, @ 3HAYMT, B CHJY IPHHIMIA
HOpManu3anun,— paboTy NPOH3BOJIBHOTO ajroput™a. s sTofl uenu
B MallMHY JOCTATOYHO BJIOXHTh MpOTPaMMy, T. €. H3o0paxeHue
TOTO HOPMaJbHOTO (HOPMANIM30BAHHOTO) ajropurMa, pabdoTy KoOTo-
pOTO MAIIMHA JOJXHA BHIIOJHSATS.

OnHako, XOTsi B IpHHIHIE JOKa3aHa BO3MOXHOCTb HOpPMalH3a-
MM JJISi BCEX M3BECTHHIX B HACTOfLEe BpeMs ajTOpPHTMOB, (akTHue-
CKOE BLINOJIHEHHE HOPMAJIM3AIHH JaXKe AJisi OTHOCHTENbHO MHPOCTHIX
aJTOPHTMOB (HANpHMep, HJis AJITOPHTMA YMHOMXEHHMSI JBYX LeJbIX
yHpCei) sIBJISIeTCst BECbMa HeJIeTKHM Je/ioM. DT0 03HAyaer, 4To IporpaM-
MHPOBaHHE JJisi MAIIHHBEI, MOJENHpYIOUmell YHMBEPCANbHLIH HOPMalb-
HbI aJropHTM, Ohijio Obl Upe3BbIYAHHO I'POMO3JAKO H  HENpaKTHYHO.
[TosToMy Ha npaxkTHKe MAalIHHH, AAKOMHe BO3MOXKHOCTH Deasii30BaTh
paboTy Jo00TO alNropUTMa, CTPOSITCS HA OCHOBAHHMH HCIOJIb30BaHHSA
JIPYTHX aJITOPUTMHYECKHX CHCTEM, OTJIHUHBIX OT CHCTEMBI HOPMaJib=-
HBIX aJTOPHTMOB. DTH CHCTEMBbI OMMCAHBI B T, V.
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§ 3. Aaropurmuueckas cxema Kosnmoroposa — Ycnenckoro

B macrosimem maparpade uanaraercst npeasioxennnii A. H. Koa-
moropoBuiM H B. A. Ycnenckum [43] crioco6 onpenenenust anroputMos
Haubosiee obuiero Buja. J[Js THOCTPOEHHS COOTBETCTBYIOHIEH aJiro-
PUTMHUECKO# CXeMbl H30HpPAOT TAKOH IyTb, “4TOOBI ONMpPATHCH JHMLIb
Ha TakHe CBOHCTBA, KOTOpbie, O€3yCJIOBHO, IPHCYILH JOOOH ajro-
PHUTMHYECKOH CXeme, ¥ BOIJIOWIATH 5TH CBOHCTBA B Te HJH HHblE KOH-
KpeTHbie (OpMH, He JOMyCKas MPH 3TOM HHMKAKOH MOTepH OOILIHOCTH.

[lpn nocTpoeHHH NOROOHOH OOIEH aNTOPUTMHYECKOH CXeMbl I0-
JIE3HO MPEACTaBJsiTb cefe B KaueCTBE HATJISIHOH MOJENH YesioBeKa,
[IDOM3BOJASILEr0 BHUHC/EHHST HJH Apyryio o6paboTky HHbopMauuH B
COOTBETCTBHU C TOH HJIM MHOH TOYHO NDEANUCAHHOH CHCTeMOH NpaBHJI.
YesioBeK BHIMOJHAET PoJib npeobpasosamers WHQOPMAaLHH, cama XKe
npeoOpasyeMasi HHGOpMallMs HaXOAUTCs BHe uenioBeKa. Dynem mpen-
[OJIaraTh JIJisi ONPeNeseHHOCTH, YTO 3Ta HH(GOPMAUHUs 3aNHCHIBACTCS
Ha JHCTKax Gymaru, mpuueM B paclopsiKeHHH YeloBeKa — HeorpauH-
YeHHBIH 3amac YHMCTHIX JIMCTOB H HEOTPaHHYEHHHIH pe3epB MecTa JJisi
XpaHeHHMs] MCIMCaHHHX JHcToB. [Ipeo6pasoBanue HHQopMauud, pea-
JM3yeMOe YesiOBEKOM, PasbUBaercsi Ha OTHeNbHLIE Juckpemuovle wazu.
Ha xaxpnoM TakoM Iare yejioBek o603peBaeT HEKOTOPOe YHCJO HCIHU-
CaHHBIX JIUCTOB, U, B 3aBHCHMOCTH OT COMEPXKAaHHMs 3THX 3amucefl, 1o
HaxojsAmelicsi B €ro NMaMsiTH cmpoz2o onpedeseHHoll 1 He MeHsrowelics ¢
meueHuem 8pemeHy CHCTeMe NPaBHJ OH NPOM3BOAHT Te HJIH HHblE H3-
MeHeHHsl B ofo3peBaeMoil HHGMOpPMalMH. DTH H3MEHEHHS MOTYT OBITb
Tpex BHAOB: cmuparue (yHHUUTOXKEeHHe) Bceli obospeBaeMoil HH(OpPMA-
UMM MJIH HEKOTOPOM ee YacTH, 3anuct Ha 0003peBaeMbiX JIHCTaX HO-
BOoHl HMHMOpMAIMH, USMEHEeHue COBOKYTHOCTH 0003peBaeMblX JIHCTOB,

Ha nepsoiii B3risin Kaxercsi, 4To TpefOBaHHe HEH3MEHHOCTH BO
BpeMEeHH CHCTeMbl NPABHJI, MO KOTOPHIM IIPOH3BOJHTCS NepepaboTka
HH(pOPMAIlHK, 3HAUHTEJILHO CyXKaeT KpyTr paccMaTpHBaemblx 3ajau Io
CpPaBHEHHIO C 3ajJayaMM, KOTOpnie B AEeHCTBHTEJNLHOCTH MOTYT pelna-
TbCS HEJIOBEKOM, TIOCKOJILKY YeNoBeK crnocobeH H3MEeHsSITb NpaBHnia B
npoulecce paboTel. B JeficTBUTENBHOCTH YKa3aHHOe OrpaHHYeHHe He
CYLIECTBEHHO, IIOCKOJIbKY XapakTep H3MeHeHHst HHQOPMalMH Ha KaX-
JOM Iare npeoOpasOBaHHsi 3aBHCHT He TOJMBLKO OT NpaBHil Tnpeobpa-
30BaHHs, HO U OT camoil 3Tod HHpopmauuu. B cBsian c 3THM OKa3bl-
BaeTCsi BO3MOXKHBLIM B cliyyae HeOOXORMMOCTH BapbHPOBATb Xapakrep
npeobpaszopanusi MHGOpPMAUHH C TeueHHWeM BPEMEeHH, BHOCHTb COOTBET-
CTByIOIIME H3MEeHeHHsi B caMy HHAOPMAUHKIO, a He B MpaBHJa, XpaHs-
LIHecsi B MaMsiTH TpeoOpasoBaTesisi, HHLIMM CJIOBAMH, 3anmHchiBaTbh B
IpaBullax Ha JHCTKaX OyMarn HeoOXOJHMHIE H3MEHEeHHs, a He 3aro-
MHHaThL HX.

CoBepirenno Heo6XOAMMbIM OTPaHHUYEHHeM TIPH MOCTPOEHHH Jli0-
60l aNropuUTMHYECKON CHCTEMH SIBJISIeTCS CNOCOOHOCTH npeobpaso-
Barenst uHGOPMAIMY BOCHPHHMMATL B Ka*KJbl AAHHLIH MOMEHT JIHLIb
orpaHuueHHoe KoJudyecTBO uHpopMmanuu. Ecnnm obmuii obpeMm mnepe-
pabaThbiBaeMoil MHGOPMAIMM MPEBOCXOZHT O0OBEM 3TOH AKMuBHol 30Hb
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npeobpasoBaresis, TO UHGDOPMALMA LOMKHA BOBJEKaThCsl B Tpeobpa-
30BaHUe IIOCTENIEHHO, LAl 3a UIATOM.

Tlocne mpensapuTeJhbHEIX 3aMmedyaHuil nepefiieM HeNocpeCTBEHHO
Kk onucanmio cxemul KosmoropoBa — Ycnenckoro. Hudopmanua B8
9TOH CXeMe, KaK U Booluie B cnydae andaBHTHHIX IIpeobpasoBauui, 3a-
MUCBIBAETCS C IIOMOLIBID KOHEYHOrO 4HCJIA CHMBOJOB — OYKB, KO-
tophle 6ynem obo3nauars Ty, Ty, ..., T,. Las JOCTHKEHHS BO3MOXKHO
GoJplieil OOUIHOCTH YCTAHOBUM €lie HEKOTOPhHE CBSA3H MEXAY CHMBO-
JlavH, TIPHHAAJeXamue K OfHoMy H3 THHOB R,, R,, ..., R,,. In4 xa-
JKJOTO TUIA cBA3M R; QUKCUpyeM UYUCHO k; CBA3LIBAEMHIX CHMBOJOB
(6ykB). MakcumannHoe cpead uucen k,, ..., k, oGosuauum K. Cessu
MexJy CHMBOJAMH BBOZATCA C TOf Heablo, 4ToObl yuecTb cayuail
C/OXKHBIX OykB, o003HAualOmMX, HanpuMep, uensle ¢Gpassl. B oOGLIY-
HOM sisbiKe. B TakoM cuydae B cocras ¢passt (GyKBs) MOTYT BXOJRHUTH
yKasaHus OTHOCHTEJLHO pacnoJioxeHusa HHbopmauuu (apyrux Gyks),
UMeIOIIel HerocPeJCTBEHHOE OTHOLIEHUE K paccMaTpuBaeMoll GyKme
(ckaxeMm, Takofl, kKotopas JOMKHA ObITh BOBJEUEHA B PacCMOTpeHHE
Ha crefyomeM mare ajaroput™a). OrpanHueHde uMc/ia CBA3BIBAEMBIX
CHMBOJIOB 3aBHCHT OT OTPaHdueHHOCTH MHOpPMalMH, cojepKauefcs
B KaxJ10il 6YKBe (B IIPOTHBHOM cJyuae 6yKBa Hé Morsia Gbl OMEImaThCst
HEJUKOM B aKTHBHOIH 30HEe M €e IIPUILIOCL Ohl pacuJieHdATh Ha OTheNb-
HEle YacTH).

TlpeanonoxumM, yto Bce CBSI3H, B KOTOPLIE MOXKET BXOAHTH JioGas
IaHHasa OYyKBa, YHOPSALOUYEHBl TEM HJH HHLIM CIIOCOOOM M 3aHYMepo-
BaHHl, a O0mee YUCJIO TAKUX CBsA3€l OTPaHMUEHO OZHUM U TEM XKEe uH-
cnoM s. YcnoBuMcs o6o3Hauathk GYKB KPY:KKaMH, BBOAs B cjyuae
HEOOXOJHMOCTH HYMepaLMIO 3THX KDPYKKOB UHCIAMH, KOTOPbE GYLEM
AMCaThL PAJOM € COOTBETCTBYIOIIMMH KPYAKKaMd. JTH HOMEpa He UMelOT
HHKAaKOTO OTHOLIEHHA K THIY
cuMBoJia (6ykBel), ofo3nHayaemMoro
JaHHBIM KpYyXKoM. B cnyuae ne-
06XOUMOCTH CHMBOJI  COOTBeT-
crBytomell GYKBbl NUILIETCH BHYT-
pH 0003HAUAOLEr0 ero KpyxKKa.

[IpousBosibHAsT CBSA3b MEXKLY
cuMBOJIaMH (6YKBaMH) MOXKeT OLITh
u3obpaxeHa TemnepsL Tak, Kak IIO-
Kasano Ha puc. 3.

Hunekewl  py, Py, ..., p, HA
5TOM PHCYHKE [IOKa3LIBaOT, KaKue

Puc. 3. MecTa 3aHMMaeT paccMaTpuBaeMast

CBSI3b B YyIOpsifoueHHOM Habope

cBa3ell [Js COOTBETCTBYWOIIMX (0003HAUEHHLIX 3aHYMEPOBaHHLIMH
KPYXOUKaMH) OYKB. DTH HHJEKCHl (HE3aBHCHMO OT Bul6opa OYKB H

BUJa CBSI3W R) MOr'YT IIpUHUMMATh JHmb 3Hauenus 1,2, 3, ..., s.
MoXHO cyIecTBEHHO YIpPOCTHTH, 3anuch HHGOpMauud B  pac-
cMaTtpuBaeMoll cxeme, no6GaBuB K uucay 6YKB Ty, Ty, ..., T, eme s +

-4 K 4+ m 6ykB: s 6yKB gas ofo3HaueHHsl HOMEPOB CBA3H B JIOGOM
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JAHHOM 3JeMeHTe (KBagparsl Ha puc. 3), K 6YKB aas o6o3HAueHHs
HOMepOB CBA3ed ¢ OykBamu st M0G0 naHHOH cBA3M R (TpeyroJb-
HHUKH Ha pHc. 3) # m OYKB 1451 0603Hauenus camux cesaseil R, R,, ...,
R,,. Ecan o6o3pauaTh Bce HOBHIe OYKBBI KPYXKOUKamd, To WHQopMa-
UMsi OpUMeT BHA Halopa KPYXKOYKOB, COEIMHEHHBIX MEXKAY coboil
napueMi cBa3aMu. [Ipu sToM He Tpefyerca kakoil-iubo crnenranbHoil
HyMepauHuu AJs NopAAKa BXoXIeHus OYKBHl B T€ HJM HHblE CBA3H,
MIOCKOJIEKY, K4K TI0KA3aHO Ha pHc. 3, BCe GYKBH, CBA3aHHbLIE C KAKOH-
mbo onHo#l OykBoil, OYAYT HENPEMEHHO pas3JuuHbMH. TeMm caMbiM
CBS3H, B KOTODPbIe BXOAMT JlaHHblll cMMBOJ (6yKBa), HYMEpYIOTCA aBTO-
MaTHYeCKH — HOMepaMH cUMBOJIOB (6YKB), C KOTODHLIMH CBS3bIBAETCS
JIAHHBLIA CUMBOJI,

Takum 006pazom, OKOHHAMEABHO UHPOPMALUS 8 BANUCHIBAEMOL A120-
pummueckoll cxeme u306pAXCAEMCs NPOUIBOAbHIM KOHEUHbIM MHOvCe-
cmeom M, asemenmamu KOmMopo2o ABAUOMCA purcuposarmsie Gykeol
Toy Ty, ooy Tn (N=1), npuuem 8 muomecmso M rkamdas u3 6yke

e T3, ., Ty Moxcem exolume aw0boe wucao pas, u, Kpome moeo,
‘kaocObil pas 8 Heeo 6xo0um 00Ha u moavko 00Ha u3 6yxe Ty uau T,. Ha
3MOM  MHOdCECMEe YCMAHABAUBAEMC S NApHOe OMmHoweHue (HeKomopole
6yKBbL «COEOURMIOMEAY nonapro mexcly cobod) mak, umo y0o8emeo-
paemca caedyioujee ycrosue «ay; 8ce OYKBbL, coeduHeHHble € KaKol-aubo
00noll Gyxsotl muoocecrnea M, nonapro pasauunst mexcly cobol.

HMuriMu  coBamu, uHGOpManusl IpefcTaBisfeTcsl B BHAE HEKOTO-
pOro OIZHOMEDHOTO KOMILJIEeKCa (JMHEHHOTO HeHampasJjeHHOTo rpada),
BEPUIMHEI KOTOPOTO (0603HauaeMeple KPYKOUKAMH) OTOXKAECTBJISIOTCS
¢ 6ykBamu Ty, Ty, ..., T, a (HenanpasJieHHbI€) Ompe3ku, COEIUHA-
IOIHe HEKOTOPLIE Iapsl BepUIMH, — C OIMCAHHBLIMH BHIUIE TIAPHLIMH
CBA3AMH MEXAy OyKBamH.

TpeGoBaHne BXOMXIEHHS B pacCcMarpuBaeMblil KOMILTEKC (MHO-
KecTBo M) 00nold 1 moabko 00HOU BePIIUHBLL, OTOXIECTBJEHHOH JIH6O
¢ 6yksofi Ty, Jubo ¢ 6ykBoit T, cCBA3aHO ¢ HEOOXOQUMOCTBLIO YyCTa-
HOBJIEHHS Hauaaq omcuema uudopMauuu (UeHTpa AaKTHBHOH 30HLI),
IpHueM ofina U3 3THX OYKB (IIpuMeM, uto ew fABagercs GykBa T)
yniotpebJisieTcss AN KOMIUIEKCOB, 0603HAYalOMUX HHPOPMALHIO, Ilepe-
paboTka KOTOPOH emie He 3aKOoHueHa, a Bropas (B ZaHHOM cayuae GYK-
Ba T,) — And KOMILTEKCOB, 0003HAUAOMHNX 3aKJIIOYHTENIbHYIO uHpop-
MalHio, U3 KOTOpOH Jo/KeH ObTh H3BJIeUeH oxouaneanun pesyJib-
TaT paGoThl aNTOPHTMA.

Bepuminy WH(OPMALMOHHOTO KOMILIEKCa S, OTOXKLECTBJCHHYIO C
6ykBoit T, unu T, HasoBeM HaA4yaJbHOH BepuIMHOH KoMilnekca. Axmus-
KOl 30HOU KOMILTEKCA S HasbiBaeTcsl IIOAKOMILIEKC KomILiekca S, co-
crosimuii U3 BepmidH (GYKB) M OTPE3KOB (CBfI3eH), IPHHALIEKAMLMX
COAepKAalUM HAualbLHYIO BEPUIMHY LeldaM JiuHbl A < P, tae P —
onpenesenHoe, (GUKCHPOBAHHOE AJsA JAAHHOIO aJropuT™Ma  4MCJIO.
Llenvio 3pech 1 HMXKe HA3HIBAeM TaKyl0 06y KOHEuHy1o IocJiefoBa-
TeNbHOCTL Bepmud B,, B,, ..., By, UTO mpoM3BOJILHEIE JBe CocenHue
B 3TOiH NOCJAEN0BATENLHOCTH BEPLIHHBI COEJHHEHH MeXaLy coboit orpes-
KOM; 4MCJIO BCEX 3THX OTPe3koB (paBHoe p — 1) HasbiBaeTcs AJMHOH
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LemH, a4 CaMH 5TH OTPE3KH TaKKe BKJIOYAIOTCS B PacCMarpHBAEMYIO
Hellb,

Tpauvpeil axkTUBHOH 30HEI HHOOPMAUHMOHHOTO KOMILJIEKCA HAas3bl-
BaeTcsl COBOKYIHOCTH BCEX €ro BEePIIHH, COEIHHHMBIX € HayajbHON
BEPIIMHOM LenaMd JJMHEL P U He COETHHUMBIX C HEl0 LensIMH MeHbuiel
anaugsl. KoMIuieke HaswiBRercs ¢8A3HbIM, €CaH JIIOOBIe IBE ero BepUIMHLI
MOXHO coeiuHUTL Henbio. COBOKYIHOCTL BepUIMH M OTPE3KOB, Je-
Kamyux 3a TpefesiaMM AKTUBHOH 30HHL KOMILIeKca S, HasHIBaeTcs
BHeELIHEH 4YacThio KoMILIeKca,

JIBa KOMIIJIeKca HAa3BIBAOTCst H30MOPOHBIMH Mexnay coboi, ecau
MEXJly HX BepUIMHAMH MOXKHO YCTaHOBUTh B3aHMHO OJHO3SHA4YHOE CO-
OTBETCTBHE, MPU KOTOPOM COOTBETCTBYIOWIME APYT APYTY BepIIMHH
o603Hauenbl ONUHAKOBEIMH GykBamu 1y, Ty, ..., Tn, @ COOTBETCTBYIO-
mye APYT APYrY Iapsl BePUIMH ABJIAKTCS JU60 OZHOBPEMEHHO COERH-
HEHHBEIMH, JUG0 OJIHOBPEMEHHO HEe CO8NMHEHHBIMH MeXny coboil. HM3o-
MopdHble MeKIY coB0ll KOMIJEKCH IO CYILECTBY OLMHAKOBH H pasiu-
YaoTCsl pasBe JIMIIL CIIocofOoM CBOETO n306pa>xeﬂna (nanpumep, pac-
HOJIOXKEeHHeM BEpUIMH Ha MJIOCKOCTH).

BBHy OrpanuueHHOCTH OOMEro Yuc/ja BEPUIMH B aKTHBHOH 30HE
HH(POPMALMOHHOTO KOMILJIEKCA JIIO60T0 JAHHOTO AJropHTMa U OTrpaHu-

werHoctd uyucna 6yke Ty, T, ..., Ty AAs moGOro JaHHOTO afrOpUTMa
A cymecTByeT JUILIL KOHEYHOE YUCJO PA3NUUHBIX (MOMAPHO HeH30MOpPh-
HBIX) aKTuUBHbIX 30H U,, U,, ..., U,. Hcxons 43 storo, mpaeuja HX

nepepaboTKY MOXKHO 33JaThb NpoCTodl Tabmuuell cootBerctBus U; —
- W, (i =12 ..7r. .

KoMmmnekcrl, crosimue B mpaBofl wacTd 3TOH TaGJWIbl, JOJRKHEL
HMETh MOJKOMILJIEKCHI, H30MOpQHEIe TPAHALAM COOTBETCTBYIOMUX AKTHB-
HBEIX 30H U;, ipuyeM 3TH H30MOPGOHU3MEI JOJIKHLL OLITH Pas H HABCETHA
tdukcupoBaHHLIMH. MHBIMM CJlOBaMH, KaxJoH BeplIHHe, Jexamed Ha
rpaunne L(U,) aktuBHo#l 30K U}, go/mKHa GbITh COMOCTABJIEHA BIOJ-
He omnpefesieHHas BepuiHa kommgekca W; (i =1, 2, ..., r). Kaxnpii
U3 KoMijiekcoB W; noJiKeH YIOBJAETBOPATL BCEM YCJIOBUSIM, HAJIOXKEH-
HBbIM BHIIIEe HA HHPOPMALHOHHBIE KOMIJIEKCH; OH JOJIXKeH, B 4aCTHOCTH,
HMETh OLHY U TOJILKO OZHY HayaibHYIO BepLIMHY, 0603HaueHHYIO OYK-
Boit Ty unu 6yxeoit T,.

C noMopio NOCTPOeHHON TaGJMIBL COOTBETCTBUS ONpesesisieM ore-
paTop R,, OCYMECTBJSIOMUA HEIOCPENCTBEHHYIO mnepepaboTKy HH-
(OPMAMOHHOTO KOMILJIEKCa HA KaxKjioM Imare paGoTHl LaHHOTO aJjro-
putmMa A. B paccMatpuBaemom undopmanuoHnoM Komiiekce S (Ha-
9ajbHOM M NPOMEXYTOUHOM) HAXOJMM HauanbHYio Bepuduy. IlpoBogs
OT Hee BCE BO3MOXKHEIE UenH JJUHE P, CTPOMM aKTHBHYIO 30HY H orpe-
penaeM ee rpanuny L(U).

Hanee, HaxonuM Ty (€IMHCTBEHHYIO) AKTHBHYIO 30HY M3 JIEBOH 4acTH
TabJMIE COOTBETCTBHS, KoTopas H3oMopdHa HafeHHOH AaKTUBHOH
sone U. BcnencTBue onpeneneHHBIX Bullle CBOHCTB HH(OpPManMoH-
HBIX KOMILJIEKCOB (B 4acTHOCTH, CBOMCTBA ¢a») W CBSI3HOCTH OGOHX
koMnsekcos U; u U MeXLy HUMH BOSMOMKEH TOJBKO OLHH U30MODPHU3M.
2T0 NO3BOJISIET OJHO3HAYHO OTOMKAECTBHTh BEPLIMHBI, JEXKamye Ha
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rpanuue L(U) axtusrofi 30Hel U, € COOTBETCTBYIOMMH UM NPH H30-
mopthusMe BepuIMHaAMHM, JexamuMu Ha rpauuue L(U;), akTuBHOH 30HHI
U;, a UCToNB3ys OTOXKIECTBJIEHHE BepIuuH, NpUHAToe B Tabjaupe co-
OTBETCTBHA, — M C HEKOTOPHIMH BepHIMHAMH KoMijekca U;.

Tenepb Jierko y6pare BCIO BHYTPEHHION, T. €. HE JeXamywo Ha
rpannue L(U), yacTb akTUBHON 30Hbl U W THOAMEHHUTHL €€ IIOfKOMILIEK-
com W; xommnekca W;, BKIIOYAIOMHUM BCe 3JIEMEHTHI 3TOTG KOMILIEKCa,
KPOMe panee OTOXKIECTBJIEHHBIX €ro BepiuH. TakuM 06pasoM, NPoU3Bo-
JUTCA  «BKJefika» B paccMarpuBaeMslli MHOOPMAUHOHHEIN KOMILIEKC
BMECTO BHYTPEHHEH 4acTH €ro aKTHBHOH 30HBEI HOBOI'O KOMILJIEKCA W,
fIpH COXPAHCHHH B HEH3MEHHOCTH T'DAHHILI AKTHBHOH 3OHHI.

Iockoneky B koMmmnniekce W) nadanbhas BepUIMHA 3aHUMAET HOBOE
NOJIOXKEHHE M0 OTHOLIEHMIO K TpaHule NpeXHeH aKTUBHOH 30HBI, TO
HOBas aKTHBHAA 30HA, olpeje/sieMast Iocje BKJeHKH, OyieT UMeTb
apyryio rpanuny. IlonyuuBmmuiica mnocse NomoGHOH <«BKAEHKH» HO-
B HHQOPMAIHMOHHEIA KoMIUIeKe S’ H 6ymeT npeacTaBisTh co6oil
pe3yJbTaT NPUMEHEeHHs ollepaTopa HenocpeacTBenHoil nepepaboTku R4
paccMaTpHBaeMOro ajroputMa A K MCXOZHOMY HH(DOPMAUUOHHOMY
koMmyiekey S. Onepatop HemnocpenCcTBEHHOH MepepaGoTKM MpHMe-
HfIeTCS K NIONIYYCHHOMY HH(OPMAUMOHHOMY KOMILIEKCY JI0 TNOJYdYeHHs
KOMILJIEKCA, HadajbHas BepIIMHAa KoToporo obosnavena Gyksoit T,
a ne 6yksoit T.

ITonoOHEIH KOMIIJIEKC HOCUT HAa3BaHUE 3aKAOYUMENsH020, A eTo
MaKCHMaJIbHBIH CBA3HBIA MOAKOMILIEKC, COACPKAHH HauaNLHYIO Bep-
muuy 7, cudTaercss peweHuem, T. €. UH(POPMAUMOHHLIM KOMIlJie-
KCOM, MOJIYUEHHHIM B pesyJibTare Bo3felicTBHst ajaroputva A Ha Ha-
yanpHuIi (BXogHoO#H) MH(opManHOHHBIA KoMIUiekC S,. Ecau ke anro-
PHUTM TpPOJOJKAeT CBolo pabory Ge3 KoHLla, He MoJydas HM HA KAKOM
[mare 3ak/IOUHTEJBHOTO KOMILJIEKCA, TO, KaK W B CJyuae HOPMAaJbHBIX
aJTOPHTMOB, IIPHHMMAETCS, YTO K JAHHOMY HauaJLHOMY KOMILIEKCY S,
paccMaTpUMBaeMblil  aJrOPUTM HE INPHMEHHM.

MOXHO pacuIMpHTEL OIIpeleNieHHe aNTOpPUTMa TAKUM 00pas3oM, YTO-
6el LOTIyCKaTb B MNPaBOH 4acTH TAGNHUL COOTBETCTBHH KOMIIJIEKCHE
Ge3 HauanbHoil BepmuHul. TIpuMenenye MoACTaHOBKU ¢ Tako#l npasoR
YyaCThio I[IPUBOAUT K €CTECTBEHHOMY OKOHYAHHIO AJIFOPHTMHUECKOTO
nmpouecca, MOCKOJBKY oOnpefeNieHde akTUBHOH 30HH M jafbHedInHe
MOACTAHOBKHM OKAa3bIBAOTCH HEBO3MOXKHLIMH.

~ OnHAaKo TaK KaK 3aK/MOUHMTeNbHEIH KOMIUIEKC (B ONPEJLe/IeHHOM BhllIe
CMBICJIE) HE BO3HHUKAET, TO H B 3TOM CJiyuade aJTOPHTMHUECKHH TIpoiecc
cjefyeT CUMTATh 3aKOHUUBIIMMCH 6e3pe3yJLTaTHO, a aJropUT™ —
He TPUMEHHMBIM K COOTBETCTBYIOMEMY Ha4YaNbHOMY HHGPOPMALHOHHOMY
KOMILTIEKCY .

BosMmoxeH emme OffH THII 6e3pe3yJIbTaATHOH OCTAHOBKH aJTOPUTMH-
YeCKOTO 1npomecca, Korja Taliuna COOTBETCTBHSI COJEPKHUT He BCe
BO3MOJKHBIE [JI1 JAHHOTO aJiTOPHTMA BHABI AKTHBHHIX 30H. B ciaygae
JOCTHKeHUs UH(POPMALHOHHEIM KOMIJIEKCOM COCTOSIHMSA, IIDH KOTOPOM
XOT H eCTh HadajbHAad BeplIXMHA, o6Go3HadeHHast GYKBOH Ty, HO HH
OfHA M3 MOACTAHOBOK TaGMMILI COOTBETCTBUS _HENIPHMEHUMA. TaKKe
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CuyTAeTCS, YTO AATOPHTM HE IIPUMEHHM K COOTBETCTBYIOUIEMY Hadallb-
HOMY HH(OPMAUMOUHOMY KOMILJIEKCY.

Heo6xogumo cpenath eme OJHO 3aMevaHHde, Kacamomeecs Xxapak-
Tepa MOACTAHOBOK B TaGJAMIE COOTBETCTBHS, EC/IH He NPHHSATH Crenuallb-
HHIX Mep, TO B pe3yJbTaTe [OJCTAHOBKH MOXeT OHTb HApYLIEHO BBe-
JIEHHO® BHIIIe YCJOBHE «a», KOTOPOMY JOJDKHBI YAOBJIETBOPATL BCE pac-
cMaTpuBaeMble HHQopMauvoHHble KoMmiekchl. st Toro 4to6bl U3-
6exxaTb MOROOHOTO MCKaXKeHHs HH(pOPMalHM, JOCTATOYHO, OUYEBHIHO,
npexnojaraTe, 49ro Jwo6asi BepUIMHA NPOU3BOJALHOTO KoMiuiekca W,
U3 npaBofl yacTH TabJuLLL COOTBETCTBHS, KOTOPasl B IIpoliecce «BKJei-
KH» OTOXKJECTBJSIETCSl C KaKOH-NHO0 BepUIMHOR ¢ TPaHULLl aKTHBHON
30HH, B KoMmiyiekce W; MoxeT GHIThL COElMHEHA OTPe3KaMH JIHIIbL C Ha-
9ajbHOH BEpUIHHON H ¢ BepIIHHAMH, 0603HAYEHHEIMH TeMH Xe OGYyKBa-
MU, YTO M BEPUIMHE], C KOTOPBIMH COENHHEHA OTpe3KaMH B KOMIlJIeKce
U, BepummHa, COOTBeTCTByOImAs BepLIHHE .

IMopo6Hoe ycnoBhe (HazoBeM ero «6») He HapymaeT OOMHOCTH
HaluX paccMoTpenuil. I'paHunia, ¢ IIOMOIIBIO KOTOPOH MPOH3BOLHTCSH
onepanus «BKJEHKU», ONpefeseHa JOCTATOUHO YCJIoBHO. Ecau O MH
BKJ/IIOUHJIH B TPAaHULY HE TOJBLKO Te BEPIIHHH, KOTOPBLIE OTCTOSIT OT
HauyaJbHOH BepHIMHEI HA paccTostHHd P (coenuHeHn € Hell uenmsamu
ANMUHE P, HO He UeNnsMH MeHbUIEH NJMHEI), HO ¥ BEpIIHHH, KOTOPHIE
OTCTOAT OT Hee HA paccToanHu P — 1, To, ycTaHaBauBass usoMopdhusm
rpanun B Kommnnexkcax U; u W;, Mbl nonyuunu Gbl, KaK HETPYAHO BU-
JeTb, OoJjiee CUJIBHOE OTrpaHuueHHe Ha TalJIMIy COOTBETCTBHS, 4YeM
OTDAHHUEHHE, HAKJAIbIBaeMOe YCJIOBHEM «0».

BuuMaTeAbHBIA aHaNd3 OMUCAHMS ANTOPUTMHUecKOH cxeMul Koua-
MOTOpOBa— Y CIIEHCKOTO II0KA3LHIBaeT, UTO 3Ta CXema Mo ¢opMme B BeCh-
Ma 3HAYHTENILHOH CTeneHd HamnoMmuHaer paboTy, GAKTHUECKH BHIMNOJ-
HSEMYIO YeJIOBEKOM, KOTJa OH TNpeo0pasOBLIBAET 3a7laBAaeMyl0 €My
H3BHEe HH(OPMaNUIO B COOTBETCTBUU C TeMH UM HHBLIMH NPaBHJIAMHU 3a-
NIOMHHAEMOTO UM aJropuTMa. ABTOPH 9TOM CXeMB IIPeANpUHHMANIH Crie-
HHAJbHEIE MeDPbl, YTOOH He noTepAThH OOGMHOCTH B XapakTepe BHIOJ-
HSeMEIX TnpeoGpasoBanuil. TeM He Menee OHHM TIOKA3a/M, 4TO ONHCAaH-
Hasg WMH CXeMa JaeT BO3MOXKHOCTb CTPOMTEH JIMIIL HOPMaJH3yeMsle
aJropUTMBl. JTOT Pe3yJIbTaT MOMKHO PacCMaTpHBATL KaK IOATBEpIKie-
Hue chopMYNUPOBAHHOIO B § 2 MPHHIHIA HOPMaau3aluy.

§ 4. llpyrue TeopeTHYECKHE AATOPUTMHYECKHE CHCTEMBI

Hcropuuecky nepBoil aqropUTMHYECKOH CHCTEMOH, MOJyYHBLIeR 10-
CTATOYHO IOJIHOE H BCECTOPOHHEE DasBUTHE, OblJla CHCTEMA, OCHOBAH-
Hasg HA HCMOJb30BAHMH KOHCTPYKTHBHO OIIpenensieMsix apudmeTu-
YeCKHX (LeNOUMCNIeHHEX) OGYHKUMA, MOJAYYUBIIMX CHENHaJbHOE Ha-
3Banue peskypcusroix Gyuxuui. Ilpumenenue mopoGHpx (yHKuHi B
TEOPUH aNTOPHTMOB OCHOBAHO HA MJee HyMepaluu CJOB B IIPOU3BOJib-
HOM aJipaBuTe NOC/EIOBATENbHEIMH HATypaJbHLIMU yucaaMu. HauGonee
IPOCTO TaKyo HYMEPAIHIO MOXHO OCYIIeCTBHTb, pacrnosarasi cjoBa B
AOPsiKe BO3pACTaHWs UX JJHH, a CJAOBA, MMEIOHINE OZHHAKOBYIO AJH-
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HY, — B TPOH3BOJbHOM (Hampumep, B JIeKCHKOrpadHUeCKOM) Mo-
psnke. .

ITocne nyMepaunu BXOAHBIX M BBIXOJHLIX CJIOB B NPOH3BOJILHOM
andaBUTHOM oOIleparope 3TOT omepaTop HpeBpallaercsa B (YHKUHIO
y=[(x), B KOTOPO# KaK apryMeHT X, TaKk U caMa GYHKUMA y TIPHHH-
MaioT HeOTpHilaTe/lbHEle LeJoudcaeHHble 3HadeHus:. Dyuxuua f(x),
pasyMmeeTcs, MoXKeT ObITb OHmpefesieHHOH He HJs BCeX, a JHIUb AN
HEKOTOPHX 3HA4YeHHH apryMeHrta X, COCTaBJAIOMUX 06JaCTh onpese-
neHus: 9Toft Gyukuuu. Ilogo6Hble YacTHUHO ompeneeHHble [IeJoyHC-
JICHHBIe U [eJ03HauHble PYHKIMY A/ KPATKOCTH HA3LIBAOT OGHIYHO
apumeruneckumu QYHKYUAMU.

Cpenu apudmerHueckux OGyHKUHMHA BeIZENMM caelytomue 0co6o
npocToie QYHKLHHU, KoTophle 6yneM HAa3LIBATEL 9AEMEHTAPHbIMU apup-
MeTudeckumy pynkyuanu: GYHKUHIO, TonOECTEEHHO PABHYIO HYAIO
{onpegeneHdyo AN BCeX UE/NbIX HeOTpHUATENbLHBIX 3HAUEHHH apry-
MEHTOB); ToxJecTBeHHble GyHruuu f(x;)=x; TmOBTOpPAIOLIUE 3HA-
YeHHs! CBOUX apryMeHToB; GYHKUHUIO HenocpedcT8ennoeo caedosanus
f(x) =x+1, TakKe omnpemesNeHHy0 AJs BCeX HLeJBX HeOTpHUIATelb-
HBIX 3HAYeHUH CBOEro apryMeHra.

Hcnonb3yss B KauecTBe HCXOAHLIX (QYHKIMH MepeuucseHHbe 3Jie-
MeHTapHble apHpMeTHueckMe (QYHKUHMH, MOXHO C HOMOLIBLIO HeBOJb-
mIor0 yuc/ia oO6WHMX KOHCTPYKTUBHBIX IIPUEMOB CTPOHTH Bce Gojee U
Gonee cloXKHble apupMerHuecKHe (yHKUMH. B TeopuH peKypCHBHBIX
(KOHCTPYKTHBHBIX apupMeTHueCKHX) (PYHKIUA 0co60 BamHoe 3Haye-
HHe HMEIOT TPH ONepauuH: ONepalHH cynepnosuyuu, nPUMUMUSHOL
pexypcuu U HAUMEHbUIL20 KOPHA.

Onepayus ‘cynepnosuyuu GHyHKUUA 3aKM0YAETCA B IIOJCTAHOBKE
OIHUX apudmernuecKux YHKIMHA BMECTO apryMeHTOB LPYTHX apud-
MeTHuecKUX ¢yuKumil. Takum o6paszoM, H3 yxKe H3BECTHHIX (YHKLIHH
MOXKHO CTPOUTHL HOBhle apudpMernueckue cdyukuuu. Hamnpumep, ocy-
IeCTBASI cyneprno3uiyio ¢pyukuuit f(x) =0 ¥ g(x) =x + 1, npu-
deM K ¢yukuud A(x) = 1. Tlpucynepriosunuu ¢yHKIuH g(x)c caMoft
coboit Bo3HUKaeT Qynkuus p(x) = x 42 U T. 4.

Onepayusa npumumueHoll pekypcuu TIO3BOJIAET CTPOUTH N-MECTHYIO
apud tetnueckylo Pyuruuo (pyHKHUMIO OT A aPTyMEHTOB) MO JBYM
3aJaHHLIM (QYHKUHMAM, OfHA M3 KOTOPbIX sBaserca (n — 1)-mecTHoi#,
a ppyraga — (n + 1)-mectuoii. Croco6 Takoro IOCTpPOeHHs1 olpepe-
JIIeTCsl CJIEAYIOUMMA JIByMsl COOTHOIICHH SIMH :

flxn..ovx,_,0) =g(xy ..o x, ) (6)
flen Xee oo %, %, + 1) =h(x, X0, X, ) Y]
rie y =f (% ...,%,_,, %), [ onpefiendemad, a g ¥ h— 3ajauHble

byHKuMH.

Hng npaBuJLHOTO NMOHMMAHMS ONEPAalMd INPUMHTHBHOH peKypcHu
HEO6X0AMMO 3aMETUTH, YTO BCAKYIO QYHKIHIO OT MEHLIIEro 4ucna me-
PeMeHHBIX MOXKHO PacCMaTpHBaTh Kak (QYHKIHIO OT JiOGOro 6oJjbLIero

3 . 35



qycJa nepeMeHHbIX. B gactHocTH, QYyHKIMH-KOHCTAHTH, KOTOPHE ecre-
CTBEHHO paccMaTpHBaTh Kak (DYHKUMH OT HYJs apryMEHTOB, MOXKHO
NP XKeJaHHH paccMaTpHBaTh Kak (yHKUMH OT /MoOGOro KOHEYHOro
yHcJa apryMeHTOoB.

B kauectBe mnpumepa IpUMEHEHHs ONEPauMH NPUMHTHBHOH pe-
KYPCHH TOKa:KeM, KakuM oOpa3oM IPH IIOMOIH 5TOH omnepamuu H3
3jeMeHTapHbIX apudMeTHuecKHX (YHKIMHA MOXKHO IIOCTPOHTH JBYX-
MecTHY©0 (YHKuUMIO CyMMHUpoBaHHA f(x, y) = x -+ y. IDra ¢yuKuus
onpenessercs ¢ IOMOIbIO TOXKASCTBeHHON DYHKuMH g(x) = x U PyHK-
IMH HEeMNOCPeNCTBeHHOro cJenoBanud A(x) = x -+ 1

[(x,0) =x=g(x)
fEy+)=Kx+yp+1=r{kxy)

AHaJIOTHYHO MOXKHO TIOCTPOUTL (YHKUMM TPOH3BEICHUs, NMOKasa-
TeJbHYIO, CTENeHHYIO M JPyrHe LIHPOKO H3BeCTHbIE apupMeTHuecKue
byHKUMH.

Dynrkyuu, Komopsle moeym Obume NOCHIPOEHb. U3 SNEMEHMAPHLIX
apugpmemuseckux GyHKYUL ¢ NOMOWBIO onepayull cyneprosuyuL u npu-
MUMUBHOU pexypcull, NPUMEHERHbIX 1060e (KOHeYHoe) 4ucio pas 8 npo-
U3604bHOU NOCAC00BAMEABHOCTIU, HA3bIBAIOMCA NPUMUIMUEHO DPeKYyOCuUs-
HaMU YRR UAMLL

DOJILIWIHHCTBO  apubMeTHueCKUx (MYHKIUA OTHOCHTCA K NPUMH-
THBHO PeKYyPCHBHbIM OGYHKIMAM. TeMm He MeHee IIPUMMTHBHO PeKyp-
cHBHbIe (QYHKIMHM HE OXBATLIBAIOT Bcex apudmervueckux (QyHKUME,
KOTOphle MOTYT OHITh OnpeseseHbl KOHCTPYKTHBHO. IIpu moctpoenuu
Bcex 3THX OYHKUMA WCHONB3YIOTCH APYyrue olepamyd, B YacTHOCTH
ollepaliisl HauMEHBIIEro KOpHS.

Onepayus naumerouie2o KOPHA TIO3BOJISET ONPENENATL HOBYIO apHd-
METHUeCKYl0 ¢yHKIHIO f(Xy, ..., Xn) OT 7 TNEPEMEHHHIX C IIOMOMLbIO
panee NoCTPoeHHOH apudMeTHueCKONH DYHKUUH g(xy, ..., Xn, Y) OT n41
nepemenHuix. [na mo6oro 3aganHoro HaGopa 3HaueHUd IepeMeHHHIX
X, =0y, ..., Xn= 0, B KaueCTBE COOTBETCTBYMOLIEIO 3HaueHusd f(a,,
oy, ..., 0,) Onpenensaemoil pyukuuu f(x,, X,, ..., X,) OPUHHUMAeETCs Ha-
MMeHbINMIl Le/Ll HeOTPULATENBHEIH KOpeHb y = P ypaBHenus g(a,,
ceey On, ) = 0. B cayuae HecymecTBOBaHHMS LEJHX HEOTPUIATENb-

HBIX KOpHeil y 3Toro ypasHenust oyuxuusa f(x,, x5, ..., Xs) CudTaeTCH
HEONIPENIC/ICHHOH IIPH COOTBETCTBYIOImIEM Habope 3HAUGHHWI mepPeMeH-
Huix. OOGLIYHO NpUHUMAaeTcst TakXKe, uTo GyHKuMA f(xy, Xi, ..., Xp) He
onpenesnesa Ha Habope x, = Oy, X, = Oy, ..., Xy = G, €CJU IIPH CYy-

{eCTBOBAHHM HaHMMEHBIIEro KOPHA y =P ypaBHenus g(a,, o, ...,
@n, y) =0 xora 6bl IPH ONHOM LeJOM HEOTPULATEJNbHOM 3HAYCHUU
Yy =1y, yRosjeTsopsawonieM cooTHomenuww 0 < vy < f — 1, ¢yHKmus
glay, 0, ..., 0y, §) OKA3LIBAETCH HEONPENENIEHHOI.

Apupmemuneckue pynkyuu, Komopoie mo2ym Oblme NOCMPOEHbL U3
saeMenmaprolx - apupmemuneckux pynkyull ¢ nomowpio onepayull cy-
nepnosuyuu, APUMUMUBHOL peKYypcul U« HAUMEHbUILS0 KOPHA, HA3bL-
saomea wacmuyHo pexkypcusromu ‘pynkyuamu. Ecau maxue pynxyuu
0KA3BIBAIOMCS K MOMY dice 8CI00Y ONpeCeseHHbIMIL, MO OHIU HA3bIBAIOMCA
obujepekypcusroImy  PYHKYUAMU.
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B aTOM ompepnesenud, Kak M B OIIPeNeNeHUH IIPHMHTHBHO DPeKyp-
CHBHHIX DYHKUMHA, npenyCcMaTpUBaeTcsi BOSMOXKHOCTS BLINOJIHEHHS BCEX
JONYCTUMHIX OIlepauuii B /060 IoC/eIoBaTe/LHOCTH U Jo6oe KoHeu-
Hoe uucno pas. Cymectsyer, ofnako, npunanniexamuii C. Knunu [41]
pe3yanTaT, TO3BOJISIOMMUA [I0Jy4aTh NPOU3BOJBLHYIO UaCTHUHO peKyp-
CUBHYIO (GyHKUHIO U3 ABYX IIPUMHMTHBHO PeKYPCUBHbIX QYHKLHMi ¢ mo-
MOILLIO TIOC/IEZIOBATENLHOTO IIPUMEHEHUs K HHMM ORHOH  onepauuy
HaHMeHbIIero KOPHA W OJHOH omnepauuu cyneprosutud. bosee Ttouxo
3TOT pe3yJbTaT MoxkHO CHOPMYJMPOBATHL TaK:

048 awbod uacmuuno pexypcueHold Gyrxyuu f(x,, ..., x5 cywe-
cmeyom 0se NPUMUMUGBHO peKypcusHole dynkyuu g(x,, ..., Xn, Y) H
h(x) maxue, umo pyuxyus f(xy, ..., X,) Moocem Goumb noayueHa u3

Hux 6 8ude f(xy, ..., xp) =h (u,lglxy, ..., xn, y) = 0l), 20e p, — one-
pamop Haumerovuieeo kopra. Tpu smom ¢ynxyus h(x) moocem 6Gbimo
golbpana pas u Hascee0q, He3a8UCUMO O 8bi6Opa GyHKyuL |.

HacTuuHo pekypcuBHble QYHKIMH TIpeAcTaBaAdioT cofoii naubGosee
06K KJacc KOHCTPYKTUBHO ONpeieNiieMblx apupMETHUECKHX (PYHKIUH.
OHH OXBaTbIBAlOT, B YaCTHOCTH, BCe apudMerHueckue (PyHKIHM, KO-
TOpble MOXKHO 33/1aTh B BHJe KOHEYHBIX PEKYDPCHBHBIX CXEM IIPOU3BOJIb-
noro Bupa. Ilon xoweunoli pexypcuBHOM Cxemolt 3jech NOApasyme-
Baercs JI06asg KOHeuHas CHCTeMa PaBEHCTB F =s, e 7 U s — Mo0se
KOHeuHLle (ConepiKamye KOHEYHOe YHCJO CHMBOJIOB) BHIpaMeHud, IIo-
CTPOEGHHLIE W3 H3BECTHLIX IIPUMHTHBHO PEeKYPCHBHHIX (YyHKUMH He-
H3BECTHLIX (PYHKIMH € 4MCJIOBLIMU H GYKBEHHLIMM apryMeHTaMmH, IpH-
uyeM 3HaueHHs HEH3BeCTHHIX QYHKUHMHA AJs MOOHIX 3aJlaHHBIX 3Hade-
HUH apryMeHTOB JOJIKHBLL ONPEnesAThLCS OLHO3HAYHO 32 KOHeYHoe
YHCJIO MAroB (3aBucHee OT BLIGOPA 3HAUEHUIl apTyMEHTOB) B Pe3yJib-
TaTe HpUMEHeHUs NBYX npasua. [lepBoe mnpasugo (mpasusio mnopcTa-
HOBKH) COCTOMT B noJCmaroske B KaKoe-HHOYIL U3 3alaHHbIX PaBEHCTB
BMECTO OZHOTO M3 apryMeHTOB KaKoro-Jii6o ero uucJIOBOTO 3HAUEHHS.
Bropoe mpaBuso (npaBusio 3aMeHnl) [O3BOJIAET HCIOJBL3OBATH' HEKO-
TOpoe PaBEeHCTBO BHAA X == f(x,, X3, ..., Xn), TO€ X, X1, X2, ..., Xn— UH-
cJa AN 3ameHs. HEKOTOPOTO BXOXKIEHHHA BeJUUHHBl [(Xy, X5, ..., Xn)
B OJHO M3 PaBEHCTB r == § BEJHUHHOMH X.

OxkaspiBaercs, yro NOROGHHIM 06pasoM MOTYT ObITb 3ajaHBl BCe
o6mepexychBHbIe GYyHKIMH ¥ ToJbKO Takue dyuKuuH. I10 06CTOA-
TEeJBCTBO M03BOJISIET, caenyst Dp6pany u [énemo, onpenensits obre-
pekypcuBHple QYHKUHMH Kak (YHKUMH, 3ajaBaeMble KOHEUHEIMH De-
KYPCUBHEIMH CXE€MaMH OIMCAHHOTO BHIIIe BHJA.

Ecnu, coxpauuB ycioBHE OJHO3HAYHOCTH, He TpeGoBaThL oOIpe-
ASIMMOCTH 3HAYeHUH BXOASMHX B cxeMmy GYHKUMH nnas 6cex 3Haue-
HUH apryMeHTOB; MOXHO 33[aBaTh IOJOGHLIMH CXEMaMH YacTUYHO
PexypcuBHnie OyHKuuHM. CYIECTBEHHO, YTO HUKAKUMU PEKYPCHBHEI-
MH ONpeneseHHsAMH (C IIOMOMILX0 KOHEUHBIX CX€M) He yLaeTcd BbIATH
33 mpegessl KJacca YaCTHYHO PEeKYPCHUBHLIX (DYHKUUI.

Tlocae OCYIIECTB/IEHHS1 HYMEPalMH BXOJHBIX H BLIXOJHBIX CJIOB JIO-
6ot HOpMaNLHBIH aNTOPHTM MOXKeT OHThL peanu3oBaH B BHIE YACTHUHO
PexypcusHoil dyukuun. Haobopot, moboil anroput™, peanusyemsiii ¢
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MOMOIBIO YAaCTHUHO peKypcuBHOH (YHKIHH, OKaspiBaeTcsl SKBHBA-
JIEHTHHIM HEKOTOPOMY HOpMasbHOMy ajroputMy. Takum o6pasoM,
MOXKHO CJieflaTh CJELYIOIHH BaXKHHIH BRIBOL,

Ancopumm moeda u moavko moeda Hopmausyem, Ko20a OH MOdCemm
Goumb peasusosan ¢ NOMOWpIO HACMUYHO peKypcusHod (yrRKyuu.

ChopmympoBanHoe [pPEIJOXKEHHME [OKa3hiBaeT, 4yTo ¥ Ha Gase
apupMeTHYeCKoro {UHc/0BOTO) MOAXOAA K TEOPUH aJrOPUTMOB HeE mpo-
HCXOMHT BHIXOLA U3 KJaCCa HOPMAJIH3YeMBIX aJTOpPHTMOB.

H3yyuM eme 7Ba MOAXOAA K TEOPHH aJrOPHTMOB, IIPeNJOKeHHbIe
B 1936 r. 2. ITocrom [63] u A. Tuiopuurom [73].

B anroputmuueckoil cucreme, npegJoxenHoil ITocrom, Bxopnas
¥ BuixogHas MHGOpPMauUH INPENCTABJAIOTCS B CTaHIAPTHOM JIBOMYHOM
aadasuTe, a aJropHTM — B BHJE KOHEUHOIO YIOPAJOYeHHOro Habopa
[PaBUJ, HA3bIBAEMBIX IIPHKasaMH. [l 3anMcH BXOJHOW, BBIXOXHOH
H TPOMENKYTOUHON HH(MOPMAUUH HCHOJB3YeTCsl THIOTeTHUECKAst HecKo-
HeUHas uHMOPMAYUOHRAS AeHma, Pa3fesieHHasi HA OTAe/bHble TuefiKH,
B KaXJOH M3 KOTOPHIX MOXKHO NOMECTHTL JIHUIbL OfHY 6YKBY (uudpy 0
unu 1). Te siueliky, B KOTOPHIX 3aNUCAHBI €AMHMILI, HA3LIBAOTCH onl-
MeyeHHbiMY, 3 Te, B KOTODBIX 3alHCAHBl HYJH, — HEOMMEYEHHbIMU.
B moGoit mMoment paGoTsl aJIrOPHTMA JIMIIL KOHEYHOE YHCJO0 gYeeK
MOKEeT OHITL OTMEUEHHBIM.

PaGora ajropurMa OCYUIECTBJSETCH JUCKPETHBIMM lIAaraMu, Ha
KaXJIoM M3 KOTOPHIX BBITIOJIHAETCS OAUH H3 COCTABJISAIOMUX AJTOPHTM
npukasoB. Kaxgomy miary cooTBETCTBYeT ONpeneNieHHas aKMusHas
styefika Ha uudopMatHoHHol fenrte. {19 nepBoro npukasa ajropurMa
thHKCUpYyeTCs B KAueCTBE aKTUBHOH HEKOTOpas HawaapHaa suefika.
Janbpuefitiye U3MEeHEHUs MECTOPACIOJIOKeHUS! AKTHBHOH fAYelkd HAa
JIeHTe JOJIKHBI OLITb NIPELYCMOTPeHH B caMoM ajaropurMe. CocTaBidio-
[He aNTOPHTM NPHKA3bl MOTYT IIPHHANJEKATL K ONHOMY H3 CJenyio-
IIMX IUECTH THIIOB.

Ilepsoui mun. OTMETHTL aKTUBHYIO SIuefiKy JIeHTHl (3amucarb B Hee
enMHUIY) ¥ NePedTH K BHINOJHEHHIO (-I'o MpUKas3a (i MoxeT OHITh Jro-
OBIM YMCJIOM M3 YHCeJl, UCIOJIL30BAHHBIX A9 HYMEpPanud NMPUKAa30B af-
TOpUTMA).

Bmopod mun. CrepeTb OTMeTKY aKTMBHOH siyeiiKH (3amucaTh B Hee
HYJIb) ¥ IIePedATH K BLIIOJHEHHIO i-TO NMpHKasa.

Tpemuii mun. CMeCTUTL aKTUBHYIO A4efiKy HA OJMH IIAT BIPABO
U IepeHTH K BHIIOJIHEHHIO {-ro MpHKasa.

Yemeepmouwi mun. CMeCTUTL aKTHBHYIO sTuefiKy HA OJMH WIArT BJie-
BO U MepeiTH K BHIMOJHEHHUIO i(-T'0 IIPHKa3a.

[Tameul mun. Ecnn axTHBHAs Auelika oTMedena (ecjiM B HeH 3alu-
caHa efMHHLA), TO MNepedTH K BBINOJHEHMIO j-IO TpPHKa3a, a ecId
aKTUBHAA siuefixa He oTMeueHa (ecad B Hell 3anucaH HYJb), TO IepeiiTy
K BLINOJIHEHHIO (-TO IIpHKa3a.

[lecmoti mun. OcraHoBKa, OKOHYaHWe PabOTHl aJIrOPHTMA.

ANropuTMbl, cocTaBjisieMple U3 JOGOTO KOHEYHOro YHCJA IIPaBHJl
ONIMCAHHBIX THIIOB, HA3LIBAIOTCA aseopummamu [Tocma. [JokasaHo, uto
anaroputMsl [Tocra cBogsiTc K anropuTMam, peasu3yeMsiM € FOMOILBIO
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YACTHYHO PeKYPCHBHBIX OGYHKIHHA, W, HaA060pOT, Jo6ast YacTHYHO
peKypcuBHAA (YHKUHSA MOXeT ObITh NpeicTaB/eHa aJTOPHTMOM CH-
cremel Ilocta. Takum o6pasoM, MOXKHO COPMYJIMPOBaTh CJELYIOILEE
npenJioxKeHue. _

Kaacc scex aszopummos, axsuearenmroix aszopumman ITocma, cos-
nadaem ¢ KAQCCOM 6CEX HOPMAAUSYEMbIX GA20PUMMOB.

K onucansoil anropaTMuuecKoi cxeMe o4yeHb G/M3Ka cxeMma, Npel-
Joxennast ognospemenno ¢ . I[Tocrom A. Toiopunrom [73]. B cxeme
Tolopunra, KOTOpy1o NPUHATO HA3LIBaTh Mauwiutoi TLIOPUHTA, TaKKe
NPOH3BONHUTCS 3aliich MHPOpMAlLMU HA GeCKoHeyHoH B 06e CTOPOHHL
HHGOPMALHOHHON JieHTe, PasfesieHHoH Ha oTnesbHble Aueiikd. Onuaxo,
B oTaMyue oT anroput™a [locra, 3pech ass 3anucy undopMalHu yro-
Tpe6JsieTCA MPOU3BOJIbHLIH KOHeyHHH angabur. Kakpas sigeiixa un-
(bopMatMOHHON JNEHTH CAYXKHT JJs 3anHMCH OAHOH GyKBeL. Dra OyKBa
MOXeT 0003peBarsCsl CIeHUAaNLHRM YYBCTBUTEJBLHBIM 3JIEMEHTOM TaK
HasuBaeMoll 20406Kku MAmMub! ThlopuHra, CrnocoGHOH mepeMearhses
BAOJML HHGDOPMANUOHHOH JieHTH B 00e CTOpPOHE. [OJIOBKA MAUIMHEL
Trlopunra MOXKET HAXOJHUTLCS B KOHEYHOM UHCJE Pa3jHYHLIX COCTOS-
HUH ¢y, §s, ..., §n, [I€UATATb B 0603peBaEMyIO AdelKy JOGYI0 GYKBY
Xy, X35 .oy Xm W COBUTATbCS  BIPABO HJH BJA€BO BAoJb HH(opMa-
IIHOHHOH JIeHTBl HA OJHY s4YefiKYy.

3anuce anaroputMa, peanusyemoro Mamuuo#i Twiopunra, mnpo-
H3BOAUTCS C TMOMOIIBI) NMPOTpaMMmbl PaboTHl 3TOH MAIIMHB, NPEACTaB-
Jsomeil coGoit HaGop MATEPOK CHMBOJIOB BUAA Xi §; Xk §r Sp. DHIIUCAH-
Hasd [ATePKAa CHUMBOJIOB O3Ha4aeT, YTO TOJIOBKa MauiHel THIOpHHTA,
HAXOAACh B COCTOAHHH ¢; U BOCIIPHHMMAs 3alIMCAHHY!IO HA JIeHTE OYKBY
X}, mevartaer Ha MecTe 9TOH GYKBHl HOBYH) GYKBY X, (KOTOpas MoXeT
B YACTHOM CJIydae COBMAcTb C paHee 3amucaHHOH GykBoil x;), mepe-
XOUT B HOBOE COCTOSIHUE g, (KOTOPOE TaK¥Ke MOXKeT COBMACTh C INpex-
HUM COCTOSIHHEM) M OCYIIECTBJISIET CABHT BJOJb JIEHTH HA BEJIHUUHY S,
paBuyio =+ 1.

TlepBonauanbnas cxeMa maumMuel Toiopunra Obiia npeqHasHayeHa
IJisl BHIIMCLIBAHHS 3HAYEHHH, NPHHHUMAaeMbIX INPOH3BOJILHOA ORHO-
MECTHO/ YaCTHYHO PeKypCHBHOH (YHKUHEH NPH SHAYEHHAX APTYMEHTa,
paBueix 0, 1, 2, ... [Ipu sToM, pasymeercsi, Mamuua TrIOPHHTA JOMKHA
pa6orath GEeCKOHEUHO JOJIro. MoXHO mocTpouTh Maumuy TeiopHHTa,
BBIYUC/ISIIOILYIO 3HAYeHHsl Jo60H Hanepex 3aJaHHOH YacTHYHO PeKyp-
cuBHoit ¢ynkuun. Ilenecoo6pasHo, OFHAKO, BUAOH3MEHHTb OIHCAH-
HYIO BRLIIIE NMEPBOHAUYANLHYIO cxeMy MaumHuel Toiopunra. IlpumeM, uro
rnoc/iefHuil CUMBOJ Sp IHATEPOK CHMBOJIOB, ONHUCHBAIOMIMX DPabGoTy
Mamuae THIOPHHTA, MOXKET IPHHHMATh, KPOMe BBeleHHHX BhIIIe 3Haye-
Hufl 4 1, ¥ TpeThe 3HaUYeHHe—«OCTaHOBKA MammHe. C TaKHM JOMNOJA-
HenreM Mamu#a ThlOpUHTA npeBpamaercs B OOLYHYIO aAJFOpUTMH-
deckyio cucreMy. Oua Jaubo npeo6pasyeT NepBOHAYAALHO 3arHCaH-
HOE Ha JIEHTY BXOJIHO€ CJIOBO p 6eCKOHeyHo HoJiro, nubo Iocje KoHed-
HOTO YMCJa IIaroB IpeofpasoBaHuil OcTaHoBHTCA. B NepBOM ciydace
NPHHMMaerca, KakK OGBLIYHO, YTO peaU3yeMbli MamMHOH aJropuT™
HE IIPHMEHHM KO BXOJHOMY cJjioBy p. Bo BTOpOoM ciyuae ocrawomascs
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HA JieHTe B MOMEHT OCTAaHOBKH MamHHb HuQOpMauus NpPHHUMAETCs
33 BLIXOfIHOE CJIOBO, B KOTOpOe MamuHa npeofpasyeT 3afaHHOE BXOA-
Hoe caoBo p. Ilpu 3Tom, pasymeercsi, HeoOXOAHMO HMeETh B ajidaBHTE,
HCIIOJIb3YEMOM JIJisi 3amicH HHQOpMALMH Ha JIeHTe, CHelHaJbHYIo
nycmyo GyKBY AJsi 0003HAYEHHS TeX AUeeK, B KOTODHIE HE 3amHcaHa
HHKaKass HAGopMalHs.

MoXHO MOKasaTb, YTO BCE€ aJTOPHTMbI, pealH3yeMele C MOMOILbIO
ONMMCAHHBIX BHIOH3MEHEHHLIX MAIIMH TBIODUHIE, HOPMAJH3YyeMbl H,
Hao6opoTr, J000il HOPDMaJH3YyeMBIH aJrOPHTM MOXKeT ObIThb PeaJjiH30-
BaH C I[OMOILbIO CIEUHAJBbHO MMOCTPOEHHOH JJisl 3TOH IeNH MAaiiHHBL
Toiopunra. Hcnoan3ys 3anuch mporpamm paGoThl MamuH T bIOPHHTA
H HX BXOJHLIX CJIOB B HEKOTOPOM CTaHLAPTHOM aJjaBHTE, MOXKHO
MOCTPOUTL YHUBepcalbHyrd MAIMIHHY TBIODHHTa TOYHO TaKHM Xe My-
TeM, KaK M YHHBepCaJbHBIH HOPMaJIbHEI ajaropHt™ (§ 2). 3apaBast
yHUBepcaJbHOH Mamuee TblopHHTa w3cbpascetue NporpamMel JoGoH
NanHoil Mammeel Teiopura M W usobpaxenHe Mo6oro ee BXOZHOTO
cJoBa p, MOJy4YHM H3006paKeHHe BHIXOZHOTO CJIOBa ¢, B KoTopoe Ma-
muEa M nepeBOAUT BXOJHOE CJOBO p. EcjaH e ajroput™, peasu-
3yeMblii MamHHOi M, He MpPHMeHHM K cJoBY p (mammua M paGoraer
Haj ero npeofpasoBaHHeM OECKOHEUHO JOJIT0), .TO aJropHTM, peaJsH-
3yemblil yHHBepcasbHOH MaumHHOH TEBIODHHTa, TakiKe He IIPHMEHHM
K CJIOBY, 00pasoBaHHOMY H3 H300pakKeHHs C/JoBa P H MpPOTPaMMEI Ma-
muue M.

Takum o6pasom, HeCMOTpsi Ha OOJbLIOE KauyeCTBEHHOE pasJHuHe,
BCE ONHCAHHbIE AJTOPHTMHYECKHE CHCTEMBI MPHBOAAT, MO CYIIECTBY
(c TOYHOCTBIO [0 SKBHBAJIEHTHOCTH), K OZHOMY H TOMY JXe KJaccy
aJITOPHTMOB. 3TOT BLIBOJ SBJSIETCS €lil€ OJHHM INOATBEepIKAEHHEM, YTO
COBpEMEHHAA TEeOpHsl aNrOPHTMOB OXBATLIBAET UPE3BHYANHO IIHPO-
KHH Kjacc (ecqd HeBce) KOHCTPYKTHBHO OlpelessieMuIX alhaBHTHBIX
OIepaTopoB.

§ 5. IloHaTue 06 aArOpUTMHUUYECKH Hepa3pellMMEIX npobaemax

Besknil anroput™ npefcrtaBiasier co6oil €moco0 pemeHHs HEKO-
TOpOl maccosotl npobiemer, GOpMynHpyeMoii B BHAe HpoOJeMel Ite-
pepaboTKH He OJHOTO, a IIeJIOTO MHONCECHSQ BXOAHBIX CJIOB B COOT-
BeTCTBYIOLIHE HM BhIXOAHBIE cJoBa. IToCKOJILKY KakK ycJiOBHe, Tak H
pemrenHe Jio00H 3afauH MoXeT ObITh BHIPAXKEHO B BHJE OTHENBLHBIX
CJIOB, BCSIKHH aJI'OPHTM MOXHO paccMaTpHUBaTh KakK HEKOTOpOe YHU-
BEPCAJLHOE CPEACTBO JJisi pEUIeHUs! yea020 KAQCCca 3amad.

Heranbubifi apajus II0Ka3plBAET, UYTO CYUIECTBYIOT TAKHE KJIACCHE
3ajau, AJs PemeHMs KOTOPHIX HET H He MOXKeT ObITh eJHHOTO yHueep-
casvroeo npueMa. IIpoGnembl pemienusi TakKoro poja 3anad  Haskl-
BAIOT aaizopummusecky Hepaspewumoimu npobremamu. OnHAKO ajro-
PHTMHUECKAsl HepaspemMMmocTb MpobJieMbl pemeHusl 3agad TOro HJH
HHOro KJjacca BOBCE HE 03HAayaeT HEBO3MOXKHOCTH penieHHs Jo0oH
KOHKDeTHOH 3ajauH M3 5Toro KJjacca. Peubr HIET O HEBO3MOXKHOCTH
pelents gcex 3a1a4 JAHHOTO KJAacca o0HUM 1 meM Jce TIPHEMOM.

Hdast sydmero moHHManust mpoGsieMbl aJTOPHTMHYECKOH  Hepas-
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PEHIUMOCTH MPHBeAeM [PHMEPH! aJITOPHTMHYECKH Pa3pelMMod H ajro-
PHTMHYECKH HepaspeuruMoid mnpobJieM.

THUNHYHEIM [PHMEPOM AJITOPHTMHUYECKH paspemumMoii mnpobJiemsl
siBJsiercsi mpobJeMa J0Ka3aresbCTBA TOXKAECTB B OObuHOH  anrebpe.
s 1poCcTOTH OrpaHHYHMCS CJydaeM, KOIAd TOXKAECTBA CTPOSATCSH
H3 palHOHAMBHEX YHceJ H OYKB (0003HaueHHi NepeMeHHbIX) C HOMOIIbIO
JEACTBHI CJIOXKEHHUsl, BLHUUTAHHS H yMHOXKenHs. M3 mKonbHOrO Kypca
anre6pbl XOpOLIO H3BECTEH CJEAYIOUIHI OOUIHA HpHeM pelleHHsi yKa-
3aHHOH Npo06JieMBl: HCHOJBb3YSl pacnpefesHTe/NbHbA 3aKOH AJsS YMHO-
JKeHUS, PacKpHIBAIOT CKOOKH B HpaBoi M B JeBOH yacTsax Jio0oro
JaHHOTO TOXKJAeCTBa H BBHIMOJIHAIOT NPUBEAEHHE MOJOOHBIX YJIEHOB B
COOTBETCTBHH C XOpOWIO H3BeCTHHIMH mpaBuJjaMHu. Ilocse ocymiectsie-
HHUst BceX 3THX IpeoOpa3oBaHuii Kak JieBasi, TaK H HpaBas 4YacTH HCXOA-
HOTO TOXKJIECTBA HpeBpamjaloTcs B NoJHHOMH. ToxKnecrso Oyjaer cHpa-
BeJJIHBLIM B TOM H TOJIbKO B TOM CJaydae, KOria 5TH IOJHHOMEI TOXKJeE-
CTBEHHO COBN3Aal0T Mexay coboil. Muaue roBops, CHpaBeNJHBOCTH
TOXKJECTBA O3HAYAET, UTO HOCJe [epeHeceHHs BCeX 4YJieHOB npeobpa-
30BAHHOTO TOXKJECTBA B OJHY YacTb 5TH YJeHb B3aHMHO YHHUTOXKa-
I0TCsI, B DE3YyJbTATE YE€ro TOXKIECTBO IpPeBpamiaeTcsi B TPHBHAALHOE
ToxKAecTBO 0 = 0.

Taxum o6pasom, mpobseMa TOXKJEeCTBa B 3JeMeHTapHOH ajrebpe
aJTOPHTMHYECKH paspemiuMa — CYIIeCTBYeT eJHHbId  KOHCTPYKTHB-
HBIH TIpHEM, I03BOJSIIONIHN 32 KOHEUHOEe YHCJO WLIAroB peUIdTh, fABJA-
eTcsi JH J1000€ 3a3JlaHHO€ COOTHOIIEHHE TOXKJEeCTBeHHBIM. MoxHo,
OJIHaKO, MOCTPOUTEL MPHMEpPHI TAKHX ajreOpaHyeCKHX CHCTEM, B KOTOPBIX
npo6Jiema TOXKJECTBA SIBJSIETCS AJTOPHTMHUYECKH HepaspeurHMoifl mpo-
6nemofi. B KauecTBe Takux aJjreGpaHyecKHX CHCTEM MOTYT OHITh, Ha-
npumep, BuIOpPaHbl NOJYTPYNNB HJAH TPYNNH, 33ZaHHBIE CHCTEMaMK
00pasyloliHX 3JIEMEHTOB M OMNpelessionix cooTHomeHuHd. ITpumeprr
JJas NOJYTPYNI € HepaspemuMoil mpo0JeMoll ToXjgecTBa BIEpBLIE
Oviid Halgenel 3. IToctom [64], a cooTBercTBylOmIHE MPHMEPH MAJist

rpynn — IT. C. HoBukoBeim [60]. -
He BuIMHCEIBast SIBHO OMpeNeNsiOmUX COOTHOLIEHHH, MOSICHHM CYTh.
VKasansblx npumepoB. Ilyets x,, X, ..., X» — OYKBBl Kakoro-HHOYIb

KOHe4HOTo ajdaBuTa. MHOXKECTBO BCex CJIOB B 5TOM aJjpaBHTe, BKJIO-
yas IyCTOe CJOBO e, HasnBaercsi cgobodwHoti noayepynnoti ¢ obpasyio-
WHMH 3JIEMEHTAMH X, X, ..., X,, €CJH AJs INPOH3BOJIBHHIX Map CJOB
P, g BBeJEHA ONepanusi YMHOXKEHHs, 3aKJIOUalomascs MpoCcTo B NpH-
IIHCHLIBAHHH OJHOTO CJOBa K JpPYroMy. YCJOBHMCSI 0003HAuaTh CBO-

GofHyI0 TOJNYTPYNOY € OGPasyIOUHMH SJEMEHTAMH X, X, ..., Xz U€-
pes F(x,, X5, ..., Xp), @ PE3YJLTAT YMHOXKEHHS CJOBA p HA CJOBO §—
dyepe3 pg.

B cBoGoauoii mosyrpyinme MOXKHO BBECTH J000€ MHOXECTBO onpe-
Oeastouyux coomuouteruil, NPEACTABASIONMX co6oii (QopmasjbHEE pa-
BEHCTBA MEXJY JBYMSI HEOAHHAKOBLIMH CJOBaMH: p; = q; (i =
=1, 2, ...). [IBa caioBa B cBoGoAHO# nosnyrpynne F ¢ 3a1aHHOB cHCTe-
MOH S omperessiICIIMX COOTHOLIEHHH HA3BIBAIOTCH TOXKIECTBEHHLIMH,
HJIH 5KBHBAJIEHTHBIMH, MEXKJy COO0H, €CJH OZHO H3 HHX MOXKeT OBITh

41



TIOJIYUEHO U3 JPYroro B pe3yJbTaTe NPOH3BOJLHOTO YHCJA HOACTa-
HOBOK BO BTOPOE€ CJIOBO NPaBbIX YACTeH ONPEXeJsONHX COOTHOMIEHHH
BMECTO J€BHIX, H, Hao0OpOT, JeBHIX BMecTo npaBwix. Hampumep, s
foJyrpynne ¢ cHcTemMoil 00pasyioluX (X, y) H OJHHM ONPEJEAIOUHM
‘COOTHOLIEHHEM XYy = yx CJOBA p = Xxy H ¢ = yxx SIBJSIIOTCA TO-
XKAECTBEHHBIMH MEXNY co0oil, IOCKOJBKY IEePBOE CJOBO MOXKET OhITh
MOJIY4eHO H3 BTOPOTO B pe3yJ/ibTaTe JABYX II0JCTAHOBOK OHNHCAHHOIO
BLIIE BHJA: ¢ == yxx —> xyx — xxy = p. Ilpu oOpatHoli mojcTa-
HOBKE BHIMHCAHHAs LieNb MOJCTAHOBOK MOXET GHITh NPOYHTAHA H B
.06paTHOM HaNpPaBJEHHH, UTO AaeT BO3MOXKHOCTbL Hpeo6pasoBaHHS HeE
TOJMBKO CJIOBA ¢ B CJIOBO p, HO H CJIOBa p B CJIOBO (.

IIpobrema moxcdecmsa cros 048 nosyepynn GypMysnHpyeTcs: Tak.

ITycme 6 npoussoabroti ce0bo0rol noayepynne F ¢ KOHEHHBIM YUCAOM
obpasyrowyux 3a0ana mobas cucmema onpedersouux coomuouwerull S,
cocmoawan u3 Koredroeo wucaa coomrowernutl. Tpebyemcs wnatimu edu-
Holli KOHCMPYKMUBHOUWL Npuem, no3soASouull 30 KOHELHoe YUCAO Wa208
pewiume, ssasromes awbvie 06a 3a0aHKbIX caoea noayepynnel F ¢ cu-
CMeMOtl. Onpecessiouux COOMHOWweRul S moxcOecteeHRbIMI UAL HEMO-
sHeOecmeeHRbMU., :

I1Jisi HEKOTOPEIX CHCTEM ONpelesiomUX COOTHOUIeHHH cdopMysiu-
poBanHas npo6iema paspellliMa, OofHaKo, Kak nokasas . IToct [64],
CYIECTBYIOT H TaKHe CHCTEMBl OHPEREJSIOMUX COOTHOUIEHUH, AJS KO-
TOPHIX MpobJieMa TOXKAECTBA CJIOB Q/A20PUMMULECKL Hepa3peliuma. 1o
He 03HAuyaeT, Pa3yMeerTcsi, HEBO3MOIKHOCTH YCTAHOBJIEHHS TOMKJKECTBEH-
HOCTH HJIM HETOXAECTBEHHOCTH JI000H ¢hurcuposannoli KoHKpeTHOH
napel cjaoB. He cymecTByer eduroeo NpHeMa JgJsi YCTAHOBJIEHUS TO-
KJIECTBEHHOCTH 2:0601 Napkl CJI0B, NOAOOHO OMHCAHHOMY BHILIE MpPHEMY
JiJIs I0KA3aTeJIhCTBA CIPABEJMBOCTH HJIH  HECHPABENJHBOCTH JII0GOro
COOTHOIIEeHHsI B 3JIEMEHTapHOl aJjaredpe.

TlpoGsiema TOXIECTBA CJOB JJisl TPYNN B OCHOBHHX Y€pPTaxX COBIMa-
Jaer ¢ cooTtBercTBywome# npo6aemoil jnas moayrpynn. CeoGojuas
rpynna G ¢ o6pasylouiMH 3JIEMEHTAMH X, X,, ..., X; CTPOHTCA KakK
COBOKYIHOCTh CJIOB, COCTABJEHHBIX H3 OYKB X, X, ..., X, H «0Opar-
HBIX» UM OyKB X!, x;‘, ..., X7\, Ilpu 3Tom AiBe psijiom cTosimUe oOpar-
Hble APYT APYTY OVKBHI B3aHMHO YHHUTOXKAIOTCA (OKA3BIBAIOTCA SKBH-
BaJNEHTHHIMH MYCTOMY CJIOBY)

—1 ly —
xx7t =x71x,=e. (8

Tlpu ompegenendd TOXKIECTBEHHOCTH JABYX CJIOB B Tpymme C CH-
CTEMOH ONpeAensioiX COOTHOIIEHHH S cleyer yUHTHBATL HE TOJBKO
‘COOTHOUIEHHS!, BXOJfAILHE B 3Ty CHCTEMY, HO H COOTHOIIEHUsS BuAa (8).
Kak u gas monyrpynm, npobsieMa TOXKAECTBA CJOB JJsi TPYIN, 33]aH-
HbIX KOHEUHHLIM YHCJOM 0Opa3yoimHX H ONpefessiioniuX COOTHOLIEHH,
B ofmeM cjyyae OKashLBaercsi aJrOpHIMHIECKH HepaspemuMon. Ilpu-
Mephl TpyON C HepaspemHMofi npo6JeMoli ToxpecTBa CJOB ObUTH I0-
<tpoenH Bnepsuie I1. C. Hosukosrmm [60].

Kakum o6pasom mozxker ObITh JOKa3aHa aJropHTMHYeCKas Hepaspe-
[IMMOCTL TOH MJH HHOH mpoGaembl? KiacCHueCKHM NpHMeEpPOM mopo6-
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HOH HepaspellNMoil Npo6JeMbt SIBJIsieTCs NpoOJeMa paclo3sHaBaHMs
CAMONPHMEHHMOCTH aJropHTMoB. [Ins TouHo#t (OPMYJHPOBKHM 3TOH
npobJsemel OyleM ONepHPOBATL JIHIIL HOPMAJbHBIMH AJATOPHTMAMH B
aJgaBuTaX, COCTOSIHX He MeHee ueM M3 AByX Oyks. IIpu stom mnpegx-
10JI0’KEHHU MOIKHO, HE HApymas oONiHOCTH, YCJOBHUTECH O TOM, YTOOB
KakHe-11u6o OYKBbl ajdaBuTa JioGoro ajroput™Ma, o Kotopom GOyjet
HATH peub, OTOXKAECTBJAATH ¢ JAByMsi OykBamu (0 m 1) crammapTrOro
aeouyHoro ancdasuTa. Ilo mpHHsATOMY YyCJ0BHIO jaas JoGoro paccma-
TpUBaeMoro anroputma A ero H3aoGpaxkeHHe A% B CTaHAAPTHOM JIBOHY-
HOM andaBHTE MOXKHO PacCMaTPHBATh KaK BXOJHOE CJOBO 3TOTO aJ/ro-
put™a. Ecan cioBo A% BXOAUT B 06/1aCTh ONpENeJeHUsT aaropuiMa A,
TO aJTOPHTM HA3LIBACTCH CAMONPUMEHUMbIM, B IIPOTHBHOM cjydyae —
HECAMONDUMEHUMbLM.

CyulecTByIoT KaK CaMONpHMEHHMH€, TaK H HECAMONPHUMEHHMEbIe
aaroputMel. IIpHMepoM camMompHMEHHMOTo (HOPMaJsIbHOTO) aJrOpHTMA
SIBJISIETCS TaK HA3BIBAEMBIH mMogicOecmeenHbiii anTOPUTM B Jo6oM anda-
BuTe X, coiepxaimieM JBe HJH Oosee JByx OYKB. Ilo omnpenenenuro,
9TOT aJTOPUTM NPUMEHHM 'K JioGoMy CJOBY p B andaute ¥ H nepe-
pabarniBaeT Jilo6oe BXOAHOE C/0Bo B cebs. IIpumepom Hecamompume-
HHMOTO aJropHTMa sIBJsieTCS TaK HAa3bIBA€MBIH HYye60l aJrOPUTM B
mo0oM KoHeyHoM andaBHTe  §). DTOT aNropHTM 3aJaeTcs CXeMoH,
cofiepKarell eJHHCTBEHHYIO MOJACTAHOBKY — y (rie y — mobas Gykea
anpasura ¥)). Ilo camomy cBoeMy ompenesneHHI0O OH He MNPHMEHHM HH
K KaKOMy BXOJHOMY CJOBY, 4 3HAQUHT, H K CBOEMY H300paKeHHIo.

[Ipobaema  pacno3xHasanus CAMONDUMEHUMOCIU QAZ0PUMMOE  CO-
cmoum @ mom, ymobot waldmu eduroll KOHCMPYKmMueHbli npuem, no-
360AAI0UUIL 30 KOHEUHOE 4UCAO WA208 NO cxeme 106020 OAHHO20 anzo-
pumma A 6 kaxoi-aubo puxcuposarroll aseopummuteckoll cucmeme
(Hanpumep, 8 cucmeme HOPMAALHLIX QASOPUMMO8) Y3HAMY, AEASEMCA
anzopumm A cAaMONPUMEHUMbIM UAU HECAMONDUMEHUMBLM.

Ecau cuutaTh cnpaBefyHBLIM c(pOPMYJIHPOBAHHEI B § 2 mpHHUMMN
HOPMAJIM3aLHH, MOXKHO NpPEANONararb, YTO €IHHHIH KOHCTPYKTHBHBIN
[IpHEM, 0 KOTOPOM HJET peub, SIBJISIETCS HE YeM HHBIM, KaK HOpMaJib-
HBIM aJTOPHTMOM B, oNpelesieHHbIM Ha Ji00OM CJloBe p, KOTOpoe fB-
Jsiercd H3o6paxkeHHeM MPOH3BOJBLHOTO HOPMANBLHOrO aJjroputma A,
H NepeBOJSIMM 3TO CJOBO B JBa PasjHUHBIX (PMKCHPOBAHHEIX CJIOBA
gy H ¢, B 3aBHCHMOCTH OT TOro, OyZeT airoputTM A caMONpHMEHHMBIM
HJIH HECAMOIDHMEHHMBIM (CJOBO ¢, — KOZ CJIOBAa «CaMONPHMEHHM», a
g, — KOJ CJIOBa «HEeCaMONDHMEHHM»).

Ha mo6om Bxoguom cjoBe [, He siBAsIOLieMCS H300pa)keHHeM Ka-
KOro-iu60 (HOPMaJbHOTO) aJrOpUTMa, ajJropHTM B Takke J0JKeH
6LiTh onpenened. JleficTBUTENbHO, B NPOTHBHOM CJydae, He NOJYYHB
HUKAKOro pesyJbTaTa MocJe Kakoro-aw6o (ZocTaTouso GOJBIIOro)
yHcJa maroB paGoTel aArOPHTMA, HEH3BECTHO ObLIO O, H300paXKEeHHEeM
KaKOro aJropuTMa — CAMOHPHMEHHMOTO HJH HecaMolpUMeHHMOro —
sBasieTcss cjoBo [. $lcHO Tak¥Ke, uTO pe3y/bTaT NMPHMEHEHHS aJjro-
puTMa B K J1060My CJIOBY, He sIBJASIOmEMYCS H300pakeHHeM aJro-
PHTMA, J0JKeH GHTH OTJAHYHBIM KaK OT CJIoBa ¢,, TAK H OT CJOB2 (,.
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TIpenno/oKHM, UTO aIrOpuT™M B € yKa3aHHBIMH CBOHCTBaMH CYiie-
cTByeT. B Takom ciyuyae cymecTByeT HOpMaJibHbIH aJqroput™™ C B
ToM ke camom ancdasute X, uTO H aJTOpHTM B, ompenenedHblii Ha
BCceX TexX H TOJNBKO TeX cJoBax B andaBute X, KOTOPHIE SBJSIOTCSH
H306paXKEeHHsIMH HeCaMONPHMEHHMbIX aJTOpHTMOB (HANOMHHM, YTO HO
caMomy onpefiesienHio airoput™ma B andgaBut ¥ BKmouaeT B ce6s1 CraH-
NAPTHLIA JBOMYHBIN a/paBHT).

JleficTBUTENIBHO, HOCTPOMM HOpPMaJbHHE ajroputm D B aadasure
¥, o6sacTb ompeleNeHusi KOTOPOro COCTOHT H3 OJHOTO JIMIIL CJIOBA §j.
Takoii anroput™ MoxKer OblTb 3aJaH, HAHpuMep, B BHAe (HOpMAJH-
30BaHHOIT) CYHEPIO3HIMH [ABYX HOPMaJbHBIX anroputmoB D, u D,,
NepBeI H3 KOTOPHIX 33faerc CXeMoi, CocTosimieil W3 OJHOU mojcra-
HOBKH ¢,->-, & BTOPOii — CXEMOH, COCTOsILeH H3 MOACTAHOBOK BHJIA
X; —> Xx;, THe x; npoGeraer Bce 6yKBH aJjpaButa ZX. §lcuo, uTO MEPBEHIH
aJropHTM IepeBOIHT B NYCTOE CJIOBO TOJLKO CJIOBO ¢;, @ 06/1acTh Olpe-
JleJieHUs] BTOPOTO aJropHTMa COCTOHT TOJIbKO W3 myctoro cjosa. [lo-
9TOMy 0o6JacTh onpejejenus: cynepnosunuu D aaroputmoB Dy u D,
6yneT coCTOsITb TOJILKO H3 CJIOBA §,, UTO HaM H Tpefyercs.

TMoctpous anroputM D, o6pasysi CyNephnosHlHio C HHM ajropHT-
Ma B W HOpMaJH3ys 3Ty CyNepHo3HUMIO, HPHAEM K HOPMAaJbHOMY
aaroputmy C B andasure X, o6JacTh oHpele/ieHHs1 KOTOPOTO COCTOUT
H3 BCEX TeX H TOJIbKO TeX cJioB B ajidaputre X, KOTOpLIE SIBJSIIOTCS 3a-
HHCSIMH HECaMONpPHUMEHHMEIX ajroputMmoB. OnHako moJo0HOE CBOHCTBO
anroputMa C BHYTPEHHE [POTHBOPEUHBO, MOCKOJBLKY K CBoeMmy co0-
cTBeHHOMY H300paxKenuio C* anroputv C He moxXeT OHTh HH HpHMe-
HHUMbLIM, HH HE€ NPHMEHUMEIM.

B camom pesne, B nmepBoM chayuae airoputm C Oetn OBl MpHMEHHM
K CBOeMy H300pa)KeuHi0 M SBJSJCS Obl MO3TOMY CAMONPUMEHUMbIM.
Ho sto mpotuBopeuuso 66l ToMy, uTo anropurm C, B CHJAY CBOEro Io-
CTpOeHusi, JO/KeH OhITh NMPHMEHHMEBIM TOJBKO K HECaMONPHMEHHMEBIM
aaroputmaM. Bo BTopom ciayuae, 6ylyuH HEODHMEHHMHM K CBOEMY
n3obpaxenuio, aaroput™m C npunagiexan Obl K UHCJYy HECAMONPHMe-
HHMBIX anropuTmoB. Ho Torma mo ompenesenuio aaroputm C JosiKed
Obl1 Obt OBITH NMPHUMEHHMBIM K CBOEMYy H300paKeHHIO, NOCKOJBKY OH
OpPUMEHHM K H300DaKeHHIO 6CeX HECaMONPHMEHHMEIX aJITODPHTMOB.
CnenoBaresbno, aaroputM C sBJsETcS CaAMOHPHMEHUMBIM.

Taxum obpasoM, npeanosoxenue o6 anropUTMHUECKOH paspemiu-
MOCTH Hpo6JieMEl PacHo3HABAHHS CAMOHNPHMEHHMOCTH HPHBOJUT K JIO-
THYECKOMY HPOTHBODEYHIO M siBJsieTcsl [MO3TOMY HeBepHbIM. TeM ca-
MBIM [OKa3aHa aJrOpUTMHUECKasi HepaspeuIuMOCThL .3TOH NpOGJIEMEL.

BriBoj 060cHOBaH HAMH JIHIIL [IPH YCJOBHH, YTO CIpaBeNJHB HPHH-
LI HOpMAaJH3aUMH anropuTmoB. OJHaKo HNpPHPOZa HNPOTHBOPEYHMS,
HCIOJIL30BAHHOTO TIPH JIOKAa3aTesbCTBE aJTOPUTMHUECKOH HepaspeliH-
MOCTH npofJieMbl PACNO3HABAHHS CAMONPUMEHMMOCTH aJTOPHTMOB, SIB-
Jsiercsi B JeHCTBHTEJBbHOCTH GoJiee ray6okoii. UurtaTtesb, 3HAKOMBIH
C NapajoKCaMH TEODHH MHOMKECTB M MareMaTHYeCKoi JIOTHKH, Jerko
3aMeTHT, 4TO YKa3aHHOe NDOTHBODEUHe HMeeT Ty Ke MPHPOAY, 4YTO
H NPOTHBOpeYHe B H3BECTHOM mapagokce Paccesa, ycTaHaBJIHBaIoOLLeM
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B HYTPEHHIOI NPOTHBOPEYHBOCTH NMOHSTHS «MHOXKECTBO BCEX MHOXKECTB,
He cojiepkamiee cebs B KauecTBe CBOEro 3JeMeHTas.

DT0 06CTOSTENLCTBO NPUBOAHT K BBEIBOLY, UYTO aJrOPHTMHUECKAs
HepaspelmuMocTb MPOOJEMH DACHO3HABAHHS CAMONPUMEHHMOCTH HeE
ABJSETCS CJAEICTBHEM Y30CTH COBPEMEHHOTO TOUHOTO HOHSTHS aJro-
putma. Ecan 6ul ypasiock HNOCTPOHTL TOUHOE MOHSTHE AJNTOPHTMA,
BKJIOUaouiee B cefs HEKOTOPHIE HEHOPMAaJHM3yeMble aJNTOPHTMEL, TO
npo6sieMa pacHo3HaBaHHs CAMONPHMEHHMOCTH aJTOPHTMOB HO-[IpE€XK-
HeMy ocTaBajach Owl aJTOPUTMHYECKH HEPa3peHIHMOM.

U3 ajsropuTMHUECKOH HepaspemiMocTH NpoOJeMbl paclo3HAaBaHHSs
CaMOIPUMEHHMMOCTH aJTOPHTMOB BHIBOAHTCS AJTOPHTMHUECKAs Hepas-
pelIMMOCTh LeJoro psifa Apyrux mnpotiaeMm. OOwHH MeTox AJsi  Io-
JOOHBIX BEIBOZOB COCTOHT B TOM, YTO H3 INPEJJIOXKEHHs O CYILECTBOBA-
HHM aJTrOpPHTMA, PEemaloliero Ty HJH HHYi0 npobiemy (Q, BHIBOAHTCSH
CylulecCTBOBaHHE aJTOPHTMA, pellaiomero npobJeMy pacno3HaBaHHSA
.CAMOIIPHMEHHMOCTH aJropHTMOB. ITOCKOJIBEKY nocCJ€lHee HEBO3MOIKHO,
TO HEBO3MOKHO H CYILECTBOBaHHE aJrOpPUTMA, pemiaioniero npobiemy Q.

C nomourbio ofmero meroga Oblja JOKa3aHa aJrOpHTMHYECKas He-
pa3pemiHMOCTh MHOMKECTBA pasJHYHbIx mnpobjseM, B TOM YHCJe pac-
CMOTpPEHHBIX BHIIIe OOMIHX HpoOJseM TOXKIEecTBa CJOB AJjs TPYHNm H HO-
ayrpynn. HasoBem eme HeKOTOpHIE aJrOPHTMHYECKH Hepa3peniuMuie
npobJieMbl, HEPA3PewHMOCTL KOTODEIX YCTAHOBJIEHA 3THM K€ METOJIOM.
310 npolbJieMa pacno3Hasarus RPUMEHUMOCTY KaKoTro-Jau0o ajaroputMa
K TOMY HWJH HHOMY cJoBY. Mooacem Goims nocmpoen aszopumm A,
Qeticmeyrouquti 8 Hexomopom aagpasume X, Oaa Komopoeo He cyuye-
cmeyem aneopumma 8 anpasume X u 6 amobom eco pacuiuperuu, nepe-
pabamoiéarouieso 8 HeKOMopoe (PUKCUPOBAHHOE CA060 MMe W MOALKO Mme
CA08Q, K KOMOpbimM aicopumm A He npumerum.

TIpoGyieMa MOCTpoeHHs aJrOpHTMa, HepepaGaThIBAIOLIETO B (DHKCH-
POBAHHOE CJIOBO p BCe CJIOBAa, K KOTOPBIM JIIOGO# AaHHBEIE airoput™ A
npumerum, sIBAsieTCS, KaK HETPYAHO BHJETh, aJATOPHTMHUYECKH pa3pe-
OIUMOH — [Jil €€ pelIeHHs! JOCTAaTOYHO MNOCTPOHTL aJropHTM B, mne-
PeBOASAMIMI B CJOBO p Bce cJoBa B ajdaBure aaroputma A, H obpaso-
BaTh CYIEpHO3UIHI0 anroputMoB A U B. YcJoBUMCS, 4TO HEKOTODHIH
AJITOPHTM QHHYAUpYem T€ MU HHBIE CJIOBA, €CJH OH MEPEBOAHT HX B
nyctote cjoso e. Ilpobnema pacnossasarnus anrysuposarust AJst Jio-
6oro jpaHHOro anropHTMa A COCTOMT B MOCTPOEHHH aJjroputma B (B
TOM K€, YTO H ajsroput™ A, andaBurte), agHyJHPYIOIETO Bce Te H
TOJILKO Te CJIOBA, KOTOPHIE aJAropHT™M A He aHHyJHpyer. Dra npobJaema
B ofuieM cJyyae OKasBIBAaeTCsl aJrODHTMHUECKH Hepaspeummmmoi, a
HMEHHO: MOXKHO TaK BbIOpaTh anroputm A, uto anroputm B ¢ ykasas-
HEIMH CBOHCTBAMH [Jisi HETO NOCTPOUTH HEBO3MOIKHO,

Ouenp 4YacTo HpPH JIOKa3aTesbCTBE AJTOPUTMHYECKOH HEpaspeniH-
MOCTH Tex HJH HHHIX Hpo6jieM HCHOJNL3YIOT JoKasauayio 3. IToctom
[64] asropUTMHYECKYIO HEPA3PEIUMOCTb CJeNYIomeld npo6sieMbl, HOJY-
UHBIIEH Ha3BauHe KomOuramoprol npobaemer [locma. Tlycts B mpo-
H3BOJIbHOM KoHeuHoM ajadaBute ¥ 3afanbl JioOkHEe KOHEUHLIE CHCTEMbI
S nap cnoB (py, ¢1), +.-» (Pn, gn). Tpebyercss MocTPOHTHL €JHHBIA KOH-
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CTPYKTHUBHBIH NpHEM, MO3BOJSIOMMA Ajsi moboii Takoi cHcreMul S 3a
KOHEYHOE UYHCJIO LIAaroB OTBETHTh, MOXKHO JH MOCTPOHTH TAKOE CJOBO
pi, Di... Pi, M3 T€PBBIX 3JIEMEHTOB Nap cHCTeMbi S, YTOOH OHO COB-
nano co CJOBOM §i, §i, ... iz, TOCTPOEHHBIM H3 COOTBETCTBYIOIUX HM
BTOPHIX 3JIEMEHTOB TOH Ke CHCTeMbI map.

AnropuTMHUeCKH Hepa3pelHMOoll OKa3belBaeTCs Takxe npobiema
npedcmasumocmy 11 Matpull. Jlas dopMyJaHpPOBKH 3TOH mpo6ieMbl
yCJIOBHMCSI, 4YTO HEKOTOpasi MaTpHua npedcmaguma uepe3 MATPHUbI
Uy, Uy, ..., U,, eciiu 1151 HEKOTOPOH KOHEYHOH I0OCJeA0BaTENbHOCTH
(Boo6uie roBopsi, ¢ moBTOpenusmu) U; U, ... U;,, 3THX MaTpHL
npoussefenne U, U, ... U;, Bcex marpHll, BXOAAIHMX B JaHHYIO
NOCJI€10BAaTe/IbHOCTh, COBHAAAeT C 3aJaHHOM HCXOnHOH Marpuueid U.
ITpobaema npedcmasumocmu cocmoum 8 mom, umober Hatmu obujuil
KOHCMPYKMUBHOIL Npuem, ¢ NOMOWBIO KOMOPO2O 30 KOHEHHOE HUCAO
waeos dan mobold mampuybr U u mobod koxeuHod cucmemot S mampuy
MONCHO ObLro Obl yawame, npedcmasuma mampuya U wepez mampuyvt
cucmemol S uau Henpedcmasuma.

HanoMHHM, YTO aJrOpHTMHYECKAs HePaspelHMOCTb BCEX yKasaH-
HBIX MpofJieM JIOKa3HBaeTcs B NPEANOJIOXKEHHH CIIPaBeIJHBOCTH IPHH-
[HNa HOpPMaJH3allMH, OJHAKO, KaK OTMeuajoch BEIle, NPHPOAa 3TOH
HEPa3PEeuIuMOCTH OKasuiBaeTcs GoJiee ryiyOOKOH H B HEKOTOPOM CMBI-
cJie He3aBUCUMOH OT 3TOro HPHHUMOA,



TFarasall

BYJEBbl ®YHKUHH U HCHYHUCJEHHE BbLICKA3DIBAHUW

§ 1. Monatue o OyaeBuix GyHKUHAX

Byresormu (Mau  negexaroqamensroimy) GyHKUMSAMH INPHHATO Ha-
3bIBaTh TaKH€ (QYHKUHH, Y KOTOPEIX BCE aPTYMEHTH, KaK H caMM (pyHK-
LIMH, MOTYT IPHHHMATh JIHOIb JBA Pa3JHYHBIX 3HAUEHHS.

Ponp OyJeBuiX ¢(yHKUHH B KHOEpDHETHKe ompefeisieTcsi ABYMs
OCHOBHEIMH OGCTOSITENLCTBAMH. Bo-nmepBhIX, 6ynieBnl (GPYHKUHH Mpen-
CTaBJASIOT co00fl YAOOHHIN anmapaT 1Js OMHCAHHS CXEM MHOTHX Mpe-
oOpasoBareJsieli HH(pOpPMALHH, NOCTPOEHHBIX MO JHCKPETHOMY IpHH-
LY, MOCKOJLKY AJsl COBPEMEHHOH TeXHMKH [Opasfo IIPOIie CTPOHTH
JUCKPETHEIE 3JIEMEHTHI, pafoTaloliue HMEHHO B JIBOHUHOM, 4 HE B Ka-
KOM-HHOYAbL ApyroM aJpapHTe. Bo-BTOpHIX, OyJeBn (pyHKLHH HIHPOKO
NpHMEHSAIOTCS] B MAaTeMaTHUeCKOH JIOTHKE, MpeicTaBasiioneld coboi
OJJHY H3 OCHOB, Ha KOTOPBIX 3iXKJeTcsi aBTOMATH3ALHs CJIOXKHBEIX Mbl-
CJHTEJNbHBIX IPOLECCOB.

IMpumenenne Hapsagy ¢ OObIYHHIMH HEPEMEHHLIMH, HPHHHMAIOLUIHMH
YHCJIOBLIE 3HAUEHHs], OyJeBhIX MepeMEeHHBIX, HMEIOIIHX JIHIIL JBa BO3-
MOXKHBIX 3HAYEHHs, HIpaeT CYIIECTBEHHYIO poJb HpH HMOCTPOEHHH
pPa3JIHYHOTO pOJa HNPAKTHUECKHX aJTOPUTMHYECKHX CHCTEM JJsi Npor-
PaMMHPOBAHUS HA 3JEKTPOHHBIX BHIYHCIHTEJNbHBIX MamIHHaX. DyseBnt
(YHKIHH MOXKHO C YCIHeXOM INPHMEHATb H JJIsi pelleHHS HEKOTOPHIX
oOImMX BONPOCOB TEOPHH AJTOPUTMOB, HANpPHMEpP NPH YTOYHEHHH IO-
HATHSI CJOXKHOCTH ajroputMa. [IBa BO3MOXKHBIX 3HAueHHS HepeMeH-
HEIX, KOTOpHIE (PHTYPUPYIOT B onpejiesieHHH OyJieBbiX QYHKIHIEA, MOXKHO
oGo3nauarb npodsBosbHO. Ha npakTuke, ofHaKo, HpPUMEHSIIOTCS B OC-
HOBHOM jJiBe cHcTeMmbl o0o3nauenuid. IlepBas W3 HuUX (mpH npHMeHe-
HHsX Oy/JeBelX QYHKIMA K TEOPUH CXE€M AaBTOMaTOB) 3aKpemasieT 3a
BO3MOXHBIMH 3HAUeHUsIMH OysieBhiXx nepemeHHBXx o6o3nauenuss OH 1.
Bymem uaswiBaTh BBeeHHBIE CHMBOJIB, KakK M B CJAydae yHceJ, HY-
JIeM H efHHHIelH, YUYHTHIBASL YTO HYJb H €AHHHLA BHICTYNAIOT 3]leCh
I0Ka He B KayecTBe YHCEJ, a JHIpb B KauecTBe yAOOHHIX 0003HaueHHH
Ansi 6ykB aGCTPaKTHOrO ABOMYHOrO ajgpaBuTa, B pgasjbHelinieM npH-
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JAaguM 3THM CHMBOJIaM p#A CBOHCTB, KOTOpHIE MO3BOJAT paccMaTpH-
BaTh HX (C OJHUM HCKJIOUeHHeM) Kak OObiuHbie UHCJid (B TOM KakK pas
H COCTOHT YAOOCTBO paccmMaTpHBaeMoil cucTeMel oGosHauenuit). Ho
BCe NOoROOHLIE CBOHMCTBA JOJIKHBE TOYHO ONPEREJSAITLCA Hepel HCHOJb-
sopanueM. Heab3d, B YacTHOCTH, MOKa MOJIL30BATLCS CBOMCTBAMH
HyJS H €AMHMIE], BLITEKAIONHMH H3 HAJHUHs OHEPalMi CJIOXKEeHHS
H YMHOXKEHMs ]ISl YHCeJ, MOCKOJLKY YKAa3aHHHIE ONEPAalHH JJf 3THX
CHMBOJIOB He OBIJIH €[ll€ HAMH OMpEJNeseHH,

Bo BTOpOii cHcTeMe o6o3HauenH B KauectBe 0603HaUeH i JIJisl ABYX
BO3MOKHBIX 3HAUEHHH OyJIeBHIX NEepeMEeHHHIX CJYMKaT CI0Ba «HCTHHA»
H «JIOXKb», OTa cHcTeMa 00O3HAUEHHH HCNOJb3yeTCs B MareMaTHye-
CKOll JIOTMKe H fNpexkje BCEro B TOH €€ yacTH, KOoTopas HasnlBaercs
ucuucaeruem evickasvisaruti. Ee npumenenue cBsisaHo ¢ TeM o6cTosi-
TE/NLCTBOM, YTO B MCUHCJ/IEHHH BHICKA3LIBAHHH OYJ/ieBbl MepEMEHHbIe HH-
TEPIPETHPVIOTCS KaK IMepeMeHHble BHICKA3BIBAHUs, paccMaTpHBae-
Mble 10J] YIJIOM 3DEHHs CBoed HCTHHHOCTH M JIOXKHOCTH.

- B ganHOM M Tpex mocJefylouiHx naparpadax OyaeM HoJb30BATHCS
nepBoil cucTeMoll 0003HauenHil, He OroBapHBasi 3TOTO KaXKAwH pas:
TIpH Heo6XOJHMOCTH Mepexofia OT OJHOH CHCTEMEl 0003HAYeHHH K ApY-
rofi YCJOBHMCS, YTO €IUHHLIA COOTBETCTBYET HCTHHE, a HYJb — JIKH
(MoXKHO ObL1O Obl, pasymeercsi, NMPHHSITL H HNPSIMO HPOTHBOMOJIOXKHOE
COOTBETCTBHE).

PaccMoTpum OyJeBH (YHKLHH OT JIO00T0 KOHEYHOTO YHCsia apry-
mentoB. Ecau yucJ0 aprymMeHToOB paBHO 1, TO COOTBETCTBYIOLLYIO DYHK-
[MI0 NPHUHATO HAa3blBaTh n-mecmwof. Bnarojapsi TomMy, 4YTO KaxKnas
6yneBa mepeMeHHasi MOXKeT NPHHHMAThL JHOIL JBa 3HaYeHHs, 06JacTb
onpeneneHus oo OyneBod yHKLIHH GyJeT HENPEMEHHO KOHEUHOH.
Jlerko BUjeTh, UTO 06/MaCTh ONpPENEACHHS f-MecTHOH OyJ1eBoH (QYHKIHH
MOJKET COCTOSITh MaKCHMyM H3 2" pasJIHUHBIX 3JIEMEHTOB, MpeICcTaB-
JSIOMHX co00fl BCEBO3MOXKHHIE Habopol 3HaueHuil n ee apryMeHTOB.
Bysaem oOblMHO ymOps0YHBATH ApPTYMeHTH 33afaHHOH OyJieBoil OYHK-
ouM, MpHcBauBas HM HoMmepa 1, 2, ..., n. B Takom cayuae nabop
3HAaYEHHH AapryMeHTOB OTOXKJECTBJISIETCS C HEKOTOPHIM KOpHIENeM
{koneuHolt yHopsfoUeHHOH MOCJENOBATENLHOCThIO) HYJeH H eJHHHIL.
Hanpumep, na6op suauenuii x, = 1, x, =0, x3 = 0 aprymenToB Tpex-
mecTHO! OyJeBoll OYHKUMH f(x,, X,, Xs) MOXKeT GBITh KPAaTKO 3amHCaH
B BHae Koprtexa 100, a mabop x,=0, x, =0, x3=1 — B BHAe KOp-
texxa 001. B pgasbneiiiem GyJIeM 4acTo HA3LIBATL YKA3aHHBIE KOPTEXKH
npocTo HabopaMH (apryMesThl IPH 3TOM HYMEPYIOTCS BCerja B Ompe-
JeJIEHHOM MHOpfJKe — B TOM IOpSiiKe, B KAKOM OHH BCTpeYaroTcs B
00603HaueHUH f(xy, X,, ..., Xn), COOTBETCTBYIONEM OyJ/ieBoll (YHKLHH).
Tepmun 6yses NPUMEHHTEJNBHO K KOpPTeXY (HaGopy) O3HAuaer, 4TO
COOTBETCTBYIOLIHH KOPTEX COCTABJIEH H3 HYJell H eIHHHII.

Kaxaelii kopTex AJHHBI 71, COCTABJIEHHBIH H3 HYyJed H eIHHUIL
(6yneB KopTex), MOXKeT GhHITh OTOXKIECTBJIEH C HEKOTOPOH BEPUIHHOM
1-MEPHOTO eNHHHYHOTO Ky0a, HMelomeldl COOTBETCTBYIOLIHE KOOPAH-
HaThl. [lsis ABYMEpHOro cjyuasi, KOTAAa n-MepPHBI Ky6 CBOAHTCS K
KBajpaTy, crnocoG OTOXKJecTBieHHS OyJeBbLIX KOpTeXel C BepUiMHAMH
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YyKasaH Ha pHC. 4. B cHsy BO3MOMKHOCTH NOAOGHOrO OTOXAECTBJIEHHS
OyJ1eBEl Ha00pH (KOPTEXKH) OGYAYT HHOTIA HA3HIBATLCS TAKKE MOUKAMU.
B nacrosmefi riaBe orpaHuunmcs (3a HCK/oueHneM ocofo OroBa-
PHBAEMbIX CJyYaeB) PacCMOTPEHHEM JHIIL TAKHX OYJaeBHIX (YHKUHI,
00/1aCTb  ONpENeJieHHs] KOTOPEIX BKJIOUaeT Bce HabOphl 3HAYEHHH ee
aprymentos. TakuM o6pasom, n-mecTHas Oy-
aeBa QYHKLUHsS! HoJ/DKHA ObITh OompefgesieHa B 2 X
pas/MYHBIX TOYKax. Eciu He Hckaouaetcs () )
cjydal, KOTAa Ta HJH WHas OyJjieBa QyHKLHUs
MoxkeT ObiTh HE ompesesieda XoTs Obl Ha OJHOM
13 HaGopoB, TO OHA Ha3wBaeTcs yacmuyxoll 6y- (00)  (10)

X

2es0il pyrxyueli. PaccMoTpende 4acTHYHHIX OY- * puc 4
JeBbiX (DyHKIHH MOJIESHO IPH CHHTE3e CXeM o
JHCKPETHBIX AaBTOMAaTOB. - B TeopeTrHueckom

IVIaHE HHTEpeC NPe[CTaBJsIIOT HMEHHO BCIOLY OMNpeeJeHHble  OyJeBhl
¢pyukuuy, tTem GoJiee, YTO B cyyae HEOGXOAUMOCTH BCsiKast YacTHUYHAR
6ynieBa QyHKUHA MOKET OLITL 0oonpederena (BooGiie FOBOPst, HPOU3BOJb-
HEIM crmocofoM) Ha Tex Habopax, HAa KOTOPHIX OHAa HepBoHAYaJb-
HO He Onina onpenenena. Ilostomy, roeops o OyJjeBnX GYHKUHAX,
B JlaJbHefimeM (ec/H CreNHaJbHO HE OroBOPEHO HPOTHBHOEe) OyneMm
NoApasyMeBaTh IOJ HHMMH HMEHHO BCIOJAY OmNpeAeeHHble GyHKUHH.
3aMerHM eliie, YTO NPH PACCMOTPEHHH ToH HJM HHOH GyneBoi HyHK-
MK OyJeM CYHTaTh 3aJaHHBIM YHCJO €e aprymenTtoB. Heo6XoxumocTs
3TOil OTOBODKH OOYCJIOBJHBAeTCHA BO3MOMKHOCTLIO TPAKTOBKH BCSKOH
n-MectHOH OyHKUHH Kak (n -+ l)-mecrnoit, (n -+ 2)-MecTHOH H, BO-
ofue, Kak (n - k)-MecTHON QYHKUHH JJa JIOO0OT0 HATYPaJbHOTO 4YH-
cna k. [leficTBuTesbHO, Hanpumep, (YHKLUHIO-KOHCTAaHTY (PaBHYIO
TOXJECTBEHHO HYJIIO HJIM eIUHUIIE ) MOXKHO HPH JKeJaHWH CUHTaTh
¢byHkuHedl J060ro uyuc/aa apryMeHTOB, OT KOTOPHIX OHA4, OJHAKO, B
JelICTBHTEIbHOCTH He 3aBHCHT. AHAJOTHYHO MOXHO K /1000 (pyHKIHH
f(xy, x5, ..., x,) NOGaBHTL KaKoe YrOZHO WYHCJO HOBHIX apPTyMeHTOB
X1y sXnix, OT KOTOPBIX 3HaueHUsi QYHKUHH (akTHueCKH He OYAYT
3aBHCeTh. {11 3TOro JIOCTATOYHO MOJIOXKHTH, UTO JJs Bcex HabopoB
3HAYEHHH MEPeMEHHbIX X,, X3, ..., Xq4i CIIPABEJJIHBO DABEHCTBO _

Flon Xoy oo X X oo X)) = [ (X0 Xay oo, X,)-

Omnucannyio onepauHio npeBpaileHis 7-MecTHOH GYHKUMH B (1 -
+ k)-MecTHyI0O OyJAeM HAa3BIBATh onepayued (hopmasHoe0 NpUnUCH-
sanus apeymenmos. Ilogo6uas omepamusi NPHUMEHHMa, OYEBHAHO, K
IIPOU3BOJIbHEIM (PYHKUYSM (2 HE TOJBKO K OYy/eBhM).

Kak otmeyasioch Bblle, HMeeTcst Touno 2° OyJjieBHlXx Habopa (Kop-
Texeil) AJUHBE 7. OTH HaOOpLl MOXKHO PacCCMaTpHUBaTh KaK 34ilHMCH He-
KOTOPHIX IEJHIX YHCel B JBOHYHON CHCTEME CUHCJEHHs, TaK UYTO Ha-
60D 4,0, ... 0, OTOKAECTBJAETCS C JBOMYHOH 3aIHCHIO YHCAA O - 27! 4
F0y 2072 4 . Apey- 240, (316Ch GyaeBnl 3nauenus 0w 1 paccma-
TPHBAIOTCSA NMPOCTO Kak obmunpie uucsaa 0 1 1). Dro yncno Oyaem Ha-
3HBATb HOMEPOM COOTBeTCTByIomiero HnaGopa. Homepa naGopos Me-
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HAIOTCS OT HYJs (17151 Ha6opa, COCTOAEro U3 OAHMX HYJed), 1o 27 —I1
(nnst nabopa, cocrosulero H3 ofHux enuuuu). Homepom naGopa 010
Gyner uucao 0-22 4+ 1.2 4-0 = 2, nomepom nabopa 101 — uucso
1-22 0.2 41 =5 u 7. 1.

Pacnosiarass HaGopbl B CTOJOHK OfMH 3a APYrHM B IIOPsIAKE pocTa
HX HOMEpPOB H MoMelnas pPsIoM C KaXKIHM Ha0opoM 3HaueHHe OyJe-
Boii ¢yHKIMH HA 3TOM Habope, MONYUHM mabauyy 3xaderull GyneBoil
¢pyukuuu. ITockosbky Ha KaxkjaoM HaGope ¢yHKUMA MOXeT NDHHSITH
mo6oe u3 nByx 3nHauenuil (0 uyaH 1), He3aBHCUMO OT ee 3HAUYEHHH Ha
ocTajJibHBIX Hafopax, To NPH m HAGOPax MOXKHO ONpefesIUTh POBHO 2™
pasjuunble (OTJMYaOIMecs APYT OF APyra CBOHMH 3HAUEHHSMH XOTSH
6bl HA ofHOM HaGope) OyJeBnl PyHKUHH. HMess B Bupy onpeneseHHoe
Bhillle obigee YHCJI0 HAGOpPOB A/ n NepeMeHHHX (paBHOe 27), INpHuXo-
MM K BBIBOAY, UTO 4UCAO PA3AUMHbIX OYaeevix yHKyul om n apeymer-
moe, xomopoe 6ydem obosnasams B(n), onpedeasemcs gopmyroi

B(n) =2 (9)

Ilpu n =1 Benuuuna B(n) paBHa 4, a npu._yBeJHyeHHud Ha | 3ra
BeJMuMHa Bo3Boaurcst B kBagpar: B(n +- 1) = (B(n))2. Tak uro ecad
YHCJIO OJHOMECTHBIX GyJieBbiX (PYHKUHH paBHO Bcero 4, To 4MCJIO pas-
JHYHBIX JBYXMeCTHhIX (6yneBbix) ¢yHKuuit 6yger paBuo 16, Tpex-
MECTHBIX — 256, ueTbipeXMeCTHhIX —2562 =65 Thic., NATHMECTHBIX-—
256% =~ 4 MJpA., UIECTUMECTHBIX — npumepHo 16 Ttpunjauonos (16-
-108) u 1. 1. Peanbusie BO3MOXHOCTH mepe6opa Bcex OyJieBbiX (yHK-
[ui OTPaHHYHBAIOTCA, TAKHM 06Da30oM, TPEXMECTHHIMH HJIH B JIyullleMm
cJiyyae YeThbIPeXMeCTHBIMH (PYHKLHIMHU.

Xors Bcsikasg 6yJeBa GYHKLMS MOMKeT GHITh 33]aHa B BHe TaG/HIIbI
CBOMX 3HAUeHHH, B GOJBLIMHCTBE CJIyYdeB NPAKTHYECKOTO NMPUMEHEHHUS
Teopuu OyJieBbIX (PYHKUHMH NOJOOHBIH Crnoco® 3aganusi OKa3kIBAETCH
Heyno6HbIM. 1T03TOMY OfHOIH M3 OCHOBHBIX 337a4 HAIIMX JaJjibHeHInuX
nocTpoenHii 6yzer paspaboTka HHbIX, OoJiee YAOGHBIX CIocoGOB 3a-
paHusa OyneBblx ¢yHKuMiA. B sT1olt cBA3M ocoGoe 3naueHue npuobpe-
TalotT OyJieBhl (DYHKUHH OT OJHOrO H ABYX apryMEHTOB, IOCKOJIBKY,
Kak OyJleT NOKa3aHO jajiee, C HMX [OMOIIBI0 MOXHO IpPeACTaBJISTD
npoH3BoJsibHble OyJeBbl (yHKuUHH. [IoaroMy u3yuum OGoJiee NoapoOHO
OJIHOMECTHBI€ H JBYXMeCTHbie OyJ/ieBbl (PYHKIHH.

N3 yerwipex opHoMeCTHBIX (YHKUMI ¢ (x), KoTopble BooOlie BO3-
MOXHO IIOCTPOHTH, JBe (DYHKIMH TNPEICTaBJIAIOT COOOH KOHCTAHTH
0 u 1, He 3aBucsiue ABHO oT x. Ente ogHa ¢byHKUUA NIPOCTO MOBTOPsET
3HAYEHHS CBOErC apryMeHTa @ (x) = x M [M03TOMY TakKxKe He Ipei-
craBasier HHTepeca. Ilocsennsis, uerBeprast ¢GyHKLus, LJs KOTOpOH
BBeJleM ClenHanbHoe o6o3HayeHHe ¥ MM ~1 X, HMeeT BCerga NpoTHBO-
MOJIOAKHOE 10 CPABHEHHIO CO CBOMM apryMentoM sHauvenue: 0=1u 1=0.
Jra (YHKUMSA HA3LIBAETCS uHeepcuell, WIH ompuyaruem. Beipaxe-
HHe X (KaK W BbIpaXKeHHe ] X) UHTAETCH KaK <«Ompuyanue x»,
HJIH «He x». B Teopun GyneBnix ¢yHKuuii, a TakKKe B IPHJIOXKEHHAX
9TOH TeOpHHM K CHHTe3y CXeM aBTOMATOB, CJenys Tpajguluu, OyleMm
N0JIb30BaThCA OoG03HAUeHHCM X . B maremartHueckoif JiorHke (KoHel
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gacrosieil I/aBbl M HAayaJlo UIECTOH IJaBhl), a TaKXKe B NPAKTHUECKHX
acmeKkTax TEOPHH AJTOPHTMOB (KOHeL NsATol [JaBh) 10 psAay coo6pa-
JKeHHil GoJiee ynoOHO o6Go3HAueHHE ] X.

W13 yucna 16 pasiuyHbBIX ABYXMeCTHHIX Oy/eBbIX QyHKUME f(x, y),
KOTOphie BOOOLLe BO3MOXKHO MOCTPOMThH, UIECTb (DYHKUHE CBOAITCA K
(PYHKLUMAM OT MEHbUIEr0 YHCJIA apryMeHTOB. JTo, BO-NEPBHIX, CHOBA
aBe ¢yHkuiH KoHcrauT (0 M 1),Bo-BTOpBIX,— JiBe (pYHKLHH, IOBTO-
psIoliHe 3HAYEHUS KaKOro-HHOyAL apryMmeHTa (X WJH y), H, B-Tpe-
TBHX, — JABe (YHKIHH, OpeicTaBJjsioulHe co6oil OTPHLAHHSA KaXKJoro
H3 apTyMeHToB (X H y).

Hecars ocraBlumxcs ¢yHKUMHA f(x, y), AeHCTBHTENbHO 3aBHCALIHX
OT O6OHX CBOHMX apTyMEHTOB, MOXKHO pa36HTh HA NAaphl TaK, YTO BTO-
past GpYHKUHS Naps npeicrasjsieT co0oil OTpULaHHe NMepBoH (PYyHKUUH
(T. e. HMeeT Ha KaxkJAOM HaGope MPOTHBONO.IO¥KHOE 110 CPABHEHHIO C
nepBoi (yHKUHell 3HaueHHe). B 3ToM cayvyae ¢aKTHUECKH HCIOJB3Y-

ercs ofHOoMecTHas OyseBa GYHKUMA X JAJs OCTPOEHHS 00HOMECMHO
onepayuy OMPUYanUs HAa MHOXeCTBe Bcex OyJeBnx ¢yukuuii, ITpHme-
HeHHe OnepamuM OTPHUAHHA K Jio0ol 6yneBoil (YHKUHMH g MOMKHO
TPaKTOBaTb KaK nodcmarosky GyHKLUMH BMECTC apryMeHTa X B QyHKUHIO
X. ITono6Ho#t mojcTraHOBKOH OfHHX GYJIEeBbIX (YHKLHI BMECTO apryMeH-
TOB JApyrux OyJeBbX (yuxkuui (HasbiBaeMoli cynepnosuyuell 3THX
¢yukuui) 6yneM WIMPOKO HOJIb30BaThCA M jaJjee JAJs o6pa3oBaHHs
pa3/MYHBIX oOrepauMii Ha MHOMKECTBe OyJ/eBbIX (yHKUHH (OyJeBhIX
onepauuit). nsa o6o3HAueHHs CTPOAUIMXCA TaKUM obpasoM omne)a-
LHH HCNOMB3YIOT OOBIYHO OGO3HAUEHHS MOPOXKIAIOIMX 3TH onepalrH
6yneBbix ¢yHKUMH. B pameMm cayuae o6o3HAaueHHeM JJisi OTPHIAHHUS
NpOoU3BoJIbHOR OyJsieBoli ¢yHKUMH g OyaeT CaAyXKHTb g (Mju 1 g).

OmnncanHoe Bbillle pasjesieHHe ABYXMECTHHIX OyJieBbix (GYHKUMH
Ha napel (g, g) NO03BoJIAET (PAKTHUYECKH OrPAHHUHTHCH OINHCAHHEM
JUWIb NATH (QYHKUMH, KOTopble BhifepeM B KauecTBe IepBHIX 3J/eMeH-
TOB YKa3aHHBIX Nap. :

Haunem omnucaHue ¢ koH®IOHKYU'l, HA3bIBaeMOH Takxe (Joruue-
CKHM) npouseedeHues, UaH onepayueld aoeuteckoeo «u». KOHBIOHKIMIO
MepeMeHHHIX X M Yy B MaTeMaTHUeCKOH JIOrHKe MNpuHSITO 0003Ha4aTth
x &y umn x Ay (npumem BTopoe M3 3THX obo3nauenuil). KOHBIOHK-
uMst x /\ y noonpenenenuio TOrAa U TOJNbKO TOTAA PaBHA eHHHLE, KO-
ria o6a ee apryMeHTa X H y PaBHBI €IHHHIE.

[ast paBencTBa KOHBLIOHKUMH X\ y HYJIO JOCTAaTOYHO, 4YTOO XOTA
Obl OJIMH H3 ee apryMeHTOB (x WJH y) ofpamaJcs B HYJb. ¥ Ka3aHHbE
CBOHCTBA KOHBIOHKIIHH COBEPUIEHHO aHAJIOTHYHLI BCEM CBOHCTBAM,
KOoTopble HMesio OH NpousBefenHe Xy, ecyH Obl COCTaBJSIIOLIHE €ro COo-
MHOXKHTEJIH MOTJIM NIPHHHUMATD JIMIIb ABA 4ucierHblx 3nauennss — O u 1.
D10 06CTOATENLCTBO HABOJWT HA MHICJL CUHTATh Oy.1€86¢ NOCHOAHHbIE
(0 u 1) cBoeoGpAasHLIMH «IICEBAOYHCIIAMHY, JJS KOTOPHIX OIpeAe/eHa
onepauHs yYMHOMKeHus, 0O6/agamomast BCeMH CBOHCTBAMH oONepalHH
06LIYHOTO YMHOXKenHsT s wuces 0 u 1:

0.0 =0, 01 =0, 1.0=0, L.I =D, .



B Teopuu OyJieBHIX (pYHKIHHA H B ee MPHJOXKEHHSIX K TeOPHH aBTO-
MaTOB OKAa3bBaeTcs yJOOHBIM NDHHSTH HMEHHO TAKYyl0 TOUKY 3peHHS.
BoJsiee Toro, omepauuio KOHBIOHKUMH B 3THX CJayyasgx OyneM IpOCTO
OTOXKIECTBJSITH C YMHOXKEHHeM KakK Mo Ha3BaHHIO, TaK H 1o dopme
sanicd. MHbMH cioBamu, BMecto o603HauenHsix Ay 6ygeM ymorpe-
G6asTh 006O3HAuUeHHe x-y, HJH XYy, a TAKXKe MO0Jb30BAThCS TEPMHHAMH
«IIpOU3BENEHHE», «COMHOXHTE/IbY» H BCEMH CBOHUCTBAMM YMHOXEHHS H3
o6GbluHO# 3JieMeHTapHOH aJjreGpbl. Jlerko nousth, UTO B CHJy COBHa-
I€HUST ONlpeleJeHHH YMHOXeHHe B HauleM cJjyvyae Oyger HMeTb BCe
obuiye (BHITIOJHSIONIMECS TOMKIECTBEHHO) CBOHCTBA YMHOXKEHHSA B OOLIY-
HOW anre6pe (KOMMYTaTHBHOCTb, aCCOLHMAaTHBHOCTb M T. II.). Bmecre
C TeM OrpaHHYeHHe HAa MHOXXeCTBO BO3MOXKHBIX 3HAUEHHH BeJIMUMH IpH-
BOAMT K IOSIBJIEHHIO ¥ PAacCMAaTPHBAEMOTO HAMH JIOTMUECKOTO- YMHOXe-
HHS TAKUX CBOHCTB, KOTODBIX OOBIUHOE YMHOXKeHHe He HMeeT. Hanpumep,
B Cjyyae JIOTHUECKOTO YMHOXEHHSl TOXIECTBEHHOE COOTHOLIeHHe
X-X = X CTAHOBUTCH HEBEPHBLIM, €CJIM BMecTo 3Hauenui 0 u 1 nojcras-
JSTh B 5TO COOTHOLIEHHe JpYrHe 4ucieHHole 3HAUEHUs BeJHUUHBI X.

Kak ¥ B cjyuae OTPHUAHHA, YMHOMEHHe (KOHBIOHKUHIO) MOKHO
paccMarpuBaTh He TOJILKO KaK (PYHKLHIO, HO H KaK Onepayuio Ha MHO-
WKecTBe Bcex OysieBblX (pyHKuMH. [Ins 3TON LesH JOCTATOUHO BMECTO
HE3aBHCHMEIX II€DEMEHHbIX X H Y MOJACTABJATL B IPOH3BEIEHHE XYy
JBe NpPOH3BOJIbHble OyseBs GyHKUWHH f H g: p = fg. Aunanoruuno
Jrobas gpyras gByxmectHas 6yJieBa GyHKUHSA b (X, y) onpegenseT 0ayx-
MecmHylo, WIH, KaK OGHIYHO NPHHSATO FOBOPHTL B anrebpe, GuxapHyio,
onepayury Ha MHoXeCTBe BCeX OyJieBHX OYHKLHiH, Kotopyl Oylem
Ha3pBaTh U 0603HAYaTh TaK K€, KaK H COOTBETCTBYWILYIO (QYHKIHIO
b(x, y). Pasymeercs, He3aBHCHMbIE IlepeMEHHBIE X H y IIpH 3TOM 3a-
MEeHSIOTCST NIPOU3BOJIbHBIMH OyJeBbIMH (QyHKIMAMH f u g. B pabHeii-
uieM 6yjeM MOJIb30BaThCS ONHCAHHBIM IIPHEMOM BBeJeHHS! HOBBIX OH-
HapHHX omnepauuii Ha MHOMKecTBe OyJeBhX GYHKUMI Ge3 noApoGHBIX
pPa3bsCHEHHH.

B03MOXHOCTL HHTEPIIPETALHH KOHBIOHKUHH KaK OOGLIYHOTO YMHO-
KEeHHSl HABOJMT Ha MbIC/b IIOHCKATh TaKXKe Gy/ieB aHaJor 1Js1 O0bY-
HOTO (YMCJIeHHOTO) cJioKenHd. B oT/uune oT yMHOXeHHS nosHoH aHa-
JIOTHH 3/1€Cb OHITh, pa3yMeercsl, He MoOXeT, NOCKOJILKY paBeHCTBO
1 +1 =2 B cayuae oObIUHOIO CJIOXKEHHS BBOZHUT TPETHIO BeJHUHHY
(2BOBKY), OTJMUHYIO KaK OT HYJIA, TaK H oT eAHuHUbl. IIpH orpanHye-
HHU JHIIb 6yJaeBLM (ZBOWYHEIM) aJihaBUTOM NpsAMas HHTEPIIpeTaLus
yKasaHHoro ¢akra, KOHEeYHO, HeBo3MOXHA. [lo3ToMy MoXHO oIpe-
JeauThb JBa PasJIMUHHX (HO HENOJIHBIX) AHAJIOra YUCJIEHHOTO CJIOXKe-
HUs st Oy/NeBbIX BeJUYMH, MoJlarasi «CyMMy» JBYX €IMHHUIl PaBHOH
Ao enuHule, JU6GO HYJIO.

Onepauust (gByxmectHass OyseBa (YHKUHMA), BO3HHKAOIAS IpH
MepBOM [ONYIIEHHH, HOCHT HAa3BaHHE Ou3BIOHKYUU, N02UHECKO20 CAO-
HCeHUA, A TAKXKe go2udeckoeo (TAK HA3BIBAEMOTO Hepa3desumessHozo)
«uauy». st o6o3HayeHHs 3TOH onepalHH (HKCHpYeM CrellHaJibHbINA
CHUMBOJ (3HaK Ju3blOHKIMH) \/. Takum o6pa3zoM, IM3BIOHKIHS ABYX
BEJIMUHH X H y (He3aBHCHUMHIX NeDeMEHHBIX WJH GyHKuui) 6yzer obo-
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sHavarteess x\/y. CaMM BeJIHUMHBI X H y Ha3bIBAIOTCS NPH 3TOM A02U-
4eCKUMU CAQ2OAEMbIMU, HJH Yaille — OU3BIOHKMUBHbIMU 4ACHAMU.

CucTeMa COOTHOLIEHHH, IOJIHOCTBIO ONpEAENSIOUIMX OllepalHio JH-
3BIOHKUMH, 3anuchiBaercsiB BHae 0\ 0 =0, O\l =1, 1\ 0 =1,
1\/1 =1. IlepBbie TpH COOTHOLIEHHS TOUHO TAKHE Xe, KAK H B cJyyae
o6bIUHOrO (UHCJIEHHOTO) CJIOXKeHHs, H JIHIb YeTBeproe COOTHOIIEHUe
OTJIHYAET JIOTHUECKOe CJIoXeHHe oT obniyHoro. B cusy npuBegennbix
COOTHOLIEHHI JH3BIOHKLUHSA ABYX BEJHUHH X H y TOTZA H TOJBLKO TOTIA
paBHa HYyJio, Korjga o0e 3TH BeJHUMHH o06paiiainTcss B HyJdb. Ecian
xoTs1 Obl OJIHA M3 YKA3aHHBIX BEJIHYMH NpPHHHMaer 3HauyeHue 1, To 3TO
JKe camoe 3HaueHue l, HE3aBHCHMO OT 3HAUEHHS JPYTOTO JH3BIOHK-
THBHOTO 4JIeHa, IPHHUMAET U Cama JHM3BIOHKLHS.

BoJsiee ynaunbiii aHaJior OGLIYHOTO {YHCJIEHHOTO) CJIOXKEHHS I[OJY-
YyaeTcst B TOM CJiyuyae, KOTJa «CyMMa» ABYX €IMHHIL IloJiaTaercsl paBHOH
ay/aio. Bosnukawuylo TakuM o6pa3oM onepauuio (iByxmecTHyiwo Oy-
JieBy (YHKLHIO) Ha3pBaioT OCBIYHO oMnepauued HepasHOHAYHOCMU,
pa30eAumesbHo20 uiu», a TaKXKe caoxceruem no modyao osa. Tlocaen-
Hee Ha3BaHHe CBS3aHO C TeM, 4TO BBOJHMAA olepauHs CoBlajaer C
onpeleNnseMbM B TeODHH YHCeJI CJIOKEHHeM Mo MOAYJIO JBd, ecJH
HyJb U eJHHHIY pacCMaTpPHBaTb KaK OGLIUHBIE YHC/IA.

I kparkoctH 6yjeM Ha3biBaTbh 3Ty OlNepalHio HPOCTO CJOXe-
HHeM H yNoTpe6JsiTh 1o AHAJIOTHH € OOBIYHBIM CJIOXKEHHEeM TaKHe Tep-
MHHH, KaK cyMMa H cjaaraemeie. [as o6o3nauenus onepaudH cJo-
KeHMs 110 MoAy/io [Ba 6GyaeM IN0Jb30BATHCS OGLIUHLIM 3HAKOM ().
Yro6bl IOAUEPKHYTH, UTO peub Hier He 06 OOLIYHOM CJIOXKEHHH, HHOTAA
GyleM OGBOAHTH 3TOT 3HAK KPYKKOM.

Ornepanus cjioxKeHHs GyJieBbIX BeJHUHH oOnpelensercs Clepyo-
IMMH YeTelpbMs cooTHOomlenHsMH: 0 -0 =0,0 41 =1, 1 40 =
=1, 1 41 = 0. IlepBbie TPU M3 HHUX — TOUHO TaKHE }Ke, KaK H B
cjydyae oOBIUHOrO {UHCJIEHHOTO) CJIOXKEHHA (M TaKHe Ke, KaK B Caydae
JIOTHYECKOTO CJIOXKEHHSI — [IH3BIOHKIHH), TaK uTo crenHduKka BBeleH-
HOIl OriepauMy oIpejesisercs Npexje BCero UeTBepThiM COOTHOIIEHHEM.
C Tem Xe CaMblM COOTHOLIEHHEM CBA33aHO YMOTpebHTe/JLHOE B MareMma-
THYECKOH JIOTHKE Ha3BaHHe JJI OmepallHH CJOXKeHHs — Pa3[esHTe/b-
Hoe «usu». Eciu uurtepnperupoBarh €IHHHMLY KaK HCTHHY, a HYJb —
KaK JI0XKb, TO CyMMa JBYX OyJieBbIX BeJHUYHH Gyger UCTHHHA TOrja H
TOJBKO TOTZAA, KOTZa HCTHHHA uA4u TepBasg, wAu BTOpPAs BeEJMYMHA,
HO He TOrJa, KOTJa OHM ofe HCTHHHBL. B ciyuae sornuecKoit cymmbi
(Hepa3ge/MTEeNILHOTO «MJIH») CYMMa OKa3knBaercsl HCTHHHOH H TOrJQ,
KOrjJla HCTHHHB 06a cJjaraemsie (IH3BIOHKTHBHBIE UJIEHBI) BMeCTe.
«Mmu» B 3TOM Clyyae He HCKJOYaeT OJHOBPEMEHHOH HCTHHHOCTH 00o0-
HX YJIEHOB, He pasdeisiem BONPoC 06 HCTHHHOCTH CYMMBI HA ABa HCKJIO-
4aKIMX Apyr APyra cjiyuasi, C YeM H CBSI3aH TEePMHH «HepasJesHTellb-
HOE» MPHMEHHMTENbHO K «HMJH» B JIOTHUECKOH cymMMe (AH3BIOHKIHH).

Eme aBe aByxmecTHble 6yJjieBbl (DYHKUMH MOPOKNAIOTCH ONHOM
u Toli Ke OWHAPHON omepauMell, Ha3blBaeMOH umnauxayuell, WM one-
payuell aceuneckoeo credosanus. Jas o6osnauenuss STOH onepaunH
¢duKCHpyeM CHMBOJI O. HMMnaukauHs onpefessercsi CASAYIMUMH de-
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ToipbMa  cooTHomenusamu: 0 D0 =1, 021 =1, 1350 _'0
121 = 1. B umMnaukKauyy x Dy, B OTJAHUHE OT YMHOXKEHHS, JH3BIOHK-
[MH M CJOXKEHHSI, CYLIECTBEHHOE 3HAYEHHEe UMeeT NOPSJ0K, B KOTOPOM
pacriosiaraiotcst ee usenbl. [Ipu M3MeHeHuM 3TOrO nopsiaka ma oGpar-
Hbli 3HAYEHHe HMILIMKALMH H3MEHSETCH TaK, YTo ¥ Oy H y D X
npejacTaBJsioT coboii ABe pasautirble GyJieBbl QYHKIHH.

Ecau ofo3HauaTh ABYXMeCTHYIO G6yJjeBy OyHKUMIO f(x, y) Kop-
TexeM (0y010903), TAE a; — 3HaueHue, IpUHHAMAaeMoe 3TOH (pyHKIHedH
Ha Habope ¢ HoMmepoM i (i = 0,1, 2, 3) TO HMIIMKALIHH x D y Gyner
COOTBETCTBOBATbL KODPTEXK (llOl) a HMILVIMKAUMH § D x — KOpTex
(1011). 3amerHM OJHOBDEMEHHO, YTO INIPOM3BEJEHHE, JU3BIOHKUHMS H
CyMMa TIeDeMEeHHBIX X W Y, He3agucumo om nopsaoka, B KOTOPOM 3arlH-
CaHBl 3TH MePeMeHHbe, NDPEACTABJISIOTCA COOTBETCTBEHHO KOPTEXKAaMH:
(0001), (0111) u (0110).

W3 paccMoTpenMs] BceX IPHBEJIEHHBIX KOPTeXKeil BbIT€Kaer, Kcra-
TH, YTO BCE NHATh ONPENENEHHHX HAMH JBYXMECTHLIX OyJeBHIX (DYHK-
uuii (npousseneHue, AH3BIOHKUHMSA, CyMMa H JIBe HMIUIMKALuH) £B-
JSIOTCS IOMAPHO PA3JMYHBIMH. JlerkKo MoHSATh, YTO KOPTEX /A OTpH-
HaHus JoOolt GyseBoi GYHKUHH MOJIyyaercss U3 KOpTeXa JJs caMoi
3TOl (DYHKUMH 3aMEeHOil BCeX eJHHHIl HYJSMH M BCeX HyJel eIHHHU-
uamu. [Ipumensst 5TO MPaBHJIO, MOKHO ONpENENHTb KOPTEXKH A/

OTPHUAHHS TPOM3BEJEHHS Xy, OTPUIUAHHS AM3BIOHKUMH x\/y, oTpHUa-

Husl CyMMBbl x-+y H ABYX OTPHLAHHHA JJf HMIIMKALHH XDy uny,
Orumu  Koprexkamu Oyayt coorBerctBerHo (1110), (1000), (1001),
(0010) u (0100).

Jlerko npoBepHTE, UTO BMeCTe C BBECHHEIMH PaHee HATHIO GYHKIUS-
MM MATh HOBbIX QYHKUMH (OTpPHUAHHE NPEbAYIHX NSITH) COCTABJSIOT
CHCTEMY AECATH NONAPHO PA3JIMYHBIX JIBYXMECTHHIX OyJeBbiXx QYHKIHMI.
Bce onu orsHyaorcs Takxe Oor ¢yHKUui-KoncraHt O u 1w dynk-
WM X, y, X, y, PACCMATPHBAEMBIX KakK GYHKUMH JBYX MepeMeHHbIX
X H Y, NOCKOJBKY Ioc/iefnue (yHKUHH XapaKTepH3YIOTCs COOTBET-
cTBenHo Koprexamu (0000), (1111), (0011), (0101), (1100), (1010).
Takum o006pa3oM OKA43bIBAIOTCS MEPEUHCJeHHbIMH BC€ IIeCTHAaAllaTh
ABYXMeCTHBIX OysieBbiX QYHKUHHA, KOTOPhIe BOOOIIE MOMKHO IIOCTPOHMTE.

Crenaem elile HECKOJIBKO 3aMeYaHHH OTHOCHTENbHO BBEIEHHBIX
Boile QyHKUMHA. DyHKIMS xy (OTPHLAHHE NPOU3BENEHHS), XapaKTepH-
syemast koprexkem (1110), u omnpejensiemast elo GuHApHAs onepaLus
HasbBaoTcA obpiyHo mrpuxom leddepa. Jlerko npoBeputh (HCIOJIb-
3ysl ONpele/IeHHs OTPHLAHHUS M JH3BIOHKLMH), uro wrpux [leddepa
MOXeT OHTh MpeICTaB/eH He TOIbKO B BHIE OTPUUAHHMS TNPOH3BEJE-
HUS Xy, HO M B BUJe JM3BIOHKLMH OTPHLAHUI X\/y.

Orpuuande JIHSBIOHKUHH x\/ y — TaK HaspiBaeMmas ¢yrkyus [Tup-
ca, — xapakrepusyemoe Koprexem (1000), MoxeT GuiTh IpPENCTABIEHO
TaKXe B BHJIe MPOH3BEINEHHS OTPHLAHHH IEDEMeHHbLIX X H ¢, T. €.
B BHJe x.y. Jlerko Bugers, uyto Kak wrpux [lledxpepa, Tak u dynkuus
TMupca, nogo6HO NPOM3BENEHHIO, NU3BIOHKUHH H CyMMe, SIBJSIOTCS
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cummempuinoimy QyHKUHAMH, T. €., He MEHSIOT CBOHX 3HayeHHil npw
repecTaHoBKe apTyMEHTOB.

[MogobubiM ke cBoiicTBOM ofJajaer M .OTPHUAHHE CYMMb xFy,
Ha3bIBaeMoe onepayuell pasHO3HAYHOCMU, WJIH A02UHEcKOoll IK8UBAAeHT -
Hocmwro. Ins o6o3nadeHHst 3ToH GyHKIHH, KaK M JJd onpexesseMol
€0 OMHADHOH oNepauuH, YHoTpedJsiorTCs CreuualbHbie CHMBOJIb ~

HAM == (3HAK SKBHBAJEHTHOCTH). DYHKUHS ¥ +y = X ~ y Xapakre-
pusyercs koprexem (1001). TepMHHBI «PaBHO3HAYHOCTbY H «HEPABHO-
3HAYHOCTb» IIPUMEHUTEBHO K QYHKUHAM X~y H X -+ Y COOTBETCTBEHHO
TI0JYepKUBAIOT TOT (aKT, UTO NepBas (GYHKUUS pPABHA e€IHHHUE TOTAA
H TOJIbKO TOTJA, KOTJla 3HAUEHHS ee aPTYMEHTOB paBHHI MeX1y coOoi,
a Bropas, — KOTJa 3HAueHHd ee apryMeHTOB OKa3nBaloTCA Hepas-
HeiMH. TepMHH «3KBHBAJIEHTHOCTbY HMEET TOT K€ CMBICJ, UTO H TEePMHH
«PaBHO3HAYHOCTbY.

Oyukuua (6uHapHast onepauMsi) HMIJIHKAUMH MoXeT ObITh BhIpa-
eHa JU3BIOHKIMEH M OTpHUAHHeM. JIerKo NpoBepHTh, 4To ¥ 2D y =

=x\Vy,ay D x =x\/y. OrpunanHe UMIHKALHH, HA3bIBAEMOE TAKXKE
Qyuxyuel 3anpema, Nerko BHPAXKAETCS NPOH3BELEHHEM H OTPHUAHHEM :
XDy =x-y,y D x =x-y. Kak umnaukauus, tak 0 ¢yHKuus 3anpera
TIPEACTaBJAIOT Co60l NpPUMEpPHl Hecummempu4rolX OyneBbIX GYHKUHH,
TIOCKOJIbKY OHH U3MEHAIOT CBOM 3HAUEHH S [IPH [TePeCTAHOBKE apIyMeHTOB.
OrMeTHM B 3aK/lOueHHe, UTO TPH YTEHHH ¢GOPMyJ 3HAK KOHBIOHK-
uMd A (uaum &) NMPOM3HOCHTCH KaK «M», 3HAK IH3BIOHKUMH \/ — Kak
«HJIH», 3HAK CYMMBbI - (MM €D)—KaK «IJII0Cc», 3HAK HMIJIHKAUHH D —
KAaK «BJI€UET», 3HaK 5KBHBAJICHTHOCTH ~ (MJIH =2) — KaK <3KBHBaJIEHTHO»
M 3HAK OTPHUAHHA (MJH ~ 1) — KaK CHe», .
Bcem nepeuncsienHHM JECATH ABY XMECTHHIM Oy 1€BbIM (DYHKUHAM OTBE-
4a0T COOTBETCTBYIOLIHE JBY XMECTHbIE GYJIEBHI ONepaLiH, KOTOphie GyAeM
©0003Ha4aTh U HA3LIBAThH TOYHO TAK e, KaK H ollpejesiomye X QyHKIHH.

§ 2. Bynesa anreGpa

Bynesotl arzebpoti 6yoem HA3b18AME MHONCECTBO 8CEX (KOHEUHOMECITLHDLX)
Oyresoix hynxyuli, paccmampusaemoe 8mecme ¢ 300aHHBIMU  HA HEM
ONepayUAMY OMPUYAHUS, OUIBIOHKYUL U YMHOMCEHUS (KOHDBIORKYUL).

YenoBumea OyKBaMH «, v, w, ... (C HHIEKCAMH MJIH 6e3 HMHJEKCOB)
0603HaYaTh INIPOH3BOJILHBEIE 3JI€MEHTHl OyJieBoit anreGphbl, T. €., HHbI-
MH CJIOBAMH, IPOU3BOJIbHbIE OyJeBbl (yHKUMH. OfHOH H3 OCHOBHBIX
3anay Gysieoili anareGpn ABJsEICs YCTAHOBJEHHE MONCOECMBEHHbIX CO-
omuowenud Buga A{u, v, w, ...) = Blu, v, w,...), the uepes A(u,
v, w, ...) B Blu, v, w, ..) o6o3naueHH ¢hopmyast, T.e. BblpaXKeHHS
0y ieBoii aare6phi, MOCTPOEHHLIE H3 KOHEYHOTo yucsia O6yKB u, v, W, ...,
3HAKOB Tpex onepaluil asre6pnl, 6yJeBnx KoHcranT ( 0 u 1) U cKoGok
Anst 0603HAUEHHS TMOPSAKA BHIIOJHEHHs ollepauni.

DopMyJibl 10/KHBEL GbITh MOCTPOEHBI npasu.ibro. HIHBIMH CJOBaMH,
OHH JIOJKHBbI MPHBOIHTLCH K BIIOJIHE OMNpenesieHHbiM OyJeBbiM (QYHK-
LHAM IocJie BhIOopa Tex HJM HHHX OyJieBbiX GYHKUHHA B KaueCcTBe 3HA-
YeHHH BXOAAWMX B 5TH (opMmynsi 6YKB u, v, @, ... . Moxno narb
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ctporo ¢opMasbHOE OnpellesieHHe Npasubho nocmpoenrold GopMy b,
BBOIHMOE PEKyPPEHTHO NG NPaBHy: Bce OYKBH 4, ¥, @, ... {(C HHIEK-
caMH HJIH 6e3 HuX) H KoHcrauTthl 0 ¥ 1 ABJIAIOTCS NPABHJIBHO MOCTPOEH-
HeiMH_opmyaami. Eciim A u B — npaBHJbHO NIOCTPOEHHBIE (HOPMY JIbL,
T0 (A4), (A)V(B) u (4)-(B) — TakXe NnpaBHJIbLHO NIOCTPOEHHLIE (hop-
MYJibl. MHOKECTBO NPABHJIBHO IMOCTPOEHHBIX (POPMYJI CUMTAeTCST COB-
NajaionMM C MHOXKECTBOM BceX (opMyJ, KOTOphle MOTyT OhITh NOJYy-
YeHH B pe3yJibTaTe I[OCJIeN0BaTedbHOrO (BooOlle ToBOps, MHOTOKpAT-
HOFO) NpPUMEHEHHS YKAa3aHHOI'O IpaBHJA.

BBenenne Ka)kKaol AOMOJIHHTENbHOH omepauMu B dopmyJay compo-
BOXKJAETCS MOsABJIEHHEM ORHOH WJH JBYX nap cko6ok. Jlas Toro uto-
661 u36exkaTb Ype3MePHOH TpOMO3JKOCTH (DOPMYJ, HECKOJBKO pacliu-
PSAIOT TIOHSITHE NPABHJIBHO IIOCTPOEHHOH OPMYJIbl, IO3BOJSAS ONYy-
CKaThb HEKOTOpble CKOGKHM II0 aHAJOTHH C TeM, KaK 3TO Jenaercs B
IIKOJNBbHOM Kypce anrebpbi. C 3TOH Ledbi0 BBOAST NPaBMJO O CTap-
IIHHCTBE OrepalHii: IepBbIMH IIPH IIPOYMX DPABHBIX YCJOBHSX JOJIXKHBL
BHINOJIHATBLCA OTPHIUAHMSA, 3aTeM YMHOXeHUd, 3aTeM AusbioHkuuu. [Ipu
HeOOXOJMMOCTH  BHIIOJIHEHHS JefCTBHH B HHOM NOpsHLKe YNoTpes-
JasgioTca cCko6kd. Kpome Toro, 3HaK OTpHUanH$, 3alMCHIBaeMblif uep-
TOH HaJ BCeM BhlpaxKendeM, OObIYHO ymorpebssercs 6e3 CKoOGOK,
B KOTOpBI€ JIO/IXKHO Obi/Io Obl GbITh 3aKJIIOYEHO 3TO BhIpaXKenue. B panb-
HefllleM Gyjer YCTAHOBJIEHO TaK:Ke, UTO MOPSIACK, B KOTOPOM BHIIOJI-
HSIOTCS OJHOWUMEHHble omepalHdH, cjeAyloiiHe B QopmyJie Henocpes-
CTBEHHO JPYT 3a JpyroM, 0e3pasJiiyeH, TaK YTO B 3TOM CJyyae CKOOKH
TaKXe OKa3blBalOTCS M3JHILHUMHM H HX MOXHO onyckarb. Hanommum,
HAKOHell, UTO 3HAK YMHOXeHHsl MeX1y GYKBaMH MOXeT GhiTh ONYLIEH.

Bce noayuennsie 8 pesyabmame ORUCAHHBIX PACUUUPERUL NpABUAILHO
nocmpoernsie gopmyast 6ydem 6 Oaavreduiem HA3bame npocmo Gop-
myramu, Oonyckas ynompebierue 8 Hux Kpome 6yke u, v, W AObLX
Opyeux Oyke aamurcko2o argpasuma.

CymecTByer BecbMa Ipocroe ofilee MpaBHJO AJsI IIPOBEPKH ripa-
BHJIbHOCTH TOXJECTBEHHLIX COOTHOlIeHWii B OyneBoit anre6pe. CyTob
3TOFO NPABHJIA COCTOUT B CJIELYIOULIEM.

Kaxnas ¢opmyna A(u, v, w, ...) Gynesoii ajsre6pH MoXKeT pac-
CMaTpHBAaTLCA KaK npedcmasierue HEKOTOpoH OyJieBoli (yHKIHH OT
HepeMeHHbIX «, U, @,... . JlefCTBUTeNLHO, €CJIM NpHAATh 3THM Iiepe-
MEHHbIM HEKOTOpBle NOCTOSHHLIE 3HAuenus (0 u 1), To, npumeHss co-
OTHOLUEHHUS, oOlpejessiomue onepauld OTPHUAHHA, AH3BIOHKUHH H
YMHOKeHHS (T. €. cooTHOLIeHHsT BuAa 0 = 1,0\/ 1 = 1 u 1. 1.), MOXKHO
uyepe3 KOHEYHOE YHCJIO 1uaroB HahTH sHawenue (0 wau 1) dopmyJbr
A(u, v, w, ...) IpH BHLIGDAHHBIX 3HAYEHHMAX INIEPEMEHHHIX U, U, W, ... .
A 5710 u o3Hayaer Kak pas, yTo Hama OpMy.Jia TNpeiCTaB/sger CoGok
HEKOTOPYI0 BCIOAY oOnpenesieHHYl0 OyjeBy (yHKIMIO HepeMeHHbIX
u, v, w, ...

Jle2ko nounsme, umo (moscdecmeentoe) coomuowenue A(u, v, w, ...) =
= B(u, v, w, ...) cnpasediuso 8 mom u mMmoivko 8 mom caydae, Ko20a
gopmyast Alu, v, w, ...) u By, v, w, ...) npedcmasisiom cobold 00Hy
u my ogice bynesy PYHKYUIO NEPEMERKbIX U, U, W, ... . a8 nposepku e
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¢paxkma yxasarHo2o pasercmea 0syx npedcmasaerull Oocmamodro npo-
sepumes, coenadmom 3Ha4eHus 3mux npedcmasserull Ha ecex Habopax
BHQUEHULL NepemenHblX U, v, W, ... WAL He cosnadarom.

Jem cambnM mnocrpoeH oOWHME aJroputTM, TOAHBIA AN NPOBEPKH
MPAaBHJBHOCTH .00biX TOXECTBEHHBIX COOTHOIUEHHH B OyJ/eBoi ajre-
6pe, NOCKOJLKY BBHAY KOHEUHOCTH YMCJa HaOopOB 3HAYEHHH AJ/id
MOGOTO KOHEUHOTO MHOXKeCTBa OYJ/ieBhIX MEepeMEeHHHEIX OMHCAHHAas IIpo-
BepKa BCerja 3aKAHUMBAETCSI yepe3 KOHEYHOE UYMC/IO IIaroB.

BMecTe ¢ TeM CTAHOBMUTCS SICHBIM, UTO TOMJIECTBEHHHIEC COOTHOLIEHUS
B OyseBoii aJjrefpe JOCTATOYHO YCTAHABJMBAThL [JIsI CJydyas, KOTAA
BCe BXOJsIiHe B 3TH COOTHOLUEHHs] GYKBH paccCMaTpHBAiOTCS KakK He-
3asucumoie (6yneBH) nepeMenHnie. B ciyyae Xe HeOOXOIHMOCTH BMECTO
9THX [E€PEeMEHHBIX MOTYT ObiTh NOJACTABJEHb! JioOue GyeBbl (PYHKIHH.

HesaBucumebie mepemenHnie Gyjem ofo3HayaTb OYKBAMH X, Y, 2
(c HHAeKcaMu MJH 6e3 HHX). DTH XKe OyKBH 6y/JeM ynoTpeG:asiTh H 115
3aNHCH TOMKJIECTBEHHBIX COOTHOLUeHuiH OyJeBoit anre6pu. [IpoBepky
VKA3aHHBIX COOTHOLIEHWIH O6ygeM IPOH3BOAMTBE C IOMOIIBIO IIOACTA-
HOBKHM B HMX BCEeX BO3MOXHHIX HaO0OpOB 3HAU€HMI BXOASILHX B 3TH CO-
OTHOLIEHHsI mnepeMeHHbX (6YKB).

B kauecTBe mnpumepa pacCMOTPHM COOMHOWEHUE KOMMYMAmug-
HOCMU OASL YMHONCEHUS

Xy = yx. (10)

UToOpl yoenuThes B IPABHJIBHOCTH 3TOTC COOTHOLIEHHS], JOCTATOYHO
3aMeTHTb, YTO €ro JieBas M MNpaBasi 4aCcTH PaBHH HY/o Ha Habopax
00y, (01), (10) u paBum egunuie Ha Habope (11). BBugy TpuBHAJB-
HOCTH NOJOGHOM IpPOBepKH, He OyAeM ee MOBTOPSiTL B JaJibHeflieM i
OrPAaHHYMMCST HPOCTHIM BBIITHCBIBAHMEM HEOGXOAUMBIX HAaM COOTHO-
IIeHMii, KoTophie OyfeM HA3HBATh TAKKE 30KOHAMU WJH APABUAGMU.

Kpome cooTHOIeHHs (32KOHA) KOMMYTAaTHBHOCTH, JJIST YMHOMEHHS
CymecTByeT TaKKe TaK HAa3bBAeMbIll 3QKOH acCCoyUAMUEHOCMU, Bbi-
paxkaeMblll PaBeHCTBOM

x (y2) = (xy) 2. ’ (1)

YMHOXEHHe YJOBJIeTBOPSeT el(e OJHOMY 3aKOHY, Ha3biBaeMOMY
OGBIYHO 3AKOHOM UCEMNOMERMHOCIU,

Xx=X. (12)

B cujy sroro 3akoHa NOHSITHS CTENEHH W BO3BeleHHS B CTeleHb
451 OyJeBoit ajreGpbl (haKTHUECKH He HMEIOT 3HauyeHHs.

3aKoHH KOMMYTATHBHOCTH, aCCOLMATHBHOCTH H HAEMIIOTEHTHOCTH
pacnpocTpansiorcs H Ha onepauHio aH3bloHKUHH. COOTBETCTBYIOILHE
COOTHOIIEHHS] 3aMHCHIBAIOTCS

sVy=yVx | (13)
tVyVa=&VyVaz - (19
x\ x =x. ) - (15)

. - 97



YMHOMKeHHe H JH3BIOHKUHS CBA3LIBAIOTCST MEXAy CoOoH mnepBbIM
H BTOPHIM AHCTDHOYTHBHBIMH 3aKOHAMH, KOTOPHIEé MOTyT ObITh BbIPa-
>KEeHbl COOTHOIHEHHSMH

X9V 2) =y \ xz (16)
XV gz =(xV y)-(xV 2. (17)

3ameruM, YTo B CHJIY NMPHHSITHIX COrVIALIEHWH O CTApLIMHCTBE Ofle-
paumii mpaBasf 4acTb cooTHoluenHs (16) npexcrasaser coGoit yrpo-
eHHe (33 cueT BHIOPACHIBAHHS M3JIMIIHMX CKOOGOK H 3HAKA YMHOXKe-
Hus) GopmyJel (x-y) \/ (x-2), a neBas yacTp cootHowenus (17) sBas-
ercs ynpouwennem gopmyisr (x)\/ (y-2).

[as yMHOMXeHHS M JU3BIOHKIHMH OKa3bBalOTCA cnpasennuBmMu
TaK Ha3bIBAEMbIE NPABUAL NO2AOWEHUS, BHPaXKaeMble COOTHOUIEHHSIMH

r

/ x\ xy =x; (18)
' ' x(xVy) =x (19

[asa onepauMH OTPULAHHS CYIECTBEHHOE 3HAYeHHe HMEET 3aKOH
060tiHO20 Oompuyanus

X = (20)

B cuny storo 3akona Jo0oe YETHOE YHCJO OTPHUAHMEH, BHITOJIHEHHOE
[AoJpsii, He MeHseT pe3y/abTara, a Jo6oe HeuerHoe UHCJAO HX 3SKBH-
BaJIGHTHO BBIMOJIHEHHIO OJHOTO OTPHIAHHS.

[lpu pasauunelx npeo6pa3oBaHUAX B 6y/ieBoil aarefpe yacro IpH-
XOIHTCS II0JIb30BATLCST TAK HAa3bIBaeMbIMH npasusamu Oe Mopeana,
CBS3bIBAIOLINMH BOEIHHO BCe TPH oOnepauuu anrebpol,

xy=x\y (21)

VG =%7. (22)

OrMeTHM €llle PAL COOTHOIUEHHE, BKJOYAOMHX KoHcTaHuTe 0 H 1:
o AVr=1 (23)
xx=0; - (24)

o x0=0 ©(25)
L =g L @)
S z xVo=x =~ 7 27)
| . xyil=1 . 28)

" L. T=0 (@9
oo b=t (30)



. ?

Cootaouiene (23) Ha3bIBACTCHA 3QKOHOM UCKMOHEHHO20 M pembeso,
cooTHOLIeHHe (24) — 3akoHom npomusopedus. CooTHomenuss (25) n
(28) MOXKHO paccMaTPHBaTh KaK YaCTHBIE CIyYaH NPABHJI IOTJIOUIEHHS.

PaccMOTPHM HEKOTODBIE CJIeJCTBHSI M3 INIDHBEIEHHOH CHCTeMH CO-
oTHOLIeHHH. M3 3aKOHOB KOMMYTATHMBHOCTH H ACCOLHATHBHOCTH /8
AM3BIOHKUHH H YMHOXEHHs! BBLITEKAeT BO3MOXHOCTb IIPOH3BOJILHOTO
nopsAKa BBINOJIHEHUs JNEACTBHA INIPH HaXOXKIEHHH 3HAueHHWHl rmpo-
H3BEEHHS M JAM3BIOHKUMH JAJs JI00OT0 KOHEUHOTO YHCJA UJEHOB.
Or1ciofa BbITEKaeT OTMEUABILIASICS BbIlle BO3MOMXHOCTb 3amMcH (opmyn
Buga x \/x,\/... VX, X%, ...X, 6e3 CKOOOK, HE BH3LIBASI NPH TOM
HUKAKHX JIBYCMBEICJIEHHOCTEH, 34 CUeT BapHalMi NOPIAKA BHIOJIHEHHS
AefCcTBUH.

3ameTHM emdle , UTO, KakK cjelyer H3 coorTHourenui (25) u (28), Ha-
JuuHg XoTsl Obl OAHOH €HHMIBI B IH3BIOHKUMH BHAA X1\ X, \/ ... \/ X,
JOCTATOYHO /st obpauienusi BCeH JU3BLIOHKUHM B eUHHUIY, KaK H
HasuuyHe XoTs Obl OJHOrO HYJIEBOIO COMHOXHUTENS! B IPOH3BEIEHHH
XXy ... Xm OOpailaer Bce 3TO NPOHM3BeJeHHEe B Hyab. B To xe Bpems
cooTHomenHus (26) u (27) moKaswpBalT, YTO B JIOOOH IU3BIOHKIHH
MOTYT ObiThb OMYILEHbI WYJE€HBI, PaBHble HYJIO, a B J0OOM IPOH3Be-
JIeHHA — UJIeHBI, paBHbIE eIHHHILe.

B cuny coornouenus (20) yo6oe KOJIMUECTBO MOAPSZA BbINMOJIHSIeE-
MBbIX OTPHUAHHMH CBOAMTCA JHOO K OJHOMY-€IMHCTBEHHOMY OTpHIUA-
HHIO, JH00 BooOlle K OTCYTCTBHIO KaKUX-JH6G0 OTPHLAHHHA. ¥YCJIOBHMCSH

yepes x (UHTaeTCA KAK «X C BOJIHOI») 0003HAUaTh BHIPAXKEHHe, KO-
Topoe MOXeT ObiTh PaBHBIM JIOOOMY H3 JBYX BHIPAXEHHH X HJH X.
Chaeflyss yCTaHOBJIEHHOMY Bbillle NPaBHJY JAJs IPOBEPKH TOXECTBEH-
HBIX COOTHOLIeHHE B GyseBoil anrebpe, GOpPMYJb, MDPEACTABJSIOLHE
oflHy M Ty xe OyJjeBy GYHKUHIO OT BXOAAIIMX B HUX [€DEMEHHBIX,
6yleM HasblBaTh PAGHHIMU, WJIH IKBUBAIEHMHbIMU, MeXK1Y coboit. XoTa
PAaBEHCTBO HJIH HEPaBeHCTBO JHOOBIX ABYX (opmys OyneBoil asreOphl
MoxKerT GLITh B IPHHLUHIIE IPOBePeHo ITyTeMm rnepefopa BCeX BO3MOMKHBIX
KoMOMHaALME 3HAUEHHMi BXOASIIHX B HHUX TMEPEMEHHHIX, TaKOH NYyThb
NpU yBeJMYEHHM YHCJA MepeMeHHBIX CTAHOBHTCS YDe3MepHO rIpo-
MO3/KMM M IpakTHuecKH HenpurogHbiM. IlosTomy ofHOH U3 OCHOBHBIX
3agau GyneBoii anre0psl siBAsieTcs pa3paborka 6osiee SKOHOMHBIX CIO-
co60B YCTAHOBJIEHHS! PAa3JIMYHOTO POJa COOTHOLIEHHH, CYIECTBYIOLIHX
B 3T0it aJjrebpe.

Ias pelilenusi yKa3aHHOH 3aJa4H MOKHO BOCIOJIB30OBATBCS yiKe
BbIBEJeHHBIMH cooTHotreHussMH  (10) — (30), npumensss HMX MHOro-
KPA4THO M B pa3jMyHbX KoMmOunauusax. Hamnpumep, nByxxkparHoe INpH-
MeHeHue cooTHoueHus (12) mosBosisser yCTaHOBHTh CIPaBeAJIMBOCTD
COOTHOLIEHUS XXX == X, MHOTLOCKPATHO€ HCII0JIb30BAHME COOTHOLIEHHH
(10) u (13) nosBossteT pacHpocTPAHHTL 3aKOHBl KOMMYTATHBHOCTH
JJi5 JH3BIOHKIHMH H IIPOM3BEeHHST HA KaKOoe YIORHO YHCJO JAH3BIOHK-
THBHBIX UJICHOB M, COOTBETCTBEHHO, COMHOMXHTeneil. Takum oOpasom,
BO3HHMKAET BO3MOMKHOCTb [0Ka3hbBaTh PAa3/iHUHbIE COOTHOLIEHHS B OyJie-
Boli asnre6pe, npeo6pasyst Mx JeBHEe H NpaBble YacTH C IOMOUIbIO CO-
orHouwrenuit (10) — (30). Ecau npu atom yjaaercss npusecmu JieBYIO
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M 1paBylO 4acTH KaKoro-jau0o COOTHOIIEHHs] K OfHOH H To#l ke dopmyse,
TO CIpaBeNJHBOCTL COOTBETCTBYIOUIETO COOTHOLIEHHSI OKAasHIBAeTCsl TeM
CaMbIM YCTAHOBJIEHHOH.

AnpHopH HesICHO, yfaercsi JH NoAoOHBIM NyTeM BHIBECTH 68ce CO-
OTHOLIEHH, CyUlecTBYioiHe B OyJeBoll anrebpe? Onrako B AeHCTBH-
TEJbHOCTH TAKOH BBHIBOJ OKas3hIBAeTCA BCETJa BO3MOXKHbIM. [Ins yera-
HOBJIEHHS 3Toro (akTa onpeneJuM HEKOTOpHH CTAHZAPTHHIE THN
dopMyJ1, K KoTopoMy OyZieM CTPpEMHTLC S MPUBOAHTE BCe (hopMy sl 6yJieBoif
anrebpel. Ilpu mnpuBegenuH Toil uau uuo#l dopmyast A GyJaepoil an-
reGpbl K CTaHJApTHOMY BHAY Bcerjga GyaeM (PHKCHPOBaTb HEKOTopoe
KOoHeuHOoe MHOXKecTBO M OyJseBhIX NEpeMeHHbIX Xy, Xj, ..., Xn, BKJIO-
yaoiee 00s3aTejbHO BCE IepeMeHHble, KOTOpble BXOLSAT B COCTAB
paccMaTtpuBaemoil ¢dopmyanl. Beskoe NpoU3BEjleHHe Ilgpeiweﬂﬂprx HJIH

X OTpHIAHHH (T. e. NPOH3BENEHHE BUIA X, X;, ... X;,) HasoBeM s.e-

MEHMapHoIM Npoussederues, €CaU B HeM Kaxaasi OyKBa BCTpeuaercsa
He GoJjiee OJHOTO pasa.

Hanpumep, npousBefieHHs] XX, HJM X X,X3 3JEMEHTapHb, a Mpo-
H3BEJIEHHS XX, HJH X3X,X¥3 — HEIJEMEHTAPHHL. YCJAOBHMCS IPHYH-
CJATb K 3JEMEHTApHLIM IIPOM3BENEHHSAM CaMH - NepeMEeHHble X; M HX
OTpPHLAHHS X;, PaccCMarTpuBasi MX Kak INPOHSBENEHHS, COCTOSIIME U3
OJTHOTO COMHOXKHTeJNS. ¥ JOOHO TaKXKe CYuTaTh, YTO KOHCTaHTa | mpen-
ctaBasier coboifl 3JieMeHTapHOe NpPOU3BENeHHe — NPOU3BEeHHe HYJsS
(nycToro MHOXecTBa) comHOXHTesdell. YHCI0 coMHOXKHTENell B mpo-
H3BEIEHHH HasblBaeTCsl €ro OAuHot. DJjeMeHTapHble NPOH3BENCHHS
IJs BHIOPAHHOTO MHOMXKecTBAa M nepeMeHHBIX MOTYT HMeTb, TAKHM
o6pasoM, Jo6yio pauHy oT O Ao 7 BKJ/IIOYHTEJBHO.

DlleMeHTapHble MPOH3BENEHHS MAKCHMAaJbHOH IJHHb (B H4HHOM
cJayuyae MJHHB 1) NIPHHATO HASbIBATL KOHCMUMYIHMAMU — eQuHuybl
1Js1 BoGpanHoro MuoxectBa (M) nepemenuwbiX. Jlerko BuzpeTh, yTo
BCSIKasl KOHCTHTYSHTA ENMHHIB! CONEPXKHT BCe NEpeMeHHble MHOXKe-
ctBa M (au6o B npsiMoM BHJe, JHGO B BHJIE OTPHUAHHS) B TOYHOCTH MO
OJHOMY pasy, a ofuiee YHCJO BCeX TAKMX KOHCTUTYIHT pAaBHO 20,

Aussionkyus 1106020 4ucia 34 MeHMAPHbX npoussederuli, He co-
Oeporcawyas 0syx 00UHQKOBbIX npoussederull, HA3vIBAEMCs OU3BIOHKMUG-
HOU HoOpMmaavHOl ¢hopmod. JIuBBIOHKMUBHAS HOPMAAbHAS opma, Co-
COAWAR  UCKAIOUUMENbHO U3 KOHCMUMyIHm eOuHuybl, HA3bleaencs
co8epiieHHOl OU3BIOHKMUBHOU HOPMAAbHOU HOpMOL.

Kak H B cayyae npousBeleHHH, B NPHBENEHHOM OMNpENEJEHHH He
HCKJIIOYAETCS, yTO JHSBIOHKIHSA, O KOTOPOH HIET peub, MOMKET COCTOSATh
H3 OJHOTO-€JHHCTBEHHOTO uJieHAa (IH3DBIOHKIHS NJHHE 1) M Jaxe U3
NyCTOr0 MHOXECTBA uJjieHOB (AH3bioHKUHMA Ijuuel 0). B mocaepnem
Cllyyae JU3BIOHKUHS 1O ONpeNeNEHHI0 NMpPHHHMAeTcsi PaBHOH HYJIO.
Takum obpasoM, ¢opmyanr 0, x;, Xx;\/Xpxs, | MOXHO paccMaTpHBATh
KaK JH3BIOHKTHBHbIE HOpMaJbHble (opMbl. [lepast M3 HHX COCTOHT
U3 NMYCTOTO MHOXKECTBA yJIeHOB, BTOpasi — H3 OJHOIO 4JIeHa, TPeThsl —
U3 [BYX 4JIEHOB, 4 YeTBepTasi — CHOBA H3 OJHOrO uyJjeHa, MpeacTaB-
asiioiero coGoil 3J1eMEHTapHOE NPOU3BEIEHHEe HYJEBOH IJIMHBL.
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3aMeHHB BO BceX ONpeNeJeHHSIX [H3BIOHKIHH [POH3BEACHHIMH,
TIPOH3BEJICHHs — JUSBIOHKIHMSMH, (6yneBy) koncTaHTy 0—(GyneBoil)
KOHCTaHTOH | M HA060pOT, MNOJYYHM COOTBETCTBEHHO OIlpegese-
HHUS 3/l€M€Hmaprlx OUBBIOHKYWUL, KOHCMUMYSHIM  HYAS, KOHBIOHK-
MUBHOL HOPMAALHOU hOPMBL U COBEPUIEHHOL KORBIORKIMUBHOL HOPMAABHOU
gopmot.

B Gyneso#t anrebpe. BCJAEICTBHE TOTO YTO NPH 3aMEHE HYJA €JH-
HHIeH, 3 eIMHHIEI HyJeM IH3BIOHKIUS NpeBpallaeTcss B KOHBIOHKIHIO
4 HaoGopOT, BOSHHKAaeT cBoeoOpasHasi JBOHCTBEHHOCTh CBOJCTB M-
SBIOHIMH H KOHBIOHKIMH ( yMHOXeHHs1 ). OcyinecTBasis  Takyo 3a-
MEHY, MOXHO aBTOMAaTHYeCKH IJis JIIOGOTO BLIBEAEHHOIO BIOCJIEICTBUH
CBOUCTBA (COOTHOUICHHS) MOJIydYaThb IBOICTBEHHOE €My CBOWCTBO (co-
OTHOIIeHHe). B 4acTHOCTH, BCceM CBOMCTBAM JM3BIOHKTHBHBIX HOPMAaJlb-
HBIX ()OPM MOZKHO CONOCTAaBHTh, MOJIB3YSICh YKA3aHHBLIM 3aKOHOM JBOfi-
CTBEHHOCTH, COOTBETCTBYIOIHE HM CBOHCTBA KOHBIOHKTHBHEIX HOPMaJlb-
ublx ¢popM. [1oCKOJBLKY TaKoe CONOCTaBJIeHHEe OCYIIECTBJISETCH KaX Il
pas MouyTH aBTOMAaTHYECKH, OrpaHHYHMMCS B JaJbHEHINEeM paccMOTpe-
HHeM JIMIIb JH3BIOHKTHBHbIX HOPMAaJbHBLIX (GODM.

Hcnoabayst coornowenust (10), (11), (13) — (16), (23) u (26),
MOXKHO JI00YI0 JH3BIOHKTHBHYIO HOpMaJbHYI0 (GopMy npeo6pasoBaTthb
B SKBHBAJIEHTHYIO €H cogepuierHyro JIHSBIOHKTHBHYIO HOPMAaJbHYIO
¢opmy. PaccMoTpuMm npomecc Takoro npeo6pasoBaHHMs Ha MpHMepe
JIH3BIOHKTHBHOH HOpMAaJbHOH (GOpMBI OT TPex nepeMeHHBIX x\/yz\/ xyz,
KOTOpyI0 AJS1 KpaTkocTH 6yZeM o603HayaTh ofHOll OYKBOii f.

Tperuit uaed 3Toft GOpMysbl TpencTaBiasieT co00H KOHCTHTYSHTY
€IMHHUIILI M HE HYXI4eTcs MO3TOMY HH B KakKHX NpeoGpa3soBaHUsX.
BropoMy ujieHy Asa Toro, 4ToGbl ObITb KOHCTHTYSHTOH ENHHULGI, HE

-~

XBATaeT MHOXHTeNs % (T. €. X WJH X), 4 NEepBOMY WIEHY — MHOMKH-
tenell y ¥ z. Ha ocnoBanuu cootnowenn#t (23), (26) MoxkeM Hanucars,

uto f =x(y \/ y)(z \/ 2) \ yz(x \/ x) \/ xyz. Ucnoab3yst nepBLId JMCTPH-
6yTuBHbIA 3aKOH (cooTHomenue (16)) u coornowenus (10), (11), (13)—
(15), mocJenoBaTenbHO NpHBEAeM Hamly (OpMYy K BHAY f = (xy \/ xy)
(2 V2)\ yzx\ yzx\) xyz =xyz\/ xyz\] xyz\] xyz\/ xyz z\/ xyz\/ x xyz =xyz\/
V xyz\/ xyz \| x4yz\/ xyz\/ xyz. Tlocnennee BeIpa)keHHe B 3TO# nemu pa-
BEHCTB NpeJCTaBJsieT co60ii HCKOMYIO COBEPIIEHH VIO JM3BIOHKTHBHYIO HOP-
MaJbHyio GopMy. YCTaHOBUM Teneph CHAENYIOMHMI BaXKHHI pe3yJbTarT.

Teopema 1. C nomouwpro coomrowernuti (10) — (30) obas gopmyira
6yaesoti aszeGpoL moxcern Ovimb npueedena K cosepuieHHOl OU3BIOHKMUS-
Holl Hopmaabrol dhopme.

B camoM Jienie, Hcnosb3ys HECKOJbKO pas mpaBusa e Mopraxa
(21) u (22), 3akon aBoiiHoro orpuuanus (20), a Takke COOTHOLICHHS
(29) u (30), mobywo dopmyay Alx,, XoyeeenX) Gyaesoit anreGput
HETPYJHO NpUBECTH K sKBHBaJeHTHOH efi  dopmysae B (x;, x,,

s Xy X1, Xay...,X,), HE cOlepxkamed HHUKAaKHX OTPHIAHHH, KpoMe
mpnuaﬂuﬁ, omoc;{umxc;{ HENOCPENCTBEeHHO K OYKBaM Xi, X, ..., X,.
HeoGxonuMmble spech npeo6pasoBanusi JIETKO YSCHHTb M3 TpHMepa
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OnucaHHbIH NPHEM NOCJe0BaTeNbHOTO ONYCKAHHS 3HAKOB OTpHIAHHA
npUMeHHM K JioGoli dopMyse GysieBoil anreGpbl.

dopmyaa B(xy, Xs, ..., X, X1, X, ..., X,) CTPOUTCA H3 TpHUBEJIEH-
HbLIX B ee o6o3HaueHnH GYKB (C OTpHHaHHHMH iy 6e3 HUX) C NOMOIIBIO
OJHMX JIMIIL OMepauHd YMHOXKeHHS U AH3BIOHKUUH. COOTHOLUGHHS XKe
(10), (11), (13), (14) u (16) noxaselBalOT, 4YTO MOAOGHLIE BLIPAXKEHHUSI
MO3KHO TOYHO TaK e, KaK B 0ObIYHOM HIKOJIBHOM Kypce anre6pb! (Cuu-
Tasi JAUM3BIOHKIMIO CJOXKeHHeM), NpeoGpa3oBaTh C LENbI0 PACKPHITHS
BceX CKOOOK M TpymIHpOBKH BCeX OIZHHAKOBHIX yJeHoB. [locse Takoro
npeoGpasoBaHua C MOCNEAVIOIIAM YYETOM COOTHOuIeHHH (25), (26) u
(27) nawa dopmyna npeBpaTmcn B JHM3BIOHKIHIO HEKOTOPHLIX NpO-
H3BEJeHHH 6yKB X1, Xy , X, ¥ HX orpHuauvi. C NOMOHIbIO
coornomrenuii (10), (12) ( ) H (25) BCe 3TH TNPOM3BENEHHS MOTYT
6biTb Mpeo6GpasoBaHbl B 3KBHBAJIGHTHBIE UM 3JIeMEHTAPHbLIE MPOU3BEIe-
HUA HJIY HYJH. Menoabsyd Teneps popmyast (27) 1 (15), npHBenem Hauty
thopMyay K COBepHIeHHOH AU3BIOHKTHBHOH HOpMasbHOH ¢opue. [Tpumep
3TOro 6bl1 pasobpan Boile. TeM caMbiM TEOpeMa MOJHOCTbIO J0KAa3aHa.

$lcHo, uTO MOJYUYMBHIAsCS B pe3YJIbTATE COBEPLIEHHAS NH3LIOHK-
THBHAsi HOpMaJbHAasd ¢GoOpMa 35KBHBAJICHTHa HCXOIHOH ¢opMyne, mo-
CKOJIbKY HAa Ka)KJOM H3 OIHCAHHBIX Bl [IArOB MBI MOJIb30BaNUCh
SKBHBAJIEHTHLIMH Npeo6pa3oBaHUAMHU.

3aMeTHM, YTO BCE BHLIIOJHEHHbIE IArH OGpPaTHMbI, TaK YTO C MO-
Motk cootHomenHit (10) — (30) MoxeT GHiTe OCywiecTBJen H obparn-
Houi nepexod OT NOCTPOEHHON COBEPIICHHOH AW3BIOHKTHBHON HOpPMaJb-

ol dopMul kK Hcxomuoill gopmyae A(x;, xo, ..., X,).
Teopema 2. [as npousgosvrod Oyaesoli pyrxyuu f om awboco Ko-
HEYHO20 HUCAQ NEPEMEHHBIX Xy, Xy, ..., X, ModCem Obimy nocmpoena

00HQ U ¢ Mmourocmbvlo 00 NepecmaHosky QU3BIOHKNIUBHBIX YAEHO8 U CO-
MHONCumeell moAbko 00HQ pasHAs el COBEPUIEHHA QU3BIOHKMUBHAA
HODMAAbHAR QOPMA € MEM e CAOMbLM MHOMCECHIBOM NEPEMEHHBLX.
Kaxnomy nabopy (e, s, ..., @,) 3HaYEHHH NepeMeHHbIX Xy, X3 ,..., X, CO-
OTBETCTBYET TOYHO OJHA KOHCTUTYIHTA EAMHMIMI X; Xp... X, OOpaman-
1135iC51 HA 5TOM HAGOpe B eAUHMIYY. DTa KOHCTHTYSHTA OJHO3HAUHO ONpefe-

JIIETCA YCJIOBHEM X;==X;, €CJH a; =1, ux, =x;, ecau o, =0(=1,2, ..., n).
Bce ocranbHbie KOHCTHTY3HTHl A/ JAHHOTO Ha6opa 3HAYeHHI nepe-
MEHHBIX HMEIOT HyJieBble 3HAuYeHHsl. [ToCKONIbKY B AH3BIOHKLUHH YJe-
HBl, PaBHbIE HYJ/IO, MOTYT ONYCKAaThCsl, TO CTAHOBUTCS SICHHIM, YTO
JIU3BIOHKIHA g KOHCTHTYSHT €AHHMIbI, COOTBETCTBYIOIHX BCEM TeM
HabopaM, Ha KOTOPLIX 3HAYEeHHS (YHKUMH [ paBHBl egUHHIe, Tpend-
cTaBJjsieT cO60H COBEPUIEHHYIO NU3BIOHKTHBHYIO HOPMAJbHYIO (GOpMY,
paBuyio (Kak OyneBa ¢yHKuMs) ¢yHkuuM f. flcHO Takxke, 4yTo BesKoe
HU3MEHEeHHE B COCTAaBE€ KOHCTHTYIHT €JHHHILI, BXOLSIIMX B (OPMY g,
HeNpeMeHHO HM3MEHHT TalJully ee 3HAyeHHH H, eCTeCTBEHHO, HAPYUIHT
yCTaHOBJeHHOe paBeHCTBO. CreqoBaTesbHO, opMa g onpenensiercs
¢dyHkIHeHl f oqHO3HAYHO, YTO U TpeboBasOCh JNOKA3aTh.
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BBHny ykasanHOH OJHO3HAYHOCTH OnpejeneHHs ¢opMy g NpUHATO
Ha3blBaTh COBEPUICHHOH JH3BIOHKTHBHOH HOpMaabHO# ¢opmoii pac-
cmarpuBaemoil pyHKuuu f.

M3 Teopem | W 2 HENMOCPEACTBEHHO BHITEKAIOT €lE [BA BAXKHBLIX
pesyJbTara. -

Teopema 3. Jlrbas Oysesa ynkyus moxcemn Ooimb npedcmasieHa
6 sude opmyavt 6yiesoli arzebpoL.

Teopema 4. C nomoupro coomruowenuii (10) — (30) scaxyro Gopmyay
Oy1e6011 Q1280 DbL MOKCHO NPEOBPA308AMY 8 M00YI0 OpYYID IKBUBANCHITHY IO
el (m. e. npedcmasasowyro my xe camyro 6yresy GyrKyuw) dopmyay.

JeficTBHTEbHO, B KauecTBe (OpMyJsbl, NpeacraBasioueli o0y
JaHHy0 GysaeBy GbYyHKUHIO f, MOXKHO BbIOpATh €€ COBEPIIEHHYIO QU3 BIOH-
KTHBHYIO HOpMaJbHyI0 ¢opMy. [IpeoGpasoBate ke Kakyio-aubo ¢op-
MyJly A B 3KBHBaJIEHTHYIO eif dopMysy B Bceraa MOXKHO uepe3 COBeEp-
IIEHHYIO AN3BIOHKTHBHYIO HOpMasbHyl0 GopMy g, KoTopasi, B CHJY
TeopeMnl 2, 6yzner obwed aasa dopmya A u B. Ilenoyka npeobpasora-
HHH, nepesogsmas Gopmyay A B g, H B3sTasg B 06paTHOM NOpSIKe Iie-
noyka, mpHBOAsAmAas B K g (Takue LENOYKH CYINECTBYIOT B CHJY TeO-
peMul 1), cocTapAT uenouky npeobpasoBanuii, mepeBofauux GopMmyJay
A B ¢opmyay B.

3ameruM, uyTo B npeoOpasoBaHHSAX H3 JOKA3aTEJNbCTBA TEOPEMbI
] ucnosb3oBaHb! He BCe H3 BHIMHCAHHLIX Bbilie cooTHomenus (10) —
(30) (ue ucmosbzoBano, manpumep, cootHowenue (17)). Tak uto npu
)KenaHuH cHcTeMy cootHomenut (10) — (30) MOKHO COKparuTh Tak,
4yTO Teopembl 2 H 4 GYAYT MO-NpeXHEMY CHpaBelJ/IUBhI.

Bropoe 3ameuyanue Kacaercsi TOro, uTo crnocof mnpeoOpasoBaHusA
tdopmyael A B 3KBHBaJNeHTHYIO el ¢opmyay B uepes obmiylo AJs HHX
COBEepILEHHYIO NH3BIOHKTHBHYIO HOPMAJbHYIO (GOPMY g HyXKeH Obl1 HaM
JHIb ANS YCTAHOBJIEHHS NPUHIMIHAJLHON BO3MOMKHOCTH Mepexoja
oT A k¥ B. Ha npakTuke 3TOT cnoco6 OKaspBaeTcsl 0OLIYHO CJMHIKOM
IPOMO3JIKHM, B pe3ysbTaTe Y€ro HINYT, KakK npaBugo, 6ojee npsMbe
nyTH nepexoga oT A K B (xoTd, pasyMeeTcs, CymiecTBeHHO GoJee
KOPOTKOro nyTH oT A K B, 4eM yKasauHLIH BbIIIE «OKOJIbHBIA» NMyTh,
MOXKeT MHOrJa U He CYIIeCTBOBATh).

Baxuoi#i 3apaueii, pewraemoli B pamkax GyJseBoii anreGpbl, ABJfA-
erca 3adaua Munumusayuu popmys. CMBICA 3TOH 3afadud COCTOMT B
TOM, YTOGH HAHTH OOWIMH npHeM (aJropHTM), NO3BOJAIOWHHA JAJs MO-
Goii ¢opmysbl GyJeBoit anreOpsl HAXOAHTb SKBHBAJIEHTHYIO e ¢op-
MYJy, HMEIOUYyI0 MHHUMAJbHYI) BO3MOXKHYIO CAOMCHOCIb.

[log caoxuocTbio GopMmysbl HauGoJee eCcTeCTBEHHO I0xpasyMe-
BaThb KOJIMYECTBO BXOASMHX B 3Ty ¢GoOpMyJy onepaunuii, Tak 4yT1o, Ha-
NPUMEP, CJOXKHOCTbIO GOPMYJB X GYZeT 4HCa0 1, a cJ0XKHOCThIO GOp-
Myabl (x\/y) (y\/2)— uucao 5 (nBa OTpHIAHHSA, JBe AU3BIOHKUUH U
oo ymuoxenue). OpnHako, cjaegys TpPagulHH, YCTAHOBHBHIEHCH B
GoabmuHCcTBe paboT nmo mpo6ieMe MHHHMH3amuu, GygeM MM0Jb30BAThCS
JPYTHM KpHTEpHeM, MOAPA3yMeBas II0J CJIOKHOCTBIO (JOPMYJLI CYM-
MapHOe KOJIHYEeCTBO BXOAAIMX B Hee OykB. Peun wnper 31ech 0 Ko-
JIHYECTBe gxomcleuti GYKB (B TOM yHcJse, ObITh MOXKET, H OJHHAKOBLIX
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GYKB), a HE O KOJIMYeCTBe pasiu4Hvix 6YKB B opmyJe. Tak uTo, HanpH-
Mep, B CHJY ONpeNeNeHHOTO HAMH KPHTEPHs CJOXKHOCTbIO (DOpMyJibl
x\ y)(x\/ y) cnenyer cuurath 4, a ue 2.

Herpynno nousits, yto MuoxectBo M(A) pasanuubix ¢opmyn 6y-
JIEBOH aare6pbl, CJA0XKHOCTb KOTOPbLIX HE MPEBOCXOJHUT CJIOKHOCTH JIIO-
6ot ¢uKkcupoBaHHOH opMyas A, Oyaer HenpeMeHHO KOHeYHLIM. [lo3-
ToMy CGOpMyJHMpOBaHHAS BbIlIE 3aJaya MHHHUMH3AauMH (OpMYyJ Mo-
xKeT ObITh B NPHHIHNE perieHa 33 cyeT nepefopa Bcex (pOpPMYJ MHO-
xectBa M(A) B mopsiiKe BO3pacTaHHsl HMX CJAOKHOCTH JO TeX IO0P,
noka He OyAer HalifeHa ¢dopmy.a, skBHBajentHasi ¢opmyne A. Oxn-
HAKO aJrOpHTM, OCHOBaHHLIA HA YKasaHHOM mnepeGope, CTOJL Tpo-
MO3JOK, UYTO NPAKTHYECKH OKA3LIBAETCS HENPHIOLHLIM.

3ajaua nocTpoeHHs GoJiee SKOHOMHHIX aJrOPHTMOB MHHHUMH3AIHH
¢dopmya B ByneBoii anrebpe B o6LeM BUe NOKA elie He peirera. [lostomy
Ha TMpPaKTHKe OTPaHHYMBAIOTCS, KaK IMpaBuJo, 3ajauell Haxowje-
HHA MHUHHUMANBHOH (OpPMYJbI B TOM HJIH HHOM KJacce ¢GopMya H
NpeXJe BCEro 8 KAacce -8Cex OU3DIOHKMUBHbIX HOPMAAbHHIX (OpM. DTa
3ajlaya HashiBaeTcsl oOLYHO 3ajauell MHHHMH3auHuH OyJeBbiX GyHKIHH,
YTO, pasyMeeTcs, He COBCEM TOYHO, MOCKOJbKY peub HAeT He O MHHH-
MH331IHH @ynkyuu (ocTaoleficd B npoiecce MHHUMHSAUHY HEH3MEH-
HOH), 32 0 MHHHMH3a1MH NPE/CTABJSIOIKX ee GopMyJ (B JaHHOM CJyyae—
JAU3BIOHKTHBHBIX HOPMAJbHHX (opM).

Bce MeTonh MHHHMH3AIHM B KJACCE TU3BIOHKTHBHBLIX HOPMAJbHbBIX
(opM OCHOBHIBAIOTCSl HA IMOHATHH npocmoil umnauxarmot. Hmnau-
xanmoti Gynesofi ¢yHKUHH f OyneM HasbIBaThb BCAKY GyneBy ¢yHK-
1Mo g, obpalleHHe KOTOpOH B €JHHHIY BO3MOXKHO JIHIIb HA TeX Ha-
6opax 3HayeHMH mepeMeHHLIX, HA KOTOPHIX 06paulaercsas B eIHHHLLY
(hyHKIHA f. YCJIOBHMCSH, YTO HMIUIHKAHTA g HOKDbiGaert CBOHMH efH-
HHIIAMH HeKOTOphie efWHHub ¢GYHKIMH f. M3 CBOHCTB JUSBIOHKIIHH
BbITEKaeT, YTO JAH3BIOHKIHsSI J0O0r0 (KOHEYHOro) MHOMKeCTBA HMILJIH-
KaHT g, gy, -..» &, QyHKOHU [ cHOBa Oyler ee HMIJHKauToH. Ecuau
NpH 3TOM ©IUHHILl HUMIJIMKEHT g, g, ..., gn, PAacCMaTpHBaeMbie B
CO80KYNHOCMU, HAKPLIBAIOT gce €NHHUIB (GYHKIMH [, TO 5Ta JH3BIOHK-
IHS NPOCTO coBnajaeT ¢ ¢pynkmued f: g, \/ g\ ... Vg, =T

fcHo u obpathoe: mo60H uwJjeH MU3BIOHKIHH, COBNZAANOIMEH C
¢yukuMel f, aBAfeTcs UMNAHKAHTOH 3TOH (YHKIMH, a eJHHHIL BCEX
YJIEHOB YKAa3aHHO# JIHM3BIOHKIHH B COBOKYIIHOCTH HAKDLIBAIOT BCe
equuuubl GYHKOHM f. B uacTHOCTH, BCSIKYI0 AM3BIOHKTHBHYI HOp-
ManbHYIO GopMy g OyJeBod (GYHKUHHM f MOXKHO paccMarpHBaTbh Kak
HaKpoimue 5Toil (PyHKIHH MHOXECTBOM BCeX 4/1eHOB (OPMBI g, KaxAblH
H3 KOTOPLIX MNpeAcTaBnasieT cobofl uMmniaukanry ¢yHkuun f. B 3Tom
cJayyae B POJH HMIJIMKAHT BLICTYMAIOT 3JeMeHTapHbLIe MPOU3BEEeHHs.

3aMeTHM, YTO NMpH YMEHbUIEHHH IJHHLI 3JEMEHTapHOTO NpOHU3Be-
JeHHsl (32 cyeT oTGpacbiBaHMS YACTH COMHOXKHUTEJIeH) KOJIHYeCTBO
HakKpLIBAEMHIX HM ENUHMIL VBENHYHBAETCH. OJieMEHTapHOe HNpOH3Be-
JeHue MAaKCHUMaJbHOH JINMHBI (KOHCTHTYSHTA eLMHHUEBI) IJd n mepe-
MEHHbIX ofpaliaercd B eIMHUIY JHUWbL B OJHOH TOYKEe, a 3JEMEHTapHOe
NpOH3BEJleHHe JJIHHE n — B — B 2% Toykax. BHIrOJHO mno3ToMy Ha-
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KpbIBaTh JIO0YIO 3aJaHHYI0 (GYHKIHMIO [ 3JIeMEHTApHLIMM NpPOM3Bee-
HHSIMM MHHHMAJIbHO BO3MOXKHOH JJIMHBI, T. €. TAKHMH 3JIeMEHTapHbIMH
MPOH3BEJEHHSIMH, YTO CAMH OHH AIBJISIOTCH MMIJIMKAHTaMU byHKUUH [,
H HHKaKHe HX COOCTBEHHbIE YJCTH MMMNJHKAHTAMH 5TOH GyHKIHH yxKe
He sBasiorcs. [lofoGHbIE 3/1eMEHTADHLIE NMPOM3BENEHUS NMPUHATO HA-
3bIBATb NPOCMbIMU UMNAUKAKMAMY PACCMATPUBAEeMOH GyseBoii (yHK-
LOHH.

MHOXKECTBO BCEX NPOCTHIX HMMJHMKAHT M060H O6yneBod (ByHKuHH
{ HaKpbiBaer Bce ee eIHHHIbL. [103TOMY AM3BIOHKIMS g BCEX MPOCTHIX
HMIVIMKaHT QYHKUUM f, HasbiBaeMast COKpAueHHoll OussioHKmueHOL
HopmaaoHot opmol 3TOH (DYHKLUHH, SIBJASETCHS OJAHHM H3 BO3MOMKHBIX
ee npeacraBsieHuid. OIHAKO Takoe NpeACTaBJeHHe OObIYHO He ObBaeT
CaMbIM 3KOHOMHLIM, MOCKOJIbKY HEKOTODbi€ MPOCTHIE UMIJHKAHTH MO-
TYT HAKPLIBATh €IUHHIK!, Y¥Ke HAKPHIThbie OCTAJbHLIMH UMIJHKAHTAMH.
BriGpaceiBasi u3 opMbl g éce NMONOOHBIE AuHUe HMILIMKAHTSI, TpeBpa-
aeM ee B TaK Ha3bIBAEMYIO MYNuUKosyro OUIBIOHKIMUBHYI0 HOPMAAbHYIO
¢opmy paccMmarpuBaeMod (QYHKUHH f.

bynera ¢yHKIMA MOXKeT HMeTb, BOOOWIE TOBOpS, HE OfHY, a He-
CKOJIBKO TYNMHUKOBBLIX JH3BIOHKTHBHBIX HOpPMaJbHbIX opm. Hanpumep,
GYHKUHS TpeX INepeMeHHBbIX X, y, 2, 06pamammasncs B HYJb TOJbKO
Ha nabopax (000) u (111), a Ha Bcex ocranbHbIX HA6opax paBHAS efu-
HYIE, HUMEeT NATb Pa3/HUYHBIX TYNHKOBHX IH3BIOHKTUBHLIX HOPMaJb-
HbIX opM. B TO ke BpeMs MOXKHO NoKasaTb, yTo Mm06ast JBYXMECTHAs
GysieBa (DYHKLUHS HMeeT eIHHCTBEHHYI0 TYNHMKOBYIO JH3BLIOHKTHBHYIO
HOpMaJIbHYIO (hopMYy.

Jlerko mMOHATb, YTO CPEAM TYMHKOBBIX IU3BIOHKTHBHBIX HOPMAJb-
HbIX (opM MmoGoii Oy.1eBoii PYHKIUY f 0653aTesbHO COREPKATCH BCE ee
MUHUMANbHbE TU3BIOHKTHBHLIE HOpMaJsbHEE (OpMb (HX MOXKeT GHITb
HECKOJIbKO), T. €. TaKHE NH3BIOHKTHBHBIC HOpMaJbHbe GOpMbl PYHKIHUH
[, KOoTOphIe cogepIKaT HaHMEHbIIIee YHCJI0 OYKB 10 CPABHEHHIO CO BCEMH
OCTaJIbHBIMH JAH3BIOHKTHBHBIMH HOPMaJIbHEIMH (hOpMaMH 3TO# (pYyHKIHH.

MOKHO MOCTpOUTL JOCTATOYHO 3KOHOMHLIE AaJTOPHTMHE [1J5 Ha-
XOXKJIEeHHs BCEX MPOCTLIX MMIVIMKAHT H BCeX TYMHKOBLIX AU3BIOHKTHRB-
HbIX HOpManbHbX (opm mw0boii OyneBoli gyrkmuu. OgHAKo ANS BbI-
JeJeHHsT M3 YHC/A TYMHKOBLIX NHSBIOHKTHBHBLIX HOPMAaJsbHBEIX (OPM
MHHHMaJbHBIX (OpM HeT B ofuleM cJayuyae cyumecTBeHHO GoJjiee mpo-
CTOTO METOJa, YeM MeTOA MOCJEeJOBaTeJILHOro nepefopa H CpaBHEHHA
BCEX TYMHKOBHIX AU3BIOHKTHBHHIX HOpMaabHbiX ¢opM (cM. 0. M. )Ky-
paBseB [36]).

Onuum H3 Haubosiee 3(pdHEKTHBHLIX AJTOPUTMOB HAXOXKIEHHS IIPO-
CTHIX HMILIMK3HT M TYNHKOBBIX JU3BIOHKTHBHLIX HOPMaJbHBIX (POPM
SIBJISIeTCSl AJrOpUTM, npepnoxennbdi Baefikom [8]. Cyrtb aaroputMa
Baeiika sak/mouaercsa B caefytomeM. HerpyaHo ycraHoButb, 4yro B Gy-
JIeBOH anrebpe BLITOJHAETCH TOXKJECTBEHHOE COOTHOLICHHE BHAA

AB\/ AC =ABY\ AC\ BC. (31

Ecay B 3TOM cooTHomenuu cuuratb A Gyksoit, a B u C — sae-
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MEHTAPHbLIMHM MPOU3BECHHSAMH, TO M3 COOTHOWEHUS (31) BHIBOZHTCA
NpaBUJIO TOXKJECTBEHHOTO Npeo6pasoBaHHS AU3BIOHKTHBHBIX HODMaJb-
HEX GOpM, HO3BOJIsIONIEE NPH HAJHYHHM B HHMX JBYX 4JIE€HOB BHAA xp
H Xg AOMNOJIHATb HX HOBBIM UYJIEHOM (3J1eMEHTADHLIM IPOH3BELEHHEM)
Pg. Bo3mokHo, npasaa, uTo 3TOT 4JjeH oOparHTCSl B HYJb HJM COBMA-
JIeT C OJHHM M3 HUMEBIIHXCS yKe B opMe JU3BIOHKTUBHLIX YJIE€HOB.
Jlerko NMoHATb, YyTO BBUAY KOHEUYHOCTH OOLIEr0 YMCJA 3JIEMEHTAPHbLIX
NpOM3BeNeHHi (33aJaHHLIX MEPEMEHHbIX) yepe3 KOHEeYHOe YHCJIo Ia-
rOB NpHMEHEHHS YKA3aHHOTO NIpaBHJ/14 HOBBHIE YJIEHBH NMOJYYaThCfl yXKe
He OynyT. Pesyaerar DBueiika cOCTOHT B TOM, 4TO npeobpasyemas
Hamu ¢opma [ nocae docmuscenus nodobroll «cmabuiusayuu» 6ydemt
codepxcams @ce NPoCMble UMNAUKAHMSL npedcmasisemol e 6yaegolt
Pyrrkyuu. :

Tlocse nosyuenus JOU3BIOHKTHBHOH HOpMmajbHOi ¢OpMbI g, CO-
JepxKatieli Bce CBOH NPOCThie HMIJIHKAHTHI, €€ HETPYJHO OCBOOGOAHTH
OT BCeX YJIEHOB, He ABJSAIOMUXCA NPOCTHIMH MMIJIMKAHTaMH. [leAcTBH-
TeJIbHO, ecay Kakoe-au0o 3jeMeHTapHOe NpoHu3Befenue P U3 g He fB-
JSeTcsl MPOCTOH MMMNJIMKAHTOH, TO, GYAY4YH BO BCSKOM CJyuae UMIJIH-
KaHTOH (YHKIMH g, OHO BKJIOYAeT B ce0s HEKOTOPYIO NPOCTYIO0 HMIJIH-
KauTy p 3TOH (YHKIHH H, CJEI0BaTe]bHO, MOXKET OhIThb NpPEACTABJEHO
B Bule P=pq. [TockoJNbKY B ¢ €CTb AH3BIOHKTHBHBIH Wi€H P, TO €ro
MOKHO YNOTpeGNThL IV HCKJAIOYEHHS M3 ¢ wieHa P=pqg c NoMoIlbiO
ccotHollenus: (18): p\V/ pg=p. Ilono6Hoe uCKIOUEHHE HA3LIBAIOT
OOLIYHO OmepanHtel d2emMenTaproco nozioujerus. Ee npuMeHeHHe K
NH3BIOHKTHBHOH HOpMasabHOH GopMe g o6eCHeyHT yepe3 KOHEYHOE
YHCJI0 WIaroB YHHUTOXKEHHE BCeX 4JeHOB, He SABJSIIOHIMXCS NMPOCTHIMH
HMIIHKaHTAMH, ¥ NpeBpalllenne, TakuM o6pa3oM, GopMbl g B COKpa-
UIIEeHHYIO JH3BIOHKTHBHYIO HOpMAaJbHYIO HOPMY go.

Uro6bl nepeliTu or GopMbl g9 K KAaKOH-HHOYAb TYNHKOBOH AH3b-
IOHKTHBHOH HOpMaJbHOH (opMe, MOXKHO HafTH JHIIHHE 4JeHbl B Jo
TeM ke MeToJ0M DBuefika: ecsiM HeKOTOpHIl yleH B ¢opMe go (Hau B
1060 Apyrofl IH3BLIOHKTHBHOR HOpMaabHoH GopMe, cocTosled H3
NPOCTHIX HMIJIHKAHT) MOKeT ObITb OJYUYeH C NOMOIIBIO IPUMEHEHUS
(ObITE MOXKeT, HeOJIHOKPATHOTO) cooTHoulenusi (18) M3 ocTanbHBIX
4JIEHOB, TO 3TOT WIeH SABJSETCH JHILHHM M €ro MOXKHO HCKJIOYHTD.

ITpuMensis npouecc Nogo6HOr0 UCKJIOUEHHS MHOTOKPATHO, MpPH-
BejgeM (QoOpMY Zo K KaKOH-HHOYAb TYNMHKOBONH IH3BIOHKTUBHOH HOP-
ManbHOH dopme g;. [felicTBUTENBLHO, B CHY IPHBEJEHHOTO BhHIIIE pe-
3yabrara baeika, ¢ noMouibio cooTHowenus (30) u3 ¢opMmbl g, BCe
erle MOXKHO IOJY4YHThL BCe NPOCTble HMILIMKAHTH, BXOZSIUHE B Zo.
JanbHelimee xe nckaouenye wieHoB GOpMbl g OKa3bIBAETCS HEBO3-
MOXKHBIM. B caMoM neste, Npy NONBITKE TAKOr0 HCKJIOYEHHA XOTs Obt
OJHa M3 eJWHMLU QYHKUMH g; OKaxercs HeHaKphITO#. flcHo, yTo Ha-
KpHIBaBlllasl 3Ty €AHHHUY MPOCTAsl UMILIHKAHTA (MCKJ/IOYEHHAS U3 g;)
y*e He MOeT OHITb BOCCTAHOBJIEHA M3 JH3BIOHKIHH OCTABLUIHXCH
YWIEHOB HUKQKUMU 3KBUBANIEHTHBIMM #peoGpa3oBaHMsIMH, B 4acTHO-
CTH ¥ ¢ NMOMOIUbIO NpHMeHeHus ToxaectBa (31).
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J1s NoJyyeHHs BCEX TYMHKOBBIX AM3BIOHKTHBHEIX HOPMAaJbHBLIX
¢GopM onucanHblil Crnocol HCKJ/IOYEHHS CJAENYET NPHMEHHTb HECKOJIbKO
P43 ¢ M3MEHEHHeM NOPsAKa, B KOTOPOM COBEDHIZIOTCS MONBITKH HCKJIO-
YeHHs1 pas3JMYHbLIX YjaeHOB., Kak 0TMeyasioch BhLILIE, HAXOXKJAeHHE MH-
HHUMAJIbHBIX JH3BIOHKTHBHLIX HOPMaJbHbIX (GOPM TpebyeT rpoMO3aKOH
pa6oTer no nepeGopy BCEX TYMHKOBHIX JH3BIOHKTHBHbIX HOPMAJBHBIX
¢opM (KOTOpbIE MOTYT GHITb passiHuHOHN cJoxHOCTH). [losTomy Ha npak-
THKe OGLIYHO pelIeHHe 3afayd MHHHMH3auHH OrPaHHYMBAIOT HAXO-
KIEeHHeM KakOH-HHOyAb OQHOH, Hayraj BHIGHpaeMOfl TYNHKOBOH JH-
3BIOHKTHBHOH HODPMAJILHOH (OPMBL.

B xauecTBe npHMepa npHMeHeHMsl aJjroputMa buefika mnokaxem
11po1ecc MHHUMH3AUUH JH3BIOHKTHBHON HOPMAJIBHOH# dopMbl [ = Xyz\/
Vxy\ xyz.

IIpumenss coorHourenue (31) Kk mapam, COCTaB.€HHBIM H3 MEPBOrc
yjeHa CO BTODHIM M H3 BTOPOTO 4JIeHA C TPeTbHM, NPHBEIEM 3aJaHHYIO
dopmy f K BHLY f, = Xyz\/xy\/xyzVyzVxz. Tlpumenenne COOTHO-
wenus (31) kK mob6biM Napam yjeHoB GOpPMEI f, HE NPUBOIHT K INOSIBJE-
HHIO HOBHIX useHOB. CsefoBaTennHo, B ¢opMe f, cosepxarca Bce Tpo-
CTbie UMNJIHKaAHThl (yHKuHH [ (pynxuus, npeacraBaseMoii dopmoit f).

[IprMeHenHe onepauyH 3JIeMEHTAPHOTNO MOTJVIOUWIEHHS K ¢opMme [
NPUBOJIUT K COKPAIIEHHOH NU3BIOHKTHUBHOH HOpMasbHOU dopme f, =
= xyVyzVxz. TlepBuit ynen dopmbl f, MOXKeT OhiThb NMoJIyyeH C IIO-
MOUIbI0 cooTHOMmIeHHs (31) H3 OCTaJbHBIX ABYX YJEHOB U $IBJfETCH,
TakuM obpasoM, JHmHHAM. Mckiouas ero, npuxoguM K gopme f3 =yzV
VxZ, yXe He colepxailed JHOIHHX YJEHOB H SBJAIOHIEHCH, CJeIo-
BATEJIbHO, HCKOMOH TYNHKOBOH AH3BIOHKTHBHOH HOPMAaJbHOH (POpMOH.
B nanHOM cjydae TynmHKOBasi TH3BIOHKTHBHAs HOpMaJsbHas ¢opma fB-
JifeTcsl eAMHCTBEHHOH M COBMAjaeT B CHJY 3TOro ¢ MHHHMAJbLHOHA AH-
SBIOHKTHBHOH HODMaJbHOH (opMo#.

Bosee noppoGHBIE CBefeHHS O PasJIHYHBIX crnocobax MHHHMH3A-
muu  ¢opmya OyneBoit anrebpbl MOXKHO MOJYYHTh B CHEHHANBHBLIX
MOHOTpPa(UAX 10 TEOpHUM CHHTE3a CXeM JHCKPETHBIX aBTOMAaTOB
(cM., manpumep, B. M. I'nymxkos [26]). HekoTtoprie ZOmMOJHHTEbHBIE
CBEJIEHHA 110 3TOMY BONpPOCY NMPHBELEHB! TaKXKe B § 4 HACTOALLEH T/1aBHI.

§ 3. IlonsatHe o nmoaHbIXx Habopax OyseBBIX onepauuit

Teopema 3 npeawpymero naparpaga NOKasbiBaeT, 4TO AJS Mpel-
cTapjenus moboi GyneBofi (yHKIHH B BHae (GopMyJbl, NMOCTPOEHHOH
M3 aprymeHToB M OyJeBbiX KOHCTAHT 0 M 1, 40CTA4TOYHO HCMOJIB30BATh
BCero TpH THNA OyJeBLIX OMNepauHuii — OTPHUAHHE, YMHOXEHHE H
JusnionkuMo. Beskuii Habop OyJjeBbIX onepanHil, o6aagamouiHx mo-
JOOHLIM CBOHCTBOM, VCJIOBHMCSl HA3LIBATL MOIHGIM HAOOPOM.

Kpome nabopa, cocTosiiuero H3 OnepanMii OTPHUAHHS, YMHOMKEHHst
H IM3BIOHKIHUH, MOKHO NMOCTPOUTL M ApYyrue mojanble HAOGOps OyJeBbIX
onepanud. M3 poimHcanHbiX B HpeanpiAylieM naparpage  COOTHOLIe-
Huit ne Moprana (21) u (22) BbiTeKaeT, 4YTO onepals JIH3BIOHKLIUH
MoxkeT ObiThb BLHIpaXK€Ha ONepalusMM OTPHIAHHMA M YMHOXeHHs, a
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OMepanks YMHOMKEHHA — ONepalHsMM OTPHUAHHS M JH3BIOHKUHH.
TMostoMy moJsublil Habop OyJseBbHIX OmepaiHii MoxeT ObiIThb COCTaBJEeH
U3 OMepanuy OTPHLAHUA U JMI00OH M3 JBYX OCTaJbHbLIX onepanuii 6y-
JeBOH anrebpnl (YMHOXEHHS HJH JIU3BIOHKIHH).

W3 onepanuii moboro nosiHoro Habopa OyJ/eBbIX ONepauuil JOJIKHbI
CTPOUTLCS KaKHMe YrofHo OyJeBbl OmepaiHH, B YaCTHOCTH ONepamuy
OTPUIAHHUS, AU3BIOHKIMH U YMHOXeHHA. g Toro yToGbl BHITOJHHTb
TpeGyeMoe MOCTPOEHHE, JOCTATCYHO, OYEBHIHO, C MOMOLIbIO OMepanHi
paccMaTpUBAeMOro MoJIHOro Habopa npeicTaBuTh GyseBy (YHKIMIO,
onpeneasiomyo TpebyeMyto onepanyio. HaoGopot, ecan u3 onepanuit
HEKOTOpOoro HaGopa MOXKHO MOCTPOHTBL ONMEePalHi OTPHIAHHS M YMHOXKe-
HHSl WJM OTPHIAHHs M [IU3BIOHKIMH, TO, BBHIY CKA3aHHOIO BBHIIE,
3TOr0 JOCTATOYHO [J/51 BO3MOXKHOCTH MNpEJCTaBJeHHS J106oi 6yneBoit
(YHKUHH H, CJeAOBATENbHO, AJ1M INOJHOTH Hamlero HaGopa. B pe-
3yJbTaTe NMPHXOAHM K CrefyloueMy MpefJoXKeHUIo.

Teopema 1. [[as noanome: ao6o2o0 Habopa byesvix onepayull Heob-
xo0umo u Oocrmamoyro, 4mobbl ¢ nomowplo onepayull 3mozo Habopa
moxcHO Obiao nocmpoums dyrkyuu X u 00Hy u3 pynkyuld xy usu x\] y.

Hcnonb3ya KpHTepHE MOJHOTH NO Teopeme.l, MOXKHO OTHOCHTEJb-
HO NPOCTO YCTAHOBHTb IOJHOTY MHOTHX Ha60poB GyJeBbIX omeparuil.
OpHuM M3 TakHX HA0OpOB ABJSETCS, B YACTHOCTH, HAOOp, COCTOAHM
U3 Onepauuit ymuoxcenus u caoxcerus (mo Mmopymio jsa). JleficTBu-
TeNbHO, JIETKO MPOBEPHTb, YTO CMNPABENJIHBO COOTHOIIEHHE

TakuM 06pasoM, OTpPHIAHHE MOXKeT OLITh BLIPAXKEHO CJOMKEHHEM.
[TocKo/ibKy YMHOXKEHHE CaMO BXOJAMT B paccMarpuBaeMmuii Habop, TO
Ha OCHOBAHHM TeopeMbl | NMPHUXOAHMM K 3aKJIOYEHHIO O MOJHOTE 3TOTO
nabopa.

C noMoWpbIO OMEPauHil CAOXKEHUA H YMHOXEHHS CTPOHTCA elle
ogua HaTepecHas aarebpa GyJeBbix (QYHKLIMH, HasbiBaeMas anarebpoi
YKerankuaa. dra anrepa no cBOMM oOHIMM CBOHCTBaM (BbIpaXKaeMbiM
TOMIECTBEHHBEIMH COOTHOLIEHHUAMH) HauGosee OJM3KO MOAXOLHT K
ajrebpe ¢ OOLIYHLIMH ACHCTBHAMM CJIOMXKEHHS H YMHOXKEHHS, H3yuaio-
uiefics B cpenseil mwKose. [1ogo6HO OOGLIMHOMY CJIOXKEHHIO, CJOMKEeHHe
M0 MOAYJIO fAB@ YNOBJIETBOPSiET COOTHOHIEHHSIM AaCCONMMATHBHOCTH H
KOMMYTATHBHOCTH (114 Oy/eBa YMHOXKEHHS 3TH CBOHCTBZ ObIJIH yCTa-
HOBJIEHbI B NpenwayieM naparpage). BrimosnsieTcs Tak:xke AHCTpH-
GyTHBHBLI 3aKOH x(y + 2) = Xy -+ X2, NO3BOJIAIOMMHA PpaCKpHBATH
CKOGKH B BLID2XEHHUAX TOYHO TaK XKe, Kak B OObIYHOH anredpe.

[Tocne packpuiTH CKOGOK Jobas dopMmyaa B aarebpe YKerankuna
NMpEeACTaBJsieTCs B BHIE CyMMbl NPOM3BEJECHHH NEPeMEeHHbIX, BKJ/IOYas,
BO3MOXKHO, [POU3BENEHHS, COCTOSIHE H3 OJHOTO COMHOXHTeNd (OH-
HOYHHE GYKBH) M H3 HYJs COMHOXHTe/ el (KoHcranuTta l). Ha ochoma-
HHH COOTHOLIEHHS] XX == X H KOMMYTAaTHBHOCTH YMHOMKEHHS MOXKHO
CUMTATb, 4TO B J060€ U3 TNOJYYEHHBIX NMPOH3BeNeHUH HHKakas Oykma
ne 6yaeT BXoguTh GoJiee 0J{HOTO pasa.
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OnuHakoBbie NpOU3BeNeHUsl, KaK H B OObYHOH agrebpe, cuura-
I0TCA NOJOOHLIMH YJIEHAMH H MOJBEPTAIOTCS ONepalyy MpUBENEeHHSN MMO-
JoOHbIX. [lpaBuna Takoro mpHUBeReHHs OTJHYHbLI OT COOTBETCTBYIOLLUX
NpaBuj B OObIYHOH aJnrelpe, CBOASACH, B KOHEYHOM CYeTe, K JIErKO Mpo-
BEpAEMOMY TOXKIECTBEHHOMY COOTHOHIEHHIO..

x+x=0. (33)

Takum o6paszoM, Jmo6oe YeTHOe UYUC/A0 OFUHAKOBHIX CJIArdeMblX
B3aHMHO YHHYTOXKAercsl, a Jio0oe HeYeTHOe HX YHCJO OKa3hiBAeTcst
3KBHMBAJIEHTHBIM BCETO JIHIIL OJHOMY CJIaraeMOMY, NOCKOJIBKY HYJIEBHIE
cJlaraeMple HE M3MEHSIIOT BEJHYMHbLI CYMMbl H MOTYT OniTb Ge360J1e3HeH-
HO BbIYEPKHYTHI H3 Hee.

[IpuBenenneM MoJOOGHBEIX 3aKaHYHBAETCS OMHCAHHBLI HAMH TNpoLece
NpHBejeHHs, KOTOpLIH OyaeM HasbBaTbh MPOLECCOM NpHBENeHHst Hop-
mMyn B anarebpe )KerankuHa K karoruveckomy 6udy. IlpomeMOHCTpH-
pyem 3TOT npomecc Ha npHumepe, [lycTb pama Hekotopas ¢opMmyaa
f=x+y)(x+2 +ylz +x) anrebpm Kerankuna. [Tocne pac-
KpHITHSL CKOGOK »3Ta ¢opMyna mnpumeT BHL f, = x + xy + xz +
+ yz + yz 4 xy. Ilocne npuBeneHusi NogoOHLIX YJEHBI XYy U Y2, BCTpe-
yaiomuecss B opMyJie JBaXKIbl, B3AUMHO YHHUYTOXKAIOTCHA, a cama dop-
MyJla TNpHBOAWTCS K OKOHYATENbHOMY (KaHOHMYeCKoMY) BHAY [, =
=x -} xz.

Beuay mnomuOTH maGopa omepanuii anreGpol YKerankuna ¥ BO3-
MOXKHOCTH NPUBEJEHHS K KaHOHHYeCKOMY BHAY mobof ee ¢dopMyJHl,
Bcsikas OyneBa ¢yukuHA f MOXeT GbiTh HpeacTaBJseHa B anrebpe )Ke-
rajkuHa (opMmyJoll KaHoHHueckoro Bujaa. HerpyaHo mnokasarb, 410
nocjegHas GopMysaa ¢ TOYHOCTBIO 10 BO3MOXKHOH INEPecTAHOBKH CJia-
raeMblX M COMHOXHTeNeH onpegessiercss ¢yHKUHeH [ ORHO3HAUHO.
ByneM HaswBath 3Ty GOPMYJy KGHOHUYECKUM NOAUHOMOM 3afaHHOH
Gyneeofi ¢yHKIHY f.

OnHO3HAYHOCTL OMNpefeseHHS] KaHOHMYECKOTo IIOJIHHOMA MOXKET
ObITh YCTAHOBJIEHA MPOCTBIM paccyxaeudem. [Iycrs f, ¥ f, — ABa pas-
JUYHLIX KAHOHMYECKMX nosjuuoma GyneBoll ¢yukuuu f. Dyayuu pas-
HBIMH 3TO# PyHKUMH, NOJHHOMSI f, U f, paBHE Mexay coboil KaK (yHK-
MK (17151 BCEX 3HayeHHil mepeMeHHnx). B paBeuctse f, = f, ogHHaKO-
BbI€ YJIEHbI B NIPaBO#i U JIEBOH YacTAX MOTYT ObiTh B3aUMHO YHHUTOMEHBI.
B npaBo#i u JeBo#t yacTsX BO3HUKAIOMIETO MOCJE 3TOTO TOXKAECTBEHHOTT
COOTHOLUEHHS f; :f,;7 HEeT HH OJHO{ Napel OJMHAKOBHIX uJ/IeHOB (c.a-
raeMbIx).

3adukcupyem OHO H3 CJAaraeMbiX p, COCTABJEHHOE H3 HAUMEHb-
HIEro MO CPABHEHMIO C OCTAJIbHLIMH cJaraeMbiMH yucsa Oyks. Toraa
BCE OCTaJibHHIE cJaraembie GYIyT OTJIMYATLCS OT BLIOPAHHOTO cJjarae-
MOTo p x0Tl Ol ofHO# 6yKBOiH. QPHKCHpyeM HA0OD 3HAYCHHH MEPEMeH-
HEIX TaK, YTO BCe OYKBbI, BXOAsmHE B p, TMOJYYaloT 3HadyeHue 1, a
BCe OCTaJsibHble O6YKBH — 3Hauenue (. B cuay atoro 3ameyanHs TOJb-
KO OJHO CjlaraeMoe, a MMeHHO cJjaraemoe p, oGpaTHTCs NpH BLIOpaH-
HOM Habope 3HaueHMH nepeMEHHBIX B EIHHMLY, BCE XK€ OCTaJbHbIE
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cnaraeMple 6yayT pasBuel Hy/o. Ho torma coorHowenue f, = f, npu-
Begercsi K BUAY | =0 (unu 0 = 1), 4TO HEBO3MOXKHO, €CJIH HCXOHOE
COOTHOLIEHHE f; = f, GBIIO TOXAECTBEHHbIM. T€M CaMbIM ONPOBEPTHYTO
clejJaHHOEe B Hadaje HalIMX pacCyXAeHHH NpefNoJioXKeHHe o cylie-
CTBOBAHHHM JABYX Pas/IHUHBIX (XOTS M PABHBIX APYT APYTY KaK QyHKIHU)
KaHOHHYECKHX TOJIHHOMOB f, H f, y OHOH H TOii ke 6yJ/1eBoil (QyHKIKH f.

KanonudeckHe NMOMHHOMBI, HE COAeplKalllHe NMPOHM3BENEHHH ABYX H
GoJiee TepeMeHHBIX (T. €. TNOJHHOMBL, MPEACTABJSIOIHECH CYMMOH
oTAenbHBIX OYKB H, BO3MOXHO, KOHCTAHTH 1, a TakKe NOJHHOM, TOX-
NEeCTBEHHO PaBHHIH HYJI0), ABJSIOTCA TaK HA3LIBAEMBIMH AUHelHbIMU
Oyaeeoimu ynxyusmu. Bee octanbuele OyneB (YHKUHH OTHOCATCS
K 4HCNy Heaurednoix. COOTBETCTBEHHO YKa3aHHOMY JAe/IeHHI0 (PyHKIMH
BCE ompefesisieMbie HMH GyJieBHl OMEPallHH TaK¥Ke paspensiioTcs Ha JH-
HelHble ¥ HenHHeHHble Omepalluy.

Jlerko BHAETb, YTO MNPH JIOObIX CYNEPNO3HUHUAX (MOACTAHOBKAX
APYT B Apyra) nuHeHHbIX OyJ/esbX (QYHKUHH BO3HHKAIOUIHE B PE3y/ib-
TaTe CyNEPNO3UIHMHM (YHKUMHM OYyAYyT CHOBA JIMHEHHLIMH. JTO 03HA-
yaeT, OYEBHIHO, 4TO ¢ NOMOWbIo Aunelinvix (Oyaesvix) onepayutl He
Modxcen Obimb nocmpoeHd Hukakas Heaurelnas onepayus. Omcooa
credyem, 4mo 8CAKULL NoAHwil KaOop Oyresvix onepayull CoaNceH 6KAHD-
yame @ ceba xoms Oot OOHY HeAUHEUHYIO onepayuso.

Onepanu OTPHUAHHA M CJOXKEHHS (0 MOAYJIO [Ba) SABJAIOTCS
JIMHEHHBIMH  ONePaLHsMH, TOCKOJIbKY KAHOHHYECKHMH I0JMHOMAaMH
NPeACTaBAAIOMUX HX OyneBHX GYHKOHHA 6yayT JuHednble (opMyJnl
x 4+ 1 Hx +y. B 10 Xe Bpems QyHKUMH Xy ¥ xVy, a 3HAYMT, U ONpe-
jessieMple MMH OIepallud YMHOXeHHs1 H AM3BbIOHKIHH HeJHHEHHHI.
[TepBass U3 HUX HMeEeT B KauyecTBe CBOEr0 KaHOHHYECKOTO MOJHHOMA
topmyay xy, a sropas — dopmyay x +y + xy. Obe 3TH dopMyJnl
copepXaTr HeJHHeHHBI YJeH xy.

Bsenem eille 0AHO AeseHHe 6yJieBbIX (DYHKIMH U COOTBETCTBYIOIIHX
1M 6y /1eBEIX ONEPALMA HA [BA KJIAcCa: KAQcC MOHOMOHHbLX hynkyull (one-
payuil) 1 KJace HemoHomorHowx pyuxyull (onepayuil). C 3ToH LeabIo onpe-
IeauM AJi HAOOpOB 3HaueHUil OyJieBbix IEePEeMEeHHLIX OTHOIIEeHWe Mo-
paaka <, nojaras, uto 0 < 0, 0 < 1, 1 < | u 4r0 Aas ;mo6LIX ABYX
HaGopOB OJAHHAKOBOH MJMHBl (04Q, ... an) H (B,f, ...pn) OTHOIIEHHE
(0, Qs ...®n) < (ByPs... Pr) COpABEMJIHBO TOTAA M TOSALKO TOTAA, KOTAA
ons ecex i =1, 2, .., n a;<P;.. Ecan 3tv naGopwl pasiauuuel, TO
6yAeM TOBOPHTb, YTO MepPBBHId H3 HUX MeHblie, a BTOPOH — Ooaslue.
3ameTnM, 4TO HeKOTOpble HaGopwl, Hanmpumep nabopel (01) u (10),
6YAYT NPH 3TOM HECPABHUMbIMU MEXKIY CO6OH, NOCKOJBLKY NpHUBELeH-
HOe OoIpeje/ieHHe He NO03BOJseT CYHTATh, YTO OAMH H3 HHX 60Jblie
HJAH MeHbllle APYTOro.

bynesa (QyHKIHA [ Ha3bIBAETCH MOHOMOHHOL, €CH NIPU Nepexoje
oT /Mmo6Goro meHbliero Habopa A 3HaYeHHil ee MepeMeHHHIX K J0GoMYy
Go/beMy (o cpaBHeHHIO ¢ A) Ha6opy B 3nayenue GYHKIMH HE MOXKET
YMEHbIIATECS, T. €. [ePexXoAuTh OT 3HaueHHs | Ha nabope A K 3Haue-
uui0 0 Ha HaGope B. Ecnu ke xots 6ul Aas oquoli mapsl na6opos A,B,
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Takux, yto A < B, f(A) =1, a f(B) =0, T0 Qpyukuua f HassBaercs
Hemoromorroti 6ynepofi GyHkuHell. COOTBETCTBEHHO [ensTCs HA MO-
HOTOHHbI€ M HEMOHOTOHHbIE ONpefelisieMble ITHUMH (QYHKUHSIMH OyJe-
BHl ONepallkH. A

[Ipu moGbiX cynepno3uuMsx (NOACTAHOBKAX GYHKIHH B (PyHKIHIO)
MOHOTOHHBIX OyJieBEIX (YHKIMH NOJYYamOTCsl CHOBA  MOHOTOHHBIE
GyHKuMH. [ledCTBUTENBHO, eClH OYHKIMH f(Yy, Y, ..., Ym) H (X,
Xz,...,Xn) MOHOTOHHHI, @ GYHKUMA ¢ MOACTABJSAETCS, CKaXeM, Ha MECTO
fIEDEMEHHOH Yy, TO, B CHJIy MOHOTOHHOCTH (PYyHKIMH § NPH JIOGOM yBe-
JiiyeHud Habopa 3HAa4YeHHMH TePeMEHHBIX Y, Y3, .-, Ym, X1, X2y -n., Xn,
Ha6op 3HAYEHUIl MepeMEeHHBIX @, Uy, Y, ..., Ym JHOO YBEAHUHTCS, JAUGO
OCTaHEeTCS HEH3MEHHBIM. B 060HX C/yyasix 3HaueHHe CJIOKHON QyHKIHH
[®, y2,ys,..., Yym), B CHIYy MOHOTOHHOCTH OYHKIHH [(Yy, Ysr ..., Ym),
HE MOXKeT YMEeHbIIAThCS, 4YeM M [JOKas3hiBaercsi €€  MOHOTOH-
HOCTb.

[Ipn nepexopme K onepaulMsiM YCTAHOBJEHHBIH (akT 03HAyaeT, 4To
C NOMOWBI0 OOHUX Aullb MOHOMOHHbIX Oyaessix onepayuli we moxcem
Obimb  NOCMPOERA HUKAKAA HEMOHOMOHKAA Oyaesa onepayus. Beudy
CYUECMBOBAHUA HEMOHOMOHHbLX Oyaesbix onepayuti (ranpumep, one-
payuu ompuyarus) omcooa ciedyem, wmo 8cAkull noaxoui Habop 6y-
nesolx onepayuti 0oancer 00A3AMeENbHO 6KAOHAMb 6 cebsi xomsa Ovl 00Ky
HEMOHOMOHHYIO Onepayuio.

Haun6osiee mpocTeiM NPUMEPOM HEMOHOTOHHOH Omepaiuuu sBJjsercs
onepauus orpuiagus. OKaspBaeTca TaKKe, YTO B H3BECTHOM CMbICJIE
BCsKasi HEMOHOTOHHASI OMepaiMs COLEPKHT B cebe omepaumio OTPH-
Hauus. DoJjiee TOYHO, CIPABEAJHBO CJEAyIOLIEe NPENJIONKEHHE.

Teopema 2. C nomouwpto 11060l Hemonomownrotl byaceoll onepayuu
Mosicermn Obime HROCMPOEHA ONEPAYUSL OMPUUAHU.

PaccMOTpUM NMPOU3BOJIBHYIO HEMOHOTOHHYIO GyJjieBy onepauuo. Ona
omnpefenseTcs HeKOTopoil HeMOHOTOHHOH GyJeBoil hyukimed f(xy, x,,

..., Xp). BBURY HeMOHOTOHHOCTH pyHKUHH [ HafigyTca ABa Habopa A u B
3HayeHUHl ee TMepeMeHHLIX TakKHX, YTo A Meublie, ueM B, a ¢pyukiHs f
npuuuMaer Ha HaGope A 3Hauende | M Ha HaGope B 3uauenue 0. Ha-
6op A ornudaerca ot yabopa B TeM, YTO HA HEKOTOPLIX H3 MeCT, THAe
v Hatopa B cToAT eqduKubl, y HaGopa A crosT HyJsH. 3aMeHss nocJne-
JOBATeJILHO, OfHH 34 APYTHM, 3TH HYJIH €HHULAMH, PaHO HJH TNO3JHO
npugem ot Habopa A, rae f(A) = 1, k uabopy B, tze f(B) = 0. Cre-
JOBATeNIbHO, TPH OAHOH H3 OUYepeHBIX 3aMeH HyJisd efHHHLeEH 3Haye-
Hue GpYHKUHH [ T0/KHO H3MeHHTHCA ¢ | Ha 0. Do o3Havaer, yTo AN

kakoro-to i (1< i < n) flay, a3, ..., @i, 0, @xi, ..o, an) =1, a
f((ll, gy vney Aiey, l,al-+1,..., an) :O, rape a., Uy,...,0—1, %;1t,..., 0y—HE-
KoTopuie GyJiessl koucrautel (0 umu 1). Ho toraa, Kak Jierko noHsiTh,
6yneBa gyukuusa f(a,, oy ..., i, X, Qipi, ..., An) OT OLHOH NEPEMEH-

HOH x He MOXKeT ObITh HHYEM HHBIM, KaK TOJIbKO OTPHIIAHHEM 3TOH Ile-
pemenHoii, T. e. x. Murepnperupys ¢yuKumio f Kak 6yJieBy onepa-
M0, nosiyunm Tpefyemoe NpejcTaBjeHHe ¢ IMOMOUIbI0 3TOH ONepaudy
OTPHIIAHHSA.



Ilpu knaccudukauud OyJesniX onepandii 6yjeM HCKJOYaTb H3
paccMOTpPeHHsl HyJibMecTHole onepaiu (kouctantel 0 1), a Takxke
TPHBHAJBHYIO QJHOMECTHYIO ONEPalHIO, NOBTOPSMOILYIO 3HAUEHHS CBOE-
ro apryMeHTa. ECTECTBEHHO TaKXe He Pas3/iMyaTb MexXpay coboil ome-
paldy, BO3HHKAOUlMe W3 OfHOA H TOH e OyneBofi (QYHKUHH NpPH
Pa3/HYHBIX [MEpPeCTAHOBKAX €e apryMeHTOB. Y4HThIBas 3TO, Oydem
umene eOuUHCMBEHHYI0 OOHOMECTIHYID ONepayuio — OMpUyaHue X U 60-
c2 Mb OBYXMeCMHbLX ONEPAYULi — YMHOJNCeHUe XYy, OUBTBIOHKYUID X\/Y,
CAONCEHUE X -1y, ONEPayur0 PABHOBHAYHOCMIU X ~ Y, UMNAUKAUUIO
x Dy, onepayuro sanpema xy, onepayurw Illeppepa x\/y u onepa-
yuto [lupca xij.

Jlerko mpoBepHTH, YTO MOHOTOHHBLIMHM H3 BCEX TepeydcJeHHhX Ae-
BATH GyJeBBHIX ONepauuil ABJAIOTCA TOJBKO JIBe — ONepalMH yMHO-
KEHHA ¥ AU3BIOHKHHA. K JHHeHAHbIM OTHOCATCS JMUIb TP ONEpaluid —
onepauuy OTPHUAHMA, CJIOXKEHHS M DaBHO3HAYHOCTH. TakuM obGpasoM,
NPUXOAUM K CleAYIouleMy pPe3ynabTaTy.

Teopema 3. Cpedu Oesamu oOHoMeCHIHbIX U OBYXMECHbLX OYie8bix
onepayull onepayul YMHONCEHUS 1 OUSBIOHKYLU ~ABASUOMCA HEAUHEHbL-
My (HO MOHOMOHHLIMUY, ONEPAyUL OMPUYAHUSA, CAONCEHUA W DABHO-
BHAUHOCIIL ABASIOMCS HEMOHOMOHHoIMU (Ho AuHedHbimu). OcmaieHoie
Jce wemwipe onepayuu — onepayuu sanpema, umnauxkayuu, llepgepa
u ITupca — A8A710MCA OOHOBPEMEHHO U HEAUHEUHbIMU, 1 HEMOHOMOH-
HOLMLL,

I3 teopem 2 1 3 HETPYAHO BHIBECTH CJEAYIOUIHH BAXKHLIA pe3yJ/IbTaT.

Teopema 4. C nomowgpto a00oll neauredHol onepayuu moxcem Ooimeo
noayena aubo onepayus ymHoMceHus, Aubo onepayus Ou3BIOHKYUL.

PaccMOTpHM MPOHM3BOJIBHYIO HE/HHEHHYI0 ONepaidio, 3aJaBaeMylo
HeKoTopo#l HenHHeliHOH OyJjeBoll dyHKuued f(xi, x,, ..., x¥,). Kanonu-
YeCKHH ITOJIMHOM 5TOH (DYHKIHH COAEPXKHT XOTsl Obl OJHO MpOH3Beje-
HHe ¢ JAByMsA HjH 0oJiee COMHOXHUTEJNAMH. Boloenum cpenu Bcex Ta-
KHUX NPOM3BENEHHIl OZHO H3 TeX, KOTOPble MMEIOT HAUMEHLIIYIO AJH-
HY /. DTO NPOH3BENEHHE COLEPKUT HE MeHee ABYX COMHOKHUTesell H,
€JIefloBATENLHO, HMEeT BHJ X;X;p, T€ p — MPOU3BENEHHEe HEKOTOPOTo
MHOXKeCTBA 6YKB (GBITh MOMKET, MYCTOTO HJIM COLEPKAIEro JHIIL OfHY
Oyxsy). Coxpausis GyKBHl x; H X; HEH3MEHHEIMH, 3aMEHHM Bce GYKBHI,
BXOJSII{HE B p, €AHHHLAMH, a BCe OCTaJbHbIe (U3 YHuCa GYKB X, Xo, ...
<oy Xp) — nyaamu. [locne Takofi MNOACTAHOBKH BhIZEJIEHHOE HaMH
Npou3BefenHe 0OPATHTCS B X.;Xj, 4 BCe OCTaJbHble NPOU3BENEeHUsl AJH-
Hbl, GoJbliefi eguHHIEB, OOPATATCA B HYJH, TNOCKOJLKY Kaxjaoe H3
HUX COAEPKHUT XOTs Obl o1y OYKBY, OTJIHUHYIO OT X;, X;H OYKB, BXO-
ASALUX B p.

IMocne ykasanHo#l MOACTaHOBKH noJyuuM OysieBy (YHKUHIO ABYX
nepeMeHHbIX @(x;, x;), KaHOHHYeCKHH MOJHHOM KOTOpPOH HMeeT BUJ
xix; 4+ ax; 4 Px; +vy, tEe a, B, vy — 6yneBn xoHcrautel (0 wau 1).
Ecau sTa dyHKUMA paBua x;x; Wad x; \/ xj = xix; - x; + X;, TO Teo-
pema gokasana. B mpotusHOM ciyuae, Oynyud HeJHHe#HO#, 9Ta (YyHK-
Msi, B CHy TeopeMul 3, 6yaeT o6si3aTelbHO HeMoHoTOHHOH. Ho Toraa,
no Teopeme 2, ¢ nNoMollpld omnpenedsieMoil ¢yHKuHeH ¢ Oy./eBoil
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omnepaidd MOXKHO BEIPAa3HTb oTpUHaHHe ¥ = x | 1. Pacnonaras ¢yuk-
UHAMH X;, Xj, X +1, x; + 1, MoxkeM B DYHKUHH @ NPOH3BECTH 3aMEHY
x; Ha x; +P, a x;, —Ha x; | a, NoCJAe UYETO TMOJIYYUM (PYHKLHIO
P(X;, xj) C KAHOHHYECKHM NOJHHOMOM (X; 4 B) (x; + o) -+ a(x; - B) -
+Blx; +a) +v =x x; +ax; +Px; +-off +ax; -of 4-px, +
+af -y =xx; 46, rae O6ykBoit 6 obo3HaueHa GyJsieBa KOHCTaHTA
ap +vy. Ecm 8 =0, 10 Y(x:, X;) = X; xj, ¥ TeopeMa joKasaua. Ecju
xe § =1, To P(xpx)) = xx; + 1 = x;x;. [locKoNIbKY OTPHIlaHHE HaMH
y3Ke MOCTPOEHO, U3 mnociegHell (YHKUMH CHOBA JIETKO MOJyYaercst
NPOU3BENEHHE X;X;.

Takum o6pa3om, BO BCeX CaydasiX yAAeTcsl ¢ MOMOIILI) 3aJaHHOH
onepau#H MOCTPOUTH BLIPAXKEHHS A/A (QYHKUHH Xy HIH xVy, a cjae-
JoBaTensHO, H A7 ONpPefesisieMblX HMHM ONepailyii, 4To H TpeGoBaJoCh
JokasaTb. Tenepb JIerKo BLIBECTH CJeAYIOmee YCJI0BHE NOJHOTH A Ha-
O6opoB OyJieBHIX oOIepalui.

Teopema 5. [aa moeo umobst Habop Oyiesvix onepayutd Ooia noa-
HbIM, HeoOxo0umo u Gocmamouno, 4mobbl 8 cocmas 3moeo Habopa exo-
Ouna xoms 6ot 0OHA HEAUHCEHAA U X0MA Obl 00HA HEMOHOMOHHAS ONEPAYU.

Heo6xoxumocTs chOPMyTHPOBAHHOTO yC/OBHS Oblia yCcTaHOBJIEHA
Bhlllle, a JOCTATOUHOCTbL SBJSIETCH HENOCPEACTBEHHBIM CJIeACTBHEM
Teopem 2 H 4.

YcnoBuUMCS  HaspIBaTh MOJIHBIA Habop Oy/eBLHIX ONepauuil Henpu-
go0uUMbIM, €CJIH U3 HETO Hesb3sl HCKJIOUHTL HH OJHOH omepaiuu 6e3
TOrO, YTOGH HAaboOp He MoTepsJi CBOMCTBO MOJHOTH. TeopeMa 5 mnosBo-
JileT JIeTKO NEePeYHCHTh BCe HeNpPHBOZMMbIE MOJHBIE HAOODH!, COCTaB-
JieHHble U3 OJHOMECTHHIX W JBYXMECTHHIX OyJieBHIX onepalii. D10 —
yerpipe Habopa, KaXkAuli M3 KOTOPHIX COCTOMT U3 OJHOH-€AHHCTBEH-
HOH onepaiu (MMOMuKauuu, sanpera, onepanud Illeddpepa u onepa-
uuy Tlupca), W mecTs TOJHLIX HENPHUBOAHUMBLIX HAG0POB, COCTOSIIMX
U3 ABYX OnepauHii: KoMOGHUHAIHK OIepaluu YMHOXKEHHS ¢ KaXAOH
U3 omepauuii OTPUUAHHUS, CJIOKEeHHS HJIH PaBHO3HAUHOCTH H KOMOM-
HamH¥ OMepaudd AU3BIOHKUMH C KaXXJOH M3 TeX XKe CaMblX TPeX olle-
pauui.

Henosb30BanHOe HAMH NMOHATHE MOJHOTH! Paspelnajo npH nocrpoe-
guu G6yJieBbIX (PYHKHHH NOJb30BATHCA HE TOJNBKO APTyMEHTaMM 3THX
(YHKUMA ¥ onepanMsMH H3 COOTBETCTBYIOLLEro IOJHOTO Habopa, HO
H GyjieBoiMH KoHcTautami 0 v 1. Ecsii HCKJIIOYHTE BO3MOXKHOCTD TOJIb-
30B4HHUSI KOHCTA4HTAMH, TO BO3HHKAeT HOBOE€ MOHSTHE TNOJHOTH, KO-
Topoe GyAeM Ha3blBaTb YCUAEHHOU NROAHOMOU, WA NOAHOMOU 6 CUALHOM
cMolc e,

IManeko He BCe MOJiHble HaGopul OYJeBbIX olepaunuilt yaoBJETBO-
PAIOT YCAOBHIO YCHJeHHOH mHosHoTH. IHanpumep, HaGop, COCTOSIIHH
H3 onepauuil CJOXKeHUs M YMHOXKEHHd, ABJAAACH MOJIHBIM, He fBJis-
eTcs, TeM He MeHee, IOJHLIM B CUJBHOM cMbicsie. Jlerxko BHAETH, 4YTO
6e3 MoJib30BaHUsT KOHCTAHTOH 1 BCe CTpOAIHeCs ¢ IOMOLLBIO 3TOr0 Ha-
Gopa omnepauuit 6yJess GYHKIHH HelNpeMeHHO o6pamaioTcst B HyJb B
TOYKe, B KOTOpPOH BCce HX apryMmeHThl NpHHHMAIOT HYJEBbie 3HAUEHUS.
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Takum o6pa3oM, ¢ NOMOIIbI) OJHHX JIHIIbL ONEpalHi CJO0MXKEeHUs U
yMHOMXeHH51 (6€3 KOHCTaHTHl 1) He MOMKer ObiTb NPEACTABJEH LeJbli
psj OyJ/ieBbIX (PyHKUMH, HanpUMep (GYHKUMA X WA QYHKIHSA, TOXKIE-
CTBEHHO PaBHAas €QUHHUILE.

B To e BpeMs HaOOphl, COCTaBJIeHHbIE M3 ONepalliii OTPULAHUSA H
YMHOXEHHS MJH OTPHUAHHS W JU3BIOHKUHMH, OKAa3blBAIOTCH IOJIHBIMH
HE TOJIbKO B OGHIYHOM, HO M B CHJIBHOM cMkbicje. /s toro 4tobnl ybe-
IMTLCS B 3TOM, JOCTaTOYHO, OUEBHAHO, H0KAa3aThb BO3MOXKHOCTH Npern-
CTaBJIeHHS C NOMOILBIO yKa3aHHHX onepaiuil konctaut 0 u 1. [MocJe-
nuee ke paercs dopmynamu 0 =x¥ | =xk, l=xV%, 0=xV X

HeoS3xoAnMee H JOCTATOYHBIE YCJAOBHS YCHJEHHOH MNOJIHOTH JJsi
HaGopos OyseBblx omepauuit Haiigens [Toctom [62]. Uto6u chopmy-
JIMPOBATh 3TH YCJIOBHS, HEOGXOJMMO NO3HAKOMHTLCS C TPeMs HOBBLIMH
3aMeyare/IbHBIMH KjaccaMd GyJieBBIX (YHKUMH M OnpejessieMblX HMH
onepamui.

ByJsesa QyHKuMa (onepauus) f(x,, X, ..., X,) HasbBaeTcs pynxyued
(omepauuett), coxparsrowed nyan, ecau f(0, 0, ..., 0) =0, pynxyued
(onepayueil), coxpanswowel edunuyy, ecnn f(l, 1,..., 1) =1, u camo-
Osoticmeentoll  pynkyued (onepaumedt), ecmd  f(xy, Xs ..., Xp) =
=f(X,, Xs ..., Xn). YTOMAHYTHI Bhllle pe3ysbrar [TocTa MOXKHO chop-
MYJIHPOBATL Telepb TakK.

Teopema 6. [aa moeo umobut Habop Oyaesoix onepayuti Ovta noa-
HbIM 6 YCUNCHHOM CMbICA, HeoOXo0umo u GocmamouHo, 4mobst 3Mom Ha-
bop 6xMo4an 8 ceba xoms Gbi 00HY HEAUHELHYI onepayuto, xoms Obi
00HY HEMOHOMOHHYI0 onepayuro, xomsa Ob. 00HY onepayuro, He coxpa-
HANOWYIO HYab, X0ma Obl 00HY ONEPAyUIo, He COXPAHsuyw eOuruyy,
1 xoms Got 00HY ONEPAYLIO, HE ABASIOWYIOCA CAMOOBOLICMBEHHOU.

Heo6xoquMoCTh yC/OBHH, cHOPMYJHPOBAHHEIX B Teopeme 6, ao-
Ka3LIBAETCS TOYHO TAKHM Ke CTNOocoOOM, KaK M B Ciydae oOLIYHOH MOJi-
HOTHI: HEO6X0AUMO YGeaHThCS JHIIL (a4 ITO CHe/aTh HETPYAHO), UTO,
HE HCNOJb3ysl KOHCTAHT, C IIOMOUILIO ONEepalid, COXPAHSIOMHX HYJb,
MOMHO TOCTPOHTb TOJILKO TakHe 6yJeBnl ¢yHKUHH (a 3HauuT, H OyJe-
BLl OMNEpallMH), KOTOPbIE TaKMXKe COXPAaHSAT HY/b. AHaNOrHYHOE TIIO-
Jo)XeHHe OyJeT TaKke C ONepallusiMH, COXPAaHAIOUIMMH E€I{HHHNY, H
C CaMOABOACTBEHHBIMH onepanuaMu. [{0Ka3aTe/anLCTBO JOCTAaTOYHOCTH
CBOAMTCA K YCTAHOBJIEHHIO BO3MOXHOCTH NOCTpOeHHs KoHctauT O H 1
1 NOCJENYIOEMY NpHMeHeHHIo TeopeMbl 5. C NOAPOGHOCTSAMHU 3TOTO
I0KAa3aTe/IbCTBA MOMKHO MO3HaKoMUTbC B crathe C. B. §6noHcKoro
{83] (cM. Takxke B. M. Taymkos [26]).

V3 nepeyHciieHHBIX Bblllleé AEBSITH OJHOMECTHHIX H  JBYXMECTHBIX
6ysieBLIX OnmepauMil He COXPAHAIOT HYJb IIECTh Onepalluii: OTPHLAHHeE,
onepamusi PaBHO3HAYHOCTH, UMIJIHKauusi, a takke onepauud Iled-
¢epa u [lupca.

K uucsy onepauufi, He COXPaHSIONUX €IHHMILY, TAKXKE OTHOCATCS
eCTs onepauuil: OTPHUAHHE, cJO¥eHHe, onmepauud sanpera, [lled-
¢epa u Ilupca.

Haxowuel, necamoiBGHCTBEHHBIMH ABJSIOTCS BCE ONepanuH, Kpome
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OTpHUAHHSA: YMHOXKeHMe, IH3BIOHKUHS, CJOXKeHHe, WMINJAMKAUHA, 4
TA4KXKe olepaldd paBHO3HAayHOCTH, 3ampera, llleddepa u IMupca.

HanGosiee 3ameyaresibHbIM CBOHCTBOM o6Jafalor onepaudd Iled-
¢epa u [lupca: kaxpas W3 HUX, paccMaTpuBaeMas B OTHENLHOCTH,
HPEACTaBJisieT cOOOH MOJHBIH B CH/ILHOM CMbicje Habop 6yaeBnix orne-
paudii. Jtd HaGOpLI, PasyMeeTCsl, HENMPUBOAHUMLI B TOM CMBICJIE, YTO
M3 HUX He/b3sl YAaNHTL HU OJHOH omnepanuy 6e3 NoTepd HA6OPOM CBOI-
CTBA YCHJIEHHOH IIOJIHOTHI.

Jlerko noxasaTb, YTo BCsIKas ONepanMs, He COXPAHAMAS HY.b,
160 He COXpaHseT M eJHHULY, JHOO SBJAETCH HecaMOLBOHCTBEHHOH
onepauuefi. Orciofa ciefyer, 4to B JIIOGOM HENPHBOAHMOM  YCHJEHHO
no/sHOM Habope OyJsieBbIX ONepaurii He MoXeT GbiTh GoJiee UeThIPex
(a ne mATH, KakK MorJyio 6b NOKa3aTbCs aNpHOPH) PasJIHUHBIX OmNepa-
IUM{i, TNpHYeM HeNpHBOAMMBIE YCHJEHHO MOJIHEE HAGOPH, COCTOAMHE
H3 YeThIPeX pas3/nyEbix Oy/eBrIX onepaiHil, 1eACTBHTE TbHO CYILECTBYIOT.

§ 4. NpumeHennsn Gy/eBoii aireGpnl B TEOPHH KOMOHHAMOHHBIX CXEM

KoMGHHALHOHHEIE CXeMBl NPERCTaB/AIOT CO60H Haubosiee MPOCThIE
TeXHHYeCKHe YCTpOHCTBA AJA Mpeo6pasoBaHHs JHCKpeTHOH uHGOp-
Mmarud. [IpefnosioXuM, u4TO B HALIEM PAaCMOPSI)KEHHH KOHEYHOEe YHCJIO0
THIOB CHTHAJIOB TOH MJIH HHOH NPHPOALI (MEXaHHYECKOH, 3JeKTpHye-
CKOH, ONTHYECKOH M T. 11.), COCTABJSIONUX TaK Ha3vleaemblll
aapagum cuenasos S. Kombunayuonnotl cxemod 6GyaeM HA3LIBATh JO-
6oe ycrtpoificTBo P, peanusyiomiee HEKOTODHIi aniaBUTHBIH omepartop
A = A(S) B andasure S H yaoBieTBoOpsIONiEe CAEAYIOUIHM yCIOBHUSM.

1. O6nacteio onpepenenua onepatopa A dABJsieTC MHGXKECTBO
c/ioB B ancaBute S, umeromuX (PHKCHPOBAHHYIO AJHHY m > | (3aBu-
cAmyo ot Beibopa ycrpoiictBa P).

" 2. Bce Bxogsble ¢J0Ba M3 06/1aCTH ONpele/eHHsi onepatopa A
npeoOpasyloTcst cXxemoil P B BLIXOJAHBLIE CJIOBA OJHOM H TOH e JJHHbBI
n > | (rakxe 3aBucsitedl ot BriGopa P).

3. Bce OykBpl (cMraaJinl), CcOCTaBJISIOINIHE BXOJHOE CJIOBO, IIO-
JAIOTCS 0OHOBPEMEHHO HA M TOUEK CXeMbl P, Ha3hIBAEMBIX ee 8X00HbIMU
noaocamu, U 8 mo dce epems, TaK¥Ke OLHOBPEMEHHO, Bce GYyKBHI (CH-
r'HaJjbl) COOTBETCTBYIOUIETO BBLIXOJHOTO CJIOBA BO3HMKAIOT B APYTUX n
TOYKAX CXE€MBl, HAasLIBAEMBIX €e 8bix0OHbiMU noawocamu. Bxopusie H
BBIXOJIHBI€ TOJIIOCH CTPOTO (PHKCHPOBAHHBIM CNOCOCOM HYMepyloTCA
U COMOCTABJISIIOTCS COOTBETCTBYIOILMM MECTAM BXOAHOIO H BBLIXOA-
Horo cjoB. Tak, yto f-s OyKBa BXOJHOTO CJOBa BCErja MOAaeTcs Ha
i-d BxogHo#t momwc (i =1, 2,...,m), a j-1 6yKBa BBLIXOZHOTO CJIOBA
BO3HHKaeT Ha j-OM BHIXORHOM moJjoce j =1, 2, ..., n.

Pasymeercs, BCSIKOe peasibHOE TeXHHYeckoe ycrpoficTBo o6Ja-
JaeT HEKOTOPHIM BHYTPEHHHM 3ana3[biBaHHEM, TaK YTO yCJOBHE OLHO-
BPEMEHHOCTH BO3HUKHOBEHHSI BXOJHBIX H BHIXOJHBIX CHTHAJIOB B KOM-
GHHANHOHHOH CXeMe He CJefyeT MOHHMATh CJHIIKOM GykBsanbHO. Peup
HAeT 0 HEKOTOPO# aGCTpPaKUHH TOTO PeasibHO BCTPeyaronerocs ciaydas,
KOTfa yKa3aHHbIM 3anasjihlBaHHEM MOXHO NpeHefpeyr MO CpaBHe-
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HHIO C HHTEPBAJIOM JHCKDPETHOCTH paGOThl CXEMHl, ONpeAe/sieMbM
BpeMeHeM 34dMEHB OJHOTO BXOJHOTO CJIOBA JPYTHM.

Ha mpaxTHKe KOMOHHALHOHHbIE CXEMBI XapaKTePU3YIOTCS OOLIYHO
AMCYMCMBUEM 8 HUX Namamu. ITO 03HAYAET, YTO BRIXOJHOE CJOBO BO-
3HMKaeT HA BBHIXOAHBIX MOJIOCAX CXeMbl JHIIL HAa TO BPeMs, NOKa Ha -
BXOJHbIE MOJIIOCH [ORAETCSl COOTBETCTBYIONee BXOAHOe cyoBo. [Tocne
TOTO KaK N0Jaiya BXOJAHGLIX CHTHAJOB MpeKpaulaercsi, cxema «3a6niBaers»
3TH CHTHaJbl, TaK YTO OHHM He MOTYT BJHATb Ha mpoiecc GopMHPOBa-
HHS OTBeTa CXeMbl Ha CJACAYIOmYI0 KOMOHMHALMIO CHTHAJNOB, MojaBae-
MYI0 Ha €e BXOJHbl€ TNOJIOCHL.

Ycnosusa | U 2 HaKJAaApBAIOT, HA MEPBLIA B3TJ/sAL, BeCbMa CHJLHLIE
OTpaHHyYeHHss Ha as(paBHTHBIE ONEPaToOphl, KOTOPHIE MOXKHO peasin3o-
BaTh KOMOHHAIIMOHHBLIMH CXeMaM#. B JefcTBHTEeNILHOCTH . 3XKe CJIOBaMR
OAHOH ¥ TOH e AJMHBI (NOAOHPaeMOl KaxAblH Pas B COOTBETCTBHH C
KOHKPETHBIMH YCJOBHSMH) MOXHO 3aKOJHPOBaTh MOGYI0 KOHEUHYIO
COBOKYIHOCTb CJI0B.

Takum oOpasom, npu nooxo0auEem KoOUpoBaAHUL KoMOUNAYUOHHbIE
CXeMbL MO2YM PeAAU3068aMs A00ble A upaABUMHbIE ONEPAMODLL C KOHEHHIMU
obaacmany  onpedeseHus. C

Hawn6osiee npocToil npHeM BHIPABHMBAHHMA IJHH J000r0 (pUKCHPO-
BAHHOIO MHOXKECTBA CJIOB 3a CYET KOAMPOBAHHs COCTOUT B TPUIHCHIBA-
UM (BooOlle rosopsi, MHOTOKPATHOM) K CJIOBaM MeHbIleH AJHHBI CIie-
HHAJBHO BBOAMMOH B aJipaBHUT NyCcTOH OYKBHI C 1eJbl0 JOBEJEHHUS
YyUC/a COCTABAAIOMHKX HUX OYKB 0 4Hcaa GYKB, COCTaBJSIIOMIMX CaMoe
JJHHHOE CJIOBO pacCMaTPHBAeMOro MHOXKeCTBa. Bo3MoOXHBI, pasyme-
eTcsi, U ApyrHe NPHEMEl DelIeHHs 3TOH 3agauH.

3aMeTHM eme, yTo NPH Hagnexaunled TpakToBKe padoThl KOMOHHA-
IIMOHHBIX CXeM MOXHO CUHMTaTh, YTO OJHA M Ta XK€ KOMOGHHALMOHHASA
cxema crnoco6Ha peasM30BaTh He OJUH, a J060e KOHEYHOEe MHOMKECTBO
andaBuTHHIX omepatopoB. C 3TOH umesbI0 AOCTAaTOYHO PAsfeldTbh BCe
BXOJHLIE TOJIOCHI CXeMbl HA TaK HasbiBaeMble UHGOPMAYUOHHbIE H
ynpasasrouue nomocsl. Ecn cudTath npeo6pasyeMbiM BXOAHBIM CJIO-
BOM JIMIIL TY KOMOMHANHIO BXORZHBIX CHTHAJIOB, KOTOpas IOJAeTcs
ga HHGOPMAUHOHHLIE MOJIOCH, TO, (HKCHDPYsl Pas/iMYHLIE YnpasAiio-
wue croea (T. e. CJOBa, NOJABaeMble HAa YIPaBJISIONHE TOJIOCH), OY-
AeM NOoJy4aTh Pas3/HYHbIe aJA(aBUTHbIE ONEPaTOPhI, COMOCTABJIAMOUHE
UHPOD MAYUOHHbIM 6XOOHBIM CA06AM  BLIXOIHLIE CJIOBA CXEMBI.

[IpveM BapHalMHM peasu3yeMblX KOMOGHHAIMOHHOH cXeMmoO#l asida-
BUTHBEIX OINEpPaToOpPOB C TIOMOLILIO YIPAaBJSIOMHX CJIOB COBEPUIEHHO
aHaJIOTHYEH OMMCAHHOMY B MepPBOf TIjaBe NpueMy OpraHd3aluy pa-
60TH YHHBEPCAJbHOTO aNTOPHTMA: HAa BXOJ YHHMBEPCAJIbHOTO aJro-
puTMa TNOJAETCSl He TOJIbKO TNOjJexanlee nepepaGoTke HHPOPMAUHOH-
HOe CJIOBO, HO M yNpaBJSIOLIee CJIOBO, B KauecTBe KOTOPOTo BhIOHpA-
ercs H3o6paxeHHe ToJexan(ero peajn3alnd KOHKPEeTHOTO aJropuT™a.

[To TeXHHYECKHM COOOpaKeHHsM OKasblBaercsl GoJiee NpPOCTHIM H
yIOGHBIM B KauecTse anihaBuTa CHrHAJOB BHOUPATh dsouywbitl andaBuT.
B 5ToM ciyyae ABa THNA CHTHAJIOB OTOXJIECTBJSIOT OOHYHO C GyJieBbl-
mu koucrautamd O u 1. KomGunauuonusie cxembl ¢ TAKHM aJ(paBATOM
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CHrHa/oB GYAeM HA3bIBATH OBOUMHLIMU, WM GYaesoiMu, KOMOUHALUOH-
HbIMU CXEMAMU.

B 1BOMYHOH KOMOHMHAIIMOHHOH CXxeMe KaKiblil BLIXOAHON CHIHAJ
NpenCTaB/isieT co60i HEKOTOPYIo GyJsieBy (YHKUHMIO OT BXOXHBIX CHTHA-
JoB cxembl. Ec/id cxema HMeeT m BXOAHBIX H 7 BBIXOAHLIX [OJIOCOB,
TO peasnH3yeMbiil €0 a/i(aBUTHBIA ONeEPaTop NONHOCTBIO XapaKTepH-
3yeTcsi CHCTEMOH n OysieBbIX (YHKUHH OT /m NePEMEHHHIX, 3aZaomuX
BbIXOJIHbI€ CHTHAJIBI HA KaXK/OM U3 7 BHIXOAHBIX MOJIIOCOB KaK (yHKIHH
CHTHAJIOB HA M BXOAHBIX MNOJIOCaX. DTy cucTeMy (yHKuMi Gyfem Ha-
3bIBATh  GoLXOOHLIMU (DYHKYUAMU DACCMATPHBAEMOH CXEMBI, a CaMy
cxemy — Oyaegoum  (m, n)-noAocHuKom.

PesynbraTl npepsiiyuiero naparpaga MOABOASAT TEOPETHUECKYIO
6asy Moj OJHY U3 OCHOBHBHIX 333U TeOpHM OyJ/eBHIX (7, n)-MOJIOCHH-
KoB — 3afauy HX cunmesa. CyTb 3aja4yd CHHTE3a KOMOHHAIHOHHBLIX
cxeM BooOmie H OyJeBHIX (m, n)-NOJIOCHHKOB B YaCTHOCTH 3aKJIOYa-
ercsi B Pa3paGoTke METOHOB, MO3BOJIAIOUIMX CTPOHTb CKOJb YTOZHO
CJIOXKHBIE CXeMbl M3 (PMKCHPOBAHHOTO (OGLIYHO BecbMa HeGOJIBIIOrO)
YyHC/a THTIOB 3AEMEHMAPHOLY KOMOUHAUUOHHbIX CXem, HA3bIBAEMBIX B
c/yuyae HBOHYHBIX CXEM A02UYECKUMU IAeMEeHMmamu.

B KauecTBe JIOTHYECKOIrO 3/ieMEHTa MOXeT OwblTh BhIGpaH Jio6oi
6yneB (m, 1)-MOMOCHHK. BBupy cKa3aHHOrO Bhlle €ro PaGoTa MOMKET
6LITh OXapaKTePHU30BaHA BBIXOAHOH (yHKuMe# f(x,, X, ..., x,), Npex-
crasisiolmedl coGoit GyneBy (YHKUMIO OT m TNepPeMeHHhX, KoTopas
3ajaeT 3aBHCHMOCTb E€IHHCTBEHHOTO BBHIXOZHOTO CHTHAaJa BHIGPAHHOIO
HaMH 3JIEMEHTa OT COBOKYIIHOCTH BCEX €ro BXOJHBLIX CHIHaJ0B, [o-
BOPAT, YTO BHIOPAHHBIA JIOTHYECKHH 3JIeMEHT PeasH3yeT 3Ty GyJeBy
GYHKUHIO HJIH, COOTBETCTBEHHO, ONpenesiAeMmylo 3Toil QyHKuHed G6y-
JIeBY OIepalHio.

[Ipeanosioxxum Tenepn, uTo 3apuKCHPOBaH Kakof-nu6o HAGOp Jo-
THYeCKHX 3JlemeHToB. CHHTe3 KOMGHHALMOHHOH CXeMbl H3 5/1eMEHTOB
BpI6pPaHHOrO HAbOpa 3aKJIOYAETCS B IOCJIENOBATENLHOM nodcoeduneruu
BLIXO{HBIX TOJIOCOB OAHHX 3JIEMEHTOB KO BXONHBIM [OJIOCAM  JPyrHX
3JIEMEHTOB TakK, YTOOb! HE MOACOENUHATL K OHOMY H TOMY K€ BXOLHOMY
M0JIIOCY HECKOJILKHX BBIXOAHBIX IIOJIOCOB H He 06DA30BHIBATL 3aMKHY-
THIX leneH, N0 KOTOPLIM CHTHaJ, BLIAASI H3 KaKoro-jM6o sjementa Q
H NDPOXOASl, BO3MOXHO, 4epes JAPyrHe 3JieMeHTbl, CHOBa MOr Ol mo-
nacTb Ha ORNMH U3 BXOJHBIX MOJIOCOB TOTO Xe caMoro 3Jjementa Q. Ipu
sToM 6yAeM NpexnnoJsaraTbh, YTO B HAllleM PAaCHOPsIKeHHH pns JoGoro
sJieMeHTa BbOpaHHOrO Habopa HEOTPAHHYEHHOE YHCJIO KOMHH 3TOro
3JleMeHTa, TaK 4YTO HeAOCTaTKa B koauyecrmse (HO He uHCje THIOB!)
JIOrHYeCKHX 5JIEMEHTOB HHKOTAa He OyjerT.

[Mocsie OKOHYaHHS ONHCAHHOrO IpoHecca MOACOCTUHEHUS BLIXOA-
HBIX TIOJIIOCOB OZHHMX 3JIEMEHTOB KO BXOAHBLIM MOJIIOCaM APYTHX HeKo-
TOpOE MHOXKeCTBO /M BXOAHHBIX MOJIOCOB H HEKOTOpOe MHOXKecTBo N
BEIXOAHBIX TOJIIOCOB OKaxKyTCsi CBOGOJHBIMH OT KaKux-JHOO coegupe-
HUH ¢ JpYyrHMH noJiocaMH. ECTeCTBEHHO Temepb NPHHATL MHOMKECTBO
M 3a MHOKECTBO BXOJHBIX, @ MHOXeCTBO N 32 MHOXKECTBO BBIXOZHBIX
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I0JIIOCOB NTOCTPOEHHOH B pE3yJ/LTATE ONHUCAHHOTO MPOLECCA CJIOKHON
CXEeMbI.

Ecau B mpoiecce coenHHeHHs MOJIOCOB COGJIOAAMMCH TIE€PEYHCIeH-
Hble BhIIIE OTPAHHYEHH S, TO TOCTPOEHHAS CXeMa 3aaeT BLIXOLHOH CHIHAJ
Ha KaxJoM H3 n NOJIOCOB MHOXecTBa N Kak BIOJiHE ONpeResieHHYIO
OyJ/eBy (yHKUMIO OT CHTHAJOB Ha BCEX m MOJIOCAX MHOXKecTBa M.
Ee MOXHO paccMaTpuBaThb MO3TOMY KaK KOMOHHALHOHHYIO CXeMy B
JABOHYHOM anacdaBuTe HJAHM, OoJiee TOYHO, Kak GyJeB (m, n)-noJioc-
HHK.

JIerko NoHAThH, YTO MHOXKeCTBO N BBHIXOAHLIX IMOJIOCOB CXEMbI MO-
KeT ObITh AONOJIHEHO 34 CYeT IOJIOCOB, IOABEPTIIUXCS COENHHEHHUSM,
KoTophie OYJeM Ha3blBATb GHYMIPEHHuMU y3iamu cxembl. IIpd Hcnonb-
30BaHHHM HEKOTOPHIX THIIOB KOHKpEeTHOH (pH3HUeCKO#i peasusalui
JBOHYHLIX CHTHAJOB MOXKHO MOACOEAHHSITL K OJHOMY H TOMY Xe BXOJ-
HOMY IOJIIOCY HEeCKOJbKO BBIXOJHHEIX TNoJjiocoB. Heopuosuaunoctu 3a
CYyeT MPHXOAA B OJHH M TOT XKe NOJIOC HECKOJLKHX CHTHAJIOB HE BO-
3HHKAeT, BBHAY HAJHUYHsl TAK HA3BIBAEMOTO eCHECEerHHo20 pa3deseHusn
cueHaaos. ECTecTBeHHOE pasjiesieHne 3aKJ/I04aeTcss B TOM, YTO HYJIEBOR
CHTHAJ Ha TOM MJIH MHOM IoJoce o6pasyercsl TOTAAa U TOJLKO TOTAA,
KOrJa BCe OJHOBPEMEHHO MPUXOAsIMe HA 3TOT MOJIOC CHI'HAJbLl PaBHbI
uyJo. Ecan Xe xoTsi Gbl OIMH W3 NPUXOAALMX CHTHAJOB OblI paBeH
elUHULe, TO WU COBOKYIHBIH CHTHaJ paBeH efuuuile. B stoM cayuae
BXOJHbI€ CHTHAJBI CXeMBl MOTYT, OYEBUAHO, I0JaBaThCsl U HA HEKOTO-
phle ec BHYTPeHHHe y3Jibl, B CHJy Yero OHH BKJIOYAIOTCS B MHOXKECTBO
M BXOIHBIX TOJIIOCOB CXEMBL.

Ecnu cHHTe3HpoBaHHAs CXeMa HMeeT eJHHCTBEHHHIH BHIXOZHOH
NOJIIOC ¥ XapaKTepU3YyeTcsl, TaKUM 06Gpas3oM, eIUHCTBEHHOH BLIXOLHOH
6yneBoit ¢yuKkuMeir f(x;, Xs, ..., Xm), TO OIMCAHHHI IIpOLlECC NOCTPOE-
HHSl CXeMbl METOAOM MOC/IeA0BATENLHOIO COeNUHEHHsl Y3J0B IO Cymie-
CTBY [OBTOPsET MpOHECC [OC/EeXOBATENBHOTO NOCTPOEHHS NpeNCTas-
JAsomeil OyHKUHIO f(xy, X5, .., ¥m) QOPMYyJBl € NOMOIIBIO ONEPalHi,
peanu3yeMblX HCNIOJL30BAHHLIMU HAMH JIOTHYECKUMH 3JEeMEHTaMH.
Cunre3 mnpousBosibHOro OyJsesa (m, 1)-NOMOCHHKA OKas3piBaeTcsl BO3-
MOXKHBIM, €CJH Habop YKa3aHHBIX onepanufl OB/l YCHJEHHO MOJHBIM.
TlockosbKy BCAKMi (m, n)-NOJIOCHUK MOXKeT GbIThb CKOMIIAHOBAH H3 1
wTyK (m, 1)-00IOCHUKOB, TO B CJlyYae BHINOJHEHHs YCJOBHSA YCHJIEH-
HOH TOJIHOTH, MNOJYYHM BO3MOXKHOCT» CTPOHThL MPOU3BOJILHBIE ABOHY-
Hble KOMOMHALMOHHBIE CXEMBI.

Ha npakTtuke okasniBaercsi, OQHAKO, Kak MPaBHJO, HETPYIHBIM
NOJABaTb HA CHHTE3UPYEMYI) CXeMy MO CHelHasJbHO BbIJENMEHHBIM JJIs
9TOH LeJH KaHa/jiaM CHTHaJbl, PABHLIE TOXKIECTBEHHO (BO BCE MOMEHTHI
BPeMEHHW) Hymo U eguuule. [JsA HYJeBOro CHrHaja 4acTo, BIPOYEM,
He TpefyeTCcs HMKAKOTO CIEUMaJbHOTO KaHalja, NOCKOJLKY OH TpH
pane ¢U3HUeCKUX peasM3anUil CHTHAJOB BO3HHKAeT HA KaxKIOM H30-
JIHDOBAHHOM, T. €. Ha HENOJACOCJUHEHHOM HHKYZAa BXOAHOM TOJIIOCE.
B 3ToMm csiyuae ycnioBHeM BO3MOMKHOCTH CHHTe3a IPOHM3BOJIBHOH ABO-
HYHOH KOMOWHANMOHHOH CXeMbl SIBJISIETCs yXKe He YCHJteHHas, a oOb4-
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Hasg nojHOoTa Habopa olepaHuii; Peaju3yeMblX BLIGPAHHLIMK JOTHUE-
CKUMH 3seMentaMu. [IpH 3TOM A/ KPaTKOCTH TOBOPAT O NOJHOTE JHG0
HerNoJIHOTe Habopa CaMuX JIOTHYeCKHX 3JIEMEHTOB, 4 He PeaNu3yeMbIX
UMH OyJieBLIX Onepauui.

K noruueckum smementaMm, Haubosiee $acTo ynoTpebsisieMplM Ha
NpaKTHKe, OTHOCATCH TAaK HAasbiBaeMble co8nadeHus W pasfeseHus,
peasM3ylome COOTBETCTBEHHO OyJ/ieBhl ONepalMH yMHOXEHHs1 H JH-
3ploHKIMH. Kak npaBusio, Hapsgy C Osyxexodosvimu COBNANEHHSAMH H
pasjeneHHsAMH, DeajU3yIOMMMH QYHKHHH xy H x\/y, UWIMPOKO ymoTrpe-
6/SIIOTCA  MHO208X0008ble BapHAllMM 3THX 3JIEMEHTOB, peanu3yiomue
6ysieBel YHKIHH X3 Xy ... Xn H X1V X5\ ...\ Xn.

bBynes (1,1)-no/0CHHK, BLINOMHSIOUIHHA ONEPALHI0 OTPHIAHUS, TaK-
JKe 4acTo (PUIypHpyeT B YHCJ/e JIOTHYECKHX 3JeMEHTOB [M0J Ha3BaHHeM
ungepmopa. Tlpu peanusauuu curuasos 0 ¥ | B Tak HaspIBaeMbIX HO-
MEeRYUA.1pHbLX CXeMaxX C MOMOLLBIO ABYX Pa3/JHYHBIX YPOBHEH 5/]€KTpH-
YECKOIro IOTEHIHAaJIa CXeMbl COBMNAfeHHH W pasjeneHHfi MoryT OblTb
NOCTPOEHBl € MOMOIBK COMNPOTHBJIEHHHI M MOJYNPOBOZHHKOBHIX JHO-
JOB, a HHBEPTOP — C MOMOIbIO COMPOTHBJEHHH H NOJYHPOBOAHHKO-
BOIO TPHOAA (TPaH3HCTOPA).

[lpy wucnonbzoBauHu B KauecTBe HaGopa JOTHYECKHX 3JIEMEHTOB
JBYXBXOJOBbIX COBMAfAeHUH H pagjeneHdil W HHBEPTOpa 33j4aya CHH-
Te3a OyJeBblX (m ,l)-MONIOCHUKOB CBOAUTCS K 3ajgaue IOCTPOEHHS
dopMysn GyneBoHl anreGpbl, NPEICTABJSIOMUX BBIXOAHBIE (QYHKIHH
3TUX (m, l)-nosocHukoB. Murepec mpencrae/isieT MOCTpoeHHe HE Ka-
KO#-HHOYb CXeMBbl C 33laHHOH BLIXOAHOH (yHKIHeH (BBHLY TOJBKO
4YTO CKa3aHHOIO, 3TO CJesiaTh HEeTPYAHO), a INOCTPOeHHE NOCTATOYHO
SKOHOMHOU CXeMbl, pacxopywolleli M0 BO3MOXKHOCTH MEHblIee HHCJIO
JIOTHUECKHX 3JIeMEHTOB. 3ajaua MOCTPOEHHsSI 3IKOHOMHbIX CXEM CBO-
IMTCSl B DacCMaTpHBaeMOM CJlyuae K 3ajade MHHHMH3aUHH (GOpMyJn
6ynieBoii anreGpel.

OueHb yacTo HAa NpPaKTHKe, CTPOSl TY MJH HHYK KOMGHHAIMOHHYIO
CXeMy, MMEIOT BO3MOXKHOCThL MOJATh HAa ee BXOJAHbIE MOJIOCH He TOJbLKO
HUHTepeCcyom e HAC BXOJHbIE CHUTHAJBI X, X, ..., X,, HO H HX OTpHIA-
HHS Xy, X, ..., Xp. B 3TOM ciiyuae A/A CHHTE3a CXeMbl OKasblBaercs,
OYEBHJHO, JOCTATOUHLIM HMEThL TOJIbKO COBIAJEHHMSI H DasfeseHHs, a
3ajauy TMOCTPOEHHS AOCTATOYHO SKOHOMHBIX CX€M peamT OOHYHO
JMIIbL B KJjacce TaK HA3LIBAEMBIX OBYXCMIYNeH4amolx CXeM, T. €. CXeM,
B KOTOPBIX BCe COBIAJEHUs MPEeNUIECTBYIOT pPasjesieHHsaM JH60, Ha-
060pOT, Bce pasjesends NMpeamecTByioT coBnajenHsam. [logo6Hele cxe-
Mbl OIIMCBHIBAIOTCS, OHYEBHIHO, AH3BIOHKTUBHHIMH JHOO KOHBIOHKTHB-
HBIMH HOPMAaJIbHBIMH (DOPMaMH, METOAH MHHHUMH3AalMH KOTODLIX DPaso-
Opaunl B § 2 HacToAMEH [JABHL

B kadectBe mpuMepa CHHTe3a IBYXCTYNeHYaTOH KOMOHHAUHOHHOH
CXeMbl pPaccMOTpPUM CHHTe3 GyJesa (6,1)-moJocHHKA € BBLIXOLHOH
byukumedt f = xyz\/ xy\/ xyz\/ y2\/ xZ, npexnojarasi, 4yTo Ha LIECThH
BXOJHBIX TOJIOCOB HalIefi CXeMsl NOJAIOTCSA CHTHAJMBI X, Y, 2, X, Y, 2,
a B KayecTBe JIOTHYECKHX 3JIEMEHTOB BHIOHDAIOTCS ABYXBXOHOBLIE
COBTIAZ€HHA M pasjienieHus.
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Ecnon cTtpouTh cxeMy B CTPOTOM COOTBETCTBHH C I1€PBOHAYAJBLHO
3ajanHOi mnpejcTaBasomed Gyukuuo [ gopmynol, To cxema Gyner
cojepxKarp 7 coBnaneHnil u 4 pasjgenenns. Ecnd Ke MHHUMHSHPOBATH
3Ty ¢dopmyny no merony Buelika Tak, kak 3To cienaHo (AMeHHO Ans
3TOH ¢opmy/n) B KoHlle § 2, To okaXkeTcs, YTO 3aJaHHYI0 (DYHKIHIO
[ MOXHO NpeicTaBHTL ropasfo GoJjiee npoctoil dopmynoil: f= yz\/xe.
CooTBercTByomas 3tofi gopmyne cxema
COJIEPKUT BCErO IBA COBMALEHHS M OJHO
pasgenenue. lso6paxas coBnajeHHs W
pasgeneHus KpyxKoukamu ¢ 6ykBamu C H
P BHYTpH, MOXKeM MpPeACTaBUTb MMOCTPOEH-
HYIO CXeMy HarasaHo (puc. 5). B moctpoen-
HOH CXeMe BXOJIHbI€ NOJIOCH], Ha KOTopbie
NOJAIOTCH CHTHAJL! X M 4, (PAKTHYECKH He

Puc. 5. : ucnons3yorca. [loaToMy 3agaHHas Bbl-

XOAHast (YHKUUA MoOKeT ObiThb pealu3o-

BaHa OyJeBnM (4,1)-mostocHuKom, a He (6,]1)-NOMIOCHUKOM, KaK 3TO
IpeAnoaraioch EHadane, ’ -

B paccmoTpeHHoM rmpumepe BHIXOAHAS (YHKUHMST CUHTE3UpyeMOH
cxembl Oblia 33ajaHa B BHAE HEKOTOpoi (opmysanl OyJeBoil ajre6psl,
TaK 4TO IMpPOILecc CHHTE3a CBOAW/CSH MO CYILECTBY NHLIb K YIPOILEHHIO
stoit Gopmyanl. Ha npakTuke yamie Bcero CTanKUBAOTCS CO CJYdaeM,
KOTZA BHIXOAHble (YHKIHHY CHHTE3HpYeMOil CXeMbl 3afaiTcst Tabauua-
MM CBOMX 3HaueHHi. B sToM ciydae nepBeIM 3TamoM mpoilecca CHH-
Te3a CXeMbl CJHYXHT HAXOXKJeHHe Kakux-HuOyap (He 006s3aTesbHO
CaMbIX TIPOCTHIX) HOPMYJ, MPEACTABASIOMHUX 3aLaHKbIe HYHKUNH. YHU-
BepCabHBIM CMocof0M /11 TAKOrO MOCTPOEHHsA sBAsieTCs Crocol,
OCHOBAHHBIH HAa WCIO/b30BAHHM COBEPLIEHHBIX AHU3BIOHKTHBHBIX HOP-
MaibHEIX GopM (cM. § 2): mo6Gas GyneBa (yHKIUS MOXKeET ObITb Mpei-
CTaBJIeHa B BUJIE U3 BIOHKIMY KOHCTUTYIHT €IMHHIIbI, COOTBETCTBYIOIIHX
TeM HabopaM 3HayeHWI [epPEMeHHBIX, HA KOTOpHIX 371a (hyHKUMA obpa-
maercst B eMuEuLy. IloiyuenHoe npencTaB/ieHde MOABepraercs 3aTeM
MHUHUMH3ALIH,

B cnysae, Korjga 4HCA0 mepeMEHHBIX OTHOCHTENBHO HEBEJHUKO,
ya0OHO MCKaThb TYNHKOBLIE M JiaXe MHHHUMAJbHbe JIUSBIOHKTHBHHE
HOpMaJbHble (OPMBI, MPEACTaBASIOMMe 3a71aHHble (YHKIHUH, HEMNo-
CPEeACTBEHHO MO TabaMiaM 3HaYeHHH 3THX (yHKuMi. s obaerdenus
TAKOTo MOMCKA yHoTpebJsioTcs crenualibHble (GOpMbl 3anMcH yKasaH-
HBIX TaG/MI B BUJe TaK HasbiBaeMbix kapm Kapray (nuarpamm Beiida).

Kapra Kapuay npejcraBnsier co6oli Tabamity ¢ 4 cTpokami, oGo-
3HAYEHHBIMA PA3JNYHBIMA HAO0PAMH 3HAYEHHH MEPBHIX ABYX NEPEMEH-
HBIX X, Y, U C 4 cTonGiamMi, 0603HAYEHHBIMA pa3NMYHBIMH HabopaMu
3HAYEHUH [OCJeIHUX JBYX I€peMeHHbIX 2z, u. [lone KapTe (aas
clyyast yeThipeX mepeMeHHHIX) pasOuBaercsi, TakuM oO0pa3oM, Ha
16 kBanpaTtoB, KOTOpble 3aHYMEPOBAHBI MOCJENOBATEJILHBIMH  YHC-
aamu ot 0 1o 15 BkmwouutensHo. Kapra Kapuay ans yeThipex me-

PEMEHHBIX ; :
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~ Tlpu sajanul C TIOMOIIbIO YKa3aHHOH KapThl TOH WJIH HHOM Gyne-
Bolt dyHKUME f(x, y, 2, ) B KaKIOM KBajpare 3aluChiBAETCS 3HA-
yenHe 3ToH Pynkuuu (0 UM 1) Ha Tom naGope 3HAYCHMH NEpPEeMEHHbIX,
HOMEp KOTOpOTO .COBNAjJaeT € HOMepoM AAHHOTO KBajpata (NepBble
ABa 3jieMeHTa Habopa, 0 KOTOPOM 37€Ch MzeT pedb, 0603HAYAOT CTPOKY,
a BTOpble J(BA €ro 3JeMeHTa — crtonfel,, Ha IlepeceyeHdH KOTOPhIX
pacrnoJioXKeH paccMaTpUBaeMbld KBaApaT).

[Ipy Takom 3ajanud B Ciaydae uyacTHbIX OyneBolx GyHKUME Ha
kapTe KaphHay Bo3HMKaIOT KBajpatel Tpex THIOB: 0603HAYEHHbIE HY-
neM, o6o3HaueHHble eguHHIEH M HHKAK He ofosHaueHHble. Ilocnenuue
KBaJpaThl COOTBETCTBYIOT TeM Habopam, Ha KOTOPLIX 3HAueHHs pac-
cmaTpuBaeMoil (DYHKUMH HE ompejeneHsl. B caydae BCIOLY 3aJaHHBIX
6yneBbiX (YHKUMI BO BCe KBajpaTel OynyT BmMcauol JMG0 HYJH au60
eIMHHUILI, NMOITOMY TakKHe (YHKIHH MOryT OniTh 3aAaHbl yKA3aHHEM
JHIIL T€X KBAApaToB, B KOTOPHIX OyAyT 3anHCcaHbl €IHHHMIb, HJH,
Kak OyneM TOBODHTL, YKa3aHHeM KOH@pueypayuu eOuHuy paccMaTpu-
BaeMOH (YHKIHH. .

Kapra Kapray nocTpoena Tak, u4To KOH(UTIypaiuHdH equHHIL, 3a-
JamouiMe pasjMyHble 3JeMeHTapHble MPOU3BENeHNs], PAClo3HAKTCS Be-
cbMa npocto. [ paccMaTpHBAEMOIo cJAy4ast 4eThipeX I1ePEMEHHBIX
KOHOUTYPAUX eIUHHIL 5/EeMEHTAPHbLIX IPOU3BefeHuil AMuHEl 4 (KOH-
CTUTYIHT €JMHMILI) CBOAATCS K OTAENbHBIM, WJH, Kak OyleM I'OBOPHTH
Tenepb, JAeMEHmMApHbiM, KBAaApatHkaMm kapTtel Kapray.

CooTBeTcTByIOIMe KORGUIYypalKK, 3ajaiue Bce Cs-28 = 32 aane-
MEHTAPHBIX [POU3BeNeHHs IJMHL 3, NOPEACTaBJAIOT COOOH BCEBO3-
MOXHBI€ Tapbl 3JEMEHTaPHbIX KBajgpaTHKOB, CTOSANIMX pPSAAOM H Co-
CTaBJSIOWMX TAaKUM 06pPa3oM NPsSMOYToNbHMK ¢ pasmepamu 2 X 1.
Heo6xoxuMo nMIIb MBICAEHHO OTOMKAECTBHTH NPOTHBOMOJOMKHBIE Kpast
kapTel KapHay — BepXHHil C HHKHHM M JieBblil C npaBbiM. B pesyiib-
TaTe€ TAKOro OTOXKJECTBJEHHS HYXKHO CYHTATh, Hanpumep, 4YTo 3Je-
MEHTapHble KBajpaTHKU C HOMepamH 4 u 6 uau ¢ Homepamu 0 ¥ 8 CTOAT
PALOM, B TO Xe BpeMsl 3/eMEHTApHble KBAApaTel 5 u 9 uax 7 U 2 He
JOJIKHBL PAaCcCMATPHUBATLCS KaK pSAAOM CTOSINHE.

Ananoruuso xoudurypauuyu ejMHMI, 3ajalOUIMe BCe .22 =924
3JIEeMEHTAPHBLIX MPOU3BEREHHUsT ANUHB 2, NPEACTABJSIOTCA BCEBO3MOMN(-
HbIMH OGDBEIHHERMSMH UYETBEPOK 3/IEMEHTAPHBIX KBaJAPaTHKOB, 00pa-
sylomux (4 X 1)-npamoyronabuuku U (2 X 2)-kBajgpatsl, a AJid Bcex
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Cl.2 =8 >JieMeHTApHHIX TPOM3BENEHHH AMMHBL 1 COOTBETCTBYIOILHE
NPEACTABAEHHS JAIOTCA  BCEBO3MOXKHBIMM  OOBEIUHEHHSIMH  3JieMEeH-
TAPHLIX KBaJAPaTHKOB B (4 X 2)-mpsamoyronbuukn. [Ipu sTom He cie-
nyer 3a6biBaTh 00 OTOXKIECTBJIEHHH NPOTHUBOMOJIOKHLIX KpaeB KapThl
Kapray.

DeMeHTapHOe NPOU3BENEHHe, COOTBETCTBYOUlee Ji0GoH H3 mepe-
YUCJNEeHHLIX Bblle KOHGUIYpauMil enuuuil, Jerko HaliTH, TaK Kak
TaKoe MPOU3BENEHNE COCTABNSETCS M3 BCEX TEX M TOJBKO TeX COMHO-
xKuatenelt (x, x, 4, y, 2, Z 4, u), KOTopeie 0GpanaloTCs B eIUHULY Ha
BCEX OXBATHLIBAWIIMXCA [TAHHOH KOHQUrypamuu naGopax sHaueHUi
TepeMeHHHX. '

Vcronb3yst 3To TmpaBuio, JIETKO HAiTH, HanpuMmep, 4TO KOHGHTY-
panuy, cocTosiuefi U3 3JieMEHTApHHIX KBajgpaTHKOB 5 u 4, cooTBeT-
CTBYET 3JIeMEHTapHOe NPOu3BefieRie xyz, a Koudurypaunu ((2 X 2) —
kBaznpaTyl), cocrosmell H3 3JIeMEHTaPHBIX KBaJ\paTHKOB 0, 2, 8, 10,
COOTBETCTBYET 3/IEMEHTApHOE MNpPOUSBe/lenHe yu.

Ilpu 3apaunu Gynepod ¢yHkuMH f Kaproiir Kapuay Haxoxmenue
NPEACTAaBAAONAX 3Ty HYHKIMIO TYMHKOBHIX H MARUMAJIbEBIX AH3BIOHK-
TUBHBIX HOPMAJIbHLIX (POPM CBOLHUTCSE K HAXOKNEHHIO Haubojiee 3Ko-
HOMHBIX HAKpHITHH KOH(UIypalUHH eiHHHL, 3anawmell GYHKIUIO f,
OMHMCAHHLIMH Bhillle KOHOUIYPALUAMH €IMHUI], COOTBETCTBYIOMIUMH
SJIEMEHTAPHbIM TPOU3BENEHUAM Pa3JiM4YHOH Anuusl (cM. § 2).

PaccmoTpum B KayecTBE NpHMeEpa 33Jady HAXOXKIEHHS TAKOTO MHU-
HUMAaJNbHOTO HaKpuTHs a4 OylneBod dyHKuuM [, 3amasHoii KapToil

Kapuay ~
X“ 00 |01 ’11 10
xy

01001
o1 |—|ololo
o =1~
o 1ol

Ilpeanonaraercsi, 4yro B KBaApaTHKax, B KOTOPLIX [IPOCTABJIEHBI
UePTOYKH, 3HaYeHHs (PYHKUMH f MOTryT GuiThb JIHOGLIMH, TAK 4TO, €CAH
I o6pasoBaHHMSl TOH MM HHOH KeNaTeNbHOH KOHOArypauuum He
00XOZMMO B TOM HJH MHOM H3 3THX KBaJPAaTHKOB TIOCTABHTb €IHHUILY,
BCErZa MOXKHO 3TO CAeNarhb.

Jlerko BHpeTb, uTo Bce (4 X 2)-NpsIMOYTOJNLHHKH, KaKHe€ TOJbKO
MOXHO IOCTPOHTL Ha 3aJlaHHOH KapTe, 3aXBaThbIBAIOT XOTA Obl OAHH
HyJb GYHKUMM f. DTO 03HAYAET, Y4TO CPEIM HJEMEHTAPHLIX NPOH3Bele-
HUH AJNMHBI | HeT MMIJHKaHT paccMartpuBaemoll (yHkiMH. Fmeercs
ABa (2 X 2)-kBajpara, He 2axBaTHIBAIOWIMX HYyJel (YHKIHH f: «kBa-
ApaT», COCTaBJIEHHBIH M3 YETHIPEX YIVIOBBIX 3JIEMEHTAPHBIX KBajpaTH-
KOB, W ¢KBajpaTr», CTOAMMUN B NPABOM HUIKHEM YIJy KapTol (OH OXBa-
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THIBA€T TPU €NWHHIE U OfHY uepTouky). Bmecre ykasauunie KBagpathl
HaKpHIBAIOT Bce elMHULH (QyHKUMM f, U noToMy 3Ta dyHkuus (¢ Tod-
HOCTbIO 10 G6e3pas/MyHbIX 3HaueHHWH, OOO3HAYEHHBIX YEPTOYKAMH)
MoXKeT ObITh NIPENCTaBJeHa B BHUJE AU3BIOHKIIMH COOTBETCTBYIOUIMX UM
3/IeMEHTAPHBIX NPOU3BENEHHH [ =y u \/ x2.

Halinennass guU3BIOHKTHBHAs HopMmaJbHass dopMma siBasiercs, Kak
JIETKO BUJeTh, MHHUMANBHOH ANst DYHKUMU [ nPU JMOOBIX BO3SMOMKHBIX
pacuidpoBKax 6e3pasIMyHbIX 3HaYeHHH, OOO3HAYEHHBIX UYePTOUKaMH.

OnucanHblfl MpHEeM HENOCPENCTBEHHOrO0 HAaXOXJEeHNsT MHHHUMA/b-
HBIX JM3BIOHKTHUBHBIX (POPM NPHUMEHHM He TOBKO AJs1 OYyA€BbIX (yHK-
OUH OT 4eThlpex NepeMeHHLIX, HO U /s (PyHKUHH OT MeHbllero yucnaa
nepemenusix. Kaptet Kapray ofuiero Bupa JJsi ¢yHKUMi OT Tpex 4
IBYX MepEeMEeHHbIX:

Y 01 Y 0l1
X X

o0 (o|1] ] o lo|1
o1 203 |1 lel3
1 lel7

1045

[Nons3yscy nepBofi Tabauiedl, HEOGXOJANMO MBLICIEHHO OTOXK]e-
CTBUTb BEDXHHMH M HWKHHUH Kpasi, TaK 4TO 3JeMeHTapHHE KBaJpaTHKH
c nomepamu O; 4 u 1; 5 crenyer cuuTaTh COCEIHHMH.

C nomomplo HEeKOTOPHIX AOTOJHHUTENBHLIX YXHU[PEHHH MOXKHO IIO-
cTpouTh Kaptel Kapray pas 5 u 6 nepemennblx. [I/1s 6oJbliero 4ucaa
nepeMeHHHIX B 00meM cJayyae 3aJaya HaXOXKAeHNs MHHHUMAJbHBIX
NIPeACTaBJeHHH HeNoCpeACTBeHHO Mo Tabauuam GyneBbix GyHKIMA CTa-
HOBHTCSl CTOJIb TPOMO3JKOH, 4TO COOTBETCTBYWIHMe KapTthl Kapray
yXe Malo NMOMOrawoT geny. B 3TUx caywasx nmpuxogurtcs npuberaTb
K aHANUTHYECKAM MeTojJam MHHHMH3auuu dopmyn Tana metoga bDieiika
¥ JpyrHX AaHaJOTHYHBIX METOJOB.

HaxoXjenne MHUHUMAJBHBIX JU3BIOHKTHBHEIX HOPMaJbHbIX (OpM
I BBLIXOLHBIX (YHKUHH OyJeBbIX MHOTONOJIOCHHKOB 4pe3BhIYAHHO
NOJIe3HO He TOJILKO /51 CHHTe3a OIMCAHHLIX BhIlIE ABYXCTyMeH4a-
TbIX CX€M Ha 3JleMeHTaX COBMAaJleHUsi U pasjelednsi, HO U JAJisl CHHTe3a
CXEM HA GEHMUAbHLIX 3NeMEHMAX, HA3biBAeMBIX OOLIYHO IPOCTO 8EH-
muaamu.

Benmuaem HaspiBaercs pBouyHas KOMGHHALMOHHAsS cxemMa C JBY-
MSl BXOJHLIMH M OJHUM BBLIXOAHLIM moJilocamH. Pa6Gotra BeHTHNsT CO-
CTOUT B TOM, YTO OH IPONYCKAeT WM He MpOMyCKaeT HA CBOH BHIXOI-
HOH MOJIOC CHTHAJ, MOJaBaeMblii HA OJWH M3 €ro BXOAHHIX [OJIOCOB
(HasbIBaeMbIil BEHTH/IbHbIM), B 3aBHCHMOCTH OT TOro, NOJAK /X Ha BTO-
POt M3 BXOIHBIX TOJIOCOB (HA3bIBAEMBIH YIIPABJISAIOMAM) CHTHAJ, pas-
HbIA €IUHULE, WIH, COOTBETCTBEHHO, CHI'HAJ, PABHHIH HYJIO. .
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B eenmuavhnlx cxemax (T. €. B cXeMax, COCTABJIEHHBIX W3 BEHTH-
Jiefl) Ha YNpPaBASsIOIMe BXOJNHbIE [OJIOCH BCEX BEHTHJEH NOZAIOTCS
CHTHAJLI, DABHblE HEKOTOPHLIM HCXOJIHLIM [EPEMEHHBIM X, Y, 2, ... H

UX OTPHIAHUAM X, y, 2, ... . Kpome Toro, ecte eme ofWH BXOILHOH
MOJIOC CXEMBI, HA KOTODHIH MOJAeTcsi BEHTH/bHbIl BXOJHOH CHTHAM,
TOXJECTBEHHO pPaBHuifl egunuue. Jisg BEHTHABLHBIX CHTHAJOB BBHIIOJ-
HseTcs CBOHCTBO ecmecmseenno20 pasdeiequs (CM. Bhllle), ofecredu-
Bajoulee [py I0jaye HeCKOJBKHMX BEHTHJILHbIX CHTHAJOB Ha OfMH H
TOT e MOJIIOC BO3HHKHOBEHWE HA 3TOM IOJIOCE CUCHAJa, PAaBHOrO
JU3LIOHKIHH BCEX 3THX CHUIHAJOB. BHIXOJHbiE CHrHAJbBI BEHTHJbHBIX
CcXeM TaKXe SBJ/ISIIOTCSl CHTHAJAMH BEHTHJLHOTO THIIA.

Bentuabuylo cxemy AJsl CJy4ast OJHOTO BBIXOJHOTO MOJIIOCA MOMKHO
MOJIHOCTHIO TOCTPOHTHL MO BCAKOH ¢opmyne, NPeACTaBAsIOmed BbI-
XOAHVI0O (DYHKIHMIO CXeMbl, C TMOMOIIBIO ONiepam¥i YMHOMXKEHHUS H JH-
3BIOHKILIUH, MPUMEHSIeMbIX KO BXOJHBLIM iepEMEHHbLIM M UX OTPHILAHMAM
(npuMepoM mofo6HOH (HOPMYJBI MOXKET CHYXKHTh Jo0as JU3BIOHKTHB-
Hasi HopMmaabHas ¢opma). Ilpy Takom NMOCTPOEHHH BCAKOMY YMHOXKe-
HHIO COOTBETCTBYET MNOC/ENOBATENbHOE, a BCAKOf IU3BIOHKIMH — Tia-
pajfeNbHOe COeMHEHHWEe BEHTHJed JUG0 BEHTHJbHBIX Lerned, COCTaB-
JIEHHBIX M3 HECKOJLKHX BeHTHJeH.

Ecan 0603HayaTh BEHTHIb KPYXKouKoM ¢ OyKBOH B BHYTPH, TO
BEHTHJIbHAsE CX€Ma, COCTABJEHHAS] B COOTBETCTBHH C (opMynod [ =
=(x\/Y)z\/ xy, 6yJeT umeTb BHJ, HU306paKeHHuil Ha puc. 6. Bo BRyT
PeHHeM y3je cxeMbl, 0603HaueHHOM GyKBOH A, reHepupyeTCsl BEHTHJb-

Hbll CHTHAn x\/y (pe3y/bTaT MapajiesibHOTO COeUHEHHs BEHTHEH
€ YHpaBJSIOWMMA CUTHANaMH x U y). B ysne B renepupyeTcst BEeHTHJIb-

HbIll CuMTHAN ¥, a B yajde C —— BEHTHJbHBIA CHMI'Han xy (pesysabTar
f10CNIeIOBATENILHOTO  COEIMHEHHUsS BeHTHJIeH C YNpaBJ/sIOMUMH CHI-

HaJaMmi x u y). Hakouser, BuIXomHO# CHrHan Bcefl CXeMbl B LENOM
(B nmomoce D) saBnsercs pe3yibTaTOM MNapaijefbHOTO —COeAHHEHHUs!
JBYX BEHTHJBbHBIX Ilernefl C BbIXOJHBIMHM (BEHTH/IbHLIMHM) CHIHAJaMH
(x\Vy)zuxy.

K BeHTHJbHHIM cXemam OTHOCATCA TaK Ha3blBAEMHIE peAeliHO-KOH-
Mmakmrole cxemot, MOCTPOEHHBIE HA 3NEKTPOMArHUTHBIX peje. Bentuan
3TOrC THMA (KOHTAKTH pejie) 00nafaloT 08yCmopoHHel nposodumMocmbio,
flepefaBasl BEHTHU/JbHbIE CHTHAJbBI He TOJbLKO B IPSIMOM HAIIPaBJEeHHH
{OT BEHTHJILHOTO BXOJHOTQ MMOJIOCA K BHIXOLHOMY), HO H B IpPSIMO IpO-
THBONOJIOXKHOM. 3JTO 0GCTOSITENLCTBO IOPOXKAAET JOMOJHHUTENbHBIE
TPYAHOCTH [IpH MOCTPOEHHUH TEOPUH pefieHHO-KOHTAKTHBIX CXeM (CBfl-
3aHHHE C CYLIeCTBOBAHWEM TAaK HAa3biBAEMBIX MOCTHKOBLIX CXEM
W MOfABJIEHMEM He 3aN/agMpPOBAHHBIX BHAuajle NyTed Nepejayd CUT-
naJoB). [logo6Hble TPYAHOCTH He BOSHHMKAKT OOGLIYHO B CJydae
3/IEKTPOHHBIX BeHTUJieH, He o00/aJalmnX ABYCTOPOHHEH MPOBOAH-
MOCTbIO.

Ilpun mocTpoeHMH BEHTH/ILHBIX CX€M HA BEHTHJSIX BCEX THUIIOB Cy-
IECTBEHHYIO NOMOIb MOXKET 0Ka3aThb TaK HAa3bLIBaeMblil Memol Kac-
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kados (cM. [65]), ocHoBanHBIl HA HCMONBL30BARUK COOTHOIIIEHHS, Cnpa-
BELJIMBOTO AJsis JioGof OyneBod ¢yuxuuu f,

P xe .o, x)=F(%, %2 ..., x,_|, Dx, \ f(xy, % ...
e x, 0x . - (34)
Cnpasepnupocts 3T0H (OPMyAbl JierKO BHZeTb, Nosaras B Hell
x,=1mux, =0.
[IpuMeRHUTeNbHO K BEHTHJIbHBIM CXeMaM, a TaKkKe K CXEMaM, Mo-

CTPOEHHBIM M3 COBMNajeHHH W paspenenuii, dopmyna (34) cogur 3a-
Aauy CHAHTe3a CXeMbl C M-MECTHOH BHIXOAHOH dyHkuueld f(x,, %, ..., X,)

Puc. 7. N

K 3ajaye CHHTe3a CXeMbl C JBYMs (hn — !)-MECTHBIMH BBIXOJHLIMH
bOyukmaMa  f1(xy, Xy, oooy Xae1) = f (X5, X2y X1, 1) B fo(Xy, X, ...
ceey X1 ) = f(x, Xo, .y Xp—, ] .

Kackad BeHTHJILHOH CcXeMbl, peanusywoiieil ykasagHoe CBeLeHHe,
u3obpaxen Ha puc. 7. Ilpy HeCKOAbKHX BBHIXOAHBIX (DYHKLMAX CxeMa
IOCTPOEHHOTO HaMH (7-TO) Kackaja YCJOXKHSETCS, OfHAKO CaM Ipo-
I[ECC CBEJEHMsI OCTaercsl [0 CYINEeCTBY TeM e cambiM. [lpomonKas
IPOHECC CBeJeHHsl, Mbl B KOHIle KOHLOB [OCTPOHM TpebyeMylo BeH-
THABHYIO CX€MY, COCTaBJAONLYIOCH B oOuiemM ciydae (a/s1 n nepeMeH-
HBIX) M3 N KacKaloB.

IlpumeHeHHe MeToHA CHHTE3a, AHANOTHYHOTO OMHCAHHOMY METOLY
kackajoB, mnospoawio K. Illessony [80] ycramoBuTh caepywouiyio
OLleHKY u9Hc/a BenTusell (moGoro Tumna), HeoOXOLUMBIX AJS peajusa-
LMK (B BHIE BHIXOIHOH (PYHKIIMH HEKOTOPOH BEHTH/ILHOM CXEMbI) MpPo-
U3BOJILHOH OyJieBoH (YHKLUMH OT 1 apryMEHTOB.

Teopema 1. Kakoso Obvi Hu Obiro euiecmeerHHoe NOAOKCUMENLHOE
qucao &, cywecmeyem makoe yeaoe wucio N = N(e), umo aobywo 6y-

aesy yHkyuo om n > N nepemenHbix MONMCHO peaiusoéams 6 6uode
. . . 2n+2
861X00HOU hYHKL UL 6eHMUALHOL cxembl, codepacawyeti He boaee (1 —}—B)T

eenmuaet. Ilpu aobom n 0as noOobrol pearusayuu mpebyemcs He
on+3

60.¢e eenmuaeli.

Ananornussle ogenkd CAOKCHOCMU CXeM, HO AJisi OOWMX TPemIo-
JIOKEHUH OTHOCUTENBbHO YyHoTpe6/sieMbXx HaGOpPOB JIOTHHECKHUX 3Je-
MeHTOB, Obiny ycranosiensl O. B. JlynanoseiM (cum., wanpumep, [51]).
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Deiio MOKasaHo TakKiKe, UTO CYMIECTBYIOT Takue OynieBnl (yHKIMH,
on+2
KOTOpHIE HeJL3Sl DeasM30BaTh MeHee deM (l—an)—n— BEHTHJISIMH,

TpUYeM BeJMYMHA &, B 5TOM CJydae CTPeMHMTCs K HYJIO NPH Heorpa-
HHUYEHHOM pOCTe 7.

TlpencraBnsier untepec o6obuieHHe NPUBENEHHBIX Pe3yabTaToB HA
caydail TPOM3BOJBHBIX OyJeBBIX (M1, 71)-TIOJIOCHHKOB, CTPOSIUXCA C
TIOMOIIBI0 JIOGBLIX ABYXBXOJOBHIX JIOTHYECKHX 3jeMeHToB. IlocKosbKy
Beakuil OyJieB (m, n)-NOJMIOCHHK peafiH3yeT HeKOTOpoil ashaBHTHBIN
onepatop A C KOHeYHOH OGJACTBIO ONpefelieHWsl, MHHHAMaJbHAas BO3-
MoO¥KHas cyoxkHocTh L(A) GyneBuix (m, n)-NoNKOCHUKOB, peain3youux
JanHbit onepatop A, MoxXeT ObIT:k NPUHATA B KaueCTBe €CTECTBEHHOH
KOJIMYECTBEHHOH oyenku caoxcHocmu camoeo onepamopa A.Tlpu stoMm
BBUJ(y OTCYTCTBH# JOCTATOYHO OGOCHOBAHHBIX NMPHUMH AJS TOTO, YTOOHI
OTHATh TPEANoYTeHHe TOMY HJIH HHOMY JBYXBXOJOBOMY JIOTHYECKOMY
2JIEMEHTY, HauboJiee eCTECTBEHHO, MO-BHIUMOMY, TPH IOCTPOEHHH
yKasaHHbIX OyneBbIX (#71, 1)-TIOJIOCHHKOB, INOJIb30BAaThCA BCEMH TH-
NamMH JBYXBXOJAOBBLIX JIOTHYECKHX 3JIEMEHTOB, CUUTAsl CAOMCHOCHLIO
cxemst o0llee YUCIAO COCTABMSAIOMMX €€ JIOMMYECKUX 3JIEMEHTOB.

Ilns1 olleHKH CJIOXKHOCTH a/ipaBUTHLIX ONEPATOPOB C GECKOHEUHBIMH
06/1acTAMH ONpeesieHHs] ONUCAHHBIH METOJ HENOCPENCTBEHHO He IOoJ-
xomuT. Ecnu, ognako, Tpefyercs mosyduTh He aGCOJIIOTHYIO, a JHLIb
OTHOCHTE/IbHYIO MPAKTHUECKYI0 OLEHKY CJIOXKHOCTH HECKOJBKHX aj-
(haBUTHEBIX ONEpPATOPOB, MOXKHO MpPeLBAPUTELHO (PUHUTH3UPOBATL (Cie-
JlaTh KOHEUHBIMH) HX 06JACTH ompejefieHus, oTOpachiBast BCe BXOJHbIE
C/0BA, [JIMHB KOTOPHIX TIPEBOCXOAAT Hekotopoe uucio N. Yueno
3TO HOMXKHO ObiTb BLIOPAHO TaKuM, 4TOOLI GePOSAMHOCMb BCTPETUTH B
NpaKTHKe MPHMEHEHUs] PACCMaTPUBAEMbIX ONMEPaTOPOB BXOAHLIE CJOBA
Gonbluedl yem N AnuHL Gblia JOCTATOYHO MAaJoH.

Ecau ans Bcex n =1, 2, ... 3ajaHbl BepoATHOCTH o(n) mosiBJe-
HHUSA BXOIHBLIX CJOB AJIMHBI 1, TO MOXKHO TaK¥Ke MOCTYHATH CAENYIOmUM
o6pasoM: 3ajaHHbI andaBuTHel onepatop A pa36uUTb Ha onepaTopwl
A,, A, ,... Tak, uTo oneparop A, uMeeT B KauecTBe cBoeil 06/1acTi onpe-
JEeNEeHNsT MHOMKeCTBO BCeX CJIOB M3 06acTd onpejenexus oneparopa A,
JUIMHA KOTODbIX PaBHA 7, M JeHCTBYyeT HAa 3TH CJ0Ba TOYHO TaK XKe,
Kak u oneparop.A(n =1, 2, ...). Tlyers L(n) — cA0XKHOCTE omepa-
Topa A,, MOJACUMTAHHAs OMHCAHHbIM Boile cnocoGom. Torga cnox-
HOCTLI0 HCXOJHOTO an(aBUTHOTO oriepaTopa ecTeCTBeHHO HasBaTh Oec-

<O

KoHeuHylo cymmy 3, L(n)e(n).
n=1
Bosee paiuonanbible OLEHKHM CJOXKHOCTH asihaBUTHBIX oOrepa-
TOPOB MOTYT ObiTh IIOJIy4eHB! IIPH HCHOJIL30BAaHMH /sl TIPENCTABJIEHUS
OnepaTopoB BMeCTO KOMOMHAIHOHHBIX CXe€M JAHCKPETHBbIX aBTOMATOB,
o6sajalolKX namarsio. OCHOBBI TEOPHH TaKMX aBTOMATOB paccMarpH-
BalOTC B clenyiollell (Tperhefi) IyiaBe HACTOSIIEH KHHIH.
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§ 5. NonsTHe 06 HCYHCTEHHH BBICKA3bIBAHHMA

Hcurcnenne BLICKA3LIBAKMH HpeACTaBfseT coboil NepByl0 U Hau-
fonee NPOCTYIO 4YacThb MaTeMaTUyeCKOH noruku. OCHOBHOH 3ajayef,
KOTOpPYIO CTaBUT niepel coGoif MaTemaTtHueexas JOTHMKA, SBlAsgeTcs
¢opManu3alns  CJOKHBIX MBICIAHTENbHLX HPOHECCOB, M3 KO TOPHIX
CKJIaALIBAeTCA TAK Ha3blBaeMoe JoruyecKoe muiinenne. Ilono6uas dopwma-
AU3aIUA JOCTHIAeTCS C [IOMOILBIO ITOCTPOCRUS A02UYECKUX UCHUCACHUL.

Bcesikoe normyeckoe ucymcieHve BKAIOYAeT B ceOs NMpexjae BCero
Te MM WMHble CPEICTBA AAs (hopmMarusdyuu 3anucy Da3sNUYHOTO poja
YTBEPKIEHUH, O KOTOPHIX €CTh CMbICJI TOBODHTb, UCHIUHHG. OHU HNJH
aoscHot. Tlogo6HOrO poja yTBepIXKIeHWS B MareMaTHyeCKofl  JIOTHKE
NPUHATO HA3LIBAThL Bbicka3weanusamy. Dopmanusaumma, o KOTOPOH
37eChb HIET peyb, COCTONT B TOM, 4TO JJsi 0003HAUEHHUs] BHICKA3LIBAH Ml
#NM MX COCTaBHHIX 4acTel, a TakXKe [/ 0003HAYEeHUS pPa3AUYHOTO
pona onepayuti, MO3BOJSIOMHKX CTPOUTh (oJiee CJOXKHbIE BHCKasblBa-
HAg U3 GoJiee MPOCThIX, BBOJAUTCA CTPOTO ONpEJeNeHHas CHCTEMA CHM-
80/10B. B pesynbraTe hopMannsanuu nojiyyaeM BO3MOXKHOCTh 3aMHCHBATH
BHICKA3LIBAHUSA B Bule (opmys, CTPOSUINKCS U3 BBEIEHHBLIX CUMBOJIOB
10 OMNpPEJEJICHHBIM IIPABUJAM.

HecmoTpss Ha BClo BaKHOCTH (DOPMANU3ALHM 3AMHMCH BLICKA3LIBA-
Huil, cama no cebe dopmanu3anUsa ellle He COCTABJSIET HCUMCJIEHHS.
Jns noctpoeHusl TOro WM HMHOrO JIOMMY4eCKOrO WCUHCJIEHHsT HeOGXOAH-
MO OIpENENHUTH efe HeKoTopble (opMyJbl U onepauni Hag GopmynamH,
Ha3bIBAEMbIE AKCLOMAMU T IPABUAAMLL 8618000 COOTBETCTBYIOLIETO HCYHCTIE-
HHUS,KOTOPHIE TO3BOJISINN Obl BHIBOINTL (POPMATBHBIM ITyTEM BCEBO3MOXKHBIE
JIOTHUECKHe caedcmeus N3 JIOG0H 3aJaHHOH CHCTeMbl YTBEPKIEHWIH H
JaBanu Obl BO3MOXKHOCTb 0XapakTepu3oBaTb (opManbHO BCce TAK Ha-
3biBaeMble MONCOECEEHHO UCHILHHbE BHICKA3bIBaHUs ((popMyasl) pac-
CMaTPHBAEeMOTO HCUHCJICHUS.

Jast Toro yToOH HOHSATH, YTO TAKO€ TOXKAECTBEHHO HCTHHHLIE BbI-
CKa3bIBaHMS, PACCMOTPHM HEKOTOpble TNpHMephl. BhiCKasniBaHUS THNA
<KHCJIOPO SABJISIETCS] TasoM» HJH «IBaXipl ABa — OJHUHHANLATHY IIPel-
CTaBASIOT COGOH NpUMePH TAK HA3LIBAEMBIX 3IAEMEHMAPHLIX NOCMOAH-
HbiX BHICKA3LIBAHWH. DJEMEHTAPHOCTb 3THX BBLICKA3LIBAHMH COCTOUT
8 TOM, YTO MX HeNb35l Pacu/NeHUTh Ha GoJjiee NPOCThbie COCTABHbLIE YaCTH,
KOTOpBbI€ CAaMH SIBJSJNHCL Obl BBICKA3bIBAHHUAMH. JlefCTBUTENBHO, BHI-
paxKeHUs «SBJSETCH TasoM» MJN «IBaXKInl ABa» He NPENCTaBJSIOT CO-
6ol 3aKOHUEHHLIX BHICKA3LIBAHWHA, MOCKOJLKY NMPUMEHHTENBHO K HHM
5eCCMBIC/IEHHO CTaBMTb BOMPOC WCTHHHE! OHM HAM  JIOXKHBL. TepMmuH
«[IOCTOSIHHBIE» MPUMEHUTEJbHO K INPUBELEHHBLIM BbICKA3bIBAaHUAM JOJI-
XeH MONYEPKHYThb, YTO peub HAET O BIIOJIHE ONpeNeNeHHbIX BbICKA3HI-
BagMAX, OTHOCSIIMXCA K BIIOJIHE OINpPEJeNneHHbiM 06nacTAM 3SHaHUS.

3ameTHM, Y4TO HUCTHHHOCTL MJIM JIOMHOCTh 3THX BbLICKa3bIBAHWH 3a-
B8HCUT OT YC/IOBHii, B KOTOPhIX OHH PacCMarpHBAIOTCHA, W yCTAHAaB/H-
BaeTcs, Kak NpaBujo, 3a NMpegenaMd MaTemaruyeckoil Joruku. Ilpu-
MEHHTENLHO K [EePBOMY BHLICKA3LIBAKUIO 3TO MOHSTHO caMo coGofi (ku-
CJIOPOJ, NPH OMNpPEJeNeHHbIX YCJAOBHSIX MOXeT ObiTh Heé TOJbKO TIasoM,
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HO ¥ JKHIKOCTBIO H JlaKe TBepAbIM TesoM). BTopoe Ke BhicKasbiBanue
HA MepBbiil B3TJsAH TPEICTABJISETCS 3aBEIOMO JOXKHEIM. B JeiicTBH-
TENbHOCTH, OJIHAKO, CTOUT HaM MPEAOJOXKHUThL, YTO BMECTO JEeCcATHY-
HOH CHCTEMBI CYUMCJIEHHsT ymoTpeG/sieTcst TPOWYHAA NPH YCJIOBHH CO-
XpaHEHUS TPHUBLIUHBIX J[JIsT HAC HAa3BAHHMH MHOTO3HAUHMBIX YHCEJ, Kak
BLICKA3blBaHHe «ABAXKApl [Ba — OAMHHAAUATLy (2 X 2 =3.1 +1 =
= 11) U3 JOXKHOTO MPeBpPaTUTCA B HCTHHHOE.

Tloatomy mpH npHMeHeHUsAX MaTeMaTHyeCKoli JOrMKH OWBaeT He-
O6XOJUMBIM MPEANOJAraTh YCJAOBHS, B KOTOPHIX fesiaeTcsl TO UJH HHOe
nocmosarnHoe BHICKA3biBaHUe, 3aJaHHLIMM CTO/b TOYHO W ONpPEJeNeHHO,
YTO 3HQYEHue UCMUHHOCMI 3TOTO BHICKA3LIBAHWUS HE MOXKeT IpeTeplie-
BATb M3MEHEHMH B Tpollecce MOJYYeHHs] Pa3JMUHOTO POJa BLIBOIOB K
CJIe[CTBUE M3 HEro B PAMKaX HUCIMO0J/b3yeMOro JOIMYeCKOro HCUUCAeH .
Taxkum o6pasom, ma060e MOCTOSIHHOE BLICKA3bIBAHWE HA BCEM INPOTS-
JKeHMH TOTO WJIM MHOTO JIOTMYEeCKOTO BLIBOZA JOJIKHO CYHTATHCH JHG0
BCE BpeMsi UCTHHHBIM, JUGO BCe BPeMs JIOKHbBIM.

B ncyHclenun BHICKa3bIBaHMH He HHTEPECYIOTCS BHYTPeHHed CTpYK-
Typoill 3JileMeHTAapHbIX BLICKA3LIBAHMHA, paccMarpuBas MX Kak equHbie
Hessie. EcTecTBeHHO mosToMy A/s1 X 0003HAueHHMsl HCIOJB30BATh OT-
JenbHble GYKBH TOTO HAX HHOro andaBuTa (06blMHO  JATHHCKOTO).
OtaenbHbiME OykBaMM MOTYT 0G03HAyaThCs M TaK HasblBaeMmble ne-
pemerHtble 8bickasuieanus. TepPMHH «epeMeHHOe BbICKA3LIBAHHE» IPH-
MEHMTEe/bHO K TOMY HJIH WHOMY CHMBOJY O3HauyaeT, UTO BMECTO 3TOTO
CHMBOJIa BCEra MoXeT GbiTb MOACTABJEHO 4000e KOHKPETHOe MOCTOSIH-
HO€ BLICKA3hIBAHME, KaK UCTHHHOE, TaK W JIOXKHOe.

BrickaswiBanusi, KaK MOCTOSIHHLIE, TaK W MNEPEMEHHble, MOXKHO
O0O0BLENUHATL B CAOXCHbIE GbICKA3bIGAHUA, WCTIONb3YS B KaiecTBe CBA30K
CJIOBA «H», CHJM», «ECJH — TO», «HEe» W T. M. ECJH B COCTaB CJOXKHLIX
BLICKA3bIBAHMH BXOMASIT MepeMEeHHbie BLICKA3LIBAHUA, TO MpPH 3aMeHe
HX OJHHMM BBHICKA3LIBAHHAMM CJIOKHOE BLICKA3LIBAHHE MOXKeT 0Ka3a-
TbCSl MCTHHHBLIM, a [IPH 3aMeHe JDYTUMH — JOXKHuiM. Hampumep.
C/I0XKHOe BhiCKasbiBanue <A u B», e A u B — nepemensnbie BhicKa-
3bIBaHus, OyJeT, O4eBUIHO, HCTHHHBIM B TOM H TOJIbKO B TOM Cly4ae,
korjga 06a BeicKaspiBagust A u B 6ynyT ucTHHHBIME.

CylecTBYIOT, OJIHAKO, U TaKUE CJOXKHble BHICKA3LIBAHUSA, COpepka-
[IME B CBOEM COCTaBe fIePEMEHHbIE BLICKA3bIBAHNS, KOTOPHIE OCTAIOTCSH
UCTHHHLIMM NIpH NMIOOLIX 3HAYEHUSIX, KAKHWe TOJbLKO MOXKHO MNPHIAThH
YKA3aHHLIM TepeMeHHbLIM BhICKa3biBawHsAM. Hampumep, cnokHOe BBbI-
CKa3LiBaHHE «eC/iM HEBEPHO TO, YTO BHICKa3biBaHWe A JI0XKHO, TO BHI-
CKa3biBaHNe A HCTHMHHO» OCTAeTCst WCTHHHBbIM, Kakoe Obl BBICKA3bIBa-
HHe HM MOJCTaBHJIM HAa MECTO NEPEMEHHOro BuiCKasbBanus A. [logo6-
Hble BbLICKA3LIBAHUS NPUHATO HA3bIBATb MOMNCOECHIBEHHO UCHIUKHOIMY
BbICKA3bIBAHUAMY. 3afaya BhIJeNeHUs] TOXIAECTBEHHO WCTHHHBIX BHI-
CKasLBaHMH BO MHOMXKeCTBe BCeX BO3MOXKHLIX BbICKa3bIBaHUil sBAA-
eTcs BaxkHeiiell 3amadeil 060ro JIOTHYECKOrO HCHHUCJIEHUS.

ITocne Bcex HAWMX npegBapUTeNbHLIX 3amedanuil nepelizeM K
TIOCTPOEHHIO COGCTBEHHO UCHUCAEHUA 8bICKA3bieAHUL, UNH, KAK €ro eine
WHOTJA HAa3bIBAOT, NPONOSULUOHAALHO2O UCYUCIEHUS.
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Hcuucnenne BLICKA3LIBAHUS CTPOUTCS U3 (OPMANBHLIX OOGBEKTOR:
Tpex THNOB. OOBbeKTaMH IEepPBOT0 THUMA $SBASIOTCA MEPEMEHHble U II0-
CTOSIHHBle BBLICKA3bIBAHUS, He paculieHsieMble Ha OTJe/IbHbi€ COCTaB-
Hble 4acTd. [Insi ux o6o3Hayennst GyjaeM HOJL30BATHCS MPOMUCHBIMH Ja-
THHCKUMH OyKBaMH (C WMHIEKCaMH HaM 6ex HHIEKCOB), Ha3bBasg HX
MPONO3ULHOHANLHRIME 6YkBaMH. OGbhekTaMy BTOPOTO THMA SBJASIOTCSA
NPONO3uL UOHAAbHBE C83KU ~— (opMasbHbIEe S3KBUBAJEHTbl TIPHBOIMB-
IIMXCSE BbllIe CJIOB-CBSA30K «HE», «UNH», «H», «ecld — To». Jnsg ux
0603HAUEHNs] HUCMOJB3YIOTCSl COOTBETCTBEHHO CHMBOJBI OMpUyaHus
(710), Ouswvronxyuu (\/), xowstonkyuu (/) 1 umnauxayuu (D). 3ame-
THM, 4TO NPH YTEHHH (POpPMYJ CHMBOJ HUMIUKAILHMM YAOOHEE 3aMEHSTh.
C/IOBOM <«BJieyeT», a He CJAoBaMH «eciu — To». OObekTamMH TpeThero
THIIA SIBJASIOTCA CKOOKH, cJAyXKaimue A5 BbIpa)KeHHUsl nopsigka, B
KOTOPOM  JeHACTBYIOT IepeyuC/ieHHble HaMHM  [POMNO3HIHOHAIbHbIE
CBSI3KH.

ITogo6HO TOMy kKaK B Hauajne § 2 crpouauch ¢dopMmyanl 6yneBoH
anre6pul, M3 BBeJEHHLIX HaMM (opmasibHLIX 0OBeKTOB ctposArcs (op-
MYJbl HMCYMCJEHHS] BbiCKa3niBawMii. Pasnnume sakijouaercs B yno-
Tpeb/eHNH MONMOJHUTENLHOrO cHMBoJa D ((popmanbHoro anaJora 6y-
JleBOll omnepaluy HUMINUKANMKH), a TaKkKe B 3ameHe TOYkH B 00603HA-
YEeHWH KOHBIOHKLUMM (yMHOXKEHHsT) CUMBOJIOM A H B ynorpebie-
HUM B KayeCTBe 3HAKa OTPHILAHMS BMECTO 4YepThl Hajl OTpHILdeMBIM
BbIDAXKEHNEM CHMBOJIA |, CTaBAIErocs rneped OTPHLAEMbIM BhHIpa-
KEHUeM.

®opMynaMd  HCYHC/IEHHS] BBHICKA3LIBAHUN fABJAIOTCSA OTAEJbHBE
OYKBbI, @ TakXe BCe BhIpaxKeHHs, CTPOANIHEeCH PeKypPPEeHTHO M3 yiKe
noctpoerHbix dopmyn A u B mo mpasmnam: 1(N), (0 A (B),
Q) Vv (B), (A) D (B). Kak u B cayuyae dopmyn 6yneBoH anre6pol,
C LeNb0 YIpPOMIEHHs] 3aMUCH YacTb CKOOGOK MOXKHO ONYCTHTh, €CJH
5TO He BBLI3LIBA€T HENOPA3yMEHWH B NOpsAJKe NPUMEHeHHS IpOMNo3u-
ITHOHANbHBIX CBA30K, [IpHHMMaeTCsi, 4TO NPH OTCYTCTBHH CkoOoK TIo-
PSIOK MNpHMEHEHUsl CBS30K ONpejesifercss MOoC/AeJ0BaTeNbHOCThIO |,
A, V, D, a AJs OJHOMMEHHbLIX CBA30K — MMOPSIAKOM HUX TOSIBJEHHS
B (opmyne, yntaemoil cieBa Hanpaso. B psjge ciyyaeB npH HcyucJe-
HHH BbICKA3bIBaHWIl BBOAUTCS AOMOJNHUTENbHBIH CHMBON =2 (MMM~
qUTaeTCsT KaK «3KBUBAJEHTHO») /151 COKPAILEHHOTO 0603HadYeHHsl B
Buge () = (B) soipakenus ((A) 2 (B) A (B)D (%). Ilpu
yrnoTpe6/eHHH 3TOro CHMBOJIA HpEANoJaraercs, Y470 OH 3aHHUMaeT IMO-
CJieJIHee MECTO B BLIMHUCAHHOH TOJILKO YTO MOC/EN0BATENbHOCTH (rocJe
cuMmBoJia D).

B kauectBe MNMOCTpANMH MPUHATOTO Crioco0a COKPAILEHHS HHCJa
ckobok 3amerum, uto gpopmyna A \/ B A C D BV C nonumaercs
kak ((14A) v (B AC) DBV €), a ue Kakum-1H60 HHBM 00-
pasoM, ¢popmyna A = B D C nonxkra nonumarsest kak (A) = ((B) D
2(()), a ue xak ((A)=(B)) D (C) u 1. 1.

BBenensrie Bhllle onpejefiedusi peliapT Jdib MEepBYI0 4acTb 3a-
AU MOCTPOEHHs MPOMO3UIHMOHANLHOTO HCYHCIeHUst — rpobaeMy ¢op-
MaN{3alM¥ 3amiCH CJOXKHBLIX BbiCKasbiBaHWU. Bropas uacTe 3ToH
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3ajlauM -— HaxOoXJeHHe crocoba AJs ONpefeseHHs] TOXKAECTBEHHO HC-
THHHBIX BBICKA3LIBAHHH — MOXXe€T OLITb pellleHa JBYMsl OYTsSMH: CO-
Jep¥KateJbHHIM U (OpMaJbHBIM.

Ilpu codepacamenrvrom nodxode, OoJee TMPOCTOM JJisi TNOHHMAHHS,
HH Ha MHHYTY HeJb3s 3a0bIBaTh O COAEPKATENBHOM CMBIC/E MOHATHHA
TIPONO3HIHOHANBHEX OYKB H NPONO3HIMOHAJBHBIX CBSI30K. IIpu atom
HCIIOJNb3YeTCA B MAKCHMAJIbHO BO3MOXKHOH CremeHM ofefHeHHOE TIIo-
HATAE COJepKaTeJpbHOro CMHICAA. Tak, ecjan npoNo3UHHOHAJBHAS
6ykBa A 03HauaeT TO HJH HHOE NOCTOSIHHOE BBHICKA3bIBAHHE, TO HeT
‘HEOOXOAUMOCTH MOMHHTbL CaZMO 3TO BEHICKa3BIBaHHE, HYKHO 3HATH JHIUb
3HaUeHHe TaK HA3BIBAEMOH DyHKYuu UCMUHHOCMU 3TOTO BHICKAa3bl-
‘BAHHA: CHCTHUHA», €CJM BHICKa3pBaHHe A HCTHHHO, W «JIOKb», €CJH
BBICKasmBanie A J0XKHO.

@DYHK LHI0 HCTHHHOCTH JII060H NPONO3HHHMOHAJBHON 6yKBbI 060-
‘3HAYAIOLe! NepeMeHHOe BBICKA3BIBAHME, OTOMK/JECTBJsIeM C CaMO# 3TOH
6ykBOH, paccMarpuBas ee Kak Oy.iesy nepemerryro. Takum obpasom,
cojiepKaTe/IbHEI CMBEICJI IIPONO3MLIHOHAMBHEIX OYKB B HalleM MHOCTpQe-
HHH MCUEPHBIBAETCSI MX BO3MOMKHOCTbIO NDHHHUMATH JBA 3HAUEHHUSA:
«HCTHHA» H <JIOXKb».

Copep:karelibHOe 3HAUeHHE MPONO3UUHOHAJIBHEIX CBSI30K OyAeM
'CBSISBIBATh JIMIIb C (DYHKYUAMU UCMUARHOCMY CTPOSIIUXCS C HX HO-
MOHIBI0 CJOMXHHIX BhICKasbiBaHHH. Kaxnayio dopMmyay 9 ucuucaeHus
BBICKA3bIBAHUH MOXHG HHTEPNPETHPOBATh Kak ¢opMysy B Oy.JeBoi
.ajrefpe C BKJIIOUEHHOH B Hee JONOJHUTENbHO onepalMeil HMOJIMKALMH.
Bxopasunye B thopmysay U DOCTOSHHBIE BBICKA3bIBAHHS JOJIKHBE OBITH
3aMeHeHBl COOTBETCTBYIOIMMH OYJ€BBIMH KOHCTAHTAMH (3HAYEHHSIMU
HX GYHKUHE HCTHHHOCTH). COOTBETCTBYIOL{HME K€ HEPEMEHHBIM Bbl-
‘CKA3LIBAHHAM CHMBOJIbI PACCMATPHBAIOTCH KAaK ApPTYMEHTH NPEICTaB-
JsieMoit popmyJiofl A GyseBoll GYHKUHMH. DTa GYHKUMS W HA3BIBAETCS
pyHryel UCMURHOCMU CAONCHO20 6bICKA3DIBARUS, 6bLpaNcaemoeo Gop-
myaoid A.

Ha codepxcamenvrom yposre NOCMPOCHUA UCHUCACHUA BbICKA3bIBAH UL
MMONCOCMBEHHO UCIMURKOIMU CHUMIOMCS me ( MoAbKo me (Hopmyavt
aMoe0  ucHucAeHUs (CAOJCHbIE B8LICKA3bIBARUA), (QYHKYUL UCHLUHHOCMU
KOMOPOLX APUHUMAIOM 3HAYEHUE UCMUHAY NPU 6CeX 3HAYEHUAX nepe-
MEHHBIX.

HanoMuuM, uTo, B cujly mpHHSiTOro B § | corjamrenusi, 3HaueHHe
«HCTHHA» COOTBETCTBYeT eMHHIIe, a 3HAUEeHHE «JI0Kb» — HYyMo. Hcnodb-
3ys npuBefcHHble B § 1 Tabjuubl 3HAueHME AJs KOHBIOHKUMHM X AY
(ra6nnua Buipaxkaercsi koprexkem (0001)), mJif IM3BIOHKIME X\ y (KOp-
rexx (0111)), ansa ummmakamun xDy (Koptex (1101)), u moMHs, uto
orpunanne nepesogut 1 8 0, a 0 B 1, serko Hafitu Tabauny 2HadeHui
OYHKUHH MCTHHHOCTH AJs /oGO0 ¢opMy/bl HCUHC/IEHHs BBICKA3HIBa-
wuid., D1y Tabauuy HaspBalT OOBYHO mabauyed ucmuHrHOCMmu pac-
.cMaTpuBaeMoit (opMyJibl (MJH  ONpPENeJNsIEMOTo €0 CJOMXKHOIO BHICKa-
spiBaHus). [Ipu ee samosiHeHuM yHoTpeGasiioT ccKpamieHHble 0603Haue-
Hus: U—aaa «icTHHED U JI—I05 «Jiku». B KauecTBe mpumepa npuBeie-
#Ha Tabauila HCTHHHOCTH (opmy.ibl A D B, onpefeasiionias cofepxareb-
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HBIl CMBICJT MMILJIMKAIHH (pacCMaTpHUBAaeMbIfi KaK NPONO3HUHOHAJbHAA
CBf13Ka):

4] B | 4oB
aAlal om-
Alu| u
wlal| a
H | H u|

W3 npuBenenHol TaGaHIE BHIHO, UTO CMBIC/ TEPMHHA «BJeueT» (co-
OTBETCTBYIOLIEIO MPONOPHHOHANBLHON CBSI3KE D) B MCUHCJIEHHH BbI-
CKA3bIBAHUI HECKOJILKO HHOH, ueM B oOpuHofl peun. leficTBUTENBHO,
OOLITHO, KOIJ]a TOBOPAT, UTO HEKOTOpOe BhiCKa3wiBaHHe A BJjeueT 3a
coGoit pyroe BHICKa3bBaHHe -—B, HMEIOT B BHAY, YTO BHICKA3BIBAHHSA
A u B cBsA3anbl MeXAY Co60# NPHUUMHHO. TakK, CJOXKHOE BHICKA3bIBA-
HHe, YTBEDIKJAAIOlIEe, UTO BHICKA3HIBAHME «3TO BEILECTBO MPEACTAaB/sieT
co6oit KHC/IOpoA» BJieueT 32 COGOiH BBICKA3LIBAHHE «3TO BEIECTBO SB-
JisseTCs Tas3oM», NpeACTaBJseTCs HaM (CO CAEJaHHBIMH BHIIIE OTOBOp-
KaMH OTHOCHTE/NbHO Ta3006pasHOCTH KHCJOPOAA) HCTHHHHIM H pasyM-
HBIM. B TO Xe BpeMsi C/I0XHO€ BEICKA3BIBAHHE, KOTOpPOE YTBepKiaeT,
uTO BHICKA3bIBAHHE «3HMOH XOJIOJHO» BJjeueT 3a COG0H BHICKA3bIBAHUE
«ABaXKAbl JBa — ueThipe», NpPEACTABJSIeTCS] HaM CIJIOUIHOH OecCMBbl-
caunefi. Mexxny TeM, B CHJy HOCTPOEHHOH BHIIE TAGIHIBI HCTHHHOCTH
ans dopmyael A D B, B MCUHC/eHMH BBICKa3bIBAHUH BTOpPOe H3 MpH-
BEJIEHHHIX HAMH CJIOKHBEIX BBHICKA3bIBAHHHK JOMKHO CUHMTATBCA HCTHH-
HbIM HHKaK He B MeHBbUIEH Mepe, ueM IepBoe.

[IpMuMHY YKa3aHHOTO IOJIOKEHHSI MNOHATH HeTpyAHO. B camom
Jejie, OTpaHHUYUB Cce6s1 yCJOBHEM pacCMaTpUBaThb 3JIEMEHTapHBIe BEIC-
Ka3blBaHHUS TOJBKO C MO3ULUMH TOro, UCTHHHBI OHH MJIH JIOMKHBI, MBI
TeM CaMbiM cfesanu (haKTHUECKH Hepasiudumbimu mexcdy cobod Bce
HCTHHHBIE (KaK M BCe JIOXWHLIE) 3JIeMEHTapHBE BhICKa3biBaHHs. [loa-
TOMY, B YaCTHOCTH, IIPM ompejesNeHHH CojgepKaHHus, BK/IaIbIBAEMOTO
B CBSI3KY O, Mbl BHIHYK/J€Hbl ONepHpOBATh JHIIbL NOHATHAMH HCTHH-
HOCTH H JIOXHOCTHM, a Ha TAKOM NYTH 3aBEeJJOMO HEBO3MOXHO IPOHHK-
HYTb BO BHYTPEHHIOIO CTPYKTYPY 3/€MEHTADHBIX BHICKA3HIBaHHH BCex
Kaaccuukanuii, uyro, pasyMeercsi, HeoGXOAHUMO JJs YCTAHOBJIEHHUS
[IPHUMHHBIX CBSI3€H MeXIy HHMH.

PackpeiTie BHyTpeHHeHl CTPYKTYDHl 3J€MEHTADHBIX BHICKA3bIBA-
HUH M CBSI3aHHOE C HUMH YBeJHUYEHHE BOSMOKHOCTEH AJs1 JIOTHUECKOIO
aHa/M3a JOCTHUTaloTcsl myTeM 6oJjiee CJOXKHBIX JIOTHUECKHX HCUHCJIe-
HHA, B YAaCTHOCTH TAK HAa3BIBAEMBIM uCHUCACHUEM Rpeduxamos (CM.
ra1. VI). Uro xKe KacaeTcsi HCYUCJIEHUS] BBICKA3BIBAHMH, TO MBI JIOXKHBI
MHDHTBCSI C OTHOCHTEJIbHOH OEIHOCTBIO €ro BLIPA3UTEJNBbHBIX CPEACTB,
npegcrasasionel coboit Kak O6bl CBoeoGpasHYIo NJaTy 3a NPOCTOTY H
OPO3pauHOCTh 3ITOI0 HCUHCJ/IEHHUS.
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IlponosunyonanpbHas CBfA3Ka D HCHNOJAL3YeTCS B JaJibHellleM Kak
HHCTDYMEHT JJIs NOJIYYeHHs] JIOTHUEeCKHX CJAEACTBHH H3 TeX HJH HHBIX
(opMyJ NPONO3HUMOHANBLHOTO HCUUCJ/IEHHS H Jpyrux, Oojee BHICOKHX
JIOTHYeCKHX HCuHc1eHHH. Takue ciegcTBUS AOMKHbI OBITh MCTHHHBIMH
NpH HCTHHHOCTH HMCXOAHLIX (hopmyJ. [lo3TOMy KOHCTpYKLHMSI BHBOJA
06513aTeIbHO JIOJIXKHA HCKJHOYHTh BO3MOXKHOCTh (yKa3aHHeM Ha CBOIO
JIOXKHOCTb B 3TOM CJIyyae) MOJYUYEHHS AONCHbLX CJEACTBHA HPH ucmuH-
Hocmu UCXOAHHBIX dopmya. B To Ke BpeMs npu aoscHOCHU NCXOJHBIX
JAHHBIX TOJyuYeHHE 400bix CJAEICTBHI (KaK UCTHHHBIX, TAaK H JIOXKHBIX)
He CBHAETEJLCTBYET, DA3YMEETCsl, O JONCHOCMU CaMOU KOHCMpYyKyuu
6616000. IT0 0OGCTOATENBCTBO H HAXOJUT CBOE KOHKDETHOE BHIpameHHe
B Tabsuue UCTUHHOCTH Aas ¢opMyas A D B. Bce ckasanHoe 3fiech
crager 6oJiee NMOHATHHIM [OCJ/E O3HAKOMJEHHS C (OpMaJbHBIM acrnek-
TOM HCUMC/IEHHS BLICKA3LIBAHME.

OnucaHublii HAMH COJeprKaTe/NbHBIl ACHEKT HCYHCJIEHHS BBICKA3bl-
BaHHH N03BOJfAET OTHOCHTENBbHO MPOCTO DELIMTH BONMPOC O TOXKAECTBEH-
HOH HCTHHHOCTH JIOGOT'0 CJIOXKHOT'O BEICKAa3biBaHHMA (3aJaHHOro TOH
HAM HHOK (OpMYJIOH HCUHMC/IeHMS): JOCTATOYHO mNepebparb BCe BO3-
MOXHble HAa0Opbl 3HAYEHMH HCTHHHOCTH COCTaBJISIOLWIMX €ro MHepeMeH-
HBIX BBICKA3BIBAHMH M HPOBEPHUTH, HA BCeX JH 3THX Habopax (QyHK-
OUs MCTHHHOCTH pAacCMaTpUBAEMOTO CJIOXKHOTO BHICKa3bIBAHHS IpH-
HHMaeT 3HaueHHe «uCTHHa». Hampumep, dopmyna A A B D A 6y-
JEeT TOXKAECTBEHHO HCTHHHOH (opMYJIOf HCYHCJEHHs BRICKA3bIBAHH
Ha OCHOBaHHH CJepylouiel npoBepku: eciu A = Jl u B = JI, To dop-
myna A A BDA ceogurcs x JIDJI, uro, B cuny TaG/ullel HCTHHHOCTH,
naet 3qavende U; to xKe camoe Oyger npu A =J/1 u B=H, npu A =M.
B 3aBHCHMOCTH OT 3Havenuii B(JI uam H), cBogum nawry dopmyay
au6o Kk JIDHU, mbo k UDMH, yro, HAa ocHOBaHuu TabJHLLI HCTHHHOCTH,
B 000HX CJIyuasix NPHBOJHMT K 3Hayenuo H.

MoskHO McHONMB30BaTh AJs A0KA3aTeNbCTBA TOMKAECTBEHHOH HCTHH-
HOCTH (OpMYJ1 MCUHCJ/IEHHS] BBICKA3bIBAHMH TEXHHMKY npeo6pa3oBaHuil
B Gynesoil asrebpe. HyxKHO /Mumb npefBapuTe/bHO 3aMEHHTh Bce
HMIHKALMK  corjiacHo  cdopmyne (A DB) = (1A v B) (em. § 1).
[TpMeHHTENbHO K PACCMOTPEHHOMY TOJBKO YTO MPHMEPY MOJyYaeMm

cjenymwouyo Lenouky npeo6pazoBanuii: A A BD A = T1(AABYV
VA=(1Av 1B)VA =7 AV Ay TB=1\V 7iB =1. Oa
LeNOYKA JOKAa3biBAET TOMKAECTBEHHYI0 HCTHHHOCTH 3a7aHHO HaM
hopMy b,

AHanornyHO MOT'YT ObITh PACCMOTPEHBI TaKKE MOXOeCMEeHHO A0
Hble BHICKA3BIBAHHA, T. €. Takue (CJOXKHbE) BHICKA3BIBAHHSA, (HDYHKIHH
HCTHHHOCTH KOTOPBIX NPHHHMAIOT 3HAueHHE «JOXKby HPU BCeX 3HAye-
HHSIX COCTaBJ/AIOMIMX JAHHOE BLICKA3LIBAHHE [MEPEMEHHBIX BHICKA3bI-
BaHHii. JIErKo MOHATD, YTO KJdcC BCEX TOXKAECTBEHHO JIOXKHEIX BHICKa-
3BIBAHHMA COBMAajdeT C OTPHIAHHSMH BCEBO3MOXKHBIX TOXKJECTBEHHO
MCTHHHBIX BBICKA3bIBAHHUL. '

HecMoTps Ha nmpoCToTy M NpPO3PAyYHOCTh, COAEPKATeNbHBIH aCHeKT
HCUUC/EHHS BBICKa3LIBAHHH MMeeT H psiA HeZOoCTaTKoB. Bo-nepBnix,
METOJ, JI0Ka3aTe/IbCTBA HCTHHHOCTH (POpMyJ, OCHOBAHHHIH HAa nepe-
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6ope BCex HA0OpPOB 3HAUeHMH AapTryMEHTOB, He JIONYCKAaeT Henocpej-
CTBEHHOTO IIEPEHECEHHS] ITOTO METOAA Ha 60Jiee CAOMKHHIE HCYHCJEHHS,
B KOTODBIX MHOMKECTBO TaKHX HAOOPOB MOXKET OKasaTbcsl GecKoHey-
HbIM. BO-BTOpDBIX, pa3BUTEIE HaMU BBHIUIE METOABI IO3BOJISIIOT HEMNO-
CPEJICTBEHHO OMNpeNe/siTh He TOXKAECTBEHHO HCTHHHBIE BBLICKA3LIBAHHS,
a4 BLICKA3bIBAHUS, HCTHHHbIE MPUH TeX MJAH HHBIX AOMOJHHTEJbHBIX
npenoJioKenuax (Hampumep, dopmyaa A D B, uHe saBasomasacs
TOMJECTBEHHO HWCTUHHOJ, CTAHOBHUTCSI HCTHHHOH NHpH YCJIOBUH, UTO
sgoxua ¢gopmyna A A T B). 3agaun ke TaKoro poia HOCTOSIHHO BO3-
HHKAIT TpPH pa3/IMUHbIX HPUJOKEHHAX JOTHUECKHX  HCYHCJ/IEHHH.
MoXHO, NpaBia, pasBHTh COOTBETCTBYIOLUIHHE MeTOJ B pamkax G6yneBoil
ajreGpbl, OJHAKO MpPH 3TOM YCYTYOHTCS eile OMH CYIECTBEHHBI HENOo-
CTaTOK, CBS3aHHEI C COAEPXKATENbHBIM ACMEKTOM HCUHCJIEHUS BhICKa-
3BIBAHMH, — HeOocmamouHan opmaiusayus npoyecca 0OKQ3amenbvcmea
U Camo2o NOHAMuUA GoKa3aMmeascmaa HCTUHHOCTH TeX UJM UHBIX GopMy.JI.

Ilepeuncyennbvle HeJOCTATKH YCTPAHAIOTCA HpPH MOJHOCTBIO  ¢hop-
MQAbHOM TOAXOJEe K NOCTDOEHHID MCUMC/EHWs BBbICKa3biBaHMH, dopMa-
JM3YIOLIEM HE TOJILKO crocol 3amucH ¢opmyd (AJs 3TOro JOCTaTOUuEH
yKe ONUCAHHBIHA Crocob), HO TAKKe NOHATHE TOXKIEeCTBEHHO HMCTHHHBIX
$opMy./1 H npouecc BHBOJA JOTHYECKHX CJENCTBHA M3 TeX HJH HHBIX
BBICKA3bIBAHHH.

dopMasbHBEI acleKT HCYUCJIeHHs BBICKA3bIBaHUM XapaKTepu3yercs
T€M, UTO B 3TOM CJYYae€ NOAHOCTMbIO OMEACKAOMES OT COJePKATeNbHOrO
cMbiC/Ja (OpMYJI, pAacCMATpHBasi HX HPOCTO KAK KOHEYHBIE HOCJEI0-
BATEJbHOCTH HHIUBHAYAJbHO PpAa3/JHYMMBIX CHMBOJIOB.

JI1s1 XapakTepHCTHKH MHOXKEeCTBa BCeX TOXKJAeCTBEHHO HCTHHHBIX
HOpMyJ1 CTPOUTCA cucmema aKcuoMm PacCMaTpHBAEMOTO HCYHCJIEHHUS.
Takue cucreMsl MOTYT BHIOHMpaTbCA pasjHuHBIMH crnocobamu. Ocra-
HOBHMCS Ha OJHOH M3 HauboJee ynoTpeOHTeJBHBIX CHCTEM aKCHOM
ucuncjenust BoickaswmBanuii (M. C. K. Kumum [42]). Dta cucrema
BKJIIOYaeT B Cebsl CJeyIOHe AKCHOMBI:

1. AD(BDA).
2. (ADB)D((A D(BDC)) D(ADC)).
3. AD(BDA\ B).
4. A \ BDA.
5 A A BDB.
6. ADAV B.
7. BDAY\ B.
8. (ADC)D(BDC)D(AV BDC)).
9. (ADB) D((AD "iB)D TTA).
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10. 7714 DA 1, % %28
B

[lepBHe JecATb AKCHOM MpEACTaBJSIOT CoOOH HPOCTO JAecATh ¢op-
MYJ1 HCUHCJIEHHS] BbICKA3bIBAHHE, OOGDBSBISIEMBIX MOXCOECTIBERHO UCHIUH-
HoMy no onpedeaerwo. ToXJecTBeHHAsT HCTHHHOCTh AKCHOM Mpexno-
JlaraeT BO3MOMKHOCTb NOOCMAHO6KY BMECTO BXOAALIMX B HHX IIpoIo-
sulMoHaJbHbIX 6YKB A, B, C a06bix ¢popmys MCUUC/EHHS] BHICKa3bl-
BaHMil (He 00fA3aTeJbHO HCTHHHBIX). Taxas NOACTAaHOBKA, NO ompe-
JleJIeHHI0, He HApYIIACT TOMKJECTBEHHOH HCTHHHOCTH (OPMYJBI (AKCHO-
MBI}, - IOABEPTLIEHCS 3TOH NOACTaHOBKeE,

OnmuuHaguarass akCMOMa HMeeT CBOIO CHelM(pHKY. 31O Tak Hasbl-
BAaeMOe Npasuic 66800, TO3BOJISIIONIEE, MO ONMpeNeNeH 0, CYHTaTh JO-
Ka3aHHOW MCTHHHOCTb (POPMYJbl B, eCcau HCTHHHOCTL (opMmya A H
A O B yxe O6b1a ycraHosseHa panee. Ecau gopmyner o u A D B
ObLIH TIPH TOM MONCOECMECHHO UCHIUHHOIMU, TO TOXIECTBEHHO HCTHH-
Hoil Gymer H ¢dopmyna B. I[lpennonaraercs no onpexejeHHIo, 4TO BCE
TOMXK/IECTBEHHO HCTHHHEIE (GOPMYJIbI (H TOJBLKO TakHe (GOPMYJIBI) HCUH-
CJIEHHs1 BHICKA3bIBAHHH MOTYT OHITh NOJyYeHBl U3 AKCHOM B pe3y.b-
TaTe ONHCAHHBIX NOJCTAHOBOK M NpHMeHeHMH (Boofiie roBops, MHOTO-
KpaTHEIX) TpaBuJja BeiBoga 1l

Anpuopn HMOTKYyZa He CJIefiyeT, YTO OXapaKTepH3oBaHHOe mojp00-
HBIM (JOpMAAbHOIM Nymem MHOXKECTBO BCeX TOXKJECTBEHHO HCTHHHBIX
¢opMys1 IPOMO3MIHOHANBHOTO MCUHMCJ/IeHHs GyeT CoBNajaTh C MHOXKe-
CTBOM BCeX TOX/JECTBEHHO HCTHHHEIX (GOPMYJ, ONpeleleHHBIX BhIllE
codepacamenvrio. Tlockonbky dopMaibHast TOXKIECTBEHHAs HCTHH-
HOCTb (OpPMys yCTaHABJMBAeTCs HEKOTOpPOi mnpolefypoH  BHBOAA
HJIM JIOKa3aTeNbCTBA, HX HA3BIBAIOT TaKXKe ((opMasbHO) JoKa3yembimu
¢dopmynamu, Han (popMaJbHEIMH) TEOPEMAaMH.

:®opMYJIBI, TOXKAECTBEHHO HCTHHHBIE B  COJIEPKATEJbHOM CMEIC/IE,
JJIs1 KpaTKOCTH OyneM Ha3bBaTb NPOCTO COOEPHEAMEAbHO WCIUHHBIMU,
OPOTHBOMNOCTABJAS HX opmasvro ucmunusim (T. €. GopMaJbHO HO-
KazyeMmblM) dopMyaam.

[TousiTHe QopmasbHOrO BHBOJA (IOKa3aTeqbCTBA) MOMKET GHITh
pacmpoCTPaHEHO Ha TOT CJAyyaHd, KOTrha, KpPOMe AaKCHOM, JaHO elle
HeKoTopoe KoJmuectBo dopmya A,, W, ..., A, HCUHCIEHUS BbICKa-
3BIBAHUA B KayeCTBE YCAOBHO ucmurHolx GopMya. 3tH  GopMyJibl
yKe He BHIBOAMMBI H3 aKCHOM ((OpMajJbEO He JOKa3yeMnl) M He OTHO-
CATCA HO3TOMY K (opMaJbHO HCTHHHBIM opmyJsiaM. [Ipeamosoxe-
HHe e 00 KX HCTHHHOCTH HOCHT YCJIOSHBIH XapakTep H COXpaHseTCo JHIb
Ha DPCTSIXKEHHH pacCMaTpMBAEeMOro BBIBOJA. B OT/HuHe OT aKCHOM
HCYHC/IeHHs] BBHICKa3bIBAHMA, B 3THX (OpMyJax Hesb3st BoOOie TIo-
BOpsl, 3aMeHSITb BXOJslMEe B HHX INPONO3HUIMOHAJBHBIE OYKBH MpO-
H3BOJBHBIMH (opMy/amu. IHaue roBopsi, yc/iOBHasi MCTUHHOCTb, B
oTavyue oT (OpMaJbHOA HUCTHHHOCTH, HE HOCHT MONCOeCMBEHHO20 Xa-
pakrepa.

Camu ke mpaBusia BHIBOAA IO CYIIECTBY COXPAHSIIOTCH INPEKHUMH.
OCHOBHYIO DOJIb, KaK H Tpexje, UIPaeT NOHATHE HenocpedcmeerHozo
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